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1. Introduction 

'rhis paper is a continuation of I 6 I. We shall use some of the 

results, ilefini tions and notations from I 6 I. In order to make the 

paper as self-containen as possiQle we repeat the essential defi-

nitions oelow. 

The main object of this note is to prove that for certain 

eraded locally convex topolor,ies 'l" on a filtrated It"- algebra A the 

closure of the cone ~(~):={~ xi+xi,xiE~,rEN} of all~ 

sums of squares coincides with the cone 
_f 00 + 

.?00 ( ~ )z-:1, f; xi xi'xlA-} 

of all ~-convergent infinite sums of squares, similar to the 

case of the test function algebra '!8 (/ 1 I ,I 2 /). The proof 

will be given hy two steps. Firstly, we show that 

-- r 2 ~ r :f (.,4) 11 .,4 n = :J (v4.) f) .,4 n V ntU. This allows to reduce 
2 . 

the problem to ,A. n [t] . Secondly, we prove that each element 

xe J<.A-)Il..42n'r' can he represented as an infinite sum of 

:>quares. The first step wilJ he none in Sec •. 2. For this part 

we only assume that the topology t' is a graded locally convex 

t•>pology gener:1ten. by seminor•Tts which satisfy condition (a). In 

Sec. 3 we carry out the second step. Here we use the main idea 

from iorchers' proof of the corresponding result for ! ~ . For the 

second ,-;tep we assume among others that ..A 11
[t'] is a nuclear 

Frechet space. 
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now we collect the basic definitions and notations. 

>uppose a ~-algebra v4 with unit element 1 is the direct sum of 

*-invariant vector spaces ..4k,kEN, where .A
0

:= C·1. Let .An=~AIC 
k=o 

:resay .4 is a graded [:rntrated]i'-algebra if ,An . .,t'.c .S .An+k 

[ 
n k n+kJ ..4 · .4- .S .A V n, kEN. Denote by :xk =Pkx the canonical pro-

j ection of X 1: .A into ~· Concerning the notation of elements 

(:for exmnple x~ ) we adopt the following convention throughout 

the paper. Upper letters such as i are- always indices. They 

nowhere refer to powers of elements. J,ower letters such as n are 

either indices (in Sec. 3) or the components of the elements (in 

Sec. 2). 

Let {qi•i~JJ be a :family of seminorms on the :filtrated *-algebra 

.A.= L~. Put qj{x):=max{q,tCx),qi{x+)). The locally convex topo

logy (briefly, l.c.t.) on A defined by the seminorms 

~ i,y (x):= ~ ykq+J.(Py:), it], y = {(k} an arbitrary positive 

real se~uence, is called the eraded l.c.t. generated by {qj•iEJ}. 
:re say a seminorm qi satisfies condition (a) or (b) if there are 

constants C. k sresp. 1• ,r, c. r so that 
1• 

( 
~ i+ i 

(a) qi ~pk(xr xs) ) ~ c ( .._JJL it i ) 112 
- i,k,r,s qi ~ P2r<xr xr) 

m 
q.(LP (xi+xi)) 112 

t i=o 2s s s 

~ m+n 
b (L- i+i) (r- i+xi)) ( ) q~ i=o P2r(xr xr) ~ ci,r qi 't;o P2r(xr r 

for all x~E.A-r, x! f.uls, r,s,k,:n,ntN, it J . 
-~ - ~ We denote by 1n or simply by 17l the closure of the set w. r. t. 

the topology 't' • 

4 

2. The Proof of :} ( ..4 ) 11 ,A. 2n _ J ( .4 ) 11 ..4 2n 

PROI'OSITION 1: Let ,A. = l: ..4 k be a :filtrated *-algebra and 

{ qj} a family of seminorms on .4 which satisfy 

condition (a). Let t' be the graded 1. c. t. on .A

generated by {qi} . 

