
c~2lf. ~ 

~ T-58 
g;; 6'2/9-.r-17-

B. Timmermann 

THE UNIFORM AND THE STRONG TOPOLOGY 

ON REALIZATIONS OF THE ALGEBRA 

OF POLYNOMIALS 



3852/2-77 pr • J Timmermann, B • 

~ The Uniform and 
Strong Topology ••• 

-10796. 1977. 

E5 - 10796 

B.Timmermann 

1 dE UNIFORM AND THE STRONG TOPOLOGY 

ON REALIZATIONS OF THE ALGEBRA 

OF POLYNOMIALS 

Submitted to REPORTS ON MATHEMATicAL PHYSICS 



1
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.iloKa3aHo, LITO rrp-H nocraro•rHo o6m11x npeanonoH<eH~HIX Ha oneparopbi 
A1, ... ,An (HeorpaHH1..J:8HHbte, CHMMeTp!P:IHbie) u Ha o6nacTb T Ha peam1:samnr 
P(A 1, .. ,A

0
)anre6pbr rro.nunoMOB P(x 1, ... ,X

0
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The Uniform and the Strong Topology on 
Realizations of the Algebra of Polynomials 

It is shown that under quite general assumptions on 
the operators A1 , ... ,A. (unbounded, symmetric) and on 
the domain !D on the realization P (A 1, ... ,A

0
) of the ai

gebra of polynomials P (x 1, ... ,x
0

) the strongest locally con
vex topology r

81 
coincides with the uniform topologyrT as 

well as with the strong operator topology r •. In the 
case n=2 some conditions are given so, that these 
general assumptions are fulfilled. 
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~ In an earlier paper /4/ we regarded the algebra of polyno
mials of one variable. For this case we have given a quite gene
ral condition on the unbounded symmetric operator A and on the 
domain .fl so, that on the representation ';i)(A) of <:l>(x) the 
strongest locally convex topology ~at coincides with the 
strong topology ~8 • Now we consider the algebra of polynomials 
of n commuting variables, In /5/ it is shown that the strongest 
locally convex topology ~st on ~(x1 ,.,,,xn) is a uniform 
topology (see definition below) as well as a strong operator 
topology, i.e., there is a realization of '3> ( x1,.,., xn) as an 
operator algebra J;l(.:ll) = ~(A1 ,, .. ,An) and on this algebra 
the strongest locally convex topoloey ~st coincides with the 
uniform topology 't'.tl and with the strong topology 't" s' The 
proof in /5/ is abstract in the sense that the universal repre

sentation is used. 
In this paper we give (similary as in /4/) conditions on the 

operators A
1

, ••• , An and on the domain ~ which provide the 

same result. 

~ Let us repeat some definitions and properties (/2/). Let ~ 
be a unitary space with scalar product < • , • > and Ge its 
completion, By .:e+(~) we denote the "-algebra of all opera
tors A with AZJ c .:ll, J:J c .ll (A,.), A,..:llc.2l and with the invo
lution A --+ A+ = A'\Zl , An Op•-algebra J1 (.ll ) is a H-sub
algebra of .;e+(~) with identity I, Every Op~<-algebra JJ (.ll) 

defines a topology t.s on 2J given by the system of semi

norms: 
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'9 - Ill' UA = DA:tll for all Ae .A (.l)). 

An Op*-algebra is said to be closed, if .ll [ t..~~J is complete. 
An Oplf-algebra ~(.l)) can be equipped with different topo

logies (/2/, /3/). We will use: 

the uniform topologY ~ , defined by the seminorms: 

A - IIAU &JL 

where JJ. runs over all 
all A E Jl(.ll ) I 

sup I<~, A"t>l 
'f,'tEJ.I. 

subsets J1 c.b , for which II A II <eo 
..IL 

the strong topologY 't s, defined by the semi norms: 

A ---+ II A 11'9 = II A1.9n for all -ge.ll. 

for 

A realization of ~ (x1 , ••• ,xn} is an algebraical *-isomorphism 
onto an appropriate Op11-algebra ~ (.l)) = 11 (A

1
, ••• ,An) given 

by xi - Ai = A! 6 .l'+(.l> ), 1i!!ii<!n. For brevity we also call 
the algebra ~ (A1, ••• ,An) realization of '31 (x

1
, ... ,xn). 

