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AnnpOKCHMa4H~ KnaccH4eCKHX Henpep~sH~x H peweT4aT~x cHcTeM 

8 pa6oTe paccMaTpHeae TCR B03MO*HOCTb annpoKCHMa4HH MOAenbHwx 
CHCTeM KnaCCH4eCKO~ CTaTHCTH4eCKOH MeXaHHKH. AHanH3 npOBOAHTCR cpaay 

AflR peweT4aTWX H HenpepWBHWX CHCTeM. anR MOAenbHWX raMHnbTOHHaHOB 
C OTPH4aTenbHWM B3aHMOAeHCTBHeM AOKa3aH KnaCCH4eCKHH aHanor OCHPBHOH 
TeopeM~ o6 annpoKCHMaUHH 6oronc6oea /Mn./ . C¢opMynHpoeaH~ ycnOBHR, 
npH KOTOPWX RBnReTCR T04HOH annpoKCHMa4HR CHCTeM C cenapa6enbHWM QT­
PH4aTenbHWM H nonO*HTenbH~M 83aHMOAeHCTBHeM. noKa3aHHWe TeopeMW OXBa­
TWBa~T H cny4aH 6eCKOHe4HOro 4HCna MOA B3aHMOAeHCTBHR. nony4eHHWe 
pe3ynbTaTW Cnpaee~HBW AnR BCeX aHCaM6neH 3a HCKn~4eHHeM MHKPOK8HO­
HH4eCKOrO . 

Pa6oTa B~nonHeHa B na6opaTOPHH TeopeTH~eCKO~ $H3HKH OH~H. 

Coo6weKKe 06»911HHeHHOl'O KHCTKTYTS l!Jl9pHbiX RCCIIeiiOBSHHA, Lly6Ha !979 

Kurbatov A.M. 

Approximation of Classical Continuous and 
Lattice Systems 

ES - 12432 

The possibility of the approximation of model systems in clas­
sical statistical mechanics is considered. The analysis is carried 
out for lattice and continuous systems altogether . For the model 
Hamiltonians with negative interaction the classical analogue 
of the main approximation theorem by Bogolubov Jr ., is proved . 
The conditions are formulated under which the approximation of the 
systems with separable negative and positive interactions is 
exact.The theorems proved cover the case of in finite number of 
modes as well. The results obtained are valid for all the ensembles 
except for the microcanonical one . 

The investigations has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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~~ 

The method of exact approxima tl on of many - particle systems 

has been developed in quantum statistical mechanics/
1

/ . Here we 

shall make an attempt t o extend it to classical systems . 

In the present paper we c onsider the possibility of reduc ­

ing model Hamiltonians to much more simple ones . that enables 

us to tackle the former ones exactly. We make use essentially 

of the results and notations o f our paper/
2 1. 

We co~ider simultaneously the continuous canonical and the 

that grand canonical ensembles as well as the lattice systems. 

is our considera tioll c overs the cases P = P ( c,j, e) • 

To begin we need to defin~ the norm//' !l- in the spaces 

... H.= J2.1/1 N J2. Jf£ in the usual way. ,_, VIJ II 

!2~f!._! (norm If· fl.,_ ) : 
The norm n ·ll- in .~1 = St..VJ N JLVI SL. , of any function A 

) .-> J IV 

defined on ~~ is 

II A Jl oe -=SiAPfAj 
.J2.1 • 

( 1 ) 

The statistical average may be appreciated h _y this norm. Hamely, 

if P,,El![JL] AE.Av [.Q) andiiAll_c(,...... 
n J PH 
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I (A\1 ~ I (Pii,A)n.l ~ It/A//_ (PII, ~)h. I. ==II All_. 
1 CPH111)jll 1 (P~~, n12. 1 

(2) 

We are interested in model systems with Hamiltonians of 

the form 

~ 4 
H ~ 1\G - A L, A .. A.J. , 

.L-=-i 
(3) 

where (f , A~ are dynamic variables, i.e., the functions in 

the states apace ~~ • The real posi tive namber A is a 

parameter of the system, the integer S , generally speaking, 

for Hamiltonians of the form (1) or (4) may be calculated 

exactly in the limit as A-"""' 
Tneorem 1 (Bogolubov,Jr Theorem for classical systems/