Then :}(.A) t'11 .,4.2n 
A 2n 't" IL 

J(.A) 11 .,... Tnen. 

We start with a technical lemma about quadratic forms stated in 

a convenient fo~n. 

LEMMA 2: Let Q
1
(t) be a real quadratic :form in the :finite real 

Proof: 

sequence t=(t
0
,t1 , ••• ) so that Q1 (t)=0 if tn+1=tn+2= 

••• =0. Let t= 1 (z
0

, ••• ,zn) be a real :function of n+1 

real variables and ~.r,s real numbers with L~,r,s= 

~,s,r· 
Then there exists a sequence {f2k,ktN} of positive 

numbers such that the quadratic form 

Q(t):= ~ {2k( tk2 _)[ ~ r strts ) 
k (r,s)•(k,k) ' ' 

r+B ~2k 

-Q1(t) 'l ({o•···,(2n) 

is positive definite in the finite real sequence 

t=(t
0
,t1' ••• ). 

The lemma will be shown by a slight modification of the induction 

areument used in the proof of lemma 3.2 in I 6 I. Putting Q0 (t)=0 

we begin just as in lemma 3.2 and construct positive numbers ~. 
. .. , f

2
n such that the form I: f 2k( ~2 

- ) ~ t t ) k (r,s)*(k,k) ,r,s r s 
r+B jlr- 2k 

is positive definite in t=(t
0
,t1 , ••• tn,o, ••• ). Then we set 

t = 'I ( {
0

, ••• , oGn> and continue the induction procedure with the 

quadratic for'll Q
0 

( t): = 'l. Q1 ( t). I I 
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Proof of Pronosition 1: 

J-- 2n J ·----,.,n It suffices to prove t 11at (.,4.) fl.A !:: (.4) flA~ hecausc 

the conye:r.se inclusion is trivial. Let XI: 3'(.4) flA 2n and £.;> 0. 

Gonsicler a fixed seminorm q,,y whereby qi satisfies (a). !lithout 

loss of o;e.1erali ty we ;nay assume that ¥ 'c =1 ¥ 'ctH , ~ =q; 'l.llrr 

; • 1 =G · , • We put L. =C. , '1 = '1 ( z , , •• , z )= }',~c,r,s f,.-c,s,r ~,r,s t,'r,r,s 1 l "' o n 
n 

1ax (1, 'E; 4/ E. · zkqi(x2k) ) and 

~(t)=~[> c. tt-+5 c._ ttJ 
1 k~ n+1 r+s ~k ttk,r,s r s r+s ~k . 1,l.,r,s r s • 

r,s~n+1 n~s,r?n+1 

-~ccor1Iins to lemma 1 there is a positive sequence { 1
2
k, k£1l}so that 

Ld2,_(tl 
2

- ) ~ strts ) ~ '1 (~, ... , {2n)Q1(t) (1) k _,. c (r,s)'f(k,k) -::,r, l 
r+s 72k 

for all finite real sequences t. 

3ince the topology t'is graded, the seminorm '1j,{(a):= 

fr'Jkqj.(a2k) is !"-continuous. Since x E JI(.A) , there is an 
QL_ ·+i 

element y = -?-- y 1 y 
l.-=0 

'1jJ(x-y)$t:/4. Let 

E:. 1 (.A.) such that q f,y (x-y) ~ E:/~ and 
]. i i ~ i+ i a :=(y0 , ••• ,yn,o, ••. ) and c:= y- ~a a 

:C,et us asswne for a moment that l'i'e have shown q i•Y (c)~ £./2. Then 
m m 

( ~ ·+ i\ ~ ·-+- i ::>n q~ v x- ~ a
1 

a J ~ qif(x-y)+q.,(c) !f t:.. Since L-a1 a 4:.4-, 
tJ'I i-0 I .,.,, J.110 

this im0lies that x E J'(..4) fl .,4 2n. 

