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CaoiicTBa H30BEKTOPHBIX |*-cOCTOSHHH B fopax ¢ A =28
H A0EPHBIH 3aXBaT MIOOHOB

Ipemnoxen MeTox ydeTa B pacdeTax MapLUHaIbHBIX CKOPOCTEil 3aXBaTa MIOOHOB SIPaMH
CymiecTByiome sxcnepuMenTansHolt nuopManun o cinosbix gynkumsix I'T- 1 nlosextop-
Heix Ml-nepexonos. Meton cBoguTcs K nog6opy OpTOroHanbHOro npeobpa3oBaHMs, Aei-
CTBYIOILIErO B [NOANPOCTPAHCTBE BOIHOBBIX (PYHKUHH BO3GYXICHHBIX COCTOSHH, U He TpeGy-
eT BBENEHHMS HHMKAKHX MoaM(HKaLMi omepaTopoB nepexoma. MarpHua npeoGpa3oBaHus
CTPOHTCS KaK NPOH3BedEHHE MaTpPHL OTPaXeHUs B IUIOCKOCTH. Bce pacyersi mpoBomarcs
Ha OCHOBE MHOIO4YaCTHYHOM Moflenu obonouek. YHcIeHHbIe pe3ynbTaThl NONYYeHbl W H30-
BEKTORHBIX COCTOSIHHIA B aapax ¢ A = 28. Tlpu 3TOM paccMoTpeHst cunoBble yHKUMH [T-
M M30BEKTOpHBIX M1 -nepexonoB B * Si, BEIMHCIIEHB BpeMEHA XH3HH H OTHOLIEHHS KaHAIOB
y-pacnana cocrosuuit 1° B ®Al. ITokasano, 4To y4eT 9KCNepHMEHTAIbHONH HHGOPMALMH
0 CBOHCTBaX H30BEKTOPHBIX COCTOSIHHI BIEPBBIC MO3BOJIMI MPaBUILHO OMHCATh OTHOLICHHE
KAHIOB Y -pachana cocTostHus 1* ¢ aneprueii 2,201 MaB B * Al. [Tokasano, 4To HCTONIb30Ba-
HHE NPeobpa3OBaHHbIX BONHOBBIX (DYHKUHMH CHIBHO MeHSeT pacrpeleleHHe NapLHaIbHBIX
CKOPOCTeil pa3speleHHOro 3axBaTa MIOOHOB A4poM “Si 110 KoHeyHbIM 1*-coCTOsHHAM aapa

2 Al 10 CpaBHEHHIO C pe3yIbTATaMH PACYETOB, MUCMONB3YIOMIUX co6CTBEHHbIE GYHKIMH ra-

MHJIbTOHHAHOB MHOTOYACTHYHOM MomenH obosouek.
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Properties of 1sovector 1* States in A = 28 Nuclei and Nuclear Muon Capture

The method how one can utilize the existing experimental information concerning GT
“and M1 strength functions into the calculations of the rates of nuclear muon capture is pro-
posed. The method is reduced to adjusting of the orthogonal transformation in the subspace
of wave functions of excited states and does not require any modifications of transition oper-
ators. The transformation matrix is created as a product of matrices of reflection in the plane.
All calculations are made on the base of many-particle shell model. The numerical calcula-
tions are carried out for isovector transitions in the nuclei with A =28. The GT and MI
strength functions in **Si are considered; for 1* states in Al the life times and y-decay
branching ratios are calculated. This method allows one to describe correctly the branching
ratio of 1" state with energy 2.201 MeV in Al for the first time. It is shown that introduced
transformation of wave functions changes considerably the distribution of partial allowed
muon capture rates in **Si over 1* states of product nucleus * Al compared to results ob-
tained with eigenfunctions of Hamiltonian of many-particle shell model.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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1 Introduction

In recent years, results have been published for two independent measure-
ments of the coefficients of gamma-neutrino correlation between the mo-
mentum of a neutrino produced in the capture of negative polarized muons
by the nucleus ?8Si and the momentum of a photon emitted in the y-decay
of an excited state of a product nucleus (1, 2]. The authors of both the
papers considered the same allowed partial transition

p + B88i(07, ) — v + BA1(1F, 2201).

Comparison of the values of correlation coefficients obtained in these works
with different theoretical calculations (3, 4, 5] led to the conclusion that a in-
duced pseudoscalar weak interaction of a muon with nucleons of the nucleus
is much suppressed as compared with that estimated from the hypothesis
of partial conservation of the axial-vector current (PCAC). In Table 1 we
present the values of gp/g4 obtained from the comparison of the measured
coefficients of angular correlation [1, 2] with different theoretical values. In
another experiment the ratio of rates of muon capture from the states of
Liyperfine splitting of the mesoatom 2®Na was measured and comparison
with calculations gave gp/gs = 7.6 & 2.1 near to the PCAC estimate [6].
Such a large difference in values of gp/g4 is quite unexpected since the nu-
clei 2Si and 23Na are rather close to each other in mass number and thus
one would expect that the constants of induced pseudoscalar interaction
would be almost equal in both the cases. We note that in refs. (5] and [6]
the nuclear matrix elements of the effective Hamiltonian of ordinary muon
capture were computed within the multiparticle shell model [7] based on the
full sd shell space and parametrization of the shell model Hamiltonian [10].
However, the partial transitions under consideration possess an important
difference. In experiment (6], the allowed transition 3/2%,1/2 — 1/2%,3/2
has been considered. (The states of nuclei are classified by the total spin,
parity, and the total isospin J™,T.) According to calculations, this partial
transition occurs mainly due to the one-body transition dgjo — d5/o. As a
result, the matrix element of the operator jo(vr) ot~ ([101] matrix element
in the notation of (8, 9]) turns out to be dominating and it determines the
partial rates of muon capture by the nucleus, therefore the results of calcu-
lations are quite reliable. For the transition 0}y — 17, in the p-capture on
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sition ds/o — d3/, having the largest amplitude in the one-body transition
density is suppressed by the contrary transition d3/; — ds/;. When the
leading matrix element is absent, the amplitudes of nuclear muon capture
are determined by interference of several small matrix elements including
velocity-dependent ones. Therefore, the reliability of theoretical descrip-
tion decreases, and further studies the excited states of a product nucleus
become necessarily.

