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1 Introduction

Nonlocal and momentum-dependent potentials are known in literature as velocity-
dependent potentials and applied for a phenomenological description of the interac-
tion between nucleons [1]. A similar kind of potentials appear in the adiabatic rep-
resentation of a three-body problem [2] as a result of projection onto open channels
[3]. This construction is realized by a canonical transformation which is similar to
the projection of solutions of the Dirac equation on large components with the use of
the well-known Foldy-Wouthuysen transformation [4]. Investigation of convergence
of the proposed method and construction of the effective adiabatic approximation
(EAA) with correct boundary conditions are timely problems [5]. For this kind
of investigations it is convenient to use the three-body problem on a line with the
short-range d-potentials [6] because this problem has an analytic solution [7]. First
steps on this way have been made in paper (8]. It was shown that the adiabatic
approximation (AA) gave an upper bound for the energy and a lower bound for
the elastic scattering phase. However, increase in the discrepancy between the ex-
act phase and AA phase with increasing relative momentum up to the three-body
threshold was observed. This discrepancy is caused by truncation of a system of
adiabatic equations and should disappear if a complete set of adiabatic functions
was taken into account. Direct investigation of this problem for the infinite system
of closed-coupled equations is rather cumbersome and alternative study with the
help of EAA can be useful here.

In the present paper, EAA with a momentum-dependent potential is constructed
for the problem of three identical particles on a line with attractive é-function in-
teractions. The true asymptotics of solutions of an infinite system in the adiabatic
representation are built up in the framework of EAA by extracting the asymptotic
energy-dependent centrifugal potential. The latter was done by using the sum rules
over a complete set of the asymptotic adiabatic basis functions. The convergence of
the adiabatic expansion was checked numerically by applying saturation of the cor-
responding sum rules. It was shown that inclusion of the nonadiabatic coupling of
channels restores the true value of the elastic phase shift in the asymptotic solutions.
By direct calculations with the use of EAA, the correct behavior of the phase shift
with increasing relative momentum has been demonstrated and an lower bound for
the energy has been obtained.



2 Hyperspherical Adiabatic Preliminaries

For three identical particles in one dimension, we first introduce the local Jacobi
map in the center-of-mass system [9]

n = (%)1/2 (z1 — x2),

~(2)"[(242) -],

where ( z1,2z,, 23 ) are the Cartesian coordinates of the particles on a line. We use
hyperspherical coordinates p and € that in the considered case are usual plane polar
coordinates

n=pcosf, £ =psind, —7<@< . (2)
The Schrodinger equation for a partial wave function ¥ in the hyperspherical coor-
dinates now reads

16 0 1 62

h2 .
(;5; ro+ zw)xp(p,emv (0.0) - E)¥(p,0)=0.  (3)

Here E is the relative energy in the center of mass and m = (mymg + mym; +
mama)/(my +ma+ my) is the effective mass which in our case, m; = my = mz = m,
coincides with the mass m of each particle; the potential function V' (p, 8) is defined
as a sum of the pair potentials

Vip8) = (\/_p|cost9|)+V(\/_p[cos( —-27r/3)|)+
V (V2plcos (6 + 2r/3)]) . (4)

To be able to compare with the exact solvable case 7], we choose pair poten-
tials V(v/21) = g6(|n])/V2 as delta-functions of a finite strength, g = cx(h%/m)
and consider the attractive case ¢ = —1, k = v/27/6 with the reduced two-body
Hamiltonian

2 2m
h(o) = —T + 2 V(\/i"]). (5)
Then the Schrodinger equation in a pair channel n/p << 1 readsas (h =m = 1)
o 0
(-2 - 2mdti) - &) ,00) = ©
where & = x/v/2 = 7/6 is the effective strength of the pair potential, 6;0) = 2mE;/I*

is the doubled energy of the two-body system. The complete set of the solutions of
the discrete and continuous spectra of eq.(5) is given by [10]