Thus it re1~ains to prove that q a· ,y (c) ~ E /2. 
. . (~ i + i )1/2 Firsl;ly, putUn,c; tk = qj ~ P2k(y2k Y2k) 

we obtain 
lr' keN and using (a) 

qi¥(c) = ~ qi (Pkc) = 

~ ( i+ i i+ i i+ i ) 
L..__ q,. ) Pk(yr Ys) + Pk(yr Ys +Ys 3'r) 
k~n+1 • f+~ ~It 1 r+s ~k 

' ~ + n ~ s, r ~ n+1 

~ L=:[> c q (LP < i+ i))"12- (L_p i+ 1,)112. 
k ~n+1 r+s ~ k i,k,r,s i i 2r Yr Yr qj i 2s(Ys Ys)/ 

r,s ~n+1 
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} 
+ r+s~:K 

n'?: s, r ~ n+1 

2C.; k r s qi(~P2r(y!"'y~)r'IZ q,;(~P2s(y!+y!))'f/2J 
0' ' ' • 1 

= Q1(t). (2) 

By the triangle inequality and (a),(1) it follows that 

'l ... (y) = L {2kq/P2JcY) = L. {2kq.:(> I:;:,P2k(y;•y; )~ ~ 
3• k k • r+s ~ 2k l. (a) 

[ 
·+ i 

~ cf2k q/~ p2k(y~ yk)) 
- r==•--u•• 

Cr, sh(k,k) ci, k,r,sq/LP 0 <Yi yi):~fl 
r+s ~ 2k i ~r r r ~ 

(""' i i ) 11%. ] 
· qj "y P2s ( Y s Y s) 

'!!) [2k(tk
2 -C. c. k r strts) ~ z<lo, ... ,r2n)Q1(t). (3) 

k ... a • • • (1) 

::ombining (2) and (3) and takine into account that by construction 
n 

t<"o·· .. ·'2n)-1 ~ 1 and z<"o, ... .r2n)-1 ·E r2kq,(x2k) $ !/4, 

we get 

q.
11
(c) ~ z-1 q. 0(y) ~ z-1 q.r(X)+ 17-

1 q.f(x-y) ..:i !/4+q.{(x-y),:$E/2. ll•, 3• ~.. L ~. a. 
This completes the proof of proposition 1. I I 

The following corollary is an immediate consequence of proposition 

1 • 

COROLLARY 3: J,et .A- =L.A-k and t" as in prop, 1. Suppose in 

adtlition that .A nr~J is a metriza':lle space for each 

nfll. 

Then ] ( ..4 ) t' coincides with the r-sequence 

closure of 1' ( ..+). 
note that this corollary is not trivial , since the topolop;y t' is 

not metrizable on ~ • 
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3. The Proof of ~ J'oo(.A) 

The main result of this paper is 

THEOR.l'}.I 1: Let .A = L .4-k be a filtrated <1 -algebra and { qj J 
a family of semi norms on .A sat! sfying (a) and (b) • Let 

~be the graded l.c.t, generated by {qi} . Suppose 

.,4. n [t' J is a nuclear Frechet space for each nEil. Suppose 

that the multiplication .4n [t'] 3 y --.xy E .A2n [t"] is 

continuous for all x E.4-n. -
-?" 

Then we have J (.A-) = ? 00 ( .A) 'l" • 

Our proof is based on the following lemma which seems to be of 

interest in itself, This lemma was advised to the author by K.-D. 

Ktirsten. 

LEl·llU 2: Let E [ t'] be a metrizable locally convex space with a 

continuous involution x-x+ and E. E the completion of 

Proof: 

E eE w.r.t, the E. -topology 

:p,.[.f- x;ex1 ,x1 eE,reNJ and 
(1:0 

'l"~E. t' , Let 

} 110 = f£:: x;exi'x1E E J 
li=o 

the convergence is meant in the £-topology. 

