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1. Let us consider two one-dimensional 
Dirac systems: 

[p'MviteM^b 2 (1) 
with complex-valued integrable on the whole 
axis -•*>< x < ~ coefficients qn(x) , rn (x). 
Let us denote by ф± (x.O- (<£*. .Ф1 ) T ' 

n n,l n,2 
ф± (x,£) = ("£* ,ф± ) т ( Т means transposition) 
n 11,1 n,2 

the Jost solutions, determined by the condi
tions : •*« lim ^ U , O e ' ( x . ( ' ) , lim^(x,Oe' - ф , £ е С \ 

( 2 ) 

lim ф~ ( x .O-e~^ X - ( ° ) 
X - > — oo 

lim ^~(x.C)e^ X =( J ). £ &C~ , 

( 3 ) 

where 
C + ( C ~ J - l £ e C |lra£>0 (lm£<0)}, C ± = C ± u R 



and let 

a±(0=W(^ .Ф*)шф\л*Ъ -Ф+-Я Ф?Л .С* С+- . ( 4 ) 

Formula of the type (4) means for each fixed 
n«l,2 two relations: the first is obtained 
by taking everywhere the upper sign (in our 
case + ) , the second, by taking the lower 
sign. 

Let us define the product у °y of the 
solutions 

Ур-<УрД'УР.2 ) T a n d У
Ч- ( УЧ.1 Л.2 ) T 

of t h e s y s t e m s (1) w i t h n ~ p , q by 

У о У„ ( * , £ ) = ( У„ . У „ , -У 0 У „ о ) .P.Q-1.2 р q P.l q,l р.2 q.2 ( 5 ) 

and let us denote 

yp °y q( x.O-(y p i 2y q i 2 i-y p i ly q l). ( 6 ) 

Using the solutions ф- and ф- we can 
construct two systems of vector-functions XV i 
and 1Ф] respectively: 



ф±(ж.^ ), (<*кса; ). 
where the dot means the derivative with res
pect to s. and 

n n.k n n,k k=l ± 1 8 

Let h(x)»(h<,hj ) be a v e c t o r - f u n c t i o n fron 
L^} ( -« ,») (/( |h (x)|+|h (x)|)dx < ~ ), and l e t 

Ф ± (Ь ;С) - / <£ (x.Oh(x)dx , 

Ф± (h)=/ Ф ± (х .^ , ± )h(x)dx 
к -о» к 

be its expansion coefficients with respect 
to the system 1* I • The main result of this 
paper consists in 

Theorem 1. Let two Dirac systems be gi
ven (1) with complex-valued, absolutely 
continuous coefficients 1 n( x) a n c* r (x). 
satisfying the condition 

(7) 

;i(l+|x|)[|qn(x)|+|rn(x) |] +|^-q n(x)| + 

+ ( — г (x)|ldx<~ ax n 

(8) 

and such that the functions a~(£) (4) 
have a finite number of simple non-real 
zeroes i; b . and a± (£) / 0 when ^6Я, 



Then the integrals (7) are absolutely 
convergent for any vector-function heLV (-»,»•) 
and, if one introduces for R<~ h (x)»h*(x)-th~ (x) 

К it К 
with 

R n -R cr (0 

+ 2i 
n,k T n.k 

— «Г(х,£ z, )Ф\ (h) + , ъ n,k ' n.k (9) 

+ 4i + 2 -Ц- IV* (х.^±)Ф±(Ь) f 
€<=<-

+ 1'±(ж.^1
±)1Ф;(Ь)- -1Е- Ф±(Ь)]| k k 3a± k 

k 

where 
«*«>-*«>.*«>. *.%-*" «.V-
<' = (<T u ffg)\ff+ 

then uniformly with respect to x in every 
finite interval 

lim | h R ( x ) - JL/I / 
R-*» -R - 0 0 

^£(.у-х) 0 

a2iC(: НЙ <*y|d£H,(lO) 

i . e . , the expansion hR(x) i s equ iconvergen t 
wi th the expansion of h(x) in F o u r i e r i n t e g -
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ral. In particular, if h(x/ has a bounded 
variation in the neighbourhood of x, then 
lim hD(x)=(l/2)(h(x+0)+h(x-0)). 