Isovector states with spin and parity J™ = 17 in nuclei with A = 28
were theoretically studied in ref. [11] on the basis of the multiparticle shell
model with the use of the full sd shell space. Energies of single-particle
states and two-body matrix elements of the interaction between valence
nucleons were taken from ref. [10]. The results obtained in ref. [11] can be
summarized as follows. The calculated excitation energies and life times of
the first 1 states are in agreement with the experimental data. However,
the y-decay branching ratio for the state 17 with energy 2.201 MeV in 28Al
is described worst.

Experimental studies of the properties of isovector 1 states in nuclei
having A = 28 were made by means reactions (e, ¢') in [12], (p,n) in [13],
and (®He, t) in [14]. The authors of ref. [12] compared the obtained experi-
mental distributions of the strength of magnetic dipole transitions over the
excitation energy (strength function of M1 transitions) with the distribu-
tions calculated within the shell model with the Hamiltonian of Wildenthal
[10] and showed that the theoretical distribution of B(M1) does not coincide
with the experimental distribution. For the majority of states the calcu-
lated B(M1) exceeds appreciably the experimental value but for the state
with excitation energy 11.445 MeV, which corresponds to the third eigen-
state of the shell-model Hamiltonian, the theoretical value is smaller than
the experimental one. The theoretical value of the total strength of transi-
tions is appreciably larger than its experimental value. The experimental
strength function of Gamow-Teller (GT) ot* transitions was measured in
ref. [13]. Like for M1 transitions, the theoretical total strength of GT tran-
sitions exceeds the experimental value, but the theoretical strength of the
strongest transition is smaller than its experimental value. This is transi-
tion onto the state with energy 2.10 MeV in 2P, which is described by the
third eigenstate of the Hamiltonian.

The hypothesis of isospin conservation in nuclei allows us to combine
the isovector 11 states in 28A1, 28Si and ?8P into isotopic triplets. The table

of correspondence can be found in ref. [L1]. From this table it is seen that
the level 17 with energy 2.201 MeV in 28 A] populated in the yv-correlation
experiment on 2Si enters into one triplet with levels 11.445 MeV in %Si
and 2.10 MeV in 28P for which the theoretical transition strength turns out
to be smaller than the experimental value. Transitions from the ground
state of the nucleus 28Si, whose isospin is zero, onto states of the isotopic
triplets can be described by isotopic tensor operators of rank 1. Then it
is possible to single out the dependence on isospin projections from matrix
clements of these operators and thus to pass to isospin-reduced (triple-bar)
matrix elements. If the electron scattering, (p,n) reactions and p-capture
were described by the same isospin-reduced matrix elements, they could be
used, being determined from one process, for describing other processes.
However, these operators differ from each other. In (p,n) reaction the
square matrix element (17,1] %[0, 0) can be measured; in M1 transi-
tion — the square of (17,1 (g!Vo + g/V1)t]j0*,0); and the amplitude
of partial g-capture contains the matrix elements (1t, 1Y jo(vr) o t0T,0),
(F 1] ja(or) [Yaolt £§0%,0), (1%, 151 (vr) [Y1VIi £40%,0),  and
(1%, 1) j1(vr) Y1 (6V) t 0T, 0). Therefore, the quantities B(M1) and B(GT)
can be used for the description of u-capture indirectly only, as a tool of
checking the quality of reproduction of characteristics of the given partial
transitions. As a result, the fact that the calculated strength of M1 and
GT transitions onto the third eigenstate of the Hamiltonian is considerably
smaller than the experimental value, though the theoretical total strength
of transitions significantly exceeds its experimental value is a clear evidence
for the theoretical model being a failure for the description of that level.
One should take into account that the wave functions of states were calcu-
lated by diagonalization of the shell-model Hamiltonian in the full sd-shell
space; and at present it is not clear how this description can be improved
in the framework of consistent theory.