1
/): 

~:~-;:~--p =- p c~,~ I e) the model Hamil toni an of a system be 

s s 
. 4 ""(It~\ 
1-\ = i\G - t\ 1] AJ.. A.;. T A b v ... 41)( + "'- Ad., ' 

ol~ 1. .,(s{ 

(b) 

the norm II· \I - of the functions ArJ.. be finite, 

(V.t) 11~11- :~" (_ oo, (7) 

A and for any 1\. may depend on 1\ • 

We note that in most cases of interest the parameter A 
for _Q ~JL\4' N JL VI represents the volume of a s ystem V , 

J- I 

and for ~~..RN - the number of sites N , but it need not 

be like that, it is an arbitrary characteristic of a system 

under consideration. 

For further investigation it is convenient to add to the 

HamiltonianHor to single out of ~ - it is just the same -

the terms with sources 

.s s 
U-= A G -A 1: Ac~.~ ~ +-A E (""'A:+ v./ A.), 

.J.·~ ~~t 
(4) 

.... 
where 'll<>l are complex numbers. 

The following theorem shows how the density of the thermo­

dynamic potential 

J" [~] = fF[~] (5) 

4 

... 

.s 
<\1 M "'"t\1 (_ oo , ca> L d.A A 

d.~i 

where the constant t\1 A may depend on 1\ . 
Let, also, the form of approximating Hami ltonian be 

sf~ \sIt-) 
~. (t) =-!Hi -AL: (at(Aot +-~A"'- a .. l1.t;t-A~ (~Aott-~~A"' > 

a:! .J.•t 
( 9) 

where lto( are c omplex numbers. S 

Then, if Pt,EL1[R] Pu £L1[Jl],Gt:L1[J2],'t{A.,~-d.,./~ 
" ) <1$ t .;.-~ 

~ A~;·JJll fl Avp L1], e ±".f,lAG(-c2.d EA~p [.n] n -A..,p [J2] 
ru Ito II llo 

a) There exists a minimum for the density of the thermody-

namic potential function {1\ [llo (q)] 
- (/\) 

some point _g_ ' 

i,J~~c~(">)J = rni~ tr~.c~)] 

5 

which is attained at 

( 10) 



such t ha t 

(Vo{) I a/") I~ M.u. 'N". ( 11 ) 

b) The difference of the den s ities of t h e thermodynamic 

po tentials f o r the Hamiltonians H and H0 (~(A)) is bound-

ed by 

0 ~ f" [fJo (g(">)] - f" [u]! l[ ~ + ~J ·;; (12) 

c ) If 

M" 
{i\ -----0 ' fl-.,_ ( 13) 

the differ ence of the dens i t ies of' the t <J ermo dynami c potential s 

f o r the Hamiltonians vani s hes as A -- .,... : 

jtt[Uo(g("))]-l[H] • 0 · ( 14) 

Pr oof: 

a) The fo rm of the a pproximating Hamil t oni an J./, {_g) may 

be writt e n a s 

Ho (g) = AG -lAE [ ~tA.~- ~ (Aii-14.c)''(Acl -fa,{) ·-
"""! 

s 
-1 ( v.c A.~:\~"~)] t f ttl) I a.,~._/ t~ 

<J.=J. 
( 1 5 ) 
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' 

Taking into a c c ount that (A.;.-14.c.)i!(A.c -ft~oi) ~ O and that 

.4 J_ ~ I 'J *-
aCC Or ding to (7),(8) Ycl Ci +'Y.tA..t ~.<, Jl1 0.x/v.,~._/M_ /fA ·A h'</'1 M « !,11\J "01 .tl-.. A'wA) 

we f ind 

s s s 
~o (9.) ~ -1~ M11 2: M.~. 11 -It maK lv.AL' M«11 +AG- + j!tJ.' I Q,J~ .c 1 6 > 

«~( col .i.=J.. d:1 

Now it i s c lear that, since GEL
1{JL] 

s 
f~~ [f.lo (g)] ~-1( M" + tnax /v.~OM" + t[!tG-] ~"1 E I q .. {~ < n> 

~ ~ =i 

There f o r e the minimum of the functi on £ ... [/.10 (g)] exi s t s . 

