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TnMMepr~:aH B. E5 · 10756 

npoCTbTe CBOifcTB8 !IeKOTOpb!X H.il88Jl0B KOMTI8KTHbiX 

oneparopoB B anre6pax HeorpaHH1.!eUHbiX oneparopoa 

OnpeaeneHbi pa3Hbie n.aeanbi KOhtrraKTHbiX H anonHe uenpepbiBHbiX orre­

paTopoB B anre6pax ueorpaHH"leHHhiX oneparopoB. 06cy:>K.08IDTCH npocTbie 

CBOHCTB8 1 K8K H8llpHMep, TiflOTHOCTh KOHe'lJHOMepHblX onepaTopoB. YKa38H8 

CBH3h C npo6neMOii arrnpOKCllM8IHIH. 

~ 

Pa6ora BbiTIOJIHeHa B Ila6oparop1111 TeopeTH'lJeCKoH I\JH3HKH OHHH. 

ilpenpHHT 06'1oe.llBHeHHOrO HHCTHTyTa 8,1lepHWX HCC.Ile,llOB&HHil • .lly6Ha 1977 

Timmermann W. E5 · 10756 

Simple Properties of So~e Ideals of Compact 
Operators in Algebras of Uhbounded .Operators 

In the paper there are defined several ideals of 
compact aGd comple0ely continuous operators in algehras 
of unbounded operators. Simple properties as the density 
of the finite dimensional operators are discussed. The 
connection with the approximation problem is indicated. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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In recent years non-nor~a~le topological *-alge~ras and their 
representations as *-algebras of unbounded operators in Hilbert spa­
ce have been more and more extensively studied. :n effect there are 
two main lines of investigations. One deals with the systematic de­
velopment of general aspects as,for example,representation theory of 
topological algebras, topologization of operator algebras, reduction 
theory, general structure properties and so on (see, for example, 
/2/,/12/, /14/,/17/,/18/,/27/,/31/,/32/,/44/). The second line con­
cerns ~or example,the study of special classes of such algebras, 
several questions connected with the structure of algebras of un­

bounded operators, their domains, their continuous functionals and 

so on (see /1/-/3/,/5/-/8/,/11/,/13/,/15/,/16/,/19/-/22/,/24/,/33/­
/39/,/42/,/43/). 

Let us remark that we have not mentioned most of the papers 
which deal with the physical relevance of these algebras or with 
the test function algebra. 

To speak about ideal theory we note that in the case of bounded 
operators there is the already classical theory of ideals in Hil­
bert space of Schatten and von Ne~nann /30/ and more general of 
Gohberg and Krein /10/. And there is the well worked out theory of 
ideals of operators over Banach spaces of Pietsch and coworkers 
(see /25/ and the references quoted there). Against this, in the 
non-normable case there are only elements of an ideal theory, for 
example for LAC*-algebras (see /9/,/23/,/26/,/31/,/33/ and there-

ferences there). 
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In this paper we describe simple properties of some ideals of 

aleebras of unbounded onerators. These ideals are co~posed by co,n­

pnct resp. co.npletely continuous operators with respect to diffe­

rent tonologies on the domain where they are regarded. A forthco­

ming paper /4u/ deals with the investigation of a special ideal 

which reflects many well-known properties of the ideal of complete­

ly continuous ooerators in Hilbert space. In /41/ we will give a 

systematic treatment of a class of ideals derived from the Sp- (or 

more general ~i -) ideals in Hilbert space. ~orne of these ideals 
will be used already in this paper, 

1. PRELitYliNARI23 

For a dense linear manifold ~ in a separable Hilbert space at 
by ;:t, + ( l) ) I 14/ we denote the 11 -algebra of all operators A, 

bounded or not, for which At c 1J , A*~ c :iJ • The involution is 

given by A ~ A+ = A" I :iJ • '!., + ( :l ) defines a natural topology t 

on the domain 'tJ given by the (directed) set of seminorms 

ll~ <\' ~ 1\<\>~A =IIA~I\ A€.;t'(!!). 

Let us renwrk that Ill t J is the projective Lmi t of Hilbert spaces. 