In this situation it will be interesting to use the existing experimental
information concerning GT and M1 strength functions in the calculations of
muon capture. For that purpose we propose to introduce the phenomeno-
logical corrections into the results of calculations of muon capture by means
of an orthogonal transformation of the wave functions of excited states with
J™, T = 1%,1. A key point is that the transformation parameters should
be cliosen so that the strength functions of GT and M1 transitions cal-
culated with the transformed wave functions coincide in shape, in other



words up to a constant factor, with the experimental GT and M1 strength
functions. Since the transformation is orthogonal, the transformed wave
functions will be orthogonal to each other and normalized, like the initial
functions. The space of excited states will neither narrow nor broadén and
the total strength of GT and M1 transitions will be conserved. As result of
transformation of wave functions transition strength will be redistributed
between excited states only. Therefore the problems concerning theoretical
values of the total transition strength being higher than the experimental
ones are out of scope of present paper. Since the new wave functions are
constructed as linear combinations of the functions with the same values
of the total moment, parity, and isospin (J™,T = 17, 1), then for them
J™,T = 1%1, too. This method allows us to include the bulk of the avail-
able experimental information on the strength functions of GT and M1
transitions in the calculations of characteristics of muon capture.

2 Mathematical details

The orthogonal transformation of the wave functions of the excited states
is searched in order to reproduce the shape of the experimental strength
functions of GT and M1 transitions from the 0% ground state to the 1+
excited states. 3

2.1 Transformation of wave functions and transition ampli-
tudes

Let ¢ (k=1,...,N) be the set of the excited state wave functions. They
are supposed to be normalized and mutually orthogonal as usual. The new
set of functions is created by a unitary transformation U

’djk =Uk1kl¢kl (k—_— 1,2,...,N). (1)

Owing to the transformation U being unitary, the functions v are normal-
ized and orthogonal. The matrix element of transition operator O between
the ground state wave function ® and the excited state with wave function
P, equals

(4£l019) = Ui o (#w|012) = (¢ [O|B)T], . 2
Thus, the vector of transition amplitudes from the state ® into transformed
states 1)y is obtained by the unitary transformation Ut from the vector of

transition amplitudes into the initial states ¢; the transformation U fis
Hermitian conjugate transformation U. Equation (2) simplifies the prob-
lem of finding transformation (1) since it reduces the search of a transfor-
mation of the vector consisting of multiparticle wave functions to the search
of a transformation of a much simpler vector composed of the transition
amplitudes, i.e. ordinary numbers. In the majority of cases, the transition
amplitudes are real numbers, and therefore, the elements of matrix U can
be demanded to be real numbers whereas the matrix itself will orthogonal.

2.2 The structure of transformation matrix

An orthogonal matrix of dimension N could be fixed by N(N —1)/2 free
parameters. Therefore, if we consider 9 or 10 excited states, we should fix
36 or 45 parameters. As a result, there are 9 or 10 linear equations of type
(2) for determining 36 or 45 unknown variables and the problem becomes
undetermined. Therefore one would like to use matrices of less general
structure. ‘

The simplest orthogonal transformation of a vector is the reflection in
the plane [15, 16]. Any vector v can be decomposed in a sum of two vectors
v = u + w, u belonging to a certain plane and w being perpendicular to
this plane. The reflection in the plane alters the direction of the vector w
and converts the vector v into the vector v = u — w. The length of the
vector v whose square is (Jv]? = |u|? + |w|? = v} + v +... + v = vpwe), is
under this transformation conserved, |v| = |v’|. Therefore, any two given
vectors u and v of the same length (Ju| = |v|) can be transformed into each
other by the reflection in the plane that crosses the origin of coordinates
perpendicular to the vector u — v. The equation of the plane is

(u; — v;)z; = 0. (3)

In this case the transformation matrix is

(ui —l Zii(?}]l'2_ vi) (4)

Rij =012

Matrix R is symmetric, R;; = R;;, and orthogonal, RR=RR=1I1
is the unit matrix. For any pair of equal length vectors u and v the re-
flection transformation is unique because the parameters of transformation



are coordinates of vector u — v. The number of parameters equals to the
dimension of the vector space where the transformation is carried out.

To construct the matrix of transformation of wave functions of excited
states, it suffices to know two vectors consisting of transition amplitudes.
One vector should contain amplitudes calculated within the multiparticle
shell model; the other should consist of transition amplitudes extracted
from the experimental data.

3 Strength functions of GT and M1 transitions

We compute transformation matrices using two vectors consisting of am-
plitudes of transition onto the chosen excited states. The square of length
of each vector equals the transition strength (either experimental or theo-
retical) summed up over all the selected excited states.

We start with the vector composed of theoretical amplitudes. Since we
are looking for the transformation that reproduces only the shape of the
experimental strength function, we may normalize this vector to unity. Let
(t1,...,tn) be a vector composed of calculated amplitudes of GT transi-
tions normalized by the condition ¢xtx = 1. Relative signs of coordinates of
the vector ¢ are controlled by relative phases of wave functions of excited
states.

3.1 On experimental amplitudes. Selection of best trans-
formation

The situation with experimental amplitudes is much complicated. Experi-
ment produces only the transition strength, the squared absolute value of a
transition amplitude. If we denote the strength of the GT transition onto
a k-th 1% excited state by e and compose the vector é = (ey,...,ey), of
them, the total strength of transitions onto chosen states is a sum of coor-
dinates, s%(e) = e; + ... + ey. Knowing the strength of transition er, we
compute the absolute value of its amplitude | fx| = \/ex, the sign of fi being
indefinite. Therefore we should consider all possible distributions of signs
of amplitudes inside the vector f. For every distribution of signs in a vec-
tor composed of experimental amplitudes of GT transitions the reflection

matrix (4) exists

(fi — s(e)t:)(f; — s(e)t;)
If = s(e)t|? '

The vector of theoretical amplitudes transformed by this matrix gives the
distribution of the strength of GT transitions coincident in shape with the
experimental GT strength function. Therefore, using only one strength
function, one cannot choose the optimal transformation.