Then J>00 is the t'll)£ 'l" -closure of J> in Ei E. 

where 

First let us recall the concept of the ultra product of ~lbert 

spaces (see e.g./3 /). Let {7tn,ntN} be a sequence of Hilbert spaces 

and U. an ultra filter on N containing all sets Nk:={nEN:n)kJ 

Let ';l ={(xn) :xn E 7ln, U (xn)Q :=sup U ~ U < oo } and 
nEN 

vV={<~ht: lim llxnU =0 }· The factor space (d{n)u. := 
1L 

endowed with the scalar product ((xn), (yn) .> : = lim <xn,Yn > is a 
u. 

Hilbert space which is called the ultra product of the family {~n} 
w.r.t. the ultra filter 'U. • 

• 

I 

) 

r 

Suppose now that xeEeE is the T"e£t"-limit of Yn = ~ Yn1+eyni' 
~=0 

Yni~E. Let 1Cn=l2 and eni= { ~k'kENj be the. unit vector base 

r 
of 'Xn. <'urther, let J!'n(f) = ~ f(yn1 )eni t 7ln for each fEE'. 

r 

3ince sup 11Fn(f)ll2 = sup ~ j f(y i)j 2 = sup (f+ef) (yn) < ~, 
n n ~=o n n 

this induces a map EH-- W(f)=(Fn(f))E (~n)U. for which 
r 

(F(f),~(~))= lim (Fn(f),Fn(g))= lim ~ f(yni)g(yni) = 
r U. lL i=o 

&a - 2 lim f(yni)g(y i) =(g+ef)(x). Since UF(f)-F(g){j = 
n.....,oo o n 

(F(f),F(f))-<F(f),F(g))-<F(g),F(f))+<F(g),F(g)), this 

implies that the '!lap E' [lr] :3 f ~F(f) E ( 7(n) U. is norrn-conti-

ntlous. Here 0"' is the weak topology w.r.t. the rlual pair (E,E'). 

Let { Pn, nE N} he a sequence of '* -invariant seminorms on E which 

define the topology t" • By the Alaoglu-Bourbaki Theorem the 
0 

polars U are compact subsets of E'[~J. Because the map f---.F(f) 
Pn o 

is continllous, the image of each set UP 
n 

Hilbert space (lrn)U • Therefore the set 

is norm-compact in the 

{ u lJ F(f)L 
nfN fEU0 j 

Pn 
is contained in a separable closed subspace dC of ( 1{ n) lL. • Let 

{ei,iENJ be an orthobase of 1C and xi(f):= (F(f),ei). By the 

continuity of the map f-F(f), xi(f) is a 6"-continuous linear 

functional on E' . that 

It remains to prove that x 

is, xi~E. 
00 

= L xi+~xi. 
i:O 

We have 

k 
Pn ~tpn(x- ~xi +IIJ xi) 

l.=O 
sup 

0 
f,gtUP 

n 

k 
I g ef(x) - t; g(x~)f(xi) I = 

k Oo 

~~.P j(F(f), F(g+))• tf(xi)g+(xi) =sup jC. 
... i=k+1 

f(~)g+(xi)J 
00 ... 

~ sup ...o ( y-- jf(xi)l2 }111. ( L:: 
f,geup ~ i=k+1 

n 

Jg(xi)l2) 11.Z. • 
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.Jince f''(f),fEU~} is a compact set in the r:ilbert space de, the 
n 

risth-hand side can be 'nade arhi trary small by teJ:ine k large 

enough. This prove3 lemma 2. I I 

~roof of iheore~ 1: 

State·nent I: ihe map ..4-n: .,4-n[r-,.1;d3~xi yi 
~ 

is continuous. 

I: ' ;>n ] 
- L- x.y1E.4 [t 

i ~ 

'roof: It is safficient to show the continuity for finite sums. 