The realization is said to be closed if ~ (A
1

, ••• ,An) is a 
closed Op*-algebra. 

In considering the polynomial algebra lj) (x
1

, ••• ,xn) we use 
the favourable notations of /5/. Hence, let J be the set ~ 
(we shall assume Oe N) with the following operations: 

-1-:!: ~ • (i,, ••• ,in):!: (j1•••••jn) = (i,:!:j,, ... ,in±jn) 

Further, let ttl' (i) = i be a bijective map from J onto N 
with: 

n n 
1 • ki < ~js ;;::. 'II" (-i.) < 'lr(t) a = 

n n 
2. L~ is 

,. ~j and is< js for the smallest a with a 

1s~js => 'lr'(.i.)<'ir(i). 

With the help of this numeration map 'ir one defines an order 
and a semiorder in J by: 

(1) ~ .. 1. <~ <tr(t) 6 'tr(i.) 

(2) t D( 2 .i,. 4=====-> t • .,. + 4 , 0 " 'll'("'"), 'lr(4) " 'il'(..\.) 

.j. 
We write: x 
the degree or 

i1 in . 
. x1 ···~ and denote by d(x~) • i 1+ ••• +in 

x"". 

('lr(-r), 'lr(A)} ~ ('lt(-1.), 'lr(-1.)} 

4 

Th~n S'(x1 , ••• ,xn) is the linear span of the algebraical basis 

{x~}-i.-EJ' i.e. 

:P (x1' • .. ,xn) • t P ( x1 ' • • • 'xn) = t;:; 1-
llti. X , oc. = oci . " c} .,.. 1• • • 1 n 

equipped with the multiplication 

cr Q(-i.x"'"><L ~i xt> = r ()("'" ~i x-i+t 
~ f£J "'~ 

and the involution 

<k; ~-i.:xi.)+ r-"" m oc-~. :X • 

Then 

~(A1 , ••• ,An) = fp(A1, ••• ,A) =}oc1/', OC-i.= fXi iE c} 
l n .tE:J 1 ••• n 

. i i 
(where A""= A1 

1 ••• Ann and the operations are defined as above). 
The order, semiorder, reap. defined by (1), (2) can be trans

formed to lxt.}, (A i.] • For example: xt 6 :xi. 4--:> t " -i- and 

xt.o< x
2
"'"- t-< 24- end so on, (thus 'ir can be interpreted as 

a map which preserves the degree, and within the set or elements 
with the same degree ~ preserves also the lexicographic order) 

For an algebra ~ with a countable elgebraical basis tbi} 
the strongest locally convex topologz ~at is given by one of 
the following systems of seminorms: 

x • ~ @ibi - llxl<ti> "' ~ ti l(.lil 

or 

X • r;: ~ibi - nx a (.fi> cr;= ti I hl2> 1/2. 

where (1i) runs over all sequences of nonnegative numbers. It 
is clear that we can restrict ourselves to sequences (fi) with 

1"fo"11"f2• ••• , 'ti naturals. Por the cou~table case it is easy 
to see, that the systems II • n( T ) , II • 11( l ) are equivalent, 
but we remark tllat for the uncou~teble case h is not so. (/1/) 

In our case, i.e. for 'jl(x1 , ••• ,xn), ~(A1 , ••• ,An), reap. this 
topology ~st is defined by 

p(x1 , ••• ,xn> - 1p(x1, ••• ,xn>Uc,.. > .. } tioc"-•"" m 
or 
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p(x10 ••• ,:xn) --+ llp(x1 , ••• ,xn)11(
0

i.) (~ f;210< 12) 1/2 
~ + ~ ' 

where <''~""i,.) = ( f < i ) is an arbitrary sequence of naturale. 
•· ·1· • • n 

~ Now we can formulate our results. 

Theorem 1 

Let ..JJ (.ll ) = '3> ( A1 , ••• , An) be a realization of the algebra 
~ (x1 , ••• ,xn) on ~. 

If for any given sequence <t~>;,eJ of nonnegative numbers there 

is a sequence ( 'fi. )-1-E JE .tl with 

(i) I< 'fi., A+'f.;)l > 'fi, + 1 + ~ 1<-g.,., A"'.g
4
)J 

. ~4<~ 

(ii) l<'fh•A"'I9~>1 < ~ for _.,<J.> 2'l , ... , 

(iii) < '5'1. , A1' 1f4 ) = 0 for 't c -\. , 4 < -1-

then on 'P(A1 , ••• ,An) the uniform topology 'tb coincides 

with the strongest locally convex topology 't
8
t: 't".o = 'tat• 

Here ~ ( .e. ) is fixed for all h and such that 

C~ < 1. 
6 2 

Proof: 

1 • 'toll -<. 't st is trivial. 

