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In this paper we continue the investigations on ideals in alge

bras of unbounded operators begun in /6/ and /7/ in a more systema
tic way, The first section deals with the description how one can 

get ideals in t,+ 0!} starting with ideals in ~ {'af.), We give the 

definition of two types of ideals: one contains only bounded opera
tors, to the other belong also unbounded operators. 

In section 2 some algebraic properties of ideals .1'! (tl) de

rived from the well-known symmetrically normed ideals Jj are inve
stigated, 

Topologies in .such ideals are introduced in the last section. 
There are also mentioned some results connected with topological 
properties of these ideals. 

1, PRELI..iiNARIE::i AND BASIC DEJ:o'INITION::i 

We use the following notions and notations (cf. /1/,/2/). For a 

dense linear manifold Jr in a separable Hilbert space ~ we denote 
by ~~ ( Z ) the * -algebra of all operators A (bounded or not} for 

which Al)c :S:S and A" :S:S c%) , The involution is given by A ____..,A+= 

= A"l!! , J. • (!! ) defines a natural topology t on the domain lr 
given by the directed system of seminor:ns "' -II A+ II for all 
At t.,+ ( lJ), L + (~ ) is said to be £1.QW if lS t t.l is a complete 

space,or equivalently, if ~ = f\ li CAl • ~.: <l:l > is said to be 
A~ t.'tbl 

selfadjoint if 'll = f\ 'lf {A • ) • By 1 ( ll ) we denote the set of 
AtL',11l 

finite dimensional operators of ~ + ( n ) . 'J" { z ) is the two-sided 
minimal • -ideal of .t.• { ~ ) , 
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For a co:nnletely continuous operator T" ~(\!e) by (sn(T)) we de

note the sequence of s-n~nbers, s 1 (T) ~ s
2

(T) ~ ••• (each nunber 

repented according to ita :CJ.ultiplicity). 'i (.) stands for a.symme

tric nor:ning function and J 1 (:Je) or si:nple .d'<f denotes the cor

responding sy:n:netrically-norned ideal with the nor:n \\ \\ ~ given by 

\\TIll = J (s 1 (Tl,s2 (T), ••• ) 

The ideals .Joo Uf), .J¥ (af), p~1, are special cases of 

such sy.n.."letrically-nor:necl ideals. For details the reader may consult 

I I I. Now we give a general procedure to generate ideals in £ + ( fr). 

Definition 

Let ::1 :1 (3e) be a two-sided ~t -ideal in (2 <aU. By~ (Jl") we 

denote the set 

::J ( ]l" ) = ( T E. ,;e,+ <ll ) : XTY ~ J ( ~) for all X, Y E. ;f.,+ ( l! l} 
(Clearly, to be more exact, we had to write: XTY bounded on :i1 and 

XTY< J (~).For si:nplicity let us use the notation :nentioned above) 

Le:nma 2 

i) The set J ( ~ ) given in Definition 1 is a two-sided *-ideal in 

:t + ( t! ) , called the corre<;ponding ideal to J (at); :J ( t! ) c: 

l ('at). 

ill If ;t+ <rn is aelfadjoint, then fro:n XTY E l (~) for all JC,Y e 

( ;t+ (Il ) it follows T E t.: ('lS). 

Proof: 

i) 'rhe linearity is clear, the ~-property follows because X:TY~ ::J ((!{'_) 

i:nplies (X:TY)" = y•T•x• = Y+T+X+ (when restricted to~ ) also in 

J (df), hut this means T+~ J (ll). Let A,DE £"' (!i) be arbitrary 

ooerators, then from X(ATB)Y = UTV, U,V c; .t."(ll), it is seen that 

AT3 E ::1 (%! ) • Frocn X = Y = I it follows T e ::! (Of) if T E ::1 ( ~ ) , 

i i) ;{TY E :J ( J:l ) me and especially XT and TY bounded for all X, Y' t: (!f) 

and dense defined, Then Lemma 1. 1 fro:n I 4/ gives T * iR c. Ji (Y • ) 

for allY ( .t.•(tr ), but this means T"at c. ll (as J_+ (IS) is self

adjoint). A slight generalization of /4/,L&~a 1,2 shows that 

Tat c.l:I(X) for all XE: ~+ {t! ) 1 i.e. Ta£c IJ. So, T and T* map 

4t in 1'1 , hence T €. £,+ ( :tJ ) • 

-l.E.D. 
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Remark 3 

i) If lS = 'de , then it is well-known /2/ that ;t'"' ( ll ) = lB ( af) 

and consequently ::! (b) = :J ('at). In general it is not so that 

::J (lT) = ~+ (ll) (\ 'J (<It) (to such a reading the notation 'l (lr) 
could lead). For exa:nple, if t.• ( 1:1) contains unbounded operators, 

then IE ~+(%)) f\ 6.!.('af) but, of course, I~ 1a (ll ). 
ii) As it can be seen fro:n the proof of Lemma 2 it is not necessary 

for l (at) to be a * -ideal to obtain an ideal ::1 CZ ) in the men

tioned manner. It would be sufficient if 'J (at) were a linear >J

space. But this seems to be too general, because we like to start 

with "well-known" substructures of ~ (~) (as J'! (at)) to get 

substructures of ~~ (~ ) which have also good properties. 