The point at which i t b e comes a minimum s atis f ies the equations 

' ~ f" [wo (g_)] 

'4 a'* (,( 

Note that 

'0 /11 [Ho (~)] 
'Da * II(. 

=o. 

oJ.Io (A) = -1\(4.£-a.Jt;A~ [ .n.]. henc e 
'()a* I' H. ""-

<~:f-4 MP.,(4), 1)j ~ 
:: ~ [-1. (/K-pll~(g) If~ ]-:-{(~11.(9.) epc-p11,(9){/,·) / 
"'a.! Ap ' 'IJl A '? a.t > ~.n. 

( 18 ) 

/
(tpc-pilv(g) 0) :(f>il.(g_),A,ra.J.h. ~<A -a~ (19) 

J ~ (Rto (q), d).n, J. "'Ho(g_) J 

that is _g(t1) sati s fies the s et of equations 

7 



ll.i = < A.,(\.(g_) • (20) 

According to (2) 

< 1\t '>k. ( g_) ~ fvtA ' ( 21) 

therefore 

(VJ.) I a/")1 ~ I\ A.J\ .- ~ M.u, ~ M~~ . (22) 

Thus the first s tatement of the Theorem 1 is proved. 

b) We r epresent now H in the form 

~ = u~~ (~) + ~! c g)> 
(23) 

where 

s 
H1.( q.) =-A i: I tl.c ao<.\ .t. 

..l::i (24) 

s 
Since PuEI}[JL]) Pu.E:t [n.1 and ~~IA.,(-a.l.t'c 
c A" Pu [~] fl Avrk. [_Q1) e± A.~.~, 1 A"' -Q .. I~t. Avt

11 
[JL} 0 A

11
Pu. [ J2.J , 

we a re able t o m•"kc use of the Bogolubov 

inequality f o r classical systems/ 2/ which yields 

s s 

·l<IA.ca.l1~0 (q) (fJHo(!!)l-f,..[u]~~</A,_-•dJ.t>u, (25J 

Since {A.,(- ~~J. ~ 0 

8 

t 

s 
0 ~ £, [llo ( g_)] - t [II] ~L, (/A[ a.~.J.t)H . 

o(:i. 

(2b) 

So , we have t o estimate the difference 

A(~\!'*) = l [llo (g_(,>)]- /, [u}. (27) 

Taking into account that 

o:zf~~ [H] 
<Jv: -ov.,( 

= -rll <tA[(~)/.t)H , (28 ) 

we f ind 

0~ A(~,~~)£- ~t 'il·t.[H) 
P «·J. ')~--~nJo<. 

( 29) 

Denoting Y.l = u.~. + t' '/,~ and i n tegrating we obtain 

'Uiifli;'•f Us•f ,)S•t ~~·e '1-'S• l 

o 6 et\\ ... \\ •(~~ u_') Ju; Ju; .. , tlu; Jr; 6- f e'.u L. ~ i 
~1 'ft u, vs ""~ 'llS..t=d. 

u1•f ,.1•( "'.t-+< 

.( [ "'t 'd 'L ] ' r. ] J 1 $ { ( ( !. ul~f, .. [u],~ 
7j 'ilU~.t + 'Oll;.'ll tLI-I duf., .. dv; £.p 11 "?S]; ~ , .. \ 4ll -au~~~~~ 

'Ui,. 'Vi 

'~- J uf. .. J'lfs' 
ci u,J. 

u,~.+( Vi•e. ~+e 

+ J Ji~~~f,.[H] /'l clu/ ... d11S'j 
... 'tLI ~v-' ~ v. o/11'.' u,~.. liS rJ. e o( J 

9 

(30) 



where J!. is an arbitrary positive pare.meter that may depend 

on A . Note thal 

,;:~ £[u] "<A~+ A~>H, ')~ l[JI] =i{A;-A_)H > 

therefore according to (2) 

I 'C~~ £JH]j s.t/IA.tlloe, ~~~~f[k]{~ l/{A.tll~, 

and we a rrive at 

ul•t 'lis •{ 

(31) 

(32) 