J.. + ( :n) is said to be closed ( selfadjoint, resp.) if 

ll = (\ ll !ill 
A' L'(tl) 

( IJ = f\:n (A*), resp.) 
A( t•lt>) 

By 'f (!!) we denote the set of all finite dimensional operators of 

:t + ( :!:l), This is the minLnal two-aided * -ideal in 1.. + ( lJ). 
Among the possible locally convex topologies in J:. • ( ll) we mention 
the following two used in the sequel: 

the uniform topology 't!J given by the seminorms 

A---+ \1 AIIJ.\. = sup I <<\>,A"¥> I 
\> •'I'. J.\. 

the quasi-uniform topology 1:: ll' given by the seminorms 
.>J.. 

A--+ 1\A\\
11

= supiiB A ~ U 
• ~..u. 

, !3 E "L+ ( SJ ) arbitrary, 

In both cases J.l runs over all subsets of :fS with sup II A c\> II <. oo 
~· ..u. for all A E £_+ ( tl ) , the t-bounded subsets of Il . In what follows 

we make use without co,n.nent of the following remark. The semi norms 

11. 11...._ are well-defined (i.e.< oo ) also for all bounded operators 
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on ~ and for all operators o:f '1.. ( l! L t) ) , the continuous ope­

rators from tl(t.J into itself. 

1\ 11-:- is well defined for all operators of 'L ( lH t l ) • 
Furthermore,we need the following sets of operators /41/ (and 

they are used for simplicity only in the context of selfadjoint~~~~~ 

BClf) ={.TE .t,+(ll): TA,T*A are bounded for all Af. Z.~(l!)J 

.f..,(lS) = {T £ .;t•(.n): TA,T•A are completely continuous 'fl Aet.•cr, >\ 
Clearly, to be more exact, these definitions must be unterstood in 

the sense that, for example in .f- ( ll), TA is bounded on Z1 and TA 

is completely continuous on at . Without proof we mention the follo­

wing properties ana equivalent characterizations (cf. /41/) 

i) e (1)) and .S-<Il> are two-sided* -ideals in t.·(~). 

ii) ~(ll) = \.T ~t._•(n): AT,AT* are bounded 'It/ 

={.T~~(Of.): Tatc.l:l ,T•aecl)) 

A~::t.•(-X))~ 

iii) .:f-<b> = {T £.t•c:n: AT,AT* are completely continuous 
V A E £/( :1 ) j = 

= { T ~ .f-( at) : T 'at c IS 1 T .. ~ c :f) ) 

2. DEFINITIONS AND RESULTS 

Since we are interested only in such algebras t.• (~)which 
contain also unbounded operators, the topology t is not a norm-topo­

logy. Therefore, we must distinguish between compact and completely 

continuous operators on ~[t1 • This is reflected in the following 

Definition 

An operator A E: £.+ ( ll ) is contained in 

i) Com( t, t) if and only if there is a t-ne ighbourhood 'U. of zero 

such that Atl is t-relatively compact 

ii) Com(t. 11 1\) if and only if there is a t-neighbourhood U. of zero 

such that A 'U. is " 1\ -relatively compact 

iii) Vol(t,t) if and only if A~ is t-relatively compact for all 

t-bounded sets ..u c:. n 
iv) Vol(t,l\ II) if and only if A ..U. is u u-relatively compact for 

all t-bounded sets JJ.. c. ll. 
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·.·le su=arize some simple properties of these sets of operators. 

Le:n:na 2 

i) 'J' (l)) c. Com(t,t) c. Com(t, \\ II) c.. Vol(t, 1\ \\) 

Com(t,t) c Vol(t,t) c:. Vo 1 ( t , ~· ',I ) 

ii) All sets are algebras, :noreover 

iii) Com( t, t l is a two-sided ic!eal in L + (If), 

Com( t, II II) is a ric;ht ideal in ;t..• ( !J ) • 

iv) Vol(t,t) is a two-sided iueal in .£' (lj), 

Vol( t, \\ l\) is a right ideal in ,£! ( Il ) • 

Proof: 

i) is trivial. Concerning ii) re:uark that linearity of these spaces 

is obvious, the algebra-property follows from iii) and iv). 

iii) Let A'-Com(t,t), 3E 4:.'(:0). Then B is t-t-continuous and maps 

any t-relatively co~pact set in such a one, this proves BA~Co:n(t,t), 

On the other hanll, let U. be a t-ne ighbourhood of zero such that 

AU. is t-relatively co:npact, There is a t-neighbourhood of zero, 

say '\)' , such th'lt S lt c. U. , i.e, A3 '\)" c. AU. is t-relatively com­

pact, hence AS Eo Com( t, t). The other assert ions follow in a si:nilar 

way. ·~.E.D. 