The following lemma shows, roughly speaking, that in £. +(ll) 

there are many distinct ideals if the operators are not "too unboun

ded". 

Lemma 4 

Let ;/. .. (Il) be such that there is anNe :t.."(ll) with N- 1 E 

~ j (:If) for some ideal of ~ (~ ) • Then !:! (11 ) = '} ( Il ) for all 

ideals d with .1 (at ) c:: 'd (at ) • 

Proof: 

It is enough to show ::1 ( lS) = ~ (ll ) • But this follows from XTY = 

= XTYNN- 1 = BN- 1 , where T C: ~(ll ) 1 i.e. XTYN is bounded, consequent

ly BN-t E :1 ( af ) • Hence T E !l ( fl ) • 
Q.E.D. 

Next we define ideals which contain ~lso unbounded operators 

{by ideals in what follows we always mean two-.;ided *-ideals). 

Definition 5 

Let ~(ae), 'J('<It)betwoidealsin (!!,(~), :J(ll), 1-<b) 
the corresponding ideals in ~+ (n ). Put 

M( :J (l:l ), d (3J )) =: M(::J 1 'J) ={AE t.:(l) ): A·r, A+T€ a (l:J) 

for all T f: C1 ( 3J ) j • 

Now we collect some simple properties of these sets, then we gi

ve an example. 
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Lemna 6 

i) ;~ ( 

ii) If 

iii) If 

If 

Proof: 

J (~ ), 1 en)) is an ideal in L" Ol ). 

':! { 'lt ) ~ J ( :It ) ' so .. '!( J ' d ) = .;U <~ ). 
:l,{ at ) !:; .:J._ { ~ ) ' so .<l( :J._ ' ::1 ) s w. ( 3, • d ) • 
'J. { 'df. ) S d._ {at ) , so d1 ( 'J , d, ) <;;; M ( 'J ' ::~ .. ) . 

ii) and iii) are trivial consequences of the definition. 

i) The x· -property and linearity are clear. Let X € ;£.,. ( Il ) , A € 

E. t-.( J , d), T E :J('jj ), then (A{)T = A3 with::; € ::!(ll ), hence ASE 
+ ++ _+ 0 + 

" ';j. ('iJ ). (AX) T = X AT = X R w1th H EO d {15), hence X HE';} (tl ). 

TherPfore AX c.~{ !l , d ) aml analogously XA E il'l( J , ;} ). 
Q.E.D. 

'Ne state an equivalent characterization of .,\( '::l , :J- ) • The simple 

proof is omitted. 

Lem:na 7 

l'ii( 'J • J = t A ~ ;t! ( tl ) : XAT, TAX E d ( 'll ) for all X E '.L + (!J) and 

allT( ::!(~)}. 

Next we give an exa11nle which shows that M( :J , ';:} ) can contain al

so unbounded operators. 

Example 8 

Let on= ~ I5 {Rn), R = H Urn),(<\>.,.) l ::!; I a diagonal operator 

such that sup rn = oo but (rn) does not increase "too fast"; for 

examole, H-k ia for all k not nuclear. iiecard :d .;f..., ( J:l), .f. ( l:l ) ) • 
. . -

Let (r ) be such a subsequence of (r ) that ~ r ' <oo. The n1 n n1 

diagonal operator A = A\ (an), ( ~") J with 

ai = t:nl if i nl 

if i f. n1 

be longs to ;v; ( .;1
00 

( n ) , .f, ( ll ) ) . To see this, re:nark that 13 

= Bt{bn),(~ ... ll with 

b . = { r nl if i = nl 
1 0 if i f. n1 

0 k k+l ... ... 1s nuclear and for all natural k: R = BR A. Let C e ~-<~ ), then 

RkAC = B{Rk+IA~) is nuclear for all k because Hk+lA~ is bounded 
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(even co::1nletely conLnuo:.<s) •. for an ar':Jitrary ,{ E .,/.~(1J) the closed 

graoh the ore:~, gives H KAC ~ u ~ K IU11.;.C <\> 1\ for all <\> 10 !I , sui table m 
and constant K. ::lecause the operator on the right-hand side is boun

ded this esti:nation is valid for all 6 ~ d£ • The nuclearity of 

RmA~ then i:nplies the nuclearity of XA~. Therefore, .<(A~)Y = XAi.l , 

i) € of~ ( l: ) is nuclear for all X,Y E a.· (::: ) ' ;:: f. J'oo ( ~). This means 

ACE .:f~ (Jj), hence A =A+£ ~.(Joe( .tJ), J\ (l))) and A is unbounded. 

