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Kyp6aToe A. M. E5 · 12431 
HeKoTopwe HepaaeHCTBa AnR KnaCCH~ecKHX HenpepwBHWX 

H peWeT~aTWX CHCTeM 

Uenb~ pa6oTw ABnReTCA nony4eHHe cTporHx cOOTHOWeHH~ Me*AY CTaTHc
TH4eCKHMH CPeAHHMH Ha6n~AaeMWX aenH4HH H TePMOAHHaMH4eCKHMH noTeH~Ha
naMH B KnaCCH4eCKOH CTaTHCTH4eCKOH MeXaHHKe . C eAHHOH T04KH 3peHHA 
paCCMOTpeHW peweT4aTwe H HenpepWBHWe CHCTeMW, a TaK*e MHKpOKaHOHH4ec
KHH, KaHOHH4eCKHH H 6onbwoH KaHOHH4eCKHH aHCaM6nH. MaTeMaTH4eCKH 
cTporo AOKa3aHw KnaccH4eCKHe aHanorH HepaseHcTsa ~eHceHa H HepaseHcTea 
6orono5oea . 

Pa6oTa e~nonHeHa B na6opaTOPHH TeopeTH4eCKOH ~H3HKH, OH~H. 

.. 
Coo6weHHB 06beaHHBHHOrO llHCTHTy Ta llllBPHhiX HCCneaOB8HHA. n y 5Ha 1979 

Kurbatov A. M. E5. 12431 

Some Inequal i t ies for Clas s ical Continuous 
and Lattice Systems 

The purpose of the paper i s to obtain some r i gorous relations 
be tween stat is t ical averages and thermodynamic potentia l s i n 
c la ss ical stat i stical 
systems as well as the 
canonical ensembles a re 
The classical analogues 
are proved rigorously . 

mechanics . The lattice and continuous 
m i crocanon i cal,t~e ca~onical , and the great 
considered from the s ingle point of view. 
of the Jensen and the Bogolubov inequality 

The investigations has been performed at the Laboratory of 
Theore tical Phys ics , JlNR . 
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The Bogolubov i n equal i t y and the Bogolubov vari ational 

p r inciole are of great import a nce for var ious Lrancnes of 

quantum statistical physic13 . Fo r this r e :cson it seems promising 

to ext e nd them to c l a s sical many-particle systems. In the pre -

sent paper we cousider the Bogo lubov inequality and some connect 

e d problems i n cla s sical statis t ical mecha nics . 

I n classical mechanicis a sta t e of a system is described/ 1/ 

by a se t of canonical c onjugat e variabl es - genera l i z ed coord i 

nates q; and generali z e d momenta Ri ,- where the index i r uns 

over intergers f r om 1 to ~ , fr being the number of degrees 

of f reedom. Tn e b ehaviour of the s ystem is specified by a Hamil -

tonian ~ d < pending on these .,t* variables 

H-..fl(qJ..l ... ,qtf ,pi, ,." p1t). ( 1 ) 

For a ~~~!!~~~~~ ~l~ !~~ t h e subsystems composing it are 

called particles wh ich move in d -dimensiona l space . Tnese par-

ticles may be of different kinds and may ha ve internal degr ees 

of freedom . 

For simplicity we restrict our nelves to the case when they 

have no internal degrees of freedom . Then the state of every 

particle may be spec i fied by the position 2;E/}..d and the momentum 

f!dR"ar:d W ... J.N ~ where N-=-NJ.+ ... tN't.. is 

the total number of p11rticles , ~- being that of the j - t h 
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kind , so that the collection of par ti c les is characterized by a 

vector in z't If-=~~)" ' ) 14} 1 • Where l is the number o f 

speci e s . Thus the Hamil toni an H h a s the form 

H=fl(?:ci., ... , tNi 1!-J., ... ,f}N). ( 2) 

If all the particles are of the same kind and the interac-

tlon between them does not depend on their velocity, f{ is 

written as 
p.z u = T (fL) ... ,J,v) + V(2!) ... , t.,) = Z: -z'm .,. Uri~., ... ,!/¥), (3 > 

i. (c(~ Ill 

but so far we do not need such a concretization. 

