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Simple Properties of ESome Ideals of Compact
Operators in Algebras of Unbounded Operators

In the paper there are defined several ideals of
compact and completely continuous operators in algebras
of unbounded operators. Simple properties as the density
c¢f the finite dimensional operators are discussed. The
connection with the approximation problem is indicated.
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In recent years non-noranable topological x-algebras and their
representations as x-algebras of unbounded operators in Hilbert spa-
ce have been more and mnore extensively studied. In effect there are
two main lines of investigations, One deals with the systematic de-
velopment of general aspects as,for example,representation theory of
topological algebras, topologization of operator algebras, reduction
theory, general structure properties and so on (see, for example,
/2/,/v2/, /\&/,/11/,/18/,/21/,/31/,/32/,/44/}. The second line con-
cerns ,for example,the study of special classes of such algebras,
several questions connected with the structure of algebras of un-
bounded operators, their domains, their continuous functionals and
so on (see /1/-/3/,/5/-/8/,/1\/,/13/,/15/,/16/,/19/-/22/,/24/ ,/33/~
/39/,/42/,/43/).

Let us remark that we have not mentlioned most of the papers
which deal with the physical relevance of these algebras or with
the test function algebra. .

To speak about ideal theory we note that in the case of bounded
operators there is the already classical theory of ideals in Hil-
bert space of Schatten and von Neumann /30/ and more general of

_Gohberg and Krein /10/. And there is the well worked out theory of

ideals of operators over Banach spaces of Pietsch and coworkers
(see /25/ and the references quoted there). Against this, in the
non-normable case there are only elements of an ideal theory, for
exanple for LiAC*-algebras (see /9/,/23/,/26/,/31/,/33/ and the re-

ferences there).



In this paper we describe simple properties of some ideals of
algebras of unbounded operators. These ideals are composed by com-
pact resp. coanletely continuous operators with respect to diffe-
rent tonologies on the domain where they are regarded. A forthco-
ming paper /4G/ deals with the investigation of a special ideal
which reflects many well-known properties of the ideal of complete-
ly continuous overators in Hilbert space. In /41/ we will give a
systematic treatment of a class of ideals derived from the S - (or
more general 3g -) ideals in Hilbert space. Come of these ideals
will be used already in this paper.

1. PRELIJINARIZS

For a dense linear menifold ¥ in a sepsrable Hilbert space &
by &L*(D) /14/ we denote the x -algebra of all operators A4,
bounded or not, for which AB<c I , A*"B < P ., The involution is
given by A —>» PAEEILET B %' (3) defines a natural topology t
on the domain T given by the (directed) set of seminorms

Da2¢ — Wel, =lady , ack'(X;).

Let us remark that PLt] is the projective 1limit of Hilbert spaces.
LY (B) is said to be closed ( selfadjoint, resp.) if

= NI W (8 = NI "), reso.)
A2 A€ L¥(D)

By $(3) we denote the set of all finite dimensional operators of
L* (D). This is the minimel two-sided x -ideal in L' (9).

Among the possible locally convex topologies in £ (D) we mention
the following two used in the sequel:

the uniform topology Ty given by the seminorms
A~ WAW,A = su <P, Av >
JA "“"‘p\LL ‘%! "\"

the guasi-uniform topology < ¥ given by the seminorms

A—> W4 u“: = qup\\B Ady , Be L' (9P) arbitrary.
[NTS

In both cases JL runs over all subsets of ¥ with sup WAdW <o
for all Ae &£'(D), the t-bounded subsets of D . In whs‘at follows

we make use without comnent of the following remark. The seminorms
bW, are well-defined (i.e. < o ) also for all bounded operators

on '® and for all operators of 3 ( B Ttl), the continuous ope-
rators from BLt1 into itself.
W \\‘:‘ is well defined for all operators of & ( B{tl).

Furtherzore ywe need the following sets of operators /41/ (and
they are used for simplicity only in the context of selfadjoint &% (b)

B(Y¥) ={Tec £*(D): TA,T*A are bounded for all A€ L¥(D) ]
Fuol(D) ={T ¢ £*(I): TA,T°A are completely continuous V A e £* (D }}

Clearly, to be more exact, these definitions must be unterstood in
the sense that, for example in Jeo (D), TA is bounded on ¥ and TA
is completely continuous on # . Without proof we mention the follo-
wing properties and equivalent characterizations (cf. /41/)

1) 8 (D) and foe (B) are two-sided » ~ideals in £ (J).

i1) W(Y) ={T<L(B): AT,AT* are bounded ¥V A€ &' (D)) =
={Te8(®): TRy ,T*R< D}

111) Fu(B) = {T e LY(H): AT,AT* are completely continuous
YV Ae £Y(D)) =

={TeL(H): TR , T"Recd)