.!.~.D. 

i(e:nar~.c 9 

There is a lot of possibilities to introduce LK- or LK* -topolo

gies in 'J ( lJ ) and ,<J( :J , a ) . Ho·:: to do this we de:nonstrate in the 

following section for :J (]) ) in the caae where !:1 <lJ ) = .f 1 ( J:l ) • 
.:;o:ne further tope log ~es on .f i ( ~ ) , topologies on ,., ( !J , ';} ) and 

duality properties of these ideals will be investigated in a forth

coming paper. 

',ie start with the consideration of algebraical properties of ..f1 ( :U ). 

2. THE LJEAL.3 .:f't ( Il) (AWE3RA"CCAL PHOPErtT:::E.:;) 

:::n this section we investigate algebraical properties of the 

ideals ~ ('Il ) , J'! ( Il ) , corresponding to ~ ('a£ ) and to the sy:n

metncally-nor;ned ideals .fi!? ('at) c 1' ('(}(). As mentioned in /3/ ,I 4/, 
/5/ the ideal J., (!) ) plays a key role in the investigation of phy

sical observables-states-syste~s, other ideals are connected with 

the classification of do:nains of operator algebras. 

The ~ain point of this section is to give an equivalent charac

terization of J! ('ll) wh~ch can be better handled than that given 

in ;.Jefini t ion 1. r'or the re,naincler of' this paoer we ,uppose ;~..+ ( !l' ) 
to be selfadjoint. Let us ~ention the following fact used in the 

sequel. :::f T E .ft (de) and T =(T 1-T 2 ) + i(T
3
-T

4
l is the deco~oosition 

ofT such that Tj ~ o, (T 1-T?) = (1/2)(T+T~), (T
3
-T

4
) = (1/2i) 

•(T-T"), so llTjllt~ l\Tili , 1 ~ j ~ 4 (use II.:; I\~= 11:,*1\~ ). >uore

over, A t .f1cae), II :3"1' II ~ IIA"\'1\ for all '\' E ~ implies B~ .::f'
1

(';1t) 

and II Jilt ~ 1\AII~ • ·,/e begin with a prooosition on ~ (n) and 

J oo ('!l ) which we use oer:nanent in the sequel. 'rhen the main lemma 

wi~l be nroved which is the base of the equivalent characterization 

of J ~ (I!). 
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Proposition 10 

i) If o ~ T s T" e. ~en l, then T"'-e ~ ('lS l for all .... ., o •. <loreover, 

for T ~ £. • ( 'lS) any of the following equivalent conditions is 

equivalent to T ~ Ia (l) l: 

a) TA, T*A bounded for all A~ ;t.~ ( ll ) 

b) AT, AT* bounded for all A ~ ;t.•('lS ) 

c) T ~~(:!e), T~c';t, T-llafc'tl. 

iil If 0 ~ T = T" e,f_(ll), then T"~.foc(:O) for all.-.> 0, . .!oreover, 

forTE ;t.+(%)) any of the following equivalent conditions is 

equivalent to T i .:f..., ('tl): 
a) TA, T"A co:noletely continuous for all A E: ~; .. ('l:l) 

b) AT, AT* completely continuous for all A E £. .. ( ll ) 
c) T E ofoo ('ae.), T 'Cl c. ':l , T * 3f c:: 'tl . 

~ 
i) From /4/ (Le=ata 1,1 and 1.2) T ~ 1B (~)implies T~c:: ll, T*:t 

c ~ • The selfadjointness of ct+ (b ) and the Kate-Heinz-inequali-

ty /8/ Lnply that fro:a T = T * ~ 0, T 'X c lS one can conclude T"' '<!! 

c:: 'tl for all o<. > 0. But then /4/ gives us T'f.~(~) for all aoO. 

This proves the first assertion. Once again referring to /4/ we ha

ve the following implications: T E 'a1. (:t:l) -+ a) ,b) ,c); a) -b) 

(by the selfadjointnes<> of ;f.+ (lS)); a) and b) __, c); c)- a) 

and b). Hence it remains to see that c) __, T E lB ( :tl ) • Because T 

and T * map at in tJ we may suppose T = T It • .;lore over, the decom-

position T = T+ - T leads to operators T+ and T which also map 

~ in 'tl • Hence ~ur first assertion implies th;t T!12 and T
1
/

2 

. 1/2 1/2 -
map dt 1n b and consequently AT+B = (AT+ )(T+ B) and AT_B are 

bounded operators for all A,B E t..• ( l!), that means ATB is bounded. 

Therefore T E 1'1. ('tl ) • 

ii) Remark that 0 ~ T = T,.Etf!..,(~) i:nplies To(.E..:foo ('aC) for all 

<(. > 0. All considerations are similar to those of i). To see the 

implication c) __, T e.:f.,.,(J:l) suppose again T ~ 0, but then 

ATB = (AT 1/3) r 113 (T 11 3s) = UT 113v, where u,v are bounded by i) 

and T113 is completely continuous, Hence ATB Ecfoo(:!f.) which means 

T E .:!'.., ( ll ) , 

~.E.JJ. 
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iJiain Lem.na 11 

Let AE .:C(tl), 0!:: T=T 11 EJ'-(:tJ). For fixed~;'\'~ ~(T)Ql J'((T) 

the function f(z) = <. <\>, T2 A'I' 1- 2
"1( > fulfils on the strip::; = 

= { z = x+iy: 0 !:: x !:: l j the assumptions of Hada•nard' s three line 

theorem /9/, namely 

i) f(z) is analytic in the interior of::; 

ii) f(z) is bounded on::; 

iii) f{z) is continuous on ~. 