J.et q he a !"-continuous seminorm on cA-. Jince the ri~t multipli

cations (by assumption) and the involution (1)y definition) are 

!"-continuous, the left 1'1Ultiplications are t" -continuous. 3ince 

.,A-2 n[T"J is a fo'rechet space, the multiplication is a continuous 

:nap of ,A.n['t'] X ,A n['z-] into ,A. 2n[t'], that is, there exists a 
n 

r-continuous seminorm p on ,f so that q(xy) ~ p(x)p(y) V x,yEA· 

If U= 7 xi ID yi = ~ aj Gil hj, then v =~xiy. = L a.bj. J<'urther, 
~ J ~ 1 j J 

q(v)~~ p(xi)p(yi) \l'"hich implies <I(v)~ p~'lrp(u). // 
1 r 

Statment II: If {u := ~ xni+.x .,;;~;n} is hounded in .,4..
2

n£t-J , 
n i=o n1 

then vn={i!= x +ex ..,nnl}is hounrled in ,A
11

e,A-n[te7:]. 
1 =o ni n.1. E 

Proof: .3ince the semi noms { qj} satisfy (a) and (b), t" io a 

normal topology- on v4- by theorem 3.1 of / G /. Therefore t" can he 

ei ven by semi norms of the form p (a) = sup If( a) I where bl is a 
11'1. f~'ln. 

certain weakly bounded set of continuous linear functionals f on 

.A[t"]. Using lemma 3.2 of/ 6/ and the Cauchy-3chwarz inequality, 

we get r 

p1lt e E p111. (vn) = sup ~ jf(x )12 ~ 
ff'lrt i=o ni -

pln.( 1 )p11t.(un). I I 

10 

sup 
ff"llt 

i:: 
i=O 

+ 
f(xnixn1 )f(1) = 

t 

~ 

e now conplete the proof of the theore~. 1y proposition 1 of the 
- t" 

-.receding section, it s·~fPices to show that .J>( .,4.) II .A-"'n S ? 
00 

( A- )t'. 
r 

C'et {un= b xni +xni} he 11 se'luence of :P( ,A.) 11 .4 2n conver:;in~ to 

r~;,4. 2n. chen the set [v
11

= ~ x
11
rex

11
i,n£N} is bounded in 

A-n ~..4-n (ref.r] by statement II. Since ,A 11 [-rJ was asswned to be a 

.mclear Frechet space, it follows that r li'f.?: = re'lrt' on An ~.An 
n " n [ J ' 1.nd that .4 •.4 t•ft" is asain a nuclear .!!rechet space (/'f/). 

Furthermore, the bounded subset of this nuclear space has a con

Yereent sulJsequence vn.-v c.4n~..4n Cit/). !low, hy lem:na 2, 

00 + 
v can he reD resented as a t"ll'f ?" -convergent swn ~ xi e lCi 1 xiE-411 

1=0 
By the continuity of 11, we see that un• =M(vn• ) - u=M(v), that 

is,ueJ>1x,(-4lr· // 
Remarks: 

1. Suppose the locally convex space E in lemma 2 is finite dimen

sional. By choosing a base for the linear space E,consistine of 

hermitian vectors, the elements of P are in one-to-one corres-

pondence with the positive semi-definite matrices. Hence 

In fact, each element of Y~ can be represented as a sum 

with n+1 ~ di~ E. 
n 

:P = :roO. 
n 

L xi +xi 
i=o 

2. If in theorem 1 all vector spaces tA- of the filtrated -M-algebr:t 

cA- = L .4-k are finite dimensional, then, of course, the zraded 

l.c.t. 't" coincides with the strongest l.c.t. t"st on 4-. In this' 

case, 1 (.A-) is t'st-closed. This follows immediately from the 

above proof combined with the preceding remark. 
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4. Applications 

THEOREi•; 1 : I.et E [rJ be a nuclear Frechet space with continuous 

involution x-x+ and let .A-= lj!: •i ={Gn}, the 

graderr if-algebra defined in I 6 I, Sec. 5. Let J be a 

l.c.t. on .4 so that 'r 00 f; J .S 7'@. 