2. To see 't"st -< 'C.ll we show that for any given sequence 

with < 1"' > there is a t ':P (A A )-bounded set 
1' • • •' n 

JJ_c.J) 

llp(A1 , ••• ,An)ll(.,..) ~ sup l<w, p(A1, ••• ,Anh!·>l 
01,. '5':'1-t..U. 

Let I .n(f.;.) be a given seminorm. Then by the assumptions of 

our theorem there is a sequence ( 'f-i.) e :/) with the properties 
(i) - (iii). Put 

Jj_ = ( @b = c €t'ft, f:tE C, Itt)= 1, 4C J}. 
t<4 

This set is t~(A A )-bounded (because of (ii), (iii)): 
"J" 1, ••. , n 

I Ai. .. u 2 I< " A2+ " >I SUJl '9.. = sup \I' , "' 
<!.• Jl <i .. • .u. <lo " ... 

" I< r;: tt '¥t ' A
2

4, I; E.,. 'f.,.) I 

6 

~ I<{;; '* '9i' A2A, L £.,.\f.,.) I 
~21. '~'•21. 

+ I< c 'fj. A21. L 'f.,.)l 
1>21. 1'~2~ 

" I<C E:fit' A
2

;., c ET-g.,.)l + ~2!i~4-) <. 00 
t•E2+ 1"62<i. 

For a given polynomial p(A1, ••• ,An) = 2:: oc-\.A 
;., 

choose: 

4 = L E"'f· p(A1 , ••• ,An) . 1 t t<.,. 
with complex numbers f:t such that 

-\.<'t' 

" '!1 p(A1' • • • ,An) 

Ei oci (<S'i, At 'fi) = I octl I <.qi, At'-9~)1 

C 
t<-t-

With the help of the assumptions (i) - (iii) we estimate: 

Up(A1 , ••• ,An)U = sup I<~, p(A1 , ••• ,An>4>1 
JJ. ·N~.JL 

~ J(~p(A A)' p(A1, ••• ,An)4p(A A ))J 
1••••• n 1••••• n 

'i· 
* 

= I( L 'f4 , L rx:,i" LEi '9i) I 
h<.,. ~ .. .,. ~<1" 

I L ()(1. c E; <-g .. ,A"'(I)I 
.t, .. .,. t,~<'l" 

~ I L oc.;. E-i. ('f.j,, A.;,'9.;.)1 - Lloc\.1 L 1<'9 .. • l-gi)l 
-\.<,. -\.< 1" 4,t<"-

L I< '!11 • A-i.~~}l- 2 Lla.;.l .L.I<.'f .. , A.;.<.ga>l 
.>4 -1-<1" PA>'I-

Lloc-i.l 
\.< ... 

z=: \( 19.;.• A"'!i}l- 2 ~I<X.;,.l L 1(-g-i.' A""'!J-i)l 
~<~ 1t<1' 1>;., 

2C ,0(-\.1 
.\,c.'t 

~ L ICC.;.\ 
1,.<~ 

~ t 1. + 1 + L I < '5' .. , l '9 1 > I J 
4,~<"'-

-L: 
oj.<T 

L I<~,.. A""'-q·)l- L 10( ... , L l<l9i• A"'<.g .)I 
4;~<-\. "\ <\.c"t i><i. i 

1 oc.;.l 

~ L lcx.;.l 1-\. II p(A1' • • .,An) II (f.\,) 
-\.<.,. 

Q.E.D. 

Now we consider the strong topology ~ 8 and formulate the 
following theorem. 
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Theorem 2 

Let JJ(.l>) = 1'(A1 , ••• ,An) bearealizationofthealgebra 
~ (x1, ... ,xn) on 1>, 
If for a given sequence ( o )_ J of positive numbers there is a 

1. -1-E 
'fl EO~ with 

&4' (i) 11':9U 2 ~ 

(ii) <19, A2;.,'!J) ~ O.[max \1, l<'S, A\'>1 \ J 'lr(-i-)+1 
"' t .. 2i., 

then on the algebra '1' (A1 , ••• ,An) the strong topology '\:"
8 

coincides with the strongest locally convex topology ~at= 

tt = s ttst' 

In this theorem and its proof for 
are used, 

'tat the seminorms II .II( 'f1-) 

Proof: 

1, 't
8 

-< 't'
8

t is trivial. 