The following conclusion gives a simple example for the case 

Vol(t,ll II)= Com(t,ll \1). 

Conclusion 3 

Let Il be such a do:nain that i.. i' (!f) contains an operator N 

with N-
1

E Com{t,ll II). Then ;f!(ll) = Com(t,ll II)= Vol{t,ll II), 

Proposition 4 

i) com{t,t) c. ~- <n) 
ii) If t is metrizable, then Com{t,t) 

Com(t,t) is a • -ideal. 

Proof: 

.f_, (.lr) and consequently 

i) AECom(t,t) implies A+A and AA+ e, Co:n(t,t) (ideal property). Let 

\l be a t-neighbourhood of zero given by 

U. =t<\>t.n: IIB<\>U!::1 ,B=B+::!:I,BI:.Lt-(0)} 

such that A+A~is t-relatively compact. Using, for example /4/,chap.II 
§ 4.1 one sees that A+A can be extended to a compact map from 
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n {B) to ~ttl { use the same sy~bol for the extension). Especially, 

A+A is continuous from J5 {B) to l)(tl , i.e. 

{ 1 ) II A+ A t I C = II CA +A +II !:: K (C) I\ B cf II for all <\' E n , C E i. + { lJ ) 

Put C = B , then " BA +A; II f. K II B <\Ill which means that the symme-

tric operator A+A is continuous with respect to the norm II lla 

stronger than the Hilbert space norm II II • By Theorem 2.1 of /14/ 

A+ A is II ll -bounded, i.e. A and A+ are 1\ II -bounded. 

Put C = BDD+, Dtl}(ll), then UBDD+A+A;U!: K(:!) llB<\>1\ • Jubsti-

tute ; = D'f , "\' E: C , 

{2) 1\ BD(D+A+AD)"!'II ~ K{C)I\BD'lll 

Furthermore, ll;Uf IIB~U , (1) and {2) imply 

{3) 1\ D+A+AD'\' I\!: 1\ BD+A+AD"\'11" L ll BD"f\l 

Hence the sy~etric operator (D+A+)(AD) is continuous with respect 

to the norm II II + U 11 u ~ II II • Consequently, AD is ll ll -

bounded for all D ~ ~+(b). Repeating all these considerations for 

AA + instead of A+ A we get the boundedness of A +D for all DE:£..+ { fl ) • 
Thus we arrived at At ~ { n). Putting the results together we have 

A+ maps 'at continuously in tJ[tJ , A mapsl!nlcompactly in 't(tl, 

i.e, AA+ maps 'at compactly in ~ttl. Especially,· AA+ is a comple­

tely continuous map from at 1:11 \11 in ~ (111\l, From the polar decom­

position it is seen that both, A and A+ are completely continuous 

maps from1lC•11lin 1tt:11 111. This means A E: .::f-(l}) {see section 1). 

ii) It is only to show that for metrizable t the inclusion 

.;/ _ { b ) c. Com{ t 1 t) holds. A~ of.,. {b) implies AS and A +B complete­

ly continuous on 'it for all B ~ t.• { lJ). Let t be given by the set 

of seminorms <\> - I Bn ct II , n = 1 , 2,... , Bn t ;f. • ( lJ) • 

·11e show that A 'lL is t-relatively compact, where \L = \ <\> t Jj: 

11-\> II 6: 1 l . For this purpose it is sufficient to prove that any 

sequence ( cfn. ) c. AU. contains a t-convergent subsequence. Put 

<\>,."'A"\'" , "\',. • 'U. and remember that BjA are completely con-

tinuous on ae for all j = 1 I 2, •••• The well-known diagonal proce­

dure leads to a subsequence ( "tf\ ) auc.h that (B .A "''~ ) is a 11 a -
" J ..... 

convergent sequence for all j, i.e. {B j ; ... ) is 11 u-convergent for 

all j, i.e. { <\'n.,. ) is t-convergent. Hence A E; Com{t,t). 