Proof: 

Let us premise some 

= L ).·~ < <\> .. I • > c\>n. 

remarks. 'I' = L :X...,<<\>,. , . ) <\>n. and Tiy 

imply that for all y: J'f (T) = .j(' (Tiy), RCT)= 

= Kt(Tiy), Tiy is a partially isometric operator mapoing ~ (T) iso

metrically onto itself, MOi'eover, T0 = L<<\>t\,·:l'~n is the projec

tion P on R (T) (the closed subspace spanned by ( ; ... ) ) • Now we go 

on to the proof of the Le=a. 

i) For any 0 <. e < 1 the function f(z) = <~ , Tz-E BT 1-z N() 

with B = TEA (which is bounded according to Proposition 1U) is 

analytic in the strip (z: €<x<1-£~, hence f(z) is analytic in 

the interior of the strip G. 

ii) The boundedness of the function f(z) can be seen as follows. 

lf(z}\= 1<<\1, TiyTxAT 1-xT-iy "\')\f 1\~1\·\1 TxAT 1-xi\I\'\'U. 'Ne show 

f x 1-x l x 1-x II L 1 x 1-x sup II T AT " : o=x= I J < ao • sup \1 T AT - max l sup "T AT 11 
o•xt: ita. ' 

\\ X 1-x 11l X 1-x, \IX 1-X L sup T AT J • But sup "T AT • ~ sup 1\ T sup II AT II -
Ot)(.~iU o•x•tf1 o•ar••l.&. ot-x.•-'h. 

supU'rllx sup\IAT114T3/4-x\l fUT\1 314 IIAT 1/ 4 11<""", 

The estimation of the other term follows analogously. Thus, ii) is 
proved, 

iii) It is easy to see that 

( Ia) Tiy - Tiyo ( for y __, y
0 

( lb) Tl-x __._.. T ( for x-- 0 

(I c) Tx -- p (for x- 0 

in the sense of strongly convergence on 'de • :;!early, according 

to i) we must show the cent inui ty of f( z) only on the boundary of 
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the strip ::;, say for x = 0 ( the case x = 1 is got by sy.=etry). We 

estimate I f'(z) - f(iy
0

) I for fixed y
0

, i.e. 

1<<\>, (TiyTxATI-xT-iy- TiYoPATT-iyO)"\'>\ • Using the identity 

TiyTxATI-xT-iy - TiyoPATT-iYo = (TiyTxATI-~-iy - TiYoTXATI-xT-iy}+ 

iy x 1-x -iy iy -iy0 ) ) · ) , + (T • OT AT T - T oPATT one gets I f(z - f(~y0 I -

(2) f l<q,, (TiyOTxATI-xT-iy- TiyoPATT-iYo) "¥>\ + 

{3) +\<<\>, (TiyTxATI-xT-iy- TiYoTxATI-xT-iy)"\' >I 

First we show that (3) --+ 0 as y ~ y
0 

• 

(3) = I< (T-iy- T-iyo) <\> , (TxATI-x)T-iy~>l ~ 1\ (T-iy_T-iYo><¥1\ 

\\TxATl-x 'f 1\ • Thus ii) and( Ia) give the desired result. Now we 

show that (2) --. C as y--+ y
0 

, x --+ 0. Simple manipulations 

give (;>) ~ \ < T-iyo <\> , PAT(T-iy_T-iYo)"\')\+ \(T-iyo <\> ,(TxATI-x_ 

- PAT)T-iy "f)\ • The first term tends to zero because 

1 <.(PAT)* T-'"Yo 1> ,(T-iy_T-iYo)"\')1 f K II (T-iy_T-iYo) "\' \\ 

• -iy ~ X 1-X X The second ter.a can be wrttten as \( T o "\' , (T AT + T AT -

- TxAT- PAT)T-iy"\')1 ~ I< (TxA)* T-iyo", (T 1-x-T)T-iy"\' >I + 

+ I< (P-Tx)T-iyo <\', ATT-iy"\'>1 f 1\(TxA)It T-iyo<VU·\I(T 1-x- T)• 

• T-iy"\'1\ + \\(P-Tx)T-iYo ~QIIAT \l· \IT-iy"1' 1\ • Using (1b),(lc) 

this expression goes to zero if we show that 1\(TxA)11 T-iyo ~ \\ !: L 

for all x, 0 f x f 1. Now it will be used that ~ ~ ~(T)$ Jf(T),i.e. 

\' = c\>, + h , ~. E 6UT}, c\>._ E $(T). It is II A*TxT-iYo ~ 1\ = 

=II A*TxT-iYo <\>.II =II A" TxT-iYoT "X II for some ?; f.~ because~ = 
' 

= T ')( , so II A~ TxT- iy o t I\ f 1\ A~ T II II Tx \\ \\ X II 
nuity is proved. 