The system (2) is assumed to be enclosed in a finite measu

rable (in the sence of Lebesgue) subset of fRo/ - Lf C !/( cl 

Thus, in the microcanonical and the canonical ensembles 

where t he numbers of particles ~· are fixed and play the role 

of thermo dynamic parameters the state space of a system is the 

phase space 

J)_(m,~J:: SL~tf =(td)N® (Vi)~ (4) 

In the grand canonical ensemble the numbers of particles are 

replaced as thermodynamic parameters by the chemical potentials 

}d· of the J -th species, the former becoming variables. So, 

the state space is the direct sum over all integers IV· of S1V.N ' ,_ 

.Jl(1)~SLVJ~ $zSl_V/N= ~ ~J)"I®('vJl' 
l!.E t ,_ !!~zt J • ( 5) 
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For a l a ttice sys tem the subsystems are called lattice sites ------- ------ J 
a nd may be parameteris ed by J - tuples of integers ?l_ ;{~1, , .. ,1:J}c,l . 

All the sites hereinafter are assun ed t o be identic al and ma y be 

situated in a finite number ~-~"i states labeled by integers 

h x t { 0 i 2l = r h 6. 7/'l , Q 1.:7/(= ·-r < eo • The Hamiltonian - , ')' ' ') j IV a.. 
depends on h ~ only 

II= !1(112., .. .). (6) 

The s ystem is supposed t o 

the sites, i.e., .l't/Nczd 
consist of a finite number o f 

' 
where !}./ i s bounded -

/!IN/I= tV< oc - subset of z~ N - t h e number of the 

sites . Thus, the state space is 

SL (t) = JL"'"' (IJ)~ (7) 

We denote as f { J2] the space of all me surat>le func tiona 

defined on J2. ( J': = J21J, t! 1 ..QIU', J2/ll ) and define the 

mapping (., •)Jl .'(/F[Jl], JF[fl])-R 1 

~!!f!._l ( (• '~ f2. for~ ID,~ ): . 

For any two functions AV!,t!, 8~,y E{{J2Vi,tf}, for 

which ther e exi sts the finite integral 

"~ AVJ,tt(!J, ... ,l~~)B,VJ.)!I(lt., ... ,P,v)d~, ... dp~<~ 
v<-VJ/i. - -~ - -~ - ' 

(A VI,}!, B'l, ~)Jl~!f- ('!!jAil;~ ttt, ···)fit') BVJ, ~('!f, ... ,f!)x \B) 

)( J!;t ... Jf". J£) 

*) Hereinafter we use the n o tation 
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!!~f.!_g ( ( J •),n_ f o r fl\Q ) : 

For any t wo func tions AIJ={AIJ,~~Ij~Ji f3v=/Bw)~J#~ZJe 
t lf[JLIO] such that (Vtfi:Zt) 3 (Aid,~)~!Qj~ ; 

I(AV?,~, B~&)l < OC> ; l_&~zJAvu~'~ B~tt&-).n.w,t{l~_, · 

(AI/) 81/f).n_V! = z ' (A~ N) B'li;!'!).Q,., N = 
!:!EZ£ - lUJ_ 

~l ~: J A"-"t!(!J,, .. I!I'I)B"'t{ {?J., ... ,f,t}clr4 ... l_t,.-. (9) 

!:!..' ~ z ~ -SLIR, !!. 

!!~f.!_,2 ( (• J •).n. for SL.!V ) : 
For •my two functions All, B,.; t:.fF{.QN] 