) = =R goln) = VREexp (R, <00>= [ gi(moomidn=1, (D)
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) 13 . K|p|
A = g2 o,(n) = —==(explipn) + L exp(ilplinl). = —
’ 2 P P -
toc +50
<0p >= /08(7/)@,,(71)rh/=0. <plp' >= /¢;(71)¢,;('r/)d7/:5(1)-1}’) (8)
- -G

Let us extract the factor p~% in the solutions of equation (3). using the substitution
U = p 129, then

+ h

gt 2mE| ~
[—a—pg o~ 'h—zJ ¥ (p,8) =0, (9)

where b, is the parametric Hamiltonian defined as

- 1 2m 1 6?
- _ =p0 4 o o . - 7
h, =", vl hp = h," + 2 Vip,8), hy' = R (10)
We can now proceed to seek a complete orthogonal set of the adiabatic functions
B;(p.#), that are solutions of the eigenvalue problem on a circle C: -7 < # < 7,
with the svinmetry under interchange of particles [6]

5 < BB >e=4,
- []

(11)
Note, 11 a vicinity of the triple collision g)om = 0 the matrix clements of th(‘
potential energy (4) between solutions B,\ of the free rotated Hamiltonian b
@m/E) Vi (p) = (¢/p)exp (i 7'/2)03\})(71& 7/2), non-vanishing for k' — I/ =
0(mod), are negligible in compare with < I\"lh,f,”)|1\" >e= p 2K (K + 1)d 0, and
a set of numbers K = j(mod6), i.e. K = 65,5 =0,1,2, -, classifies the solutions

hoB; (p.0) = A, (9) By (0.6). Aj(p) = ,(p) -

K? -1/4
—7-/—, B,(p.6) - BY(9) =

1 .
exp(t8). (12)
V2n
For large p we can reveal local asymptotic solutions corresponding to a pair channel
solutions ¢;(7) of equation (6). In particular, the cigenfunctions of Hamiltonian h,,
tend to the solutions of a pair channel, when j =0

co(p) = e, Bolp,8) = pdo(n). (13)

Aj(p) = A (p) =

However, if j # 0, we can set a countable covering K/p ~ p and use a correspondence

f]’(()) - 6;(;0)’ Bj(p» 0) - \/ﬁqu("])a (14)

which closes a formal classification of the unsymmetrized sets under consideration.
By using the above correspondence at small and large values of p we can set
the global adiabatic, K-harmouic and local Jacobi representations of a partial wave



function ¥ in coordinates (p,8) and (p, ), respectively

—1/2 Z B (0) )

K=-00

Y (p,0) = p~"* " B;(p,60) x; (p) =
J @o(n) xo(p) + / dpdy(m)xp(p).

(15)
Averaging equation (9) over ng)(()) leads to a set of the coupled K-harmonic equa-

tions (h = m = 1)[9]

d?
(—5; + AR (0) - 2E) X5 (9) + 2 Vi (0)xie! () = 0. (16)
K(

Alternatively, averaging (9) over B;(p,6) = Bg?)(())UKi(p), where U{p) is an unitary
operator Uk (p) =< B‘(,?)|B,-(p) >, leads to a set of the coupled adiabatic equations

d? d d
( e Ailp) ~ 2E> xi(p) + Z ( o dpAzj(p) + Hij(p)> xj(p) =0,
(17)
where
A5(0) =< B0l LB(0) >e. Hylp) =< L Bup 2By(0) 5. (18)

dp 9p ap

Note that A = {A};; is anti-Hermitian and H = {H},; is Hermitian
ZUIK UKJ( ) Hy=—(A%)y = -3 Ayhj;. (19)
=
Then, eq.(17) can be written in the matrix form [2]
(—(1 ® L+ AG) +Al) -2 1) x(0) = 0. (170)

The graphs of potentials A;(p), Ai;(p) and Hy;(p), that were calculated with the help
of relations of Appendix A are plotted in Figs.1, 2,and 3. At large p the asymptotic
form of matrix elements A(p) in the local representation are

