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On an Ideal in Algebras of Unbounded Operators 

The closure of the set of finite dimensional opera­
tors of f+(f) with respect to different topologies is 
considered. The obtained ideals have many properties 
similar to those of the ideal of completely continuous 
operators on Hilbert sPace. For example, under some 
appropriate assumptions· all continuous functionals are 
normal, irreducible representations are equivalent to 
the identical representation and so on. 
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In this paper we continue the considerations of /12/ and refer 
to this paper for general remarks on the subject. We concentrate our 
attention on the closure of the ideal of finite dimensional operators 
of £+(~)with respect to different topologies. The ideals obtained 
in this way reflect many properties of the ideal of co~pletely con­
tinuous operators in Hilbert space. For example, the dual space can 

.be identified with a certain ideal of trace class operators, irredu­
cible representations are (under some natural restrictions) equiva­
lent to the identical representation and so on. 

1 • PRELDIINARIES 

To make the paper independent of /12/ we recall sone definitions 
(see also /3/ ,/6/). For a dense linear manifold n in a separable 
Hilbert space lit by .f.+ ( tl } we denote the it -algebra of all operators 
A (bounded or not) with A !I c tl , A* tl c. 13 • The involution is 
given by A- A+= A"'l!l • A* -subalgebra of ;t..+ (l)) is called Op*­
algebra. 1..• ( J:J ) defines a natural topology t on ll given by the di­
rected system of seminorms 

ll~; -1'\>"A =lA;l Af:.t•c:n. 
t.+ ( Zl) ia said to be closed if %5 r tJ is complete or equivalently, 

li = f\ Jl (A) • It ~ = (\ ~ (A* ) 
Af &•ttl\ At t•llll 

t.• ( n ) is called selfadjoint. 
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In i. + ( ll) we introduce the uniform topology 'tn given by the 
system of seminorms 

A - l\ All.u. = sup I <. ; , A "\' > \ 
"'·""' ..u. and the quasiuniform topology ~b given by the system of seminorms 

A - lAI\.M. Po = sup \\ BA; 1\ 
1 

B E t+ ( 0) arbitrary, 
"'t.IA. 

In both the cases Jl runs over all t-bounded subsets of n I i.e. 

sup 1\ A ; 11 <""' for all A E: £. + { 23 ) • Remark that the semi norms defi­
o\>t.U.. 

ning 't:JS can be extended to all operators of ~ ( ~) and ~ ( tl (tl ) 1 

the continuous linear operators of 2:1 ( t J into itself, the aeminorms 
defining "Cn can be extended to £. ( 23' ttl ) • The following definition 
is for si:uplici ty given for selfadjoint i.. + ( Jl), A linear functio­

nal <.:l on .t! ( %1) is said to be .!:!2!:!!!!! if it has the representation 

IIJ (A) = Tr AT = Tr TA for all A£ 1.+( I>), 
where T belongs to the two-sided * -ideal 

J'~ (I> ) = t T E t.. + ( n) : TA I r- A nuclt~ar for all A ~ ot,+ { ~) l 
= { T 1: .t_+( %> ) : AT, AT * nuclear for all A e .t•c b ) } 

(cf,/6/ ,/13/). 

By '}=' (.l:! ) we denote the minimal two-sided * -ideal of all finite 
dimensional operators of ~ + ( 23). 'f ( ZJ ) "'a (closure in I.+ {%) ) ) 
is a two-sided *-ideal in .t• on (say be no proper one) /12/. 

We remark that because of /12/ { 'J""11rr'tD = Com(t,t)'t• = Coll(t, 11·11)'1:,) 

all results concerning 1fTil}t• are also valid for the just lllentio-
ned sets. Com(t,t) (Com(t,•·\1) resp.) denotes the set compact saps 

from 1\ttl in "ll(tJ ( ~ C• a} rasp,) which belong to 3,.• (l) ). 

2, A RESULT ON DUALITY 

In this section two propositions are given which generalize and 
systematize some results of /6/ and /11/. For the proof we use the 
same idea as in /6/, Theorem 2. 
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Proposition 1 

Let ~+(b) be selfadjoint and tilt l a metrizable space. Then 

any normal linear functional c..o on ;t.+ (b) is 't,- -continuous,i.e. 
for any functional ..o with ..o(A) = Tr AT, Tro .!~(%~")there is a 

t-bounded set lL such that 
(1) I~.:~ (A) I ~ ll A 1\.M. for all A e i.+( 0). 