Remark. The inversion formula (10) under 
the additional condition 

q.(x)»q (x). r (x)=r (x), -«,<x<oo 
1 л 1 л 

( 1 1 ) 

has been proposed by Каир'1' It should be 
noted that the completeness problem for the 
products of solutions of two Sturm-Liouville 
problems on a finite interval, originating 
from the famous Borg paper on the unique
ness of the corresponding inverse problem, 
has been completely solved by Levitan / 2 /. 
The interest to the properties of the solu
tions of system (1) was highly increased 
after the pioneering Zakharov-Shabat pa
per''3'' and the paper of Ablowitz, Каир, 
Newell,and Segur who discovered the signi
ficance of the direct and the inverse scat
tering problem for the Dirac operator for 
the solution of a number of important non
linear evolution equations in mathematical 
physics. 

The proof of theorem 1 we obtain here 
by constructions, similar to / 5> e /. Let us 
introduce the 2x2 matrix: 

0(.х,у;С)ш2\а-1Ю\ф1оф2 (х.О^»Ф((У.Ови-У) + 

+[^0 Фг(*.ОФ1°Фг<у.С)+Ф1°Фг(*,ОФ1°Фг(у.О- (12) 
-ф1оф2(х,С)Ф1 o*e<y.£)]0(y-x)l. 

where Фа-Ф+,ФЛ =Ф+ , а=«+ „hen С С С +, 
and фа~ ф~ ,Фп=Фй , а = а~ when С С С. 
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It is well known that for fixed x the 
solutions </̂i (x,£) and ф- (x,£). as well as the 
functions a~(£), are regular functions of 
£ € C - , continuous at £ & t - and satisfy the 
estimates *; 

\ф± W ) e ± i f , | < K , |^± (x,C)eT^!t|< К, 
n.j " n,j ( 1 3 ) 

С cd (n,j=l,2), 

where the constant К is independent of x 
and C- This, together with the restrictions 
on a- (£) gives us that the vector-functions 
Q ±(x,0=fG ±(x,y;£)h(y)dy for h&li 2^ are re-

-00 + 

gular functions of ( С С" respectively, ex
cept for a finite number of poles, deter
mined by the zeroes of a- (O. and continuous 
for £=f± iO. Let us consider the integral 

I Cx)--i-l JQ +U,0<i( R 2;ri ./Q-(x,Odfl (14) 

where the integration contour y + runs along 
the upper side of the real axis R from 
- R + iO to +R + iO and is closed in C + by 
the semicircle y+ : <T»Rev.p(i(£ ) , (0 <ф<п); R 
y_ is an analogous contour in C~ ; y+ is 
directed counter clockwise, and y_ , clock
wise. The residue theorem, together with the 
relations: 

* The proofs of all those facts can be 
obtained as usual, using the integral equa
tions, corresponding to (l)-(3) and may be 
found , e.g., in . 
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ф±(хХ±)^Ь±Ф±(х,С±). С* bo* , (15) 
n n.k n,k n n,k n.k n 

gives us that when R>max|£ n~ k| * R ( X ) equals 
the discrete part of h R(x). ' The absolute 
convergency for the integrals Ф-(1г,£) in (7) 
follows directly from (13) and (15), and for 
-4>k~(h) one should also use the fact that, 
if condition (3) holds, then at x -> ™ 
Ф1 (x, C\ )= 0(exp(+ i ^ ^ W ) . a n d the asympto-
tics (2) and (3) are differentiable with 
respect to C-

Let us now calculate lira I R (x) when R-.*> 
directly along the contour у и У • Since at 

46±(x,0 = ±a ±
n(0^+(x,0 + b ± ( 0 ^ ( x , 0 , (16) 

with b * ( 0 - ± W(0± . Ф*). and a+(Oa""n(0+b;(<Db;;OD=l. 
then the expression 

- ;г-т- / I 1 [G +(x,y:^+iO) -a"(x,y;f-iO)lh(y)dy!df 

equals the integral part of h (x). 
(This can also be obtained using the so

lutions X„ p ) U . O (P=l,2) of equations 
(1), defined by the initial conditions 
X?V.O -d.0) T , X (

n
2 )(0,O=(0,l) T . using 

the fact that *(
n
p>(x.O are entire functions 

of £e С, bounded with respect to x for (CR, 
we get that for 
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у > х С(х,у;ф equals 