2 • 'L at -< 'L s: 

We will show: For a given sequence ( 11.-> 1-eJ of nonnegative num
bers there is a ~E..:lJ with 

for all 
This is 

1 2 2 II p(A1 , ••• ,An) lie 't) .s II p(A1, ••• ,An)ll~ 

p(A1, ••• ,An) c ~(A1 , ... -,An)' 
th&:~ same as 

• 

\r:Y.,/ .s ([<X-i. A 1. ~' [ cx:tAt ~) 
.. ;t 

( 1;,2 .. L:: C.\ <Xl (~, A++t<g} 
... t 

or 

r-- f < i.+.i. ) 2 I~ 1 -L- l ~' A • ~ - 1- a - ] r:x Of· llo 0 
~.t "' t .. k 

This means that the infinite matrix M must be positive definite. 
In the main diagonal of this matrix M 
the form 

( ~, A2'1r-1 (i):f') 2 
t,...-1 (i) 

we have expressions of 

('9' A2i.'j') 2 
- l~, 

and the whole matrix M has the following form: 

8 

' I 

1 
11 

M = 

2 
<~''f) - 1'll"-1 (o) 

'lr-1(1) > 
("j,A '.f 

< A'lr'-1 (2) ) 
'_Sl, "1 

(~, A'lr-1(3)'f) 

< ~-1(1) > 
'9 ' ~ 

2'11'-1(1) 2 <'f· A 'j') - Y'lr-1(1). 

< A~-1(1)+~-1(2) ) 
':P' ~ 

< A'lr-1(1)+'ll"-1(3) } 
'f• ~ 

Now we still show that under the assumptions of our Theorem 2 
every finite dimensional principle minor II Mill is a positive 
one. By U Mill = 11(~1 )11, 06k,ld, we denote this principle 

2' 2 minor where m11 = ('9, A "'19> - 1-i,. 
By decomposition we get 

2 2 
II Mill = ( ( 'f , A "'.g ) - 1;. ) ll Mi_ 111 + Ri 

· In Ri there are products with factors of the form 

( <'9 , A' .. '9) - 1: .. ) and { -g , A .. ' 'g ) 

Let zi be the number of terms (summands) which one gets multi
plying all these products. Then we can estimate: 

I Ril " zi TT 1·2 
[max.\ 1, 1(--g, At~'>l1] 1+

1 

t<-i. } }~2 ... 
Let now 

- 2 J. = 3 zi II l· 
"' t4i t 

and '!1 the element corresponding to this sequence according to 
the assumptions of our theorem, 
By induction we show: II Mi II olio 

I Yo II = <"1, "1) - ~ ill 

is trivial. 
Let U Mnll • 1 for O"'n"i-1, 
Then the above decomposition of H ~I and estimation of I Ril 
lead to 
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II Mill ~ 
2" 2 

(('g, A ""1.9) - 11.) fiMi-111- IRil 

~ ( A2-i- 2 TT 2[ t I i- Jt+1 ~ ' 'i} - 1- - zi t· ~ax 1 , { '5' ' A: 'f }I 
"" j-<'1. t to<2-\. 

2" 
+ 1 - Jzi n t· 2 [ l!lllX. {.1' \('-g t i'§')\ni+1 (~, A""~) 

1(;"" 2- t"" 21-
;1l 

2" 
+ 1- &. (max t1, 1<~. io.s>ll]i+1 (~, A ""If) 

1. t-<2'1. 
:lo 

.. 
Q.E.D. 

~ 

Analogously to /4/ there may be given examples which show that 
Theorem 2 is valid for closed and also for non-closed reali
zations. 

~ In the following we will demonstrate under which conditions 
on the operators Ai and on the domain .l:> the assumptions of 
our Theorem 1 and Theorem 2 are fulfilled, For simplicity we 
restrict ourselves to the case na2, 
We start with the following lemma. For brevity we omit the proof. 