( A111 8;;)..JL
11 
~~~vi.. A" (n~~ .. .) BN(n!,,..). (1 0 ) 

Note that the m~ppings (8)-(10) are bilinear. i 

Now we d Pfine t h e spaces L i [SLI/i N] L 1[5211] J L [S2,J 
I- J 

in u s ual wa y. 

!!~f.!_1 ( L1 
[ S2.] ) : 

L1 [S2vr,~J" {AID,~ "f!12v,1']/l(Au,~, 4,)(~~,#~£·-}, 
/..

1 [5>.11] 
0 

{ Av "f[Ji.vlf 1 (All, D1
11

: /(A.,, ffkJ-}, < :; ' 

L 1[ 12"'] = F[ .52.,J. 

LA: r~;nrodre t~so]the spaces AvD[SL ] 
:t VJ J veL-;JL" • .L VJ,Ii } 
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!! ~f.!_2 < Av1 {n] ) : 

Av1[S2.'v7] ~ {AE fF[l2] /3 (.e))JL: /CP,A)n.l< ~}, ( 12) 

....Q = _Q_ VI N JLVI 52.}./ · I-' ) 

Obviously, A~~;[SL,} = f{JLN] 
We define likewise t h e scalar produc t , ma pping B_={tJ"-J'"' at] 

and !_={IJ.,•"Jft} i n to t h e number (go f.)=4~~+ .. ,t-~l-t_ , and 

for S2. 1J the mapping If{•) -= / lf6! {•) : t:! CZ ~j , 
transforming A~,~ = {A"'!!.· !j e ?Jj into f(Av): f ~(A~~;~:t!elJ 

Now we are able t o express the pa rtit i on function, the 

t h ermodynamic potential, a nd th e statistical ave r a g e for all the 

e ns embles in ter ms of the definitions g iven. 

As is known, the probability measures ror the statistical 

ens embles h ~ve the following form. 

1 . Continuous systems . 

a ) Mi c r ocanoni cal ensemble: 

I (K~)( ) _ ) ('AI', /. ) 
N'! ~ ILv, ~ oi1Zv,tf - N.' c) l Hl!i, .. .fll)- t di,t ... Jp!ol/ 13 ) - -- -

where ~ 6(i) i s the c harac teristic func tion o f the interval 

(- AJ o) , 't is the t o tal energy of t he s y stem. 

b) Ca nonical ensemble: 

j_ 0 (d( JJ _ j_ -f H{_ZJJ .. . fn) 
N! 1H _Qil J?.IU- N' e J!;J .. . dflf· - -· -

c) Grand c a uonical ensemble: 
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J (i)f' ) #.' ~ (~ J'l.~~ d.f2.1/J,!} ~~I e_~(h otj)-~JI('l_j,, .. ,.eh)J( 
-· J 

where At.. ~{,A-1 . ~} B> t. )( !J. '" dt_,v, 
;~ 7; J., ,. '1/ ~ 6.tl\ 

( 15) 

2. Lattice systems. 

R!(t)(nw) ~ //i,/•(•.)-('li(h~, .. .) 
(16) 

In the alloy interpre tation/ 1/ /'- {J!i?f) is the chemical poten

tial for the species h~ , in the lattic e gas interpretation 

.Jt {112;) =)1 Yl~ , being the chemic Rl potential of the gas, in 

the spin - system interpretation~ {h~)=S!l. h , where /, is 

external magnetic field, s~ = h(£ -1 t is the spin c omponent. 

It is worthy noting that for all the ensembles exc ept the 

microcanonical one the probability measure may be written as 

!1 (r,s)eJ (J2. r~J,eV = e.focrtl),eJ-;sll' 
( 17 ) 

namely, 

c(c)., 0) ('(J):; (J- 0 t!)) ('(e)= z: ;t{n~). 
!!~II· 

( 18) 

1'1 I,...,)_ 1J (~,!Jt} / (c ;,e)) 
More'Wer , for fir l..JL - r/( \ .JL 1 J the identity holds 

,, cC~,s,e) 
P., (c,:,e) (.n c~, 1 ,e)'\ = e-r p (c,1,ey ~-:2. (c,~,e)\ R (c,#,e)!JLCc,1,e)):: 
Ht+UL ) HL ) U~ ~j ) 

:. i~l·h PHz.(c,3,f) (3L c~,,,e~. 
( 1 g) 
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Hereinafter in writing (A 1 8)J.l we will imply one of 

the mappings (AIV', ~J Bid;~ )JLw; ~ _, CAv, Bv ).Q\?' J (liN) 8,..,)..1'2.,..; 
de pending on the ensemble we deal with . In the s ame sense tne 

notation U· [52.] a nd P [Q] snould be understood . Thus, in 

oonfirmity w1th(13)- (16) we may give the definitions f or the 