The criterion arises naturally if we consider the GT strength function to-
gether with the strength function of M1 transitions. The transformation of
wave functions (1) gives rise to the transformation of transition amplitudes
(2), therefore the amplitudes of M1 transitions must be transformed by the
matrix R(f,t). Difference in the structure of GT and M1 transition opera-
tors results in a linear independence of vectors composed of the amplitudes
of GT and M1 transitions. This indepedence keeps both for experimental
and theoretical vectors. A new M1 strength function obtained with R(f,t)
will not, in general, coincide with the experimental M1 strength function
because any orthogonal transformation preserves the scalar product of two
vectors. Since the scalar product of vectors composed of theoretical GT
and M1 amplitudes is not likely to equal that of experimental GT and M1
vectors, at the complete reproduction of the shape of the GT strength func-
tion, the shape of the M1 function will be reproduced with an error. The
transformation giving the smallest root-mean-square error will be consid-

R(f,t)ij=6:;—2 (5)

ered the best one.

To diminish the difference in shape of the obtained theoretical and ex-
perimental M1 strength functions, a further step is one more transformation
of type (4) acting in a subspace orthogonal to the plane composed of the
theoretical and experimental vectors of GT amplitudes. Such transforma-
tion will conserve the obtained distribution of the strength of GT transitions
over excitation energies.

3.2 Calculations of strength functions of GT and M1 tran-
sitions
Theoretical and experimental strength functions of GT and M1 transitions

to be used in what follows are reported in Table 2. Calculations are based
on the Hamiltonian of ref. {10]. Multiparticle wave functions, energies of



states, and transition amplitudes have been calculated by programs of ref.
[7).

In the first part of Table 2, we present the calculated characteristics
of the first 10 excited states with J™,T = 17,1: the excitation energies,
amplitudes and reduced probabilities of GT and M1 transitions from the
lowest state with J™,T = 07,0 (the ground state of 28Si nucleus) onto
them. The excitation energies are reckoned from the 28Si ground state.

The wave functions with J™, T = 1%,1 and isospin projection 1 de-
scribe 11 states in the nucleus 2P that are observed as resonances in a
charge-exchange reaction 28Si(p, n)?8P at intermediate energies [13]. The
cross section of that reaction is proportional to B(GT). The energies of
resonance states and probabilities B(GT) obtained from the experimental
study of reaction 28Si(p, n)?8P [13] are listed in the second part of Table 2.
There are shown all the states with excitation energies lower than 6 MeV
detected experimentally. The energies are reckoned from the ground state
of 28P. States with energies higher than 6 MeV take a small part of ob-
served GT transition strength, and besides, their exact values of spins are
undetermined. The total strength of GT transitions discovered experimen-
tally in the interval of excitation energies up to 12.6 MeV amounts to 2.595,
whereas that for states listed in Table 2 amounts to 2.301. The calculated
value of the total strength of GT transitions for the first 10 states equals
3.492. ,

The wave functions with J™, T = 17,1 and isospin projection 0 de-
scribe isovector 17 states in 28Si. These states are excited in electron
inelastic scattering, from experimental cross sections of which the reduced
probabilities B(M1) are extracted. In the last part of Table 2, we report
experimental data on the strength of isovector M1 transitions measured in
[12]. We indicate all the isovector states discovered in the interval of exci-
tation energies from 10.5 to 15.5 MeV. Here the following remark is to the
point concerning the state with energy 10.64 MeV presented in the first col-
umn of Table 2: As a matter of fact, instead of that state, experimentally
observed are two states with energies 10.597 and 10.725 MeV. They are
usually considered as superpositions of one isovector and one isoscalar 17
states [17]. It can be shown that the total strength of M1 transitions onto
these two states is a sum of strengths of M1 transitions onto pure isovec-
tor and isoscalar 17 states. The calculations within the multiparticle shell
model with the Hamiltonian [10] show that the strength of the isoscalar

M1 transition is few ten times as small as that of the isovector transition.
As a result, we can neglect the strength of the isoscalar M1 transition and
determine the energy of the pure isovector state as the weighted average of
energies of those two states, (E1-B1(M1)+E2-B2(M1))/(B1 (M1)+ B(M1)).
The obtained energy of the isovector state and the total strength of tran-
sitions onto it are shown in Table 2. The sum of experimental values of
B(M1) listed in Table 2 equals 7.360 nuclear magnetons; whereas the the-
oretical value is 8.623. Calculations were carried out with the use of free
gyromagnetic ratios, without effective magnetic charges.

The experimentally observed states are described by eigenfunctions of
the shell-model Hamiltonian. The correspondence is established by the
comparison the energies of observed states to the eigenvalues of the Hamil-
tonian. The comparison gets simplified if we consider the excitation ener-
gies measured from that of the first excited state. Values Ey — E, are given
in Table 2 too. Then, correspondence between the eigenfunctions of the
multiparticle shell model Hamiltonian and states observed experimentally
is practically unique, which evidences in favor of a high accuracy of the
description of energies of excited states within the nuclear model [10].