~ 
• il1 

Let TE.,f.(l!), T = UH the polar decomposition, then H = (T T) E,f~(l5 ). 

Let R ;, • .\t ., 1 .\1. "FO, ( ~ .. ) the orthonormal system of correspon­

ding eigenvectors. The system .\.. 11 11,., ""-" 1\.l J of seminorms defi-

ning the topology t can be given by a family of operators 

( 2 ) Ol. =tint. .f.+(t)): 1\.fi\,.=1\A~<\>\\, I~ An=A~ ~ An+ 1 =A~+ 1 ~ 

so that Ant O'l implies A~= Am(n) t-ot~. 
'l'ake into account that U, U • are bounded and thus A H 1 u• A T n n 

aUclear, one gets the absolute convergence of the following series: 

C'a) r(u•A T ; .. ,~t) = L ~ .. (u*A U ct;, 1 ~t> < <>o for all n .. n n 

('b) ~ { AnH ;., -t;. ) = L X, (A ctt 1 ~ t) <. 00 for all n. 
;. n 

Slailarl;J aa in /6/ one shows that there is a sequence ( al;), aL, ~ 1 

(4a) r ~. Cl(, o( Oo 

(4b) ·~ (1/CI(;,l (U*AnU ~lt •h) < 00 for all n 

(4c) aup ( 1/ .._, ) < An ~;., ~' > <OC> for all n, 

Set J.l • { ( 1/o(.:'~ )0 <\>i. 1 ( 1/..c,"~) <\>l ' i=t ,2' •.. ) 

Re118rlt tbat T, T•tJ'1(ll) implies that"'' I u"'•"%)' i.e,J.lc:. n. 
Let us note that T ~ ~1 n:r ) does not imply u • ,;f .. ( ll) I where T = UH. 

~ is a t-bounded set since 

sup llAn( 11.-.;41
& }U.;;. 1\

1 = sup ( 1/ a!.;. ) < A2U ~,,U<\1,) = sup( 1/e(..} • 
t n 

•<. u•.a.(n)U +.:, <\>;,) <. 00 ( (2) and (4b) ). In the same way it is 

aupi\Au(llot~L) "'.:1\1 
<. 00 ((2) and (4c) ), Moreover, if A'".t.+(.U) 

L 
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arbitrary, the closed graph theore11 gives 1\A~l\ ~ L~A ~\\ ~·ll 
~i ... lt.e ni I 

lienee, the t-bounclednes.; of JJ.. is established. The 'l:.tl -continuity of 
~ is seen fro·n the est i:nat ion 

\'-"(A)\= \L (AUH q.,,<\>,> \ = L >.,\<AU~- I <l>t )\ 

=L (;\'"' >1<11«-.J<Au~ ... <\',>1: <L>-•"'•> IIA\I.u_ 

.)..E. D. 
The next proposition deals with the question when a't::.-continuous 
functional is a normal one. 

Pronosition 2 

Let .t + { .0 ) be selfadjoint and such that any nor11al functional 

is 'tl) -continuous. Then any 'tb -continuous linear functional w on 

'f' ( 2:l ) 'to is nor:nal on YTEI't 0 
1
. e 

I • • 

(5) TilJ)'t:> ['t:t))l ';;; ~ ... ( ll) ( algebraic iso~orphism). 

tr.QQ£; 

The t1l -continuity of the involution A --+ A+ allows us to restrict 

ourselves to real functionals •. .!oreover since 'l('TI"'-1) is an Op*­

algebra, the positive cone is nor:nal with respect to 'l:ll /9/ and 

consequently it is enough to regard only positive~~ -continuous 
functionals /8/, Thus, let~ be such a functional with 

I 1.0 (A)\ : \\A 11""" for sui table t-bounded JJ. and all A E: ~'t b , 

For <. <\> , • >~ E- 1' ( ll ) , <\>,~ E: t! 1 as a consequence of 

\ t.1 ( < <\> , • > "\' ) \ 6 sup \ < " , -y. > I 1 < "( , ~ > \ ~ K 1\ 'f \\ · 1\ "\' \\ 
j>,"X E.-M. 