Hence the conti

l.i.E.D. 

Fro~ this Lenma we deduce an important result. Before doing this, 

let us remark the following fact which can be proved by simple 

estimations. Let 2l be an arbitrary dense manifold in 'at , l (l!) 

c :t_+ ( l:l ) , 'f c 1S3 (~) the corresponding sets of all Eni te di-

mensional onerators contained in ;[.+ ( l:J ) 
1 

n ( ~) resp.. If i 
is a symmetric norming function, then ~ (J:)} is n IIJ -dense in 

'l=" • Now we prove the equivalent characterization of ~~ (tl). 
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Proposition 12 

Let ~ be a symmetric norming function, then 

<fi ( b ) = \_ T 1: ;t_ • ( 'tl ) : AT 1 AT If E .f t ( :£ ) for all A E: £ • ( tl ) ~ • 

Proof: 

The case where II IIi is equivalent to the operator norm, i.e • .:f~ ('a{) 

= <tfoo (af) was regarded in Proposition 10. Thus, let II IIi be non

equivalent to the operator norm. The selfadjointness of of+ ( .D ) 

implies again tT ~ ~+(2) ):AT,AT* t .:fi Cat) for all A E: ;;£+ (ll }j = 
={T 1: .f.+Cll ): TA,T 1 A E o.:f~ (at} for all Ac.:f.+(rJ )J •.. loreover, 

as in the proof of Proposition 10, AT,AT * E J';_ ( aO implies that 

the decomposition T=(T 1-T
2

)+i(T
3
-T

4
), Tj~o, j=1,2,3 1 4 leads to ope-

rators T. with AT. E: of,., (:!f), too. Consequently, we can restrict 
J J "' 

ourselves to operators T = T 11 ~ 0 and must show that ATE;- J'i (Cit.) 

implies ATB ~ J'i (:If) for all A,R E: .;e+cn ). Lett!'= "(.t(T}i Jf(T), 

F E: 'l'" ('rl' ) arbitrary, F = "!;., fL>< < ~ ... ,. ) X" 1 ( ~" ) , ('X.") orthonor,nal 

systems in :t' • Consider the function 

g(z) = Tr TzATI-zr, on the .;trip 3 = { z=x+iy: O~x~1, -coo< y <<><>:\. 
n 

z 1-z ~ z 1-z > ( ) . . Because Tr T AT F = L_ )'\.._(~" 1 T AT 'XI< , g z ~s the 1~-
k=l 

near co~bination of n functions satisfying on 3 the assumptions of 

Lemma 11, hence for g(z) the three linetheore~ is avalable. Using 

F = (F 1-F2 l + i(F
3
-F4 l on the line x = 0 we have the estimation 

I Tr TiyATT-iyF I~ ~I Tr TiyATT-iyF .I = L tiTiyATT-iy\1~ ~ F .U..= 1=r J X J'Y 

= 4 U ATilt ·\IF 1\ ~· ( because K Tiy II = II T-iy \\ = 1). Analogously, on 

the line x = 1: \Tr TiyATT-iyFI ~ 41\TA\\! \\!!'\\!>" • Here~· is 

the sy·n:netric norming function conjugate to ¥ and the estimations 

follow fran the corresponding properties of ~ and~* (cf./1/). 

The three line theoren now gives: 

ITr T
112

AT
112.r· 1 f (41\Arut \Fa£·> 112 

(4 IITAII! UF\1!* >112 
f 

64:\FII~• (lAT\1{ +1\TA\Ii ). Thus, 
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sup 
F€'t'.b') 

t 'I'r T
112

AT
112

FI ~ 4( l AT~~ 
11 F Ill: .. +II TA 1\ ~ } < ·.-c- • Together 

with the re.nark before Proposition 12 and /1/ (chap.III,Lemrna 12.1) 

this estimation gives us T112AT 112 
€ .:f! ((IE) for all At;£+( ll ). 

1/2 1/2 ., 1/2 1/2 Then (T B)(AT ) E "'i (at,) and consequently, AT (T B) E 

E. .j'i ( af) for all A~B E .t• ( :b ) • 
..t.E.D. 

This chrc1racterization of J'i (l:l') will be useful for the investiga

tion of tonologies on ""( • , ·) and in duality-considerations. "i{e re

mark that the above result can be obtained at least for .;!.., (J:S ) and 

J~ en} by direct comoutation without using interpolation methods. 

furthermore, the proof of Proposition 1? gives us the po.>sibility to 

derive elenents of a functional calculus for the ideals .fp (ll} 

analogous to the case of .f f' (at}. We collect so:ne results in the 
following Proposition. 

Propo.;ition 1'5 

Let 1 !: p <.,... 
i) If T e. .:fp (1) ), so Tn e <f, ... <ll) for all naturals n. 

ii) If 0!: T = T*E.f,(b), so T..:e.Jp1.._(lr} for all ct..:> O. 

iii) If 3 E .fp(tl ), T E.:fo, (lJ ), so 3T E: Jf' (lJ ), 1/r = (1/p)+(l/q). 