As is seen from Table 2, not all the Hamiltonian eigenfunctions are
associated with the states observed experimentally. In particular, the 5-th
function corresponds to neither experimental state. The model explains this
fact by very small theoretical values of B(GT) and B(M1). In what follows
we will not consider this state since it is not observed experimentally at
all. The state corresponding to the 6-th function was found in the reaction
(p,n), but its analog with energy 13.31 MeV in ?8Si is not observed in the
reaction (e, e') though is observed in the reaction (p,p’) [18]. This fact is
explained in [12] as follows: the contributions of spin and orbital magnetic
currents to the M1 transition amplitudes compensate each other. The shell
model calculations with Hamiltonian [10] carried out in ref. [12] reproduces
this fact well.

Thus, we can conclude that the shell model describes qualitatively the-
main features of the strength distribution of GT and M1 transitions over
excitation energies in the sense that small theoretical values of B(GT) and
B(M1) correspond to small experimental cross sections. However, the the-
oretical distributions of the strength of transitions over the states which
absorb a considerable part of the total strength of transitions are highly
different from the experimental distributions. In particular, the calculated



B(GT) and B(M1) for transitions into the third isovector 1% states are
noticeably smaller than the experimental values, but the theoretical values
of the total strength of GT and M1 transitions are much larger than ex-
perimental ones. In refs. (13, 12] figures are presented with the theoretical
and experimental strength functions where one can see that the theoretical
strength functions are fragmented to a greater extent than the experimen-
tal ones. It is just a further configuration mixing we have introduced to
eliminate that discrepancy.

The obtained matrix of the whole transformation, the product of two
reflection matrices, is given in Table 3 with the numbers of eigenfunctions of
the Hamiltonian between which the mixing occurs. The matrix is symmet-
ric, because the reflections are made in two perpendicular planes, and thus
the corresponding reflection matrices commute with each other. Basically,
the main diagonal of the matrix contains the numbers near 1.0 in absolute
value. The states with numbers 6 and 8 whose experimental partners have
been observed only in (p,n) reactions change places. In other cases the
principal component is conserved, and other states are admixed to it with
small amplitudes.

Once the transformation matrix is known, the amplitudes of GT and
M1 transitions and then B(GT) and B(M1) can be calculated by eq. (2)
(see Table 4). The calculated B(GT) differ from the experimental ones
given in Table 2 by constant factor 0.66, i.e. the shape of experimental
strength function of GT transitions is reproduced exactly. The ratios of
experimental B(M1) to the ones from Table 4 are in the interval from 0.67
to 1.5. Consequently, as it was expected, the shape of strength functions
of M1 transitions is reproduced approximately.

4 ~-decay of 11 states in 28Al

As additional test of obtained wave functions of excited states we compute
the life time and branching ratios of electromagnetic decay of 17 states in
AL :

The transformation of wave functions (1) changes both the matrix el-
ements of y-transition between 1% states and states with other spins and
parities given by eq. (2) and the matrix elements of vy-transitions between

10

*

the 1%, 1 states

(@r]Ol1) = (WlOlr) = Up (pw [0l ) U, . (6)

As a result, all theoretical values of the life time and branching ratios for
v-decay of isovector 1 states become altered.

Table 5 shows the calculated life times of isovector 11 states together
with known experimental data {17, 11]. The life times are calculated with
wave functions of Hamiltonian [10] and with wave functions (or v-transition
amplitudes) transformed by matrix from Table 3. The nuclear final states
with J™ = 0%, 1%, 2% and 31 are taken into account. We have used the
known experimental energies of excited states because the rates of electro-
magnetic transitions depend strongly from the transition energy [19] and
therefore the nuclear model accuracy equals to 0.1 - 0.2 MeV is unsuffi-
cient for 1 - 2 MeV transition energies. The influence of this error decreases
with increasing of vy-transition energy. Probably, the experimental excita-
tion energies have been used in calculations of ref. [11] too. The life-times
calculated only with theoretical excitation energies are shown in Table 5 for
completeness. The comparison of two versions of calculations reveals that
even small errors in the energies of the excited states lead to considerable
discrepancies in calculated values of life times.

The branching ratios for ¢-decay of 1% states in 28Al are presented in
Table 6. The comparison the calculation results to experimental data shows
that additional configuration mixing in wave functions of the 1% states
accelerates the transitions onto the 2] state with energy 0.031 MeV from
the 1t3 states and slows down the transition from the 13 state. As result
the description of life time of 1,  levels becomes worse. The life time of 1;’
state obtained in the calculation with transformed wave functions equals to
44-1071° 571, This value is rather closed to (38.3 +2.8)107!° s~! obtained
in ref. [1]. Simultaneously, the correct relation is reproduced between the
intensities of transitions from the 13, states onto the states 2 and 0f .
Calculations by the multiparticle shell inodel fail to describe this branching
ratio (11, 20].

The study of 4-decay branching ratios of excited 17 states in 28Al is
important for analyzing experiments on the muon partial capture by the
nucleus 28Si, including correlation experiments [1, 2]. Of much importance
can be v-transitions to 2.201 MeV 17 state from high-lying 1* states that
can be populated in the u-capture.