Aglp) = ADe™ +0G), A = / b0 AO4,),

. 19
AO = (5 + ng;’> : (20)
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For matrix elements hetween discrete and continuous spectra of the pair channel the
standard formula takes place

1 . 1
Ay = 1< [7;2.11‘0’} b; >= _1(650) =) < gulnlo; > (21)

The corresponding values of matrix clements < 0}5%]; > equal

2 R 8kp
< Op*jp >= Hﬂ-m (22)

Owing to these equatious, the following sum rule is valid. with integration substi-
tuted for summmnation,

[ —

< Ol%0 >= -

oo
i

‘4(0)‘_{((()) .
1Y T2 = = < 0lpPA™j0 >=< 0?0 > . (23)
J#0 o T €

By substituting values (20)-(22) into the definition of the diagonal matrix element
Hoo(p) via Ag;(p) by eq.(19) and replacing the sum over j by the integration over
p, the direct caleulation leads to the asymptotics Hoo(p) = 1/(4p%) + O(p™1). This
provides a true asymptotic behavior of the adiabatic potential Ag(p) + Hyo(p) =
e 4+ O(p1) and gives a test for checking of the sum rule (19) with the help of
summation. Using the above asymptotics of matrix elenents, we can write the
asvmptotic formn of equations (17) in the local representation of a pair channel |0 >

: A 2 d
<»~.— e (12) xiolp.4) = > AS’)%U@(/}- q) =0, (24)

1

where ¢? = 2E~ff,0) is the relative energy which is counted off from the pair threshold

of the doubled cnergy € = &2,

3 The effective adiabatic approximation

We can define the effective adiabatic approximation (EAA) as the projection of the
system of adiabatic equations (17) onto the two-body chaunel by using the canonical
transformation [3]

d _ d ) . e
(W)“ 1(’))5— —~ Uepyp(p) + (12) Xess(p) = 0. (25)

The solution x.rr(p) = x¥* is connected with the solutions y;(p) of system (17) by
the relation

NI = Tyxy = 3 <l e G s< i T > g, (26)
gt



where
' l Lal?) 2 9=
19 (H,J A 24, 1/}). 1Sy = =22 AV (27)
The effective potential U pp(p) is defined as a sum of the adiabatic potential Uyq(p)
and effective nonadiabatic correction 6U (p): and pu(p) can be treated as effective
mass that is defined as the inverse sum of unity and the effective mass correction

Wip)

- v T T 1
L(ff(/)) = Uad(f)) + (SU(/)) (//ad(p) = _F + ‘0(,0) - ‘:() + H(]()(f)) (28)
w7 p) =14+ Wip), (29)
Wi(p) = =43 Ao (p)An(p) A5 (p), (30)
J#0
5U(p) = Z(Ao}l ‘/E)(]l /\0_72‘0 + AOJJVOJ ). (31)
J#0

Here the following relations are applied:
= ng - ( {)J)Q — 2‘40]»H(’)j - QAOJA(;],
Vi) = = Hoy Aos (St; — by) + Aoy Ay (6, + 380;) + A5 (55, + 3A7),
Vo(]?) = A(z)j(zé)j + Ag;) (20, — QAE)]-),
Voo = Voo(p) = "\0( )+ Hoolp), Vi =Vi;(p ) = A;(p) + Hj;(p).
HOO - HOO ZAOz 10 HO] - HO] ZAOz ijs

Doj(p) = Doy = Voo — Vi, (e ):on:%o_}_“jj (32)

In the above formulae all of the terms except for ¢, O are p functions and the symbol

"1" denotes a derivative with respect to p. The graphs of the essential part W(p),
of the effective mass u(p), and the saturation of the corresponding sum defined
with respect to j are presented in Figs.4,and 5. The nonadiabatic correction 6U(p)
is shown in Fig.6 . The adiabatic potential U,y(p) = Uess(p) — U(p) and effective
adiabatic potential U, (p) counted off from the pair threshold of the doubled energy