Proof: 

i) Let n ~ 2, then it is for ATnB = ATTn-2T!31 AT, Tl3 E: of p ( ~) and 

Tn-
2 

E SP/n-L (af) in consequence of the well-known properties of the 

i·~eals .ff> (df). Thus ATD (. .f~ (at,) with 1/q = (1/p)+(l/p)+(n-2/p)= 

= n/p. rherefore, i) is proved.iii) follows analogously. 

~L) To orove this, we renark that c=r=T* EJP(p) imolies 

1/2 + 1/2 1) ' 
'!' A ;,r ~ <Jp (de} for all AE £ .. (11) (see the enc; of the proof 

of Proposition 12). 0onsequentl,v, ~"';,and AT 111• E .f~p (i!f ), i.e. 
2."" 

1'
11

" EJ'"P (ll), and general: T E:JLftp(.O}. Hence, let~> Obe 

arbitrar-y, o<. = {2/2n) + ~ for some natural n and ~ > 0. Then 

,;T"" D = (AT~:" )Tf\ {'!' 2.-n D) belonc;s to J"' {'at) with 1/q = ( !l/p) 

+ e:•-n/ol + (2-n/p) = ot;p, ~.e. T"' e.:r,, ... cn l. 
Q.2.D. 
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j 
g) 

·,/e conclude the investigation of alGebraicaL orooerties with a 

result which can be roughly expressed as follows: The orthonormal 

syste:n occuring in the representat ~on T = L ),. < <\>,.., • > '\'n. of an Ar

bi. trary operator T E. J.,. ( D ) are the sa:ne for all ideals .:f't ( i1 ) • 
Or in other words: if T.: .f.,.,( ::r:s ) , then only the decrease of the 

sequence (A,.) decides whether T" .:f!( %r) or not. ~;ore precisely: 

Le=a 14 

Let T = [An.< <\>,.., • ) <\ln. E. .f_( .tl ) , T !!: o. Then there is a con

tinuous function f with f(x)> 0 for x>O such that 

f ( T) = L f ( >. " ) < ~n ' • > ~n E. .f~ ( n ) . 

~ 
It is easy to see that there is a continuous function g with the 

properties: g(x),. 0 for x,. 0 and L g( ).,. ) <. 00 • Then f with f(x)= 

= xg(x) is the desired function. To see this we show Af(T) nuclear 

for all A E: .:t:•( l:l). It is L \\ Af(T)~..._ \\ ~ L g( )..,_) 1\ATq,,. \\ ~ 

:!: C L g( ::<,.) <. 00 since AT ~ .::f...,Cl:ll, i.e. AT bounded. Therefore, 

the bounded oPerator Af(T) is nuclear. 

Q.s.D. 

). TOPOLOGIE:.; ON J'~ (~ ) 

In this section we introduce some topologies on J~ (n ). They 

are ~ore or less suggested already by the ideal structure. Let us 

re:nark that there are :nany possibilities for defining a topology 

on these ideals and the choice of the tooology depends on the pro

blem we are dealing with. In a forthco:ning paper where we will con

sider the ideals .• 1 ( , ) and quest ions concerning duality some other 

topologies will be useful. 

Defi.nit ion 15 
On £ ( ~), off (tl) the following topologies (given by genera

ting syste:ns of seminor:ns) are introduced: 

't' !> : .f~ (~ ) ~ T - 1\T\I:.s. =1\TAI\;i for all A E .;t+ {.0) 

'ti : J~ ('l)) ~T -+ liT II~.! = 1\AT \\~ for all A~ .t:+ ( ll ) 

'C! : cft<n > :~T - :nax( II ATI\~ , II TA 1\!i ) for all A ( ;t+ (J:}) 

"t~: ~}(~) H ---+ UT\IA.~.i= IIAT311~ for all A,B ~; ;f_~(ll). 

13 



On 113 ( ll ) the sa.ae .:;e:n~nor:~s as or: <foe ( lj) are used. 

che follow~ng Le~~a su~nar~ze..; some s:~ple properties. 

Le:n= 16 

i) All syste:na of se~cnor.:1u are directed; 't:t "-'ti "-'ti ,'t~"-'t:<i<.'ti. 
i~) I'he ideals equipped with these tocologies beco~e locally convex 

algebras with separately continuJus ~ultiolication. The involu

;;ion is conLnuous with resnect to 'tl anC. 'tii • 

iiil:f the toryology t is ,:;iven by the syste:J of nor::;s L11 11 ... 

= \\ II A.., , ""~ ot(, then any of the topologies deL. ned above can be 

given in wh i.e'"! there occur onl v onerators . .\ .._ , o1." crt. • Especial

ly, if t is metrizable, so also any of these topologies. 