11



In connection to analysis of life times and branching ratios next com-
ment should be given. The procedure used here to take into account the
experimental data on strength functions assumes silently that the ground
states are well described by multiparticle shell model and the differences
between the theoretical and experimental strength functions originate from
the wave functions of excited states only. By this assumption the attempt
to cover the shortcomings in the description of ground states by the trans-
formation of excite state wave functions is made. The total strength of
GT (M1) transitions can be calculated by the averaging of certain two-
body operator over the ground state. Therefore the appreciable excess
of calculated total transition strength over experimental one indicates the
uncompleteness of the description of ground state.

5 Rates of the muon capture for partial allowed
transitions

The rate of ordinary capture of muons (OMC) accompanied by an partial
transition J; — Jy is given [8, 9] by

Jr+Ji
AOMC _ v/ Z [M}(—J) + M}(J"*‘ 1) + M}(-—J -1)+ M}(J)] (7)
J=|Js—Ji

Independent nuclear amplitudes M ;(x) describe the capture of a muon from
state s;/, when a neutrino is created in state, characterized by spherical
quantum number «, and the nucleus acquires the total angular momentum
J. General formulae for computing these amplitudes are given in [8, 9]. The
equation for computing factor V' is given in [9]. For the allowed transition
0% — 17, nonzero amplitudes are the following:

My(-1) = \/g{—(GA - %Gp) [101] + ? Gpl121]

7
—%44[0111)] + \/;gﬂ"[mp]},

_ (8)
M(2) = \/g{ ﬂGP[101]+(GA——§-Gp)[121]

3
gA 1gy
+\/§M[011p] +\337 [lllp]},
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which consist of products of effective weak form factors
E
- 2y _ 2 2y Lv
Ga = 9a(g) = gv(d°) +9m(a)] 537 .
Gr = lop(¢®) — 9a(a®) — ov(d*) — 9m(a")] 537

with multiparticle nuclear matrix elements

A
100 =y VA el i ok 1),
3
121 = \ 4 (277 + 1)
A

(Jel D oulre) jolvre) [Ya(Fi) okl t 1),

k=1
/ 3
[111p] = m (10)
A

(I D oulre) g1 (vre) [Yi(Pe) Vily te 1),
k=

1
1
ol = Vaer

A
(IEN D oulre) 1 (vre) Yi(fi) (Vs ox) t || Ji)-
k=1
Here ¢, (r) is the wave function of bound muon. The main difficulty in an-
alyzing the partial OMC rates comes from uncertainties in values of these
nuclear matrix elements. The most important is, as a rule, the matrix ele-
ment [101] that in the limit of vanishing neutrino energy is proportional to
the GT matrix element (Jf|lot™||J;) known from the theory of f*-decay.
Nuclear matrix elements (10) depend on the neutrino energy and thus de-
pend on the energy of a final state of product nucleus. Therefore, during
the calculation of the rates we will transform not the nuclear matrix ele-
ments (10) and not the amplitudes (8) but the one-body transition densities
(OBTD). The latest are the matrix elements of tensor product of creation
and destruction operators between multiparticle wave functions [7, 21]

DAV, AT, o, £,4) = 0 Tloh © a] 2D, 7)
Tl VAT +1)(2AT +1)

(11)
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Matrix elements are reduced with respect to the spin and isospin. According
to definition (11), the OBTD are transformed by rule (2) under the action
of transformation (1). The calculations of the OMC rates with initial and
transformed wave functions of excited states are given in Table 7 together
with the values of matrix elements (10). Nuclear matrix elements (10) are
calculated using the constant approximation for ¢, [9]. The amplitudes (8)
are obtained with g4 = —1.263 and gp/ga = 7.0. Of the greatest interest
are the cases of u-capture when the 13 state with energy 2.201 MeV studied
in experiments [1, 2] is excited. The calculation with transformed functions
shows that this state is most populated in the p-capture and the capture
rate is larger than the total rate of capture on all the other 1% states.
The matrix elements [101] and [011p] are the largest ones; other matrix
elements are considerably smaller. The matrix element [101] is related
with the GT matrix element which can be tested in (p,n) reaction. There
are no methods of direct verification of the matrix element [011p]. It is
shown in recent paper [22] that the gp/ga value extracted from the data
of correlation experiments [1, 2] is extremely sensitive to theoretical value
[011p]

[101]

The experimental values of B(GT) and B(M1) have been used as the
parameters of the orthogonal transformation of kind (5). Therefore, we
should consider a influence of errors in the values of B(GT) and B(M1) on
the obtained results. We estimate the root-mean-square deviation in the
computed rates of y-capture using Eq. (7). The error in B;(GT) denoted
by 6B(GT) influences only the quantity S = MZ(—1) + M{(2); thus for
every partial transition

of calculated ratio

N
88 =~ Jg[(—é%ﬂ 6Bk(GT))2+(6—Bf—(i—m SBr(ML))*|,  (12)

and the error in the capture rate equals, respectively,
dA = ViéS.

Partial derivatives in (12) can be calculated either analytically or by the
finite-difference approximation

df _f@+h) = fla—h)

dz 2h ’
We have used this method for computing the errors displayed in Table 7.