о- v ( 1^ р + ч ( р ) ( ч > , л < 3 - р ) ( 3~Ч) . ,. 2i 2 (-1) у о X (х, <Г) у ох (у, О + 
P.q=l,2 ! •= 1 2 

+ 210-! (0Ф(Х.£)*(У.£». 

Furthermore, from (8) it follows' 4' that 
the leading term of the asymptotics of Jost 
solutions ф * (x, С a n (3 0 * (x, £) at id -> ~, 
(£€C~) are given by the r.h.s. of the rela 
tions (2) and (3) respectively: the next 
term is uniformly estimated with respect 
to - ~ < x < oo and £ t С ~ and has order 
0(1/0. This, togerher with an"~ = 1 + 0(1/0 
gives that at \C\ -» °° 

Q±(x,<) = f°r±(x.y;Oh(y)dy + 

rn(x),0. 

+ 0(i- f r-(x,y;Oh(y)dy) -»0(— X—), 

where Г(х,у; <) = G(x,y; О + for q n< 
The integrals along уд from the second and 
third term here vanish when R -. t» uniformly 
with respect to x in any finite interval. 
For the third term is evident, and for the 
second one this can be established in 
a standard way (see, e.g., ref. ' 1 ' 
using Jordan's lemma. 

Now, noting that 

p.363) 

i f f К Г r(x,y;0h(y)dy)d4; = 

= - / if (Г +(х.у;0- Г (x,y;01h(y)dy|d^ 
-R -oo 

we obtain the inversion formula (10)- This 
completes the proof of the theorem. 
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From (lO) and the classical uniqueness 
theorem for the Fourier integrals in T. j(-oo,oo) 
we get: 

Corollary. Provided the conditions of 
theorem 1 hold, the system 

т (2) i • \ 
1 П Ь j l— oo, oc ) . 

1Ф1 

<b 

c o m p l e t e 
+ 

a n d ф 
same way 

Note also, that interchanging 
in (7) and (12) we obtain in the 
as theorem 1. 

Theorem 1'. Provided the conditions of 
theorem 1 hold, the inversion formula (10) 
holds with gR (x) = g +

R (x) -t g R (x) (instead of 
h R (x) ) , where: 

g R (x) +1 B + ± AC 
77 -R a Ho 

-2i 
t;^°+ bn,k 

—-Ф~(х.< • . ) ? • . (h) + ^ n,k n,k 
n,k (17) 

4i + 1 rr№"u.(;)*;(h) 

3 a k 
44(h) И 

Remark. This construction of inversion 
formulae can be generalized to an arbitrary 
number n > 1 of systems of equations (1) . 
Indeed, let us denote by 

(D+ + + т (2)+ + + т 
ф( (х,0=(Ф( j -Ф{г ) , and <£F~ (x.4:) = (<A(, i ,ф(~г ) 

the Jost solutions of the P'-th ( 1 < t < n ) 
system (1), determined by the conditions (2), 
(3) and construct in analogy with (5), (6) 
the functions: 

11 



(P£ ) (P£ ) т 

J rn 
n (4 f) n_ t n (qg) 

Ф (х.О-(.П 0, e,(-D „П *, . ).Чр-»-р,. 
q, — q „ £=i '. 2 f= i ». i i f 

Then the role of G(x,y;0 (12) will be 
played by the matrix: 

-In П a~l(OI S (-1)РФ (х.ОФ (У.О«У->0 
«-1 ' p = p i +... +p n-S/2)n P l - P n 4l-4n 

(18) 
£ (-1)" Ф (х,С)Фп п (y.00(*-y)l. p> о/г)n pr- pn 4i— q n 

The corresponding expansion formulae can 
be proved analogically to theorem 1. Its 
explicit form in the general case n>2 is 
very involved and we will not write it here. 
We only note that for n=l (18) defines 
the Green function for the system (1) and the 
corresponding expansion is well known /4'. 