~ 

~irst of all let us re~ark the followine fact: If 

.:; ~ ;fi (~)and \\d<\>11 ~ \1.0~11 for all <\>E:at, 
and ~ R II§ !: I\.:; II J 

a,s ~ ~ ('at l, 
then :.:< e u 'i ( Gt) 

i) Given A,::: e: ;f.'" ( I!r). As the syste11 defining t is directed, there. 

is a :: €: .i"( l:l ) with u A~ II 6 II C <\>II , II I3 <\>II !: II C <%>II for all<\> dl , 

hence for Teo .f!_( :J): II AT<\> II !:: 1\CT~ II , 1\DTq, II 6 IICT~ 1\ • Dy 

the re;nark above: IIA.f\1 § 6 11-::T II~ , 1\BTII¥ !:: IICTII! • Using the 

fact that II H \\!! = \1 .!'!"IIi it L> easy to derive that the systems of 

se.ainorms def'ining the other topologie.; are also directed. 

<t'"1 -<. 't~ , 't~ <."t'i is trivial. Let A €: £" (l:l), then max( II AT\\~ 
\ITA\\~)!:: MTII~ + IITAI\1 = 1\T\\A I"- +1\TIII . .,_ • Hence 

' ,.~ ,A,'%' 
'ti> "-.'ti. 

iii) follows fro~ i). 

ii) Only the assertions about ;nultinl~cation and the involution 

oust be varified. Let :::; , T e: .fi ( lJ l, A ~ .t:" ( b ) , then 

I\:3I'AII!!:: 1131\ 1\Trl.l\! , II..:;TAII~ !:\lSI\~ \ITA\\ and si~ilarly, 
the as..;ert ions for the other topologies follow. r'or the involution 

it is JJ.ax IIAT+I\~ ,IIT+AI\!) =max (~TA+I\i ,IIA+TII~ 
and analogousl~>' for 't ~ q..~ • .J. 

Le:n:na 17 

.f~_<ll )['tiJ and ,fl(~ J['t~1 are co.;;plete locally convex 

spaces. 
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Proof: 

Let (T "'-) be a generalized seyuence in .;fi (I> l which is a 'l:t -
Cauchy sequence ( in the case of the topology 'l:i all consiuera

tions are si:nilar}. :Jecause T- T+ is 'l:s -continuous, T = T+ 

:nay be ass~rned. Thus, for A,~~ .t."(b l, (!,T,._ D) anll (T.,_ l are ''i
Cauchy sequences and since tf'i (at) is 11 11~ -co:nolete: AT.._ Il-- ~. 

T .. --+ T; S,T ~ .fi(<§f). It must be shown that AT':;= s. For this it 

is sufficient to see that AT ... B converges on lr weakly to i1T:J 

(since then AT.._ p, converges on <It weakly to ATD and we can aoply 

I 1/, chap. EI, Theorem 5. 1). :Jut the weak convergence follows fro·n 

\((AT..: B-ATS)<\> ,"\'>1 = I<(T.._- ·r):J~, A+"\>\ • Hence ATC =.:; 

and consequently T E. .f£ ( l3 l. The only gap in the proof is to show 

that ATD makes sense on 1l • Jo'or this we show T ~ c ll. • Let '\· ~ qf_ 

be arbitrary, then T .... <\> ="-Jc.._ converges to T ~ •. 11oreover, for 

any A ~ ;[_~ (lJ ) , AT"'- f is a Cauchy sequence in 'at (because AT.,_ 

is a Cauchy sequence with re:;pect to 11 "!). A closable and T"' <\> 

= "\'.._ e :b (A) inply AT"'~ - AT<%> and T ~ell (A). Hence, 

T<le c.n(A) for all A~.t.+(ll). :::>ince ;t+ (l:l) was assu:ned to be 

selfadjoint the assertion follows. 

-..E.:J. 

The len11as below give sone exanples how these topolor;ie::; can be 

applied to get results analoeous to the case ~~ (~) (cf. /1/, 
chap.I:::I). 

Le:n:na 18 

i) For each T e .:fJ(!J ), A,:::l t .:t."(ll) 

(4) 

( 5) 

Uil 

The 

min {_\I T-F \I~.~ j = 

min !I\ T-F \1~.~ \ = 
:nin l u T-r 11~. 6 .~= 

:nini:nun in (4)-(6) 

di:n ,; !!; n \ 

~ (sn+ 1 (TA),sn+ 2 (TA), ••• 

~ (sn+l(AT),sn+2 (AT) , ••• 

i (sn+l(AT3),sn+ 2 (ATR), ••• ). 

is taken over all F e 'r,_ ( t ) = t G t 'r ('h): 

ii) If i is :nono-norning, t'1en 'J (b l is dense in ..fJ (!l l with 
r • ~ ~ respect to 't~ , 't'i , 't~ , and ~ 

~ 

The properties of it and 'l:j < 't' i give the bplication i) -- ii). 