14

6 Conclusions

The method how one can utilize existing experimental information con-
cerning GT and M1 strength functions in the calculations of the rates of
uuclear muon capture is proposed in this paper. The method is reduced
to the orthogonal transformation in the subspace of wave functions of ex-
cited states. The transformation parameters should be chosen so that the
strength functions of GT and M1 transitions calculated with transformed
wave functions coincide in shape with experimental GT and M1 strength
function. It is important that this method does not require any modifica-
tions of transition operators because GT and M1 transition operators differ
from the ones of effective Hamiltonian of nuclear muon capture. The trans-
formation is created as a product of the matrices of the reflection in the
plane. All calculations are made within the many-particle shell model. The
numerical calculations are carried out for isovector transitions in the nuclei
with A = 28. The GT and M1 strength functions in ?8Si are considered; for
1" states in 22Al the life times and y-decay branching ratios are calculated.
It is shown that method proposed in this paper allows to describe correctly
the branching ratio of 1 state with energy 2.201 MeV in 22Al for the first
time.

1t is shown that used transformation of wave functions changes consid-
erably the distribution of partial allowed muon capture rates in 22Si over
1T states of product nucleus 28 Al compared to results obtained with eigen-
functions of Hamiltonian of many-particle shell model.

Authors would like to thank T.P. Gorringe, who brings their attention
to the problem of theoretical investigation of partial allowed muon capture
rates and to K. Junker and A.A. Ovchinnikova for fruitful discussions.

Table 1: Values of gp/ga, obtained by comparison the measured angular
correlation coefficients to the theoretical ones.

Calculations Experiment
(References) 1 (2]
(3] 34+1.0 [53+2.0
[4) 20£16 [42%+25
(5] -28+£1.6|00%3.2
15
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Table 2: Properties of 1 isovector states in nuclei with A = 28. GT and M1 strength functions, calculated
within sd-shell model; the information from the reactions 28Si(p, n)?®P and ?2Si(e, ¢')?®Si. B(GT) and B(M1)
- reduced probabilities of the GT and M1 transitions. b(GT) and b(M1) - transition amplitudes, normalized
by conditions B(GT) = b*(GT) and B(M1) = b?(M1).

. Calculation results

FlOT ool @] 6] ®]l 0] ®] _©]a0

E.— E, 0.0] 038 0.71 1.83 | 2.16 2.56 [ 3.56 3.80 421 4.70
E. | 10.81 | 11.19 | 11.52 12.64 | 12.97 13.37 | 14.37 14.61 15.02 | 15.51
b(GT) | 0.822 | 0.262 | 0.862 | —0.783 | 0.014 | —0.355 | 0.798 | —0.574 | —0.426 | 0.342
b(M1) | 1.232 } 0.733 | 1.750 | —1.178 | 0.162 | —0.091 | 0.957 | —0.712 0.629 | 0.538
B(GT) | 0.676 | 0.069 | 0.744 0.613 | 0.000 0.126 | 0.637 0.330 0.182 | 0.117
B(M1) | 1.518 | 0.538 | 3.064 1.387 | 0.026 0.008 | 0.917 0.507 0.395 | 0.290

The experimental distribution of GT transition strength obtained in 2Si(p, n)*P [13]

E, — FE; 0.0 034 0.85 1.69 2.62 | 3.34 3.77 4.30 | 4.64
Ey 1.25 1.59 | 2.10 2.94 3.87 | 4.59 5.02 5.55 | 5.91
B(GT) { 0.198 | 0.109 | 0.956 0.146 | 0.163 | 0.410 0.137 0.092 | 0.090
err. | 0.002 | 0.002 ! 0.005 0.003 0.002 | 0.004 0.041 0.004 | 0.003
The distribution of M1 transition strength obtained in 28Si(e, ¢')%#Si [12]

By, — FE, 0.0] 026 0.80 1.69 3.39 4.50 | 4.86
E | 10.64 | 10.90 | 11.45 12.33 14.03 15.15 { 15.50
B(M1) | 0.30 | 0.90| 4.42 0.87 0.37 | - 0.23 | 0.26
err. { 0.04 ) 002 0.20 0.06 0.02 0.02 | 003

LT

Table 3: Transformation matrix.

(1) (2) 3) 4 6 R C) 9) (10

(1) | 0.952 0.024 -0.293 -0.013 -0.080 -0.032 -0.003 0.006 0.001
(2) | 0.023 0.988 0.146 0.004 0.030 0.014 -0.005 -0.003 -0.001
(3) ] -0.293 0.146 -0.885 0.021 -0.153 -0.149 0.248 0.042 0.011
(4) | -0.013 0.004 0.021 0.903 -0.340 -0.050 -0.258 -0.002 -0.005
(6) | -0.080 0.030 -0.153 -0.340 -0.216 -0.194 -0.877 -0.004 -0.018
(7) | -0.032 0.014 -0.150 -0.050 -0.194 0.961 -0.116 0.002 -0.002
(8) | -0.003 -0.005 0.248 -0.258 -0.877 -0.116 0.299 -0.011 -0.015
(9) { 0.006 -0.003 0.043 -0.002 -0.004 0.002 -0.011 0.999 -0.000
(10) | 0.001 -0.001 0.011 -0.005 -0.018 -0.002 -0.015 -0.000 . 1.000

Table 4: GT and M1 transition strength distributions in ?8Si calculated with transformed wave functions of
excited states.

k: W @] 3 @ Ee [ O 6 6130y
B(GT) [ 0.300 | 0.165 | 1.451 | 0.222 | 0.247 | 0.622 | 0.208 | 0.140 | 0.137
B(M1) | 0.445 | 1.044 | 4.641 | 0.764 | 0.258 | 0.620 | 0.234 | 0.286 | 0.330