the bilinear forn t.:> ( <. ~ , • >'I( ) is 11 · 11 -continuous on I:l and 

can be extended to such a one on de • This implies 

t.J (<.~, .>~) = <~, T'\Jr> , T t-S(a(), <\>,"\' ~~-

The 1 inear i ty of '-" gives ,noreover 

(6) c..) (F) = Tr FT for all F r. 1'" ( 13 ) • 

T has the following properties: T ~ 0 since ~ is positive. 
Let ~ ~ l} , "\' ~ dt then 
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\to(<A~, ·>~)\=\<A;., T"\'>1' sup I<Ao\>,p<"c,'1.'>\'~L(A,Jl)ll<\>\1 
9.'lt ..... 

for srbi trary A E: :t .. ( ll ) means that T 't E l!(AI<) for all A E t.+( ll ) • 

By the selfadjointness of .t .. (.ll ) this gives T R c D , hence TA 

and AT are bounded for all A. The proof that even T ~ of~ ( :> ) was 

giTen by Uhlmann /16/ (see also /10/) and uses essentially the po­

sitivity of ~ • The assumptions of the Proposition say that in (5) 
there stand ~~ -continuous functional& on both sides, thus (5) can 

be extended to ""i11il't11 and one gets the desired result • 

Q.E.D. 
Corollary ' (Theorem ,,/6/) 

Let t.. + ( ll ) be selfadjoint and ~ such that there is an ope­

rator N € .t•(ll ) with N _., is nuclear. Then the 't~:r -continuous 

(positive) functionals on .t.• (.0) coincide with the normal ones. 

Re¥rk 4 

Proposition 2 reflects the result valid for the ideal ~ (le) 

of coapletel;y continuous operators on 'at which can be expressed as 

t (at>l:\ ll) 1 ~ at.,(~)(\\ 14] 

where II· \I is the operator norm, 11 11 .. the trace norm, tf, (at) the 

ideal of trace class operators. Here " ~ " means algebraic and topo­
logical isomorphism /1/, 

'· FURTHER PROPERTIES OP TTi"Ttll 

for completeness let ua recall the following definition. 

Definition 5 

A topological algebra ~ C'tl is said to be an annihilator algebra 

if ~ (,) =\A~ a : ~ A = 0 l F \0 l for any closed proper left 

ideal :J and ;l ( J } = {A ~ 8 : Ad = 0 l # \0 ~ for any closed pro­
per right ideal ;! and dU@..) = t.. ( ~) = t 0 ) • 

In what follows we need two lemmata. 

Lelllllla 6 

If d c .t•( Il ) is a 'l:z -closed left ideal so d,. = {A+: A t- d ~ 
is a ~~ -closed right ~deal. 
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This is a consequence of the 't'11 -continuity of the involution. 

Le~na 7 (/2/,Theoren 3.5, adapted) 

Let A (I:! ) be an On" -algebra which contains '!' ( lr). Then 

1R. ( d } ={0 1 if and only if :;: ( l>) c:. d for any left ideal d in JH I!). 

:::iince 'f(.O)+ = ':f(tl) these two Le:n:nas give£.(-;!) =lO)if and 

only if ~ C'n ) c 'J for any right ideal "} in .A- (ll ) ( .A- ( ll) 

as in the Le~~a 3~ove ). Now it is easy to prove: 

Proposition 8 

~(~ l'"l:!['l:ll::l is an annihilator algebra. 

Proof: 

:Jetting t;l, = ~(~)"'z:., Le:nna 7 immediately gives IR(~) = i.(~) 
= \0 \ • Let 'J be a 't'Xl -closed proper left ideal, then ~ ( :l ) 4 (k 
ancl consequently the sane Le:nna shows R ( (t ) j \ 0 i . Analogously 

for a prooer closed right ideal J : J.. ( a) j t 0 ~ • 

Q,E.D, 

:n /15/ Uhlnann among other things proves the following interesting 

result: 1'wo :naximal Op"" -algebras ,t•( tl) and t..• ( b' ) are 

* -iso~orphic if and only i.f there is a unitary ope­

rator U such that U'b = l:l' 

Now we gi.ve a slight generalization ; sinultaneously this result 

corresponds to /1/,Theore:n 4.1.8 for the case G (at). l!"or sirnpli­

ci ty let us assu.ne that Il and l)' are contained in the same Hil­
bert space 

Proposition 9 

Let 'IT be a v -isonorohisn between 't ( ~ ) and ! (b' ) • 

i) 1r can be extended to an algebraic and tooological iso:norphism 1Y.., 

between 1. .. (1) )C"c: 0 1 and .t-+(l:l') C'tb.1. 