To prove i) we restrict ourselves to (4) since the other state-

1lents are established in the sa:ne way. ne:nark that TA is completely 
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continuous on 'dt , so TA = L ). .j < + ~ , . ) "t~ with orthonormal sy-

ste~s l<\>~) , ("\'~) in <It • (4) follows fro:n the analogous re::mlt 

for S~ (at) used for TA. The only point where we .nust be careful 

is the re.otrict ion E' "'- 1=" .... ( ll' ) • Thus, we will show that there is an 
n 

~, ~ 'f .... (l:l) such that FA= LA.j<c\>d, .)"\'~ , then all is clear. 
J=l 

n 

:::;et F = LA.~ ( ~i , • ) '\'; and determine l'.i 
J=1 .. • 

'!'he des ;.red operator F is obtained for l'~ = 

easy to verify usin! the equation 
n 

FA =Z~j<A+f~, .)"tj 
J=1 

in the necessary way. 

il-~1 T+"\'J which is 

Q.E.D. 

As in case J'i ( af) 
res of 3= (b ) in 

two-sided ideals in 

one could introduce the 't:i -, ... , 1:: i -closu

Ji(~) and would get corresponding one- or 

~ + ( n ) . ,.Joreover one could prove some results 
about separability of the so-obtained ideals. For brevity we indi
cate such a result for ·nono-norJling 

Le'lllD.a 19 

Let '¥ be :nono-nor ning. If l:r [ t .l is separable, then .f o§ ( J:s ) 
is seoarahle when equipped with any of the topologies 1::'§ , 'l:~ , 

'ti , 't i -

~ 

Jecause of Len.:na 15 l) it is sufficient to consider the topology 't:i. 
Let Jl' be an arbitrary countable t-dense subset of l:S and put 

vU. = t f = L: <<\>~, .)1-.j 
fin1te <\>i , "\' ~ €. J(' J c 'f ( l) ) • 

',Je show that J.l is 't: i -dense ln 't ( n ) and so as a consequence 
of Le nma 18 i i) the Le 1na is oroved. 

n 

Let G = L < S'· , • >'X· E :t <ll ) , A,B t .t:• <ll), E. > c be arbi-j=l ~ • 

trarily given. If ther~ in an f ~ ~ : 1\ G-.1' II . ,., .., < E then we A,L,x 
arrive at the desired re.oult hec'luse the systeJJ of se:ninorms for 
't I is directed. 
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r'or f 

n 

L<+~ ,.)'\o~ the estiaation 
J=1 

II G - ~·II " ~ 
A ,~J' 

=\L ( < D+ ~~ 
.I =1 

• > A X~ - < D + ""J , . > A "t .i ) \\ ~ ~ L \\ < r, + ( ~ ~ - ~.i ) ' • } A ~d 

+(D+q,.i, .)(.\'X~-A"\'.j)l\~ ~.Lt"n+(~~-<\'.j)l\·11 A'X.~II + 

+1\D+<\>~111\A('X~ -"t~ )II J shows that the<%>~, '\t can he chosen 

so that II G - F \1 A "'\ 1:. <. ~ 
' 13:' 

~.~.:J. 

'Ne conclude w~ th sone criteria (corresponding to those for J'i ( ~ ) ) 
forTE: .ft (lr ). 

Lemma 20 

Let ;:£ be such that .:ft (dl ) f:. ~(at). 
i) If (Tm) c of!? (X!) converges on 'll weakly toT f:. .t..•(lJ) and 

sup II T, \1 A ,.., .., = sup \1 AT !3 ~ i < .... for all A,S E: i..' ( lr), then 
m m ,.LJ,'S" ~n 

T <: .r~.cn l. 
ii) If ;t_• (lS' ) contains a aonotonically increas~ng sequence (P n) 

of finite di nenuional orthoproject ion.J convert~ing t-stron~l.Y 

to I, i.e. II A(Pn-I)cpl\ --+0 for all~t't , A e,t,.+(ll) 

and (P TP ) is "Ci -bounded for some T ~ ~+ (h), then T E: .f:<: ( ll') n n ,. 

iii) Let (P ) be as in ii), S,T £ £+( tl ). If (:JP TP ) is 't§ -boun-
n n n 

ded, t~en :JT E: ..i'i ('ll ) • 

E!:QQ£; 

Je will only prove i) since the other asJertions follow by si~ilar 

considerations. In /1/ (Theoreill 5.1,chao.III} it is shown thnt 

(:Jm) c: ..f'J_(~), :Ja- 3 (wea%ly on at ) and sup\\ :::;
11 

\\i <- i-aplies 

S e J'l>( (!{). Applyine this result to the sequence AT,nD it remains 

to show that AT,aB converees on ae weaKly to AT~ .• It is 

lirn<AT3<\> ,"V> = lim<.TD~, A+~> =<A'r!J<%> ,"\'> for all 
n m 

<\>:tE:il • Hence AT:nD- AT3 weakly on~ • Rec,mse (ATmD) is boun

ded with respect to the operator norm this sequence is also weakly 

convergent on de. to the bounded operator AT3. 
~.E.<>. 
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Re~ark that the existence of a sequence (Pn) such as mentioned in 

ii) and iii) of the above Le~a is guaranteed for example in the 

important caae where "l:> = f\ ll (R"), R = R * , 
" 
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