J'roof: 

Then J>(.A-)J= Y""(Ah:, i.e. the J-closure of 
i • ' 

J> (£l® ) is pre;.,isely the set of all t-11 -convereent in-

fin! te sums L xi+ x1 , xi£'§. ~ • In particular, this 
i=O 

is true for the completed tensor algebra ~ ® • 

note first that :P00 (.,4)t' = J>llO(,A.)..., , since the topologies 'Z'"coo 
CIO ~. 

and t' GP have the same convergent sef[uences. Because .:P00 ( ,4. )1 ~ 
--j --~ • 
31(..4) 

1 
it is sufficient to prove that J'(.,A.) 

00 =J'ex~(.A-)t'oo· 

According to theorem 5.1 of I 6 I, t"00 is generated by seminorms 

fulfilling (a) and (b). Now theorem 3.1 applies. I I 

THEOREt>! 2: SupiJOSe .A- is one of the following *-algebras: 

- the free polynomial algebra in n hermitian indeter-

minants, 

- the polynomial algebra in n commuting hermitian 

indeterminants, 

- the Weyl algebra, i.e. the ~-algebra generated by the 

canonical commutation relations, 

- the universal enveloping algebra of a finite dimen-

sional Lie algebra. 

Then :} ( ,A.) is closed in the strongest 1. c • t. on .A- • 

l'roof: 

Each of these *-algebras has a natural filtration .A- = L .4-k for 

which all vector spaces .A-n are finite dimensional. In I r I it 

was shown that 1 (,A.) is normal w.r.t. the strongest l.c.t. 't"st 

12 

on .A-. ?rom these proofs one can see that the topolO,<"'J ?-
6

t is 

?enerated by seminor·Js which satisfy (a) and (l:l). ~hus the 

~ssertion follows from theorem 3.1 and re~ar~ 3.2. I I 

Concluding Remarks: 

1. The case of the tensor algebra :f19 over the Schwartz space j(nd) 

was already treated in I 1 I (the second step in the terminology of 

our paper) and in IZI (the first step). In this special case, our 

proof seems to be simpler. For enveloping algebras the as8ertion 

of theorem 2 was shown in I 1 I. 

2. 'Hi thout the assumption that t' can be defined by se,ninorms 

{qa} which satisfy (a) and (B) (hence,,]( .A) is r -normal) the 

assertionB of theorems 3.1 and 4.2 are no loneer true. We include 

a simple counter-example. J,et A be the .,If-algebra of all poly-

nomials in a generator x for which x=x + and x
2 
=0. Of cours~, 

~ is a graded *-algebra. The norm topoloeY ~of the two dimensional 

vector space .A- is a graded l.c.t. fulfilling all other assumptions 

of theorems 3.1 and 4.2 • .:PJ .A-) t' can be identified with the set 

{< "'-, p )eR2 : J. '7 oJ V {<o,o)} . Clearly, J' (,A) is not -z--normal a"ci 

J(..4) !i J'.o(..4)t'~J'(.4-)r =[u.,peR2: e1.. ~ oJ. 
3. For topologies T weaker than graded topologies (for example, 

when the seminorms q~,f are not continuous form positive 

sequences 4') :P (..4-)t' = J
00

(A)'t'is false. Let .A be the poly-

nomial algebra in two real variables, A+:={pE.4:p(t1 ,t2 ) ~0 
V (t1 ,t2 )e~} and t' the topology of uniform convergence on com-

---t-
pact subsets of the real plane. Then we have 1 ( .4-) = .A (I 1 I, + 
p. ) . Since there exist polynomiais p E .l+ which are not infinite 

sums of squares in the pointwise convergence, it follows that 
--t" 

J .o < ..4 > r 'f' · 1 < .4 > = A+. 
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