ii) 11, is given by a unitary ooerator U with U ~ = l)' such that 

'tr 1 (A) =UAu-• forallA~.t..+(l)), 

iii) A unitary onerator V gives 1Y.., (resp. 'II' ) if and only if 

V = :\ U with I;>.\ = 1, 

Proof: 

The proof of Uhlmann's result does not u~e the * -iso~oohis:n of 
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t_+ (!1) and ~+( 'l:l'), rather it is enough that l-' ( ll) and~('!>') 

are 11- -isomoruhic (by the way,this follows fran the * -isomorphy o.f 

the maxi.'!lal Op"-algebras). Therefore a unitary U exist.; with U ll = 

,. 1:>' and 'il'(A) = UAu-• for all At~ ( ll), Clearly tr, (A}= UAu-• 

for all A E- ;t~ (%!) extends this iso;norphis'n in the desired way, hen­
ce ii) holds, 

Now let ..ll.' be a t '-bounded subset of lj' 

bounded subset of ~ since sup \A'\- \I 
"t ...... 

= sup l\ A'~ II < oo , Further 

\l'll\~A)\\t.\.1., =sup 1<<1;>. 'ti',(A)"t>l 
~."'c f.U..' 

• Then u- 1 
J..l.' = J..L is a t­

sup 1\ AU -';II= sup 1\ UAU -'~II = 
<\obM.' 

I -1 -1 
sup < U ~ , AU "Jr > I 

-1 ' . ) sup \(~, A'll>l =\\A 1\<J.A. , where J.l = U ...u.. • Thus 1 holds. 
f',"X~.J..L 

One direction of iii) is trivial. Let ~.(A) = UAu- 1 = VAV- 1 , con­

sequently v-'uA = Av-•u, i.e. ,"•'lA =A':/ for all A (o ;t_+c.n) anu the 

unitary operator i'/, But any operator commuting with ;L • ( ll ) must be 

a :nultiple of the identity, thus W = A I and the unitarity imnlies 

I i\. I = 1, lol. E. D. 

Re:nark 10 

Of course, in the above Proposition the topology 'l:b i.s by no 

means distinguished, The same result is valid for the weak topology 

cr-l'l , the strong topology croll , the quasi-unifor·n topology "C. 11 or 

other suitable topologies as defined for exa:nple in /4/,/5/. 

An i:nportant property of the ideal of co:npletely continuous opera­

tors on Hilbert space reads as follows:" any irreducible represen­

tation (distinct fro:n the null-representation) is equivalent to the 

identical representation". ;·{e prove the correspondine result. 

Proposition 11 

Let D be such a do:nain that any ~~ -cont~nuous linear posi-

tive functional <N on 'fr2il't~ =: ~ is nor:nal. Then: 

any weakly continuous irreducible Gll:::i-representation '1Y...., of the 

ideal ~~~ (di.;tinct fro:n the null-representation) is equi-

valent to the identical representation. 
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The GN:::;-representation 11'.., is characterized by: the state w 
1 

the 

* -alge!Jra of operators '!r.., ( ~ ) defined on the linear manifold 

'l)..., endowed with the scalar product "• > .., and the cyclic vector ; ... 
which represents the state w as a vector state by 

(7) I.V (A) = <: <\o.., 1 'lr <A> (A) <\>w ).., t ~"'wllw= 1 • 

i/eak continuity of'!r"" means especially 1<;..,, 'lr..,(A)c\>..,>,..1 ~ 1\A \\oM. 

for a su~table t-bounded set ~c b(t) • This together with (7) 
leads to the t 21 -continuity of .., • By assumption, this implies 

the normality of w • .r'urther 1 irreducibility of 'ITc..:> results in that 

~ is a pure state /7/. This and the normality of ~ give that w 

i.J a vector state /11/: w = <<\>,. •> 0 \\~\\= 1 • Hence 

W (A) = < <\>, A<\>> = < <\>.., , '\t..., (A) <\> ... >w • This equation gives us 

the desired result that 1r~ and the identical representation are 

equivalent because ~ and ~ware not only cyclic but even generating 

vectors, i.e. ,n =\At%> : Af:B l , b ... = {'II' ... (A)o\>.., : A~~l, and 

the representation is determined by the functional w up to equiYa­
lence /1/. 