2. DEFINITIONS AND RESULTS

Since we are interested only in such algebras £* (&) which
contain also unbounded operators, the topology t is not a norm-topo-
logy. Therefore, we must distinguish between compact and completely
continuous operators on WLtl ., This is reflected in the following

Definition 1
An operator A ¢ £ (B ) is contained in

i) Com(t,t) if and only if there is a t-neighbourhood W of zero
such that AW is t-relatively compact ;

ii) Com(t,W W) if and only if there is a t-neighbourhood W of zero
such that AL is W \ -relatively compact

iii) Vol(t,t) if and only if A ML is t-relatively compact for all
t-bounded sets M < D

iv) Vol(t,# W) if and only if AJL is W u-relatively compact for
all t-bounded sets JL < D,



We suamarize some simple properties of these sets of operators.
Lemnmna 2
i) F (D) c Com(t,t) < Com(t, & W) < Vol(t,n W)
Com(t,t) < Vol(t,t) < Vol(t,s u)

ii) All sets are algebras, moreover
1il) Com(t,t) is a two-sided iceal in &% (D),

Com(t, W W) is a right ideal in 2*(I).
iv) Vol(t,t) is a two-sided ideal in £* (F),

Vol(t,4% W) is a right ideal in £' (D),

Proof':

1) is trivial. Concerning ii) remark that linearity of these spaces
is obvious, the algebra-property follows from iii) and iv).

1ii) Let AeCom(t,.t), De L' (D). Then B is t-t-continuous and maps
any t-relatively coapact set in such a one, this proves BAe Com(t,t),
On the other hand, let W be a t-neighbourhood of zero such that
AW 1is t-relatively coupact. There is a t-neighbourhood of zero,
say U , such that B0 c WU, i.e. ADY ¢ AW is t-relatively com-
pact, hence A3 € Com(t,t). The other assertions follow in a sinilar
way. © QW.E.D.

The following conclusion gives a simple example for the case
Vol(t,w ) = Com(t,n W),

Conclusion 3

Let § be such a domain that £* (&) contains an operator N
with N e Zom(t,u W), Then £*(D) = Com(t,h W) = Vol(t,n W).

Proposition 4
i) Com(t,t) € oo (B)

ii) If t is metrizable, then Com(t,t) = foo () and consequently
Com(t,t) is a # -ideal.

Proof:
+
i) AeCom(t,t) implies A*A and AA” € Com(t,t) (ideal property). Let
WU be a t-neighbourhood of zero given by
W ={¢eD: nBguer ,B=8"21,Bed™ (D)}

such that Atauis t-relatively compact. Using, for example /4/,chap.II
§ 4.1 one sees that A A can be extended to a compact map from

I (B) to DBLt] ( use the same symbol for the extension)., Especially,
A%A is continuous froa I (B) to DLt1 y iee.

(DUATAPUe = NCa’a U £K(C)WBHW for all §ed , C e R%(D)

Put C = B, then W BA*A§US KUB4W which means that the symme-
tric operator A"A is continuous with respect to the norm W Wg
stronger than the Hilbert space norm W M . By Theorem 2.1 of /14/
A*A is W W -bounded, i.e, A and A* are W W -bounded. ‘
Put C = BDD' , De&'(D), then WEBDD*ATA U £ K(Z)UBJN . Substi-
tute ¢ = D¥ , 4ye I,

(2) woeD(p*'A*AD)w M € K(C)WBD AU
Furthermore, W¢W < UB&UW , (1) and (2) imply
(3 W op'ATAaD4¥ W ¢ uBp*A*AD¥U £ L U BDwU

Hence the symmetric operator (D*A*) (AD) is continuous with respect
to the norm W W4 +U Hgy > W W . Consequently, AD is W i ~
bounded for all D ¢ L'(D ). Repeating all these considerations for
AA* instead of ATA we get the boundedness of A'D for all De £ (D).
Thus we arrived at A« 8(§5 )., Putting the results together we have

) A" maps '® continuously in B [tl , A maps BLt] compactly in Blt) ,

i.e, aat maps '® compactly in DLt]. Especially,( m'tisa comple-
tely continuous map from R ELw w) in R{wwl. From the polar decom~
position it is seen that both, A and A" are completely continuous
maps from Rislin VLW w] , This means A € Fu(D) (see section 1).
ii) Tt is only to show that for metrizable t the inclusion

P (D) © Com(t,t) holds, A€ P (B) implies A3 and A'R complete-

. 1y continuous on '# for all B € ' (D). Let t be given by the set

of seminorms ¢ —» VB ¢V, n=1,2,..., B e LY () .