Lemma J 

Let A1, ••• , A , B £ :e+(.ll), sup I <\9, B 10 }I • co where 
n 'f•..t.c. 1 

J1 = ( If£ 1:> : l(lf , Ai '!}I ~ 1, 1 dlin J • Furthermore let 

be a subspace of 
Then for J10 = 

~ of finite dimension. 
J.J. f"l ( dt~ A JJ ) also 

sup 1<'9, B -g>l "' CIO. 
'tE..tl, 

Now we can prove the following proposition. 

Proposition 4 

-ato 

Let A1' A2 r;·:l(:e), 

sup l('f, A"'-'i}l 
'f£.Jl.;. 

(A1, A:J = 0 on lJ. If for all -i.E J"' N><N 

• oa where clt1. = l'!E.l) 1 1<'9, A*og)\ ~ 

for all -t < -1.-}, then the assumptions ( i) - (iii) of Theorem 1 

are fulfilled, i.e. on li> (A1, ~) the uniform topology 't.l) 

coincides with the strongest locally convex topology ~at• 

10 
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' 

Proof1 

We show by induction the existence of a sequence C1.f.) e: .1:J 
~ . t 

with 

(i) I< 'it' At 'i;1-)l > 1· + 1 +L_ \('51 , At'!' )I 
t ..,.,6<t ..,. h 

1 for 
~ 

(ii) I( '9-!>' At'i6) I < t<l.. 
(iii) ('9. • A-r '-gh) 

! 
for "t.: ~ , 1> < i-0 

Let og-oell with I< 'U.o• '9-fJ) I :lo 1 ~ + 1 • If If~ , i ~ T are 

chosen then put 

de..,. = :t. ( A'\~ ' J..li1", t"''"t} (.l: means "linear span") 
t 

'!lnd take If 1' € .2JT = .tJ n -ae.; so that 

I< '-q.,.' A.,.~ "t '>I ::.. "'i-t + 1 + L l<'g·' A-t-'1'·>1 
. "" i 

and .... ,{"'"t 

"' 1 1(-q.,.• A \1!-r }I < ~ for I.>< 1"' 

This is possible because of our assumptions and Lemma 3 (applied 
to J.L..,. " ll.,. ) • 
It is easy to see that (iii) also holds by the construction 
above, 

Q.E.D. 

Remark 5 

From the proof of Proposition 4 it can be seen that the commu
tativity of A1, A2 is not used (as in Theorem 1, too!). Hence, 
if ~ is an arbitrary Op..-algebra with algebraic basis ( Bi 1 

with ...Uk = \. 'i e; ll : l<<g , Bi'i}\d 1, and .,~~P. l<~g, Bk 1!'>1 = co 

i<k! then 't"".tl = 't&t on t-'l. 

The analogous proposition for the strong topology reads as 
follows: 

Proposition 6 

Let A1' A2 e ;e+(.ll ) , ( A1 , 

plete. If for all -4-e J .. 

A2] .. 0 on .Zl , ll ( t'S'(A ,A )] com-
2-~. 1 2 

NxN sup I<~, A ~>I = oo where 
1&~ 

J..t-i. • \..'i e.l\: \(19, At19'>l 6 1 for all t « 2.-i..} then the as
sumptions (i) and (ii) of Theorem 2 are fullfilled, i.e. 
'l:"st • 'i:'s on ~(A,, ~). 
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The proof is similar to that of Proposition 4. The element ~ is 

constructed as 'i = :L: ~-· -q.e:J.t· • To be sure that '-g£ll the 
.. ~ -t i' 

assumption ".ll [t~) complete" is used, 
The following proposition gives more transparent conditione 

which guarantee that t-.0 = 't
8 

= 't"
8

t on 'P (A1 , A2 ). 

To formulate this result we use the following (may be somewhat 

"non-standard") definition. 