Q.E.D. 

Re'llarks 12 

i) By "irreducible" we mean here that the weak commutant is triYial 
(cf./7/,/14/,/17/). 

ii) In the bounded case the assumpt1on "weakly continuous OMS-repre­

sentation'' is unnecessary because t <ae) is a c*-algebra, so that 

any • -representation is continuous. Moreover any irreducible • -repre­

sentation is a GNS-representation since in the bounded case one has 

( irreducible ) ._ ( any c\> ~ b_. , <\- ;. 0 is cyclic ) - ('II" is GNS­
representat ion). 

i:i) The assu:nption that any ~b -continuous state is normal is used 

in the proof only to get the implication ( ~ pure ) - ( w is a 

vector state ) , since we know only this result /11/. 

~e conclude the paper with a proposition about centralizers. For ge­

nera (topological) algebras the concept of centralizers was rather 
extensively studied by Johnson /2/. 

10 

~ 
\ 

t 
~ 
' 

Defini t l.on 1'3 

Let lt be an alge!Jra. ·.:e denote by 

i) 

ii) 

c: 1 ( ~) the set of all left-centralizers T on l. , i.e. T is a li­

near :nap fro:n 11. in 1l such that T(x)y = T(xy) for all x,y E Jt. 

Cr( R) the set of all right-centralizers T on R , i.e. 1' is a li­
ne::Jr :nap fro.n R in 'it such that xT(y) = T(xy) for all x,y €' 1l 

The orooosition below generalizes a result of Johnson (/2/,Theoren 18, 

for £.(E), E- Banach space) to the algebra i/.( .tl C t) ). In /12/, 

Lernna 8 we proved that 'r ( ~ ) is 'ttl -dense in '3= , the set of all fi-

nite di 11enaional operators of i:. ( Z ( t l ) • Hence .,Q. : = ~'t.n = 

= T"'b where -'t!l means the closure in i. ( lJ ( t ) ) • .A is a 

two-sided ideal in ;i ( 't> ttl ) (may be no prooer one). 

Proposition 14 

Let lH tJ be 

morphisn '11' fro:n 

(8) 1r(3) = T
8 

Proof: 

an (F)-space, then there exists an algebraic iso-
3. ( :DL tl ) onto c1 (..A ) given by 

T
13

(C:)=BC ,B€i.(:b(t.l),Dt.A 

It is easy to see that (8) defines an iso:norphism "in". To show that 

this is also an isornorphism "onto" we use an idea from /2/. LetT t. 

E c1 (A). We show the existence of an operator D ~ t ( b C t J ) such 

thatT=T8 • Let cp,,<fz.e,ll, c1 ,C: 2 EA , c 1 ~,=C2 c\>z. , then 

(9) T(C 1 ) 'f~ = T(C 2 l <\oz. 

To see this suppose«\', I 0, let o.l E: bctl' with (.I) ( -? .. ) = 1. fly P,-.i 
resp., we denote the following one di:nens ional operators ( e, A ) : 
P "\' = '->("\")<\>, , Q "\' =..,("\')<\>a. for all"\'r;.'D. Then P<\>,= <t>., 
~ t\>, = ~z., c: 1P = c 2~ and consequently T(C

1
) <\>, = T(C

1 
)Po%> ... = 

= T(C: 1P) <\', = T(C 2Q) <\>, = T(C 2 ) <\> .. , i.e. (9) holds. Therefore 

(10) B: B "\' = T(C)'\' , C "' = "\' , C E.A , ~ t. !), "l( Eo~ 

is a correctly defined operator which :naps 3:1 into !l • Remark that 
{10) means BC: ~ = T(G)<\> ,i.e. T = T

8 
(cf.(8)). It re:nains to 

show that B maps b 1: t) into itself continuously. The assu:nption on 

b Ctl allows us to write: 