.L ( ( !'! I I ~ ! I ! 
c.ts ) ... - ~ -1~~)-r)dut ... JV:S ~lP.A eLff~fl-"'!P:je~.< 33 J 

1Al 'l:s ,- ·1.:1 1 

The mean value theorem yields 

? M11 
Alu '' z-f ~ l ·-t 

\!... '- f>" (34) 

where 

u; € [u..c, ~ttL v./ c{z.~~ ~= +el. (3')) 

From the other hand 

(
- ,.., I " H) ~[! I ~t.(t,!,l0[ /} ,~d(y,yjfl 

d f!.,JJ.;-!JtY.,J!;~ol~ ~ax f'Jtl.i. f+c~ax ~ u,(Jf) 

and, since 

10 

~6 
(1!, T) =<A:+ A.,()11 - (4.t· t- A,,)Ho (i (!\)) ' 

(37) 

')t>(Y,r) = i(;(- AJ11 - i{ ~- A.<~o(~ (1\1 J 

the right-hand aide of (3£) is bounde d by 

s 
A (Y. 1 'f)- A (y_'~ r-1 ~if X;/( AJ/_ = 8e M11 • 

<1-=J.. 
(38) 

Thus, summing up (34) and (38) we obtain 

6(~,~*) ~ r,: ~ + fd rwl\ . (39) 

--v. 
Setting .f.= A 2. and taking into account that 11('Y_,'i*")~O (29) 

we find finally 

0~ j" [flo (gC~)}-l {H)~ 1[*+4] ;;- l40 ) 

c) The statement (c) is now trivial. • 

Now we consider the Hamiltonians of the form 

SA -~.- Ss -K 

N : A G - A L, AJ. A.~- + Ill B~ ge( , 
el=i ~=i 

( 41) 

II 



where G 
~A and 

~ 
s& 

. s~ are dynami c variables, the integers 

generally spea king , depend o n real posit i ve 

parameter 1\ , SA and/or SA ma y be i n finite at fin i te 

A . We will prove that the following theorem holds. 

Theorem 2 (Bogolubov,Jr Theorem for separable interaction): 

~:~-;:~-- P"'- p(~,~~~) e. mod e l Hamiltonian has the form 

SA Se, SA 

~ = 1\ G - t\ ~ A: A~ t A L; B: s.~. + f\ L ( -J"" A:+ v.t Aol) c 42) 
.,~.. ~ .1.=:1.. .,1.:4. • ) 

where G A.~.. • Ba( are dynamical variables of additive 

type 

/1. A 1\ 

G= f 'f. !J {f.,', I,), A.t = j? :Ar~. (J,,f.), Bot:-= 11; 93.£ (?.~;J, c4 ; ) 
L1l - .:L - L-J. -

~ {2 ·.P·) , _jJ {2· ll·) , ~-- 1z · b·) , depend on el _,1 , ~- -'J ,.. dJfA l~~, r, 
i. -th particle only. tlle no'i-ms II· it .... 

th 0. n tate of the 

of the functions 

.cA {'r_j,t), 9/J"-{J-'~ l;)are finite 

(V;_)(VJ.) [j . .Jl"'(~.·,f)/1- ~N.J.") /l$,l~.f.)lloo~M.(", (44) 

and for any /1. 

tt.a1 { S.A,S'aJ 

L M.;.,.., = M,., < oe 
) 

(45) 

ol=::l. 

where the constant M 1\ may depend on 1\ . 
Then, if PI-I£L![J1]> P11,EL1[JLJ,J)A.~,-a,~./~EA~tpJll]I]Avp[12.], 

12 

~ ~ % 
21B.t -f.d1Av fn] n AvtlJl], etp[±ALQ A.c~\"·-2.: I tt-tlt]~Av.[~1 n A~ [.n] 
«=f. P11 ~. c:t•L <I=L_ PH 1'11