.(.E. D. 
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The subsequent propositions deal with the question whether the sets 

Vol(·,·) are closed in ;f.~(:tl) with respect to "Cn• 

Proposition '5 

Let t be metrizable, then Vol(t,t) is 'l:fl -closed in £"" ( %1 ). 

Proof: 

Let \ 3n \be a syste'll of onerators contained in 'l.. \- ( ~ ) such 

that \.. II \l%n. = \\ II,., n = l, 2,... J defines the topology t. Let 

A E. Vol ( t, t) 't;s .l.L an arbitrary t-bounded set. As in the proof of the 

last proposiLon we show: for any sequence ("\',.) c .l.L there is a sub­

sequence ( q,, = 't'nL ) such t'lat (A~.;.) is t-convergent,i.e. 

(GnA ci'i. ) is U 11 -convergent for all n. Hegard the estimations 

1 
l\ 3A(<\>;. -ct~ )II f I ( B(A-A6 )c\>,, DA(<\>, -<\>~)) \ + 

+I< :JA 8 (<\>.- c\>,i), ;JA(<\>i.- "'~))\ + \( 3(A-A 6 )~d, BA(<\>;.- ct~l>\ 

:Jince ( q>.) c:. .l.L and fort-hounded .u.. , A,B E: ;f.'(':!) also the set 

J(' = rl+IJA(..lt- J.l) U ..Ll is t-bounded, the estimation can be 

continued as follows: 
1 + 

1\ BA( <h- <\>J) II !: IdA-A,; ) ~- ,D JA( 4>·- c\>.j) >I + 

+ I<Ao- c <\>•- ~~ l,D+JA( ~'- <\>.i l >I + \<. (A-A 0 l<\>.j ,B+DA( <\><- <\>J )> \ f 

= 2 sup \ < ( A-A 5 ) <\> , "\' > \ + 1\ A0 U;-, - ~ \\ sup \\"\' \I 

"'·"''" .)'(' .l <\><J'( 
Now we choose A,r; '- Vol(t,t) so that II A-A 0 llx< £i3 , in dependence 

of As we choose ( ~.:) so that (A&<\>.:) is norm-convergent and so 

the last ter.n in the est i:nation above can be made <. E. /3 for suffi­

ciently lar~e i,j. Thus, CJA <\>d is norm-conver;_;ent. Now we per­

fern this procedure for the onerators 3 = Dn, n = 1,2, ••• 

the following t-bounded sets: 

with 

(.i) 1.1) 

for s 1 choose A.s~, (<\>i. = "t'n.: ) c.. ( "\'n) 
«I 

so that (3 1 A<\>~ 

is norm-convergent, and general, 
(.1\l (A.- 1\ Ul-4) lY\. \ 

for Dn choose Ar..._ , ( <\>, = <\>.,... ) c:. ( <\>n. ) so that (DnA~.: ) 
l.:) 

is norm-convergent. The diagonal sequence ( ~ .. = <\>.: ) is a subse-

quence of ( '\'n) and (BnA '\'.: ) is norm-convergent for all n. 

Q.E.D. 
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The proof shows that the netrizability of t is only used to prove 

that A~ is relatively conpact in ~CtJ • Therefore 

Corollary 6 

Vol ( t, 11 \1} is 'tn -closed in i..'" ( .n) and consequently 
---'"CJI 
T(tl) c. Vol(t,~ ")· 

Now we prove a result about the density of the finite dimensional 

operators in Conit,ll 11) with respect to '1:~ 

Proposition 7 

The finite dimen.Jional onerators s ( tl) c. £..~( ll) are 'tz, -den­

se in Com( t, 11 11), hence 

--"tl) 'tl:> 
! (~) = Con(t,t) 

------'lJ> 
Com(t, II II) 

Proof: 