partition functio n , tne tHermodynamic po t ential and the statisti
C"'\ "'(.,,c,jt') 

cal average for . ...lL. ~ -'L ' . 

~~!~_§ (partition function): 

Pk E. L i [JLl, For any Hamiltonian H such that 

the partition function Q C.\.11 is given by 

Q[~] ~(p~> ~)12.. 
(20 ) 

~~!~_I (thermodynamic poten tial): 

Puc- L.. i[n.], For any Hamiltonian H such that 

the thermodynamic potential ~ L \f1 is given by 

F[u]: -t ev Q [H] ~ - ~ et( Pu, ~).!'L (21) 

~~!~-~(statistical average): 

For any Hamiltonian H such that f1cLi[J2] 
) 

and any dynamical variable A E A VpH [Q] the statistical 

average < A ) J.i is given by 

(A). = (P~, A)n. 
'H (PH) fi)~ ( 22 ) 

Now we are able t o prove a general theorem which is valid 

for all the ensembles b o th continuous and lattice. 
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Theorem 1 (Iensen inequa lity): 

~~---~-c L.1 [Jl] A(;·Av
0 

[JL] . 
) l.U 

t it en for an arbitrary function q> E ([ 'l{/R ~' s uch tnat 

tpfl ~ 0) 
(;:>)) 

\f(A) ~ Av
111

Lrt.] J ( 24) 

the inequality holds 

Cf(<A\)~ ( !fJ(A))11 • (25) 

Proof: 

;:~-- Pu c L i [ JL] > A t A veJS2.] the quantity <A ).4 
is defined and finite, hence 

.P{A)., lf(<AH>) t c A -<A\)tP~AH>)+1@-<A~J~~nJ) (26) 

where f lies between A and (A )H • By virtue of (23) 

<f(A) ~ <f((A)1J t (A -(A~) lf'({A)11). 

Taking into account that ~>0 and tf(A)EAvp
11

[J2_] 
find 

(PII, 'f(4))_n_ ~ tf(<A)H)~> f)J'L + tfJ'(<A~)[{pH,A)-k.

-<A >H (/1!, U)_n_]: f(<A>~J0H) u)~, 
therefore 

(27) 

we 

(28) 

V (<A>. ) < cPu, If ( .4 ))Jt 
11 -- (Pu) U).rt • • (29) 

In particular, setting tfCt) == e -f.> t , we obtain 
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Corollar.v : 
--------- i . - A 
If rH ~~ [_Q] A E Avn [_Ql e ~ E Avi) [JL] ~ 

1 LU .ru 

e -(!><A)H ~ ~-(34\ 
'\lc It-t 

(30) 

P P (~,g,e) 
For -: tae following theorem takes place. 

Theorem 2 (Bogolubov inequality): 

;:~--P-~-p(C,~, €) , if P.A E L i[J£1 P~ {L i[J,], A -B EAv
1

J.Ji], 
£ f (r-1- 8) E. Av_ee,[J'?.] . . .. . 

then the inequalit.v holds 

F[A]- F[B] ~(A -B)8 , ( 31 ) 

[ J -~(B-A) [ . 
if, besides, A-Bf Avo J2 > ~ · E Av. .R] r;;.A 'fA J 

<A-B)A ~{{A):- F[s) ~ (A-8)8 . (32) 

Pr:Jof: 

The definition (21) of the thermodynamic potential and the 

property (19) yield . 

[ 1- [ ] = _!. fJ [ (PA, n)..tt l ~ _ A_ o[(p(A-P>)+I), £)_1t l::. 
~ A F & f> ~ (Pa,.{l).h-j ~ \A.v (PB, -fl)~ j 

-p(A -13) 7) ~ -f3 (A-s) 1 
=-J.&[(e ~zUJ.Jl =-itn{-(t'8,e Ji/{.n.)-= 

f {Pa, UJ.12. P (Ps; U)n. . 

-=---jt,(e-p(A-8~. D3> 
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Since Ps fl1~1]i A-Lr~Avpt.[.ui e/>(A-A){: A'i_t,l-Ql 
by virtue of Coro llary of ':'heorem 1 we find 

(J4) 

hence 

{J5) 

able to 

make the change 

(Jb) 
Multiplication by -1 together with (J5) yield 

• (37) 

Finally, it should be emphasized that the otatiEtical 

i31lSemble we deal with has not been concret ized in uur consid <>ra-

tion. So, Theorem 1 is valid for all the ensembles both conti-

nuous and lattice, Theorem 2 holds ~lso for all the ensembles 

e~cept the microcanonical one. 
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