( 11 ) 'n = A n ex > 
fl. n An A+' J..•(l:J ), 1\<f\ ~ 1\A.cfll ~ ILA.<\>1\ ,i~ j 

n 1 J 
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Let t;~\ be an arbitrary infinite orthonormal system (with respect 

to the scalar product <, > in .at ) in b • From the countability of 

the system of norms { l \\" \ defining the topology t one easily de­

rives the existence of a sequence ( ~ ... ), \\ ... :> 0 such that the sequen­
ce ( (l,. ;,. ) is t-convergent to zero. Suppose B .. £ ( tJ ( t l ) , then 

there is a sequence ( "\'n )c:: :1:1 such that "\'., - 0 (with respect to t), 

but (B~,.) does not converge to aero. If necessary we choose a sub­
sequence "t'Q,. = x .. fulfilling 

\1 An 'X,. II~ o(,. '" for all n , La.,..< oo , (B 'X,.. ) is not t-convergent 

to zero. Consider the following series: 

c = L (1/e>n.)<.~ .. I •') ?.,.., . 

1, For each ~d): L (1/f!>,.><+n.~>'X"" is t-convergent, soC de-

fines an operator mapping ~ 

follows from the esti~tion 

N 

into n (as 1:)( tl is complete). This 

N 

II Aj ~ (1/f>n.)< ""·~>?- ... u ' n;l L <1111 .. > "Aj 'X,.. II' 
n=1 

~ ~ (1/(\ .. }IIA.X"I\ + L: (1/~n.)IIA X,..\\~ X: <00. ~ J n>J n 

2. The operators eN=~ (1/~ .. } <.;., • )'X,..~ A ~ connrp to C 

with respect to the topology 't~. To see this, let D ,.t•cZI ), Jl c 
c 'll(tJ bounded, then 

lie- CN\1: 1:: sup L (1/\ln.ll<;n, .. >l ·\JI'X..II lr supl+l• 
;t.u. n>lf • ·~ 

• L ( 1/ (\.,) " Ar 'X.,I\ f: L ) ( 1/ ~ .. )II A
0 

'X,. II " L L oc.,.. ; the 
n>N ~ n,N 

last term goes to zero as N --+OO. (for tbe estimation the closed 
graph theorem was used), 

3. Cis continuous fro111 ~l:tl into :l.)(t) • Let ( fl'l.) c b , 
~ .. - 0 with respect to t, then C f,..--+ 0 since 

R -'kc~~\1 ~~ (1/~,.>I<~ .... Sla'>ll-'II;'X,..II'KL(l/~ .. > ll!all\\An'X"I\~ 

1:: I\!~ ll M [ el,... and this term tendi to zero as j - .,. • 

12 

The properties 1.-3. show that C E.A •.• loreover C( f!.,.<\> ... ) "'X., for 

all n and from (10) it follows 

B 'Xn = T(C) ( (l ... <\>,.). 
But this is a contradiction because (~~~ .. ) is t-convergent to zer0, 

T(C) ~A hence T(C) (~ .. ; .. > is also convergent to zero while (B 'X,.. J 

does not, So we have proved that B f:;!. ( fl t t) ) • This And ( 10) cocn­

plete the proof. 
(,!,E. D. 

Remark 15 

Because many (F)-spaces used in analysis are of the for~ indies­

ted in Proposition 14, this result holds for a sufficiently large 

class of locally convex spaces. For general (F)-spaces let us remark 

the following. Let E t: 'tl be an (F)-space and 'l: given by the system 

of seminorms lPni n=1 1 2 1 ••• ~.In ~ (E t"tl) regard the topology '1:: E 

of uniform convergence on the 't -bounded subsets ..ll c E c 't J (in 

our situation this is exactly '1: l) ) , By .A denote the "t" -closure 

(in 'I.. (E t'tl )) of the set of finite dimen:;ional operators in 

'1. (E t:'l:: J ) , Then Proposition 14 can be proved under the following 

asaUIIIptions: There is an infinite biorthogonsl sequence t~~•fn ~ , 

i.e, (~)cE,(fn)CEC'tl 1 

1 fn('\'.,) = 0-m#n. 

Further, (~,) is 'l: -bounded, (fn) is equicontinuous, 

i,e, \fn(<\>)\ 6 pj(q.) for all n, ~ E E, for a suit·· 
able j, 

We do not suppose ( <tn.) to be a basis of E t:'tl • The only crucial 

point may be the equicontinuity of (fn). In the proof one would set 

C • L (1/fn(<\>..,) )'X,. I fn 

where ('X,..t fn)( "\' ) = fn( "\' ) 'X., • ( ?!..,) an appropriate subsequence 

of (II\'"'). 
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