Let A'- Com(t, Q 11) and U. a t-neighbourhood of zero so that 

A(U) is a 11 1\ -relAtively co:npact set. There exists an -cr- = 
= \. <\> ~ 'i): II D ~ \1 !: 1 ~ c:. 'U.. , B E. ;t • ( :0 ) , and wi t>-tout loss of 

generality we may ass=e that < , > e, : < <\>, "\' >~~, = <.. D <\> , B "\' > is 

a scalar nroduct. Then A(I.Y) is all II -relatively compact set and as 

in Proposition 4i) A extends to a co~pact operator from the Hilbert 

space~ (D)[<,>,J in the Hilbert space ""at • for simplicity de­

note < . ) l!t by <., >' and the extension of A also by A. Therefore 

A has the form A = L }.n. <. <\>,. 1 • )'--tn. with ( ;>..,) tending to zero, 
n. 

{ cfn l is a (., >' -orthonormal system ; \ "'tn \, an orthonormal 

system in 'ae • Now choose ( <\> ~> ) , ( "l(:;_v. > ) c. t:r so that 

II <fn- <\>~"'II' - o 11'\',.- "lc~'\\ ~ 0 fork~ oo 

for all n. Put [;, 

~ t.r,.., ' t.S.f\"'1 
L_ >-n.<<\>n. I·) "fn. ; 
n=1 

ft'b)= \A;{r ),(sn) 
n 

t.; ,an arbitrary na-

tural, (rn),(sn) arbitrary monotonously increasing sequences of na-

turals :J • 'i-tlll c'1"(.0). Let ...U.. t-bounded, £">0 bear-

bitrary, U...u.l = \_ C E i.~ (b): II A- C \\......_ <. £) 

We show that there is a C E: i with C E 'U. ....._, E 

9 



k 

r'or Ak = L >. ... < <ln ·)'"\'fl. 
n=1 

00 

II A-~ II "-1. = sup I <. ) ). n. < ~ ... , ~ > • "\'n., '\' > \ f 
~.'\'~..u. n~1 

~ sup L \>.,._\ 1<.~ ... <\>>'11<-+n,'l->\~ sup\>.,.\ sup \II<q, ... ~>'\~)~
11

" 
""' 'le\t.U. n 

·\:[ l<"\'.,,"\')\tf'
1

f sup l.l\,\sup\\B~\1· sup\\'llcl\-+ 0 as k___. 00 

n "~"' ctu•- "H~ 

Choose k so large that ll A - Ak II....., .:. €. /2 • Now we show that there 

k .. 
is an A(r ) ( ) (: ~ 

n ' s.l;l 
with I\ Ak - Ak(r ) ( ) II <.. e/2 • It is 

n ' 8 n IU. 

k 

k \\ II A-A(r ) '(an) <.II. 
n 

~ - \ U'A' ~ \.S,.) 

sup \(L._ An. [<~n,-\>>'\'.,·(~.,.c\>)"t,.,.l,'l.>l= 
;."\' c<.J.t. n=1 

L ~ \ \ 1 / t s .. \ ~ .h vr" 1 ~> \ -sup L_ A.,_\<.~ .... "\'>(~.,.~>--..,"\',. ,"';)<.,-,,,._ > 
1\>,'H.l.l 

I.f we put }. = liiBX t \>.,_ \ , 1~n~k J and use <.<f, ct .... "?' <...""c .. .'"C >-
/, ('ftl <.A., ,.1.. \I'~\ \ _ <.1. oh &trnl I \~,.> 1 U,.l 

-,"tn ,"'') "'1'1'n. >- ti'TI\-Tn ><."tn."T>·(<\>,<\>,.. >~"t .. -""cn~"''> 

then II A- Ak( ) ( ) I\""" f). L sup {11<\>11'11>\> -~''ft'11' 1\'llc,.l\ \1'\'11 + 
r n ' sn ~."'1• ....._ " " 

I \t l • ~~ft· t '\"" I .1. .... , ' 
+ ll<\>1\ II<\> ... " II 1\"t,..- "'1.,1\·\l'\\l J ! il-L L Ll\'+,.." ·11<\> ... - ,.,. 1\ 

1.1\ l ' lS") \ 
+ 1\ in n \\ l\ "t n. - "\' n. 1\ J with L = sup 1\<fll' II "til ~ 00 

"'·"'~ £ J,J. 