) = 2F, = —7?/36 are compared in Fig.7 . Figures 8 and 9 demonstrate the
convergence of sums (19) and (31) versus the number of adiabatic state 7 to the
true asymptotics of the adiabatic potential which tends to zero like the exponential
8] Uaa(p) = —(n2/9)exp{—pr?/18}{1 — pr* /1944 + 7% /36 + 1/2p}, and the effective
adiabatic potential times p?! tends to constant —18/x2. Using egs. (20) - (23) for
the description of the asymptotic behavior A(p), we have the asymptotics of the
cffective mass at large p

W
°° W = — < 0jp?0 >= —

_ 1
pHp) ~ 1+ T (33)
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Figure 4 shows that the behavior of 1 (p) determined by cq.(30) as p — +oc is
PP (pmar) — —18/7%. Note that with increasing p the maximumn value of j has
to increase too to reach a given accuracy of the approximation of the sum rule eq.
(23). as one can see from Fig.5 . When the compatibility conditions at large p

~y(p) = 397 = O7) (34

are included, eq. (17) takes a form

o? . 1@ y
[W +d (1 - —,,Zi Nesf(p) =0 (35)

When ¢ < 0]240 > /(2p) << 1. solutions of the continuous spectrum of eq. (23)
can be given in the form

. < 05%j0 > !
\erf{p) ~ sin [(1/) (1 - T +4

< 0|1] 0>

cos(qp + 96).

(36)
The solutions y;(p) of system (17) are connected with the solution \.ss{p) of the
effective eq. (25} by the inverse asymiptotic transformation (26), which reveals a
weak asymptotic coupling form

~ sin{gp + 9) —

_ < }II]ZIU > (1 — (S]'()) i
2p dp

new

\i(p) = Tio' X (p) ~ exp G ). (37)

After substitution (36) into this relation we have asymptotic solutions (24)

< JMZIO > (1 — (510)
2p

YolP) ~ x0™(P), xi(0) = Tio xg™ (p) ~ — qeos(gp+0). (38)

The partial wave fuuction ¥ in the two-body chaunel |0 >

Uy = WZ |B; >< BAT "By > x§™(p), (39)

under the completeness condition

2. 1B; >< Bl =1, (40)
7
is defined by the relation
2
Ty~ p~ 128, [sin(qp +4) — q;)? cos(gp + ())J . (41)

When ¢2/(2p) << 1, we have with an accuracy of the order O(p™")
2

Uo(p,0) ~ p~ 2 By(p, 0) sin [(1(/) - 12)_/)) + 81 — ¢o(n) sin(g€ + §). (12)

11



It is evident that with increasing ¢, the role of the nonadiabatic coupling grows. In
general, the discrepancy between £ ~ p(1 —n%/2p) and p = /€2 + 12, which leads to
weak asymptotic coupling (37), can be neglected only in the adiabatic limit ¢ — 0.
In particular, for bound states with the normalization condition.

+0o0
< XefflXefs >= / Xerr(P)Xess(P)dp = 1, (43)
0

this coupling can be negligible too. However, to get correct results, one should
be careful in special cases which can have peculiarities near the thresholds similar
to a three-body zero-energy state, etc. Note that the transformation (26) changes
the form of the solution, because the true value of £ is restored only in the total
solution ¥ defined by (39)-(42). This circumstance leads to the formal definition
of a mean-position operator gi" in the new representation xj¢® = Tx of the pair
channel

A =< XTI S=< XITT B TIx >=< Xlbnlx >= pm. (44)
Here the mean-position operator gl = p corresponds asymptotically to the Jacobi

variable £ in the old representation x, i.e. delocalization of £ is contained in the
new radial function x5 = T'x . Indeed, in the old adiabatic representation y, the
mean-position operator p,, is determined by the relation

pm =TT =TT = p+ 6. (45)

Here 6 corresponds to a delocalization of the variable £ that for large p >> 1 is of
an order of < 0|n2|0 > /2p << 1, i.e.

pm =T T ~< &> . (46)