Definition 7 

Let A1 , A2 £ ~+(.ll ) , [ A1 , ~) = 0 on 2l • By the common 

spectrum G (A1 , A2 ) in the strong sense we mean the following 

set: 

c5 (A1 , ~) = { (A1' A. 2 )€ R
2

s 3 ('i'i)E.!J, ll~ill = 1, 

II (A-t - )."') 'f. U - 0 for i - GO , 
1 

for all "1" E N,. N } • 

( .... = <r,,r2), "A"'= x; ;{2)· 

Remark, that the sequence ( ~i) depends only on A but not 

on '1' I 

Proposition 8 

Let A1 , A2 € .t>+(~), [A1 , A~ '"0 on .tl, Further suppose that 

6 (A1 , ~) is such that for any oc , 0 < oc < 1 there is a ~, 

oc .c. (l - 1 and between the curves ft. 2 = A~ and A2 = A~ 
lies an unbounded all beet of ct, (A1 , A2 ), Then 

(i) on ~ (A1 ,A2 ) the uniform topology 't.tl coincides with 

the strongest locally convex topology 'tat• 

(ii) If moreover .tl [t~(A1'A2 )] is complete, then on ~(A1 ,A2 ) 

the strong topology t-
8 

coincides with the strongest 

locally convex topology 'tat' 

Roughly speaking this Proposition 8 says that 
if 6(A1 ,A2 ) is rich enough, 

't .. 
;.t:) 'tB = '!St 

In the proof we use the following lemma for which the proof is 

omitted, 
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Lemma ~ 

(i) For any i = (i,, i2) £ J there are 0 < t:, < 1' ,..>0 

with 

lim 
A.i1 + 'j i2 - ,J 

= 00 
l.'\-+00 

1 

J, + !? j2 - ,J 
i<-i-lim A., = 0 for all and all 

}
4 

.... eo fixed ~ E (£1' 1). 

(ii) For any -i- = ( i1' i2) e: J there are 0·< c 1 < 1, J>O 
with 

-[i1 + 2 ~ i2 - 2,. 
lim 1 = 00 
")."1>00 

j1 + ~j2- 2 ,. 
lim :.\.1 = 0 for all {0< 2 .i- and all 
l...,...,. 00 fixed ~€(£,.1). 

Froof of Proposition 8: 

(i) Let ().1 , :>.2 ) = (), 1 , A~) e: 6 (A1 , A2 }, A.1> O, '!1 > 0, 

Then there is a sequence ( '9i (A.)) • ( ':1'1) with 11-gi II = 1 and 
r 1 r 2 r 1 r 2 II (A1 A2 - A1 ).2 ) ~ iII - 0 for i - oo • 

Therefore 

r 1 r 2 r 1 r 2 I< '9i• (A1 A2 - ).1 A2 ) ..q i)l 6 E for i ~ i
0 

(A., E ) • 

Hence 

r1+ fr2 ~ 
A1 -E<(>gi'A'fi)< 

r 1+ ~ r 2 11 ·+c 
11 or if we divide by >..1 , -J>Os 

(3) 
r1+ fr2-1J E ~ 1" ..::U. r1+ fr2- J ...L 

)..1 - 7 < ( ~ik' A *: ) < A1 + + 
Analogously 

~ ~ \1 ~ 

).S1+fB2-,. £ 
(4) 1 - !; 

A.4 

< ( .,1j,_' f ~) As,+ ~s2--J ..L 
111ft "A"tz < 1 +.,. 

.. • A. • and .-\<1" • 

Using Lemma 9 we can find ~ > 0, ,. > 0 such that in ( 3) the 
left-hand side and the right-hand side go to infinity while in 

( 4) the corresponding expreaaione so to zero if A, - co • 
Moreover the assumptions of Propoaition 8 and Lemma 9 mean that 
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~ and ,. can be chosen such that 0.1' ~) belongs to an un-
bounded subset of G (A1 , A2 ) which lies in the strip 

"' f :\~, ).1 o!i ).1 o!i 0<-cx < ~<1, O<A.,<oo. 

Therefore, for any fixed C> 0 (for example let ( 
choose a sequence ( ~k) such that 

\('j-k' A"t'tk)\ ~ k 

0 "' \('tk• A' 'lk)l >!! 1/2 for all r.."' t-

1/2) we can 

i,e. (''h)EJl-r= tlfEZ>: I<~,A6 1f)\!!.1 forall~.>..::-t} 

and sup \( '~-k• Af 'fk)l = oo 
k 

consequently: sup l<"t. A.,."\i-)1 oo. 
"'£cU-t- -"/z 

( The vectors 't k are appropriate :\1 \1] i ( :1. 1 ) for ;<1 ---+ co , 

0 1 , ).~) € 6 ( A
1

, A
2
). 

Thus we have proved that the assumption of Proposition 4 is ful
filled, i.e. ,'t.b = 't"st' 
The proof of (ii) is quite analogous and uses Lemma 9 (ii). 

Q.E.D. 
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