Take tt: ' \ .r, rn , 1~n!:k so that II<\>..,-<\>,.." \\<.<r2k , then take an so 

that \\ "'rn- "l~Snl II 0:::. d /(2k II~~·' l\' • In doing so, 

+ 

k 
II~ - A(r ) (s ) 11 <. !..· .S· L 

n ' n t.U. 
and this gives for d E/2L.).. 

the desired result Ak(r ) (s ) € 'U.w.,£ 
n ' n Q.E.D. 

In conclusion we discuss the connection with the approximation 

problem. Let ~ ( t.) be complete and 'f = t F E £. ( 't1 C t J ) : 

dim F < oo 1 • If 'b f 'at so in any case 1= ( l:l ) ~ ';t: 

10 

As it was Jlentioned in section 1 tl [t) is the projective li:nit of 

Hilbert spaces and therBfor€ a locally convex space with aoproxima­

tion oroperty. T'"lis :~ean3 that each operator A which is a co:npact 

~ap from ~:t1 into itself can be aoproxi3ated {in the topoloey 

of unifor·n convergence on the t-bounded sets) by onerators of '¥ • 
This t~pology, restricted to £. + ( l!) , coincides with "C.t> (and is 

stronger than '1: 0 ). Using the renark after the introduction of thec;e 

topologies in section 1 we can say that the operators of :orn(t,t) 

can be approximated with re~pect to 't. 
11 (anu consequently with re­

spect to 'l:XJ , too) by operators of 'l= • A priori it does not follow 

that these operators can be approximated by operators of~ (tr). 

To get this result we prove 

Lemma 8 

1 ('lf) is 'ttl-dense in 'r and consequently 'til -dense, too. 

Proof: 

First of all we show that the one-di·nensional operator~ J:i' 

have the forJl 

(4) Ft = <.U (<\>)"t =<C'X ,'B'cp>"\' 
with"\'{ !l', w at-continuous functional, XE: ilf , c ~ £.+(Jr). 

The first equation in (4) is clear from the t-continuity of F. 

:iloreover this leads to 

\w\~)1 ~ IIC<\>\\ for all ct E 'P and some C E: !..+( JS). 

And again we may assu:ne that <C <f,C"fi' is a scalar product ,so that 

c..> extends to a continuous linear functional on the Hilbert space 

'15 (C)[<,>c). Therefore w has the representation 

1..0 <<\>> =<GX ,c~> for all ~ E: lr(C) and fixed A E: n (C). 

This proves (4). Let II II~ be one of the seminorms defining the 

topology 'l:ll. As an ansatz we put F' = <.1- 4 1 ·>c."\' . 'X.., E: 'll ~ 

F' € t.,~(ll) because F'llc. lj and F'* = ("f,· >C+C'JC.~ also 

maps 15 into ll • Then 

1\F- F'\1~ =sup 1\<X,.s>}CD"\'- <.'X 1 ~)C, · D'f\1 fo 
f t .I.A. 

=IID"tll· sup\<.CX~-C'}(,S'>I fLI\C(X,-'X )1\ andas ii isden­
S't..u.. 

se in tl (G)(<. .>c: 1 the right-hand side can be lJIBde arbitrary 

small. ~.E.D. 
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::::orollary 9 

j: ( 1r) is 1:~ -dense in ::::o:n( t, t); 'fTiri'1:..,. 

ile conclude with the following remarks, 

ii.e:narks 10 

i) De cause the multiplication in £."'(.!!) is separately continuous 
wlth respect to t: 11 and '1:1l , the "C 11-, "t:t:r -closure,resp,, of any 
ideal in ;t.+ (lr) is again an ideal (may be no proper one), Hence, 

'J"{b)'tl> b 
Co;n(t,t) '1:. is a two-sided ideal in L+(ll), 

ii) As the involution A -A+ is '1:13 -continuous the '1:
11

-closure of 
a * -ideal in J..~ ( 'll) is again a *-ideal, Hence 

'~ <'tz. = Com(t,t)"Cl> = Com(t,\\ ll)"'ilis a twosided -If-ideal in 

J!+ ( .n). 
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