We show that AW is t-relatively compact, where W = { % e D:
WdU £ 1 ) . For this purpose it is sufficient to prove thet any
sequence ( ¢, ) € AW contains a t-convergent subsequence, Put
Fa® AWn 5, Wn €W and remember that BJ.A are completely con-
tinuous on d® for all j = 1,2,... . The well-known diagonal proce-
dure leads to a subsequence ("h-.‘ ) such that (BJ.A '\yuK) isay » -

convergent sequence for all j, i.e., (B; ¢,,) is u u-convergent for
all j, i.e. ( ¢4, ) is t-convergent. Hence A € Com(t,t).
Q.E.D.



The subsequent propositions deal with the question whether the sets
vol(-,-) are closed in &L¥ (®H) with respect to Ty.

Proposition 5

Let t be metrizable, then Vol(t,t) is «y -closed in &% (¥),
Proof:

Let {Bnkbe a system of operators contained in &%(®) such
that L % wg =W W., n=1,2,... ) defines the topology t. Let

Aemt‘,’ M an arbitrary t-bounded set. As in the proof of the
last proposition we show: for any sequence (%,) c JL there is a sub-
sequence ( &; = ¥n_ ) such that (A i) is t-convergent,i.e,

(BnA $: ) is 4 W -convergent for all n. Regard the estimations

W BA(d ;00" £1{BlA-ag) dc, DA -§;) >\ +
+ 1 BAg (- @), BACPL- $;)>1 + V< BlA-Az ) &®;, BA(L - &)\
Since (&%¢) < M and for t-bounded Jr , A,B € &(P) also the set

N =10'BA(ML - W) U JX  is t-bounded, the estimation can be
continued as follows:
W BACH - &) W2 £ 1C(A-Ag D& ,BTDAC~ &) 21 +
+1chg (& -6;),0' DA% - &)\ + V< (A-Ag )&, ,B'DA(S - $;)>1 &
=2 sup V< (A-Ag )@, N>V + (L Ag (& - %W sup Wy
LR X R0, Qe
Now we choose Az <Vol(t,t) so that W A-Ag W, < £7% , in dependence

of Ag we choose (¢;) so that (Ag&:) is norm-convergent and so
the last term in the estimation above can be made « £€/3 for suffi-
ciently large i,j. Thus, (DA 4¢) is norm-convergent. Now we per-
fora this procedure for the operators D = B, , n=1,2,... with
the following t-bounded sets:

™ “y )
for ‘3l choose A&‘ , ($; = Yo, ) & (%n ) so that (B1A¢; )

is norm-convergent, and general,

wy -1 tn-a
for B, choose Ag,_, (¢ = $a, ) < (& ) so that (B A%

)
o)

[14Y
is norm-convergent. The diagonal sequence ( &; = ¥: ) is a subse-
quence of (%¥q) and (BnA ®: ) is norm-convergent for all n.

Q.E.D.

~

e

The proof shows that the metrizability of t is only used to prove
that A AL is relatively compact in TELt1 . Therefore
Corollary 6

Vol(t, W W) is Tp -closed in &' (D) and consequently

——y '
F(D) < Vol(t,w w).

Now we prove a result about the density of the finite Cimensional
operators in Com(t,i V%) with respect to ¥y .

Proposition 7
The finite dimensional operators F (B) < &£%(IT) are Ty -den-
se in Com(t,w w), hence

X W "
F () = Comlt,t) = Com(t,w w) .

Proof:
Let A< Com(t,w &) and W a t-neighbourhood of zero so that
A(W) is a & w -relatively compact set. There exists an U =

={4eD: 0 BN 1) W , B e (D), and without loss of
generality we may assume that < ,>a : L. %>~ <B% , By > is

a scalar product. Then A(V) is a W W -relatively compact set and as
in Proposition 4i) A extends to a compact operator from the Hilbert
space B (§) T <241 in the Hilbert space ® . For simplicity de-
note < .>g by <.>' and the extensicn of A also by A, Therefore

A has the form A = Z ra $¥a, YN with ( A.) tending to zero,
n

(?nl is a &, > -orthonormal system; A “*nl}, an orthonormal
system in 3 . Now choose (Q::) Yy (Y e B so that
a4 — 0, Wy w0 —> 0  for k —» oo

for all n. Put

Fim= {as

(rn),(sn) =

59

(o) TS
z Anf®,. ,"7'%. ; u,an arbitrary na-

n=1

tural, (rn),(sn) arbitrary monotonously increasing sequences of na-

turals 3 . T(D)Y €F(D), Let M t-bounded, £>0 be ar-
bitrary, W, = L C € £ (D): A -CW, <€)

We show that there is a Ce ¥ with Ce Uy, .