Table 5: Life-times of 17 states in 22 Al (10715 s).

k E; | (a) | (b) E, | @) | )| () expt.
1 1.373 | 239 | 152 || 10.810 | 184 | 117 || 235 | 320 £ 50
2 11 1.620 | 465 | 531 |t 11.192 | 285 | 279 |l 590 | 120 + 60
31 2201 | 66 44 11.519 { 70 48 65 | 6535
4| 3.105 | 21 12 12.643 | 17 10 22
51 3.542 | 9.7 | 9.8 | 12.970 | 9.1 9.2 7.9
6| 4115 (094 | 7.0 | 13.771 | 1.1 8.6 || 0.9
7 |l 4.846 { 0.69 | 0.88 || 14.374 | 0.64 | 0.80 || 0.7
8| 5.017 | 1.2 | 0.48 || 14.605 | 1.0 | 0.41
91 5435 | 0.94 { 0.93 || 15.024 | 0.77 | 0.76
10§ 5919 | 1.8 1.8 {15507 | 1.5 | 1.5

(a) — Calculated with Wildenthal Hamiltonian [10];

(b) ~ calculated with transformed wave functions of 17 states;

(c) - results of calculations of ref. [11], utilizing Hamiltonian of ref. [10];
expt. — experimental data. Cited from ref. [11]

Known experimental values of excitation energy of 11 states have been
used in (a,b) calculations. The excitation energies calculated with sd-shell
model Hamiltonian of ref. [10] have been used in the calculations (a’,b’). In
that case all excitation energies are measured from the 28Si ground state.
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Table 6: Branching rations for y-decay of 17 states in 28Al.

2:486 | 3.012 | 3.105
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Table 6: continued

J7: 35, | 2f of | 3f 17 i 25 27 13 [ 2f | of 15
E;\ E;: ]0.000 | 0.031 | 0.972 | 1.014 | 1.372 | 1.620 | 1.623 | 2.139 | 2.201 | 2.486 | 3.012 | 3.105
4846 (a) | 01 | 770 | 1.2 49 | 45 | 21 | 12 | 51 | 02 | 20 | 11

(b) | 02 | 718 | 0.3 46 | 53 | 43 | 03 | 82 | 08 | 31 | 04
5017 (a) | 03 | 365 | 29.0 79 | 08 | 49 | 34 | 00 | 121 | 13 | 03
(b) | 0.1 | 56.4 | 36.1 04 | 09 | 07 | 03 | 14 { 02 | 00 | 23
5435 (a) | 1.1 | 1.1 [ 140 | 03 | 11.0 | 0.0 | 615 | 02 | 03 | 40 | 04 | 06
() | 1.1 | 1.0 | 120 | 03 | 82 | 03 | 61.7 | 06 | 40 | 40 | 05 | 0.7
5919 (a) | 13.2 | 15.7 342 | 68 | 36 | 106 | 02 | 02 | 33 | 04
(b) | 12.0 | 15.1 3.1 | 63 | 37 | 105 | 05 | 03 | 35 | 02

(a) — Calculated with wave functions of Hamiltonian [10];

(b) - calculated with transformed wave functions;

(c) — results of calculations of ref. [11], with Hamiltonian [10};

expt. — experimental data, cited according to ref. [11].

Known experimental values of energy of excited states are used in calculations.

1¢

Table 7: 2Si. The partial OMC rates (in 10®s~!) and nuclear matrix elements, calculated with initial (a) and
transformed (b) one-body transition densities.

k - number of excited 1T state
(1) (2) (3) (4) (5) ® | (8) (9) | (10)
APMC  (a) | 29.87 | 3.13] 34.06 | 26.09 | 0.02| 3.05| 20.59 | 11.49 | 8.42| 3.54
(b) | 12.81 | 7.58 | 63.57 | 11.17 845 | 18.69 | 7.27| 6.56 | 4.17
err. 0.18| 0.16| 236 | 0.46 0.37| 023| 213| 022 0.14
[101] (a) { 0.039 | 0.012 | 0.041 | -0.037 | 0.001 | -0.017 | 0.039 | -0.028 |-0.021 | 0.017
(b) | 0.027 | 0.019 | -0.057 | -0.022 0.024 | 0.039 | 0.023 | -0.018 | 0.018
[121]  (a) | -0.006 | 0.000 | -0.005 | 0.006 | 0.001 | -0.002 | 0.001 | 0.001 | 0.006 | 0.004
(b) | -0.004 | -0.001 | 0.007 | 0.005 -0.002 | 0.002 | -0.001 | 0.005 | 0.004
[111p] (a) | -0.004 | 0.011 | 0.012 | 0.003 | 0.005 | 0.017 | -0.012 | 0.008 | 0.002 | -0.001
(b) | -0.008 | 0.012 | -0.007 | -0.004 -0.010 | -0.017 | -0.009 | 0.002 | 0.001
[011p] (a) | -0.016 | -0.007 | -0.017 | 0.017 | 0.001 | 0.007 | -0.019 | 0.015 | 0.012 | -0.005
(b) | -0.011 | -0.010 | 0.025 | 0.010 -0.013 | -0.020 | -0.008 | 0.011 | -0.005
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