0 
J 

a) There exists the s o lution <~(~)1 f_(")> of the minimax 

problem for the density of the t 11 ermodynamic potential function 

!,. [Ho (g_, ,)1 ~ 

f .. J~o (g_, I (A)(~))] = mfx fl\ [Ho (~,{)1 ' 

f" [uo ( g (~),I (A)(~ (")))] == n.ih £ [lltt {q_, l("}4))], c 4& J 

J.C")= lc"\g_C,~ J 

such that 

r ) . Ill {- c" J I \ V..c I~ ~ NJ.fl ) £ Q. ~- Melli • (47) 

b) The difference of the thermodynamical potentials of the 

Hamiltonians H and Ho (g("~ /_("~ is bounded by 

-~(M")J.;~ f l/{ (a(t.) l(A)\l_J \J.I]~~[i+~l ('.i,. (4AJ 
fl\ A L I 0 - ) - JJ Ali ~ ~ VA • 

c) If 

M" 'lj'A A __ o, (49) 

the difference of the thermodynamic potentials of the Hamilto -

nians H and Ho {g (~~ I (A)) v11nishes as 1\- -

13 



ft\ [Ho (Q(A~ I (II))]-£ Di.J • - 0 · (50) 

Proof: 

First , note that according to the inequalities (4t) and (47) 

(Voi) ffA"'fl- ~ fvL,., f(B.J_ ~fi-LcA, 
.SA ~A Sa Ss 

.?;: II A.J ~ ~t: M~A {.Mil' £II Boll/ 01> ~J:; M<il\ ~ M A • 

a) Similarly to the proof of tne statement (a) of the 

Theorem 1, the inequality 

(51) 

(52) 

f"[~o(~J)] ~:i;(M,.1ii1Jt/.Y.~-(+mjx/Qel/)MI\ +/.{t.G-]1-
S'A Ss 

+ 21a...l~- L6r /f,ll, <53> 
c/.:4. eL~ i. 

leads to the existence of the maximum £. [1to(9_, (("'fB.J)] = 
=- lnjt l [J./D (g, ~~ and the equations for the extremum 

yield 

f"V (11) I I~~ ( g_) ~H.;.~,. 

In view of {54) 

L [ Ho ( g_J l(")(~))] ~- (S"t-111 + i ':_ax/v.~l)tv~ + £ [!tC] f 
SA 

+ 1 "1:1~1~ 
.zeid , 

14 

{54 ) 

(55) 

It is easy t o see now that the minimum£ [/.f
0
(g("') {(ll)fa{/IJ))l~ 'D ""(Ill ~ , - l !_ :I}J 

'= hlin f 11 H.,{() f (.a)' exists and, the-refore, g . _,_ - ') 

. c ... )r "·I /5.,( ~ ,. J..A. ' (56) 

- (11) 

1-t~ r ~ f\f.(" . (57) 

SA 
b) Since$ P;. EL.

1 
[Jl.]) Puo € L if.nl ];) A-~, -a./E= AypJJ2.1 n 

n Avp11, [..n.] )~I B.~.- e.l·~ Av~ [Jt] n Avp [Jl.1 , ~xrf±~t A.c-a...IJ.-

- ~ /8.~--l.J't)] (; Av1 [~] {} Avpu [JL1 Ho et:' the 
f;) II o /

2
/ 

Bogolubov inequality for classical systems gives 

• S'& 

-~ (l &... ~:B.t)Ho (~(11)1 I (A)) 1 1~0 (~(~~~ f(11 )) ~ l fuo(i(~) {("))]-

- J" [II] ~o{S (I A.,_- <A ... )11 f"'\ . <58> 

Estimations similar to those used in the proof the Theorem 1 

yield 

S'A .f J M, 
~ <lA"'- <A.~.)Jt~ ~ l[ ~ +4_ Vi\. · 
~:( . 

(59) 

The left-hand side of (58) may be written as 

Se 

~~ (/8~-<~~.(~(11~ {("))/~o(§/"'l, {(t1)) = 

~ - 1 
~]; l < &: &.\, (g r·~ {'~ - (B:> •• (~C.! 1"9 ( ~.~-r~ Jf<l)j~ 

15 



Sa II II 

=~ [flf;~~<$:(~ ;',J:'):B.J~j''.J<0~.(qf"? ~("))-

- <:B: c ~,;I, '>>u.c~(~J ~ (")) <$. (-zf, tt)~.c~r"~ 1 (-1);1. 