L3

For Ak = Z At\. <*n_ ')"\'\'n,

n=1
O

Wa-A W, = su \<¥>‘ {Rn 9> W % >\ £
Ak 'u. Q’\'ip.u. n=k+1 m <

412

£ gup Z A V<%, 82 V1<% V% supid, | sup LZ\( B, § > )
arw ek n

KZ 1Y, ot
n

)All

£ suplA.\supWBdi. supiy\l —» O as k—oe
nox e Tea

Choose k so large that WA - Ak W, < £/2 . Now we show that there

2y

. k . k R .
is an A(rn)’(sn) I with || Ak - A(rn)’(sn) “\u < &/2 ., It is

k

k . (XY S

il A-a W= 1< Aa L<hn b0y - TR

(e0sto) Y = 2 140 An Dha o't TR0 T
¢ Sn}

£ooup 2 Dl 1<%t (o 40 = LS N 5 <h 5N

e
If we put A = max{ \hal ,14n%k § and use <& {n7 <N %) -

Lha) [T >\

= Cta M 7R T = KR B T - (e T T N
then W A - A¥ L VL gttar
en MA - Ay, (s Ve A Zq?«ufu{“*“ Wk~ &0 Wapall WYN +

(1% JY

P P U TV U D T A Y PO Y T S L L L

'n ' Sn) . .
PR Ut vl Y with L = sup R&W wyu & oo .
iy Em
Take r_ , £nfk so that |\ &,.- :"‘ W<d2x , then take s so

Sn)

that WM, - % W< S/(2k 4™ 0" ) . In doing so,

I\ A - Al((rn)’(sn) Wy & A S L and this gives for & = £/2LA

. k
th
e desired result A(rn)’(sn) € um.s .
Q.E.D,

In conclusion we discuss the connection with the approximation
problem. Let DItl be complete and F ={F € £( DdLtI ):

dim Fceoo). If D # R s0 in any case FO)ISEF .

10

As it was mentioned in section 1 ®{tl is the projective limit of
Hilbert spaces and therefore a lccally convex space with approxima-
tion property. This aeans that each operator A which is a compact
map from DIt} into itself can be approxinsated (in the topology

of unifora convergence on the t-bounded sets) by overators of ¥ .
This topology, restricted to £ (X)), coincides with t® (and is
stronger than Tgy). Using the renark after the introduction of these
topologies in section 1 we can say that the operators of Com(t,t)
can be approximated with respect to *® (and consequently with re-
spect to Ty , too) by operators of ¥ . A priori it does not follow
that these operators can be approxinated by operators of T (¥).

To get this result we prove

Lemma 8
F (¥) is vP-dense in ¥ and consequently Ty -dense, too.

Proof:
First of all we show that the one-dimensional operators F
have the fora
(4) Fé =W (g)y =<Cx ,T¢>¥y
with ¥€¢ D3, w a t-continuous functional, Xe & , C ¢ LY ().
The first equation in (4) is clear from the t-continuity of F.
Moreover this leads to
lwigl £0C§N  for all ¢ e P and some C € LT(T).

And again we may assumne that <C §,Cy” is a scalar product ,so that

w extends to a continuous linear functional on the Hilbert space
B (T)L<>z] . Therefore b has the representation

W(P) =<Tx,CH> for all ¢ B(T) and fixed X & T (T).

This proves (4). Let 1 W2 be one of the seminorms defining the

]
topology x® . As an ansatz we put F' = <X, ,- D¢ ¥ . X, €.
F' € £*(D) because ' B I and F'® = <%, >c’Cx, also
maps B into I . Then
L] b —_
WF - F vy = ?LZ;L\\(XMQ)CD‘Y - 4X~?><‘; DU £

=Dy l- Sﬂlﬁ\(@)&-ﬁl,g)\ £LWT(Xx,-%X )0l and as ¥ is den-

se in B (T)L K .?g ) the right-hand side can be made arbitrary
small. <eBeDe

1"



corollary 9
o -]
F(¥) is tP-dense in Jom(t,t); F(B) . = Com(t,ty -

We conclude with the following remarks.
Remnarks 10

i) Because the multiplication in LY D) is separately continuous
with respect to ¢y and B » the T, -, s -closure,resp., of any
ideal in &% (¥) is agein an ideal (mey be no proper one). Hence,

® x> , . . +
T () = Coz(t,t) is a two-sided ideal in £%(D).

i) As the involution A —= ' is Ty -continuous the X, -closure of
a # -ideal in L'(P) is again a = -idemsl. Hence

F(HI® = Com(t,t) @ = Con(t,w ) ®is a twosided # -ideal in
£¥ (D).
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