2. Here we will demonstrate an elementa
ry application of formula (lo). Let us re
late to each system (1) its scattering data'4-

+ + 
n , k ' n,k К.^'^пЛ • ft-lA.-.N^) • 

wher» а" (Л< n 

- i n (15) , 

12 
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Lemma 1. The expansion coefficients (7) 
of the vector-function Aq(x)=(q (x)-q (x),r (x) • 
-r (x)) are given by: 

p\ Ю-9 1^0 «(« ±(0)~l Ф±(ЛЧ;0.' (CR, 

(-1)"C * -(i * Г 1 Ф* (Д<0. f *, € a" , n,k n,k n,k n.k ± 

Ф ±(Лд)=0, С* -C± =2(a ± fl Ф ± (Aq),£ ±£o' . к 2,к l,k к к к ± 

The proof one receives by integrating 
over s from-» to +«• the identity 

-~-W(.£-(x,0, Ф'г (х,0) -Ф(х.0Л Ч(х) dx 
and its derivative with respect to £, taking 
into consideration the asymptotics (2) , 
(3) and the relations (15), (16). The lemma 
is proved. 

Lemma 1 together with the completeness 
of the system |Ф| gives 

Corollary (Uniqueness theorem in the in
verse scattering problem). Provided the con
ditions of theorem 1 hold, the scattering 
data jS ! uniquely determine the coeffi
cients qn(x) and rn (x) of the Dirac sys
tem (1) . 

3. In parallel with 1 S n t, as scattering 
data of system (1) we can consider the set'4'; 

№„!:»* (0-h*«)/a*(0.(f €R); 

£n.k'Mn,k = (bn.kan,k > (k=l N; ) . 
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Just like above the completeness of the 
system \Щ following from theorem 1' gives 
that the set {T I uniquely determines the 
Dirac system (1) . The relation between IS n! 
and IT I which is usually established 
through the well known dispersion relations 
leads, because of lemma 1, to a somewhat 
more general problem of relating |Ф | to 14*1. 
Here we will present a simple derivation 
of this relation. This problem in the case 
of (11) has been explored in'1'8'. 

Let us consider for p,q=l,2, p 4- q the 
contour integrals 

ф °ф (x,0 
d£+/__P i__d£j, ( zc C), 

y + <<-г)а;(0 y_<£-z)a-(£ 

where in the case of z € R , y + encircle 
the point z along the semicircle .y*: |£-z|=*,lm£;0, 
and y~ : |£-z| =f, Im£< 0. Calculating ana
logously to (14), I (x,z) with z = £ a,\Qa'+ 
and I (x, z) w i t h С ь е с т " one g e t s q,k _ 3 

Ф" (x. <Tq-k ) = a" p(C - . k ) b - i k A ; q ( x . f q" i k ) . 

W h e r e Vq ( X , Z ) = A p , q ( X ' Z ) ' A p . q p.q 

A„ (х,г) 
Zni 

Д - !pt (0? + (x.0+p q(0* (x.0!C-

- 2 
b p . j p 

С 1 А Й 
С " 

^ " ^ С Р 
v q . i q ^ q . i - Z 

In t h e same way f o r z = £ € <r̂  we o b t a i n 
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1 •+ + • ± + 1 а 1 к а й к ± ± 

b l7k b £.k • l , k a,. 2.к 

7 F - A f , 2 ' ( x ^ k b - r ^ A 2 , > ' ( l l ( k K 

( 1 9 ) 

l,k 8,к 

+ + 
w h e r e ' m e a n s , t h a t i n A D 0 ( X . < T k ) the 
term corresponding to £- is dropped. Obvi
ously from (15) we have 

* _ ( , i ^ ; ) - b r . b

b » , " ( x ^ k ) ' l ^ € e i ) ' (20) 

For real z=£ the calculation of I (x,£) 
(in the limit f-<0) together with the identi
ty 

2i/-T o 0 ~ = ( a + ) " ф+ оф+ - ( a ) 0 o<£ - р + Ф % Ч ' p q p q P q P q q P 

following from (16), gives the representa
tions : 

1 l * x I Ш + i Ф (x,o=4f-a + (0 a + (0 |4<
 + (x,£) = 

(21) 

+ »',(i)b;(flA;ji,o + »,(0b,(0-A,"ilu.O. 

where the integrals in A (x,£) are under
stood in the sense of Cauchy principle value. 