Such a construction formally determines the required Zitterbewegung of j,, around
p with an amplitude of the order of dp and closes the definition of mean-position
operators similar to [4] . Thus, we have not only the effective approximation (25) -
(32) for the system (17) of adiabatic equations, but also a way to find the asymp-
totics of their solutions. For example, in the case of N-open channels one can use
the projection techniques developed in [13] to build up an appropriate canonical
transformation and find an effective N-channel approximation even if degeneracy of

eigenvalues ¢;(p),7 = 1, ..., N of a parametric Hamiltonian takes place. Note that
eq. (25) can be derived also by the transformation TO(JZ») =< 0] exp(2(SM +S@))|5 >

[14]. In this case, the discrepancy is only in the term VO(J-S)
VO(js) = —'2Agj :)j (E:)j + A:)j)' (47)
If we omit the nonadiabatic term in eq. (35) and take the adiabatic behavior

Xad ~ sin(gp + 6°%), (48)

12



then we can find the obvious difference between the true and adiabatic phase shifts
§ and §%¢, respectively
< 0?0 >
—,
As it has been shown, the asymptotic coupling of channels in a scattering problem
is in any case to be taken into account when any adiabatic approach is used. It
happens since a slow variable p is restored completely into the needed Jacobi vector
£ only in the complete adiabatic expansion of a three-body wave function. The
above reduction from the initial eq. (17) to the effective eq. (25) can be compared
with an elegant method of eliminating small components of solutions of the Dirac
equation via Foldy-Wouthuysen transformation [4]. Also, it gives a true probabilistic
interpretation of all observable variables such as coordinate, momentum, and so on.
Note that with the standard substitution x.ss(p) = £"/%(p)¥Xess(0), we can also
rewrite the momentum - dependent form of eq. (25) in the energy-dependent form

§ = 6% 4 (49)

d? -
(Ep_z — Vess(@*,0) + qz) Xess(p) = 0. (50)
Here Ves;(¢?, p) reads as

Verr (6% 0) = (Uess(0) + ¢*W(0)) ulp) + AUss4(p),

AUugs(o) = TW"(sle) — 3 (W (ele) ), (51)

that is sometimes a more applicable for the analys1s of solutions. This representa-
tion can give us an opportunity to compare the effective adiabatic eq. (25) with a
conventional one having the potential quadratically dependent on the momentum [1]

d d 1d
- = W —
(0 WO - Uuld) + 5zW ) +7) k) =0, 62
where the term —(1/2)d*W (p)/dp? corresponds to the nonadiabatic effective correc-
tion 6U.ss(p). It means that we can compare now effective potential (51) with the
standard definition of the energy-dependent potential [1]

vt = OO 2 L wi)]

where V(s) is a part of eq.(50) and the second term corresponds to AU,ss(p) from
eq.(51). These types of potentials were also under consideration in paper [11], where
the analytic solutions for a square well with some modifications were found. As it
follows from next sections, this brief review of the methods under consideration
shows the new way to an adequate treatment of the three-body scattering problem.

13



Fig.9. The asymptotic behavior of the effective adiabatic potential /., with
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4 Discrete spectrum of the three-body problem

Let us consider the eigenvalue problem for the one-channel approximation

1‘2
<(—. = Ulp) +2E — e‘o”) x(p) =0, (53)
dp?
with the following houndary and normalization conditions:
x(0) =0, x(+00) =0. (54)
<xlx >=1. (55)
For U(p) we can apply cither the so-called BornOppenheimer (BO) approximation
, 1 -
Upo(p) = Y +eolp) — €, (56)

or the standard adiabatic approximation (AA)