Note that for P=P(c,J,E') 
(\ 

0 ~ r.~ }'(t) -11] 
I H "e •'l 

where 

,.(~\i) = o, 

;/J)(i) =.fj, 

] 

(bO) 

( b1 ) 

(b2) 

(b3J 

j is the number of the species, the i. - th particle belongs 

to , and 

~{t)(i) =.f(h~), (b4J 

2£ is the site labeled by the integer L 121. From the other 

hand 

A . 

il() (!, l) :; !)11,. ( fd, _(; !..iJ fi)J 
··1 -

(b5) 

where 

S.4 

/1, (g_, C; l;J JJ ~ -J' (~.J,) -1 [a<( 11; (~•Jf.') +a: ~.t U·i[') -d;. 4.} + 

~ • f ] 
+ ~ [ e/~.t Ct. P•) + e: ~./9, f•) - l.~. t + 

o~.:t -

16 

!A 

+ I} ["'..c i: (~.~ ;. ) tv./ ~J. (! . ._ 1•) , 
,l•f -

{bb) 

and 

" 
Pu.(.,{)" /l)t (1)-J/, (t, ~ ; ~. J: )] 

( b7) 

Proceeding from the Defini tiona 1-5 of ref . 2 for p, p (c,,,e) 

we obtain t hat, if ~~('?_;,f;)~/..![JL] 1 <lJ (ll',f;') %(!1~fde 
E 4~4 'J.f{?.;J:){Jl} , for l'<~i" we have 

(ll (!•'•!i1~ (~ ~.fi"))~ 71(?.~JJ = 

1\ 

~ /21(~i',f/J1! (~·~1.·1, ,_fil~ [tm-'Y (J..~f.)]).n. _ 

- (f, ef->~[tO)-~C~.-.J;)J)...n. -

( :\ ~[j'0?-'116:',f.·11) . ('JJ.!. ,'\ ~~(19-/1(2;~p.:)], 
_ (ll !l',f<'J, ~ 'lli· ~1Jl~".f;J,e ~~ 
- c.{! e~[,.(l')~'1/(~'.p/)])~, G~ e~rrci~)~7t(~,.':td" - = 

I L 1/1 ")JJ..• 
" A ' 

(: 

' 

~~ [fW -1/(q;)]) (: ( ~ ~Z: [f(i)-1! (~•,f•~ 
(11 t ·' o.' € ,., :.n. "lt '!: ·w p.· t ,., 

- -'>h) •=>-•1_,, (ll~ 

(~, e~.~ rrcn-~Ct.~pJ])-'2. (11) e~tJ/(•J-~(2·~ Nl)J2. -

=<U (!;',lJ~ifll(~ .. ~eJ <fi (~/,J.·J~~ fl(y,J.)) 

...n.. ~tJ = JDJI'C\ ,, JL (JJ = @ FA'® 'I J2 ~t), \! 
' II\ \tY vt, ' !f.ezt ' ,, } 

17 
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in particular , :f 'J r i_ 11 i_ t 

< :4: C< 'l'll, (d >"' C! ~<; f•lJ " (1J: o-»..(~ I·! l'·/~Ji·~.{lr.: A"' 
Thus , by virtue of (b0),(44), and (45) 

~ (l\ ~ -~ < {(~ •. -( 13... >ull (~(A) I i r~0 IH. aJ">, f {tt)) 

S& 

=£; [~ <~: (? ... J:)faue (~.~~J~o(~-(A~F"))-<:B:r!.,J..)~o{q~Jfr";j 
~& 

• \1lc (r~ ... 1J>H. Ci(~), t.r"iJ ~ l f ~II~ (~:)JJir:_ { 

SB M 2. cf'vfA)t ( q .f_ )1 AA t :. )_, 2 = J, - • 
" .tJ 1\ 6 I VIe£" 1\ '(j; 

oi-:i 

(70) 

Taking into account (58) ,( 59 ), and (70) we have :finally 

-.t(~t~uk,(~l·~ {I'~ -£[u] { 1[~ +4] ~ . (71) 

c) The statement (c) is now trivial . • 
Finally, it should be stressed that the results obtained 

are valid :for all the ensembles both continuous a nd lattice, 

except for the microcanonical one. 
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