4. Let us introduce in the case (11) the 
system {P.Q1: 
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Р(х.0-<Л0Ф+<х.О + «Г(0« (х.О. (f « R), 

Q(x,0=<7+(C)*+(x,O-p+(O4, + (x.O> l£€R), ( 2 2 ) 

Р±(х)=¥ ±(х,^*) -(Ь*)"8 Ф ±(х.^ к
±),(С к

±€а ±), 

G~(x)=i(a ~ )" 2 !<Ъ^)Н *~<х.С^> -«~ (*.<: к>1-

From (16) it follows that together with (22) 
we have 

P(x.0 = p +4 , + +p~4' ", Q(x,0=p~V ~-ст~Ф ~. 
This gives for real £ t n e following identity; 

(a+(0)~*|«+(i.O* + (y,<)-4< + ( х , 0 Ф + ( у , 0 1 -

. -2 
- (a~(0) l «" (x ,0 f" (y ,O- ' (*.£• (У.01- (23) 

-8(b^0b~(0)~ llQ(x,0P(y.0-P(x.0Q(y.£H. 

(2) 
Let us consider for h €L the vector-func
tion 

s (x) = J - f l€(x,OP(h;O-P(x,OQ(h;0!—— 
в 2ir _ R ь (Ob (0 

+ ± 2 !Q-k(x)p-(h)-Pk-(x)Q- (h)|. 

k ( 24 ) 

From (23) we see that the integrand expres
sion in (24) is a continuous vector-function 
of С a n (i is meaning full also at the points, 
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where b (Q b (<)=0. Noting that 2sR(x) = hR(x) + ĝ x) 
is defined in (9), and gR(x) -where h (x) 

in (17), and using the inversion formulae 
in theorems 1 and 1', we obtain 

Theorem 2. If the conditions of theorem ] 
hold together with (11), then the inversion 
formula (10) holds with s (x) (24) (instead 
of hR(x)) . R 

Corollary. For any vector-functions 
h(x)=(hrha) and g(x)=(g1,g2) integrable to
gether with their first derivative the bili
near form: 

defn. 
o^g.h) ===== MgjWhgU) - g g W h j W d x = 

+ (25) = ±~ flQ(g;0P(h;0-P(sOe(h; £ ! - - — — 2п -~ ь (Ob (0 

+ + S J О * (g) P J (h) -P ~(g) Q ~(h) I. 
*= к € а + и " 

Proof. Relation (25) is obtained from the 
inversion formula (10) and from 2s (x) = h (x) + 

R R 
+ g R (x) in a standard way, first proving 
it in the case of finite h(x) and g(x) and 
then extending to the general case. For this 
it is enough to know that if h (x) ,h' (x) eL (-oo,~), 
j = 1,2, then from (l)-(3) it follows that 

2iC4' ±(h;0=* ±(H +;0. 
(26) 

where 
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H* (x) = (-h ' (х) ± 2q(x)I+ (x) , h' (x) + 2r(x) I (x)) T, 

Г(х) = F(h1(y)t(y) + l\,(y)q(y))0(±(x-y))dy. 

From (23) and (26) it also follows that 
the integrand expression in (25) is an in-
tegrable function. The corollary is proved. 

Remark. The system tP.Ql (written 
through (19)-(21) in terms of 1ЧЧ) ap
pears in the Hamiltonian formalism of 
Faddeev-Zakharov/9/ f or evolution equations 
solvable via the inverse scattering method} 
in this formalism <u(g,h) (24) plays the 
role of the corresponding symplectic form. 
Here one should use the representation of 
the variational derivatives of the scattering 
data iSt and |Ti through 1Ф1 and 1ЧЧ 
(see, e.g., ref .'8' ) . 
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