Uualp) = =33 + alo) = e + Hun(p). (57
The ground x%,(p) and weakly bound x%%(p) solutions of the cigenvalue problem
(53) - (55) with the BO potential (56) are represented in Fig.10 . So. the BO ap-
proximation provides lower bound E%,, of the ground state and E%% of the artificial
weakly bound state. The latter disappears in the standard AA with the potential
(57) that provides also the upper bound EY, of the ground state, as has been shown
in [12] and recalculated here. To evaluate the energy in EAA, we apply the following

equation:
d i d .
({Tﬂ(l + ¥ (/)))% = Ueps(p) + 2E ~ fg))) Xepr(p) = 0, (38)

where the effective potential U, py(p) and effective mass i(p) were determined in the
previous section. Solving of the eigenvalue problem (58). (54), and {43) leads to the
new lower bound Ey, = —1.096626(h?/2m) of the exact value E.q = m2/9(h*/2m)
with the deviation equal to 2.6 ¥ 107%. The above adiabatic yV,(p) and cffective
Xi’ff(/)) radial wave functions are shown in Fig.11 . The difference between 4, (p)
and X(’_'H(p) is negligible on the scale chosen here. The doubled values of the energies
Eun, Epn of the three-body and pair thresholds, and the corresponding results of
the numerical calculations of the lower BO bounds E%% and Ef, of the weakly
bound and ground states, together with the upper adiabatic (ad) and lower effective
(eff) bounds EY, and E({'H of the exact(xct) one E.q are presented in Fig.12. This
figure demonstrates the above-mentioned set of the lower and the upper bounds of
the encrgy E. To solve the discrete spectrum problem, we reduced it to a finite
interval £ € [0, 1], approximated latter with the help of the finite-difference scheme
of the dth-order on an uniform grid and applied the multi-parametric continuous

analog of Newton’s method [15](sce Appendix B).
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5 Continuous spectrum of the problem

In the continuous spectrum below the three-body threshold Ey < E < 0 we solve
tlie equation for the phase function in cases of AA with potential U,q and of EAA
with potentials j(p) and U.;s(p). The phase shift d,q(q) corresponding to AA (57)
is determined from the equation for the phase function 8,4(g, p) = (g, p) [1]

4(0.p) _ _Uaalp) sin’(gp + (g, p)), 8(q,0) =0. (59)
dp q

The phase shift §(¢) as a function of the relative momentum ¢* = 2(E — Ey),
0 < g% < (r/6)?, is defined as

6(g) = lim &(g,p). (60)

p—+oo

The phase shift &.7;(¢) corresponding to EAA is determined from the momentum -
dependent equation for the phase function 8.5(q, p) = 6(g, p) following from (25),
(28), and (31):

dég,p) _ 1 Uepy(p) + W) _
dp 1+ W(p) p sin”(gp + 6(q, p))+
1T ;V(p)%Sin(qp+ 8(g, p)) cos(gp + 8(q, p)), (61)
5(g,0) = 0.

The graphs of 6:¢¢(¢),%a4(q) and é.s7(q) are presented in Fig.13 . Note that the
results of the adiabatic phase shift ,4(g) calculation completely coincide with the
results of the paper [8]. The exact phase shift 8, is defined in that paper under the
assumption that one can write rigorously the wave function in the form

¥~ o7 Bo(p,)x(p),  x(p) ~ sin(gp + bsr) (62)

for large p, where
3 8v/3q/m

Opet = 5 arctg%.
As it follows from the comparison with the exact phase value 8,,(¢), EAA ensures
a correct behavior of the function 8.5¢(g) with an accuracy of 2 x 107 for values
of ¢° : 4% 107% < ¢® < (7/6)%. From Fig.13 including tabulated calculated values
one can see that on the above interval of ¢ the adiabatic phase shift d,4(g) tends to
7 while the effective phase shift 8.5¢(g), in accordance with the exact one d,,(q),
tends to w + 7/2. This comparison confirms the convergence of the method under
consideration and consistency with an accuracy of the order 2 %« 10~% of the lower
bound of the energy of EAA. As it follows from eq. (59) and eq. (61) the phase
shifts of AA and EAA are connected really by eq. (49). Note that for the continuous
spectrum the above problems were reduced to the phase-function equations (59) and
(61) solved by the Runge-Kutta method of the 4th-order.

(63)
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4,8

sl q |5 ad|deff
' .002]4.08/4.70
44r 0.10{4.25(4.28
42t 0.15/4.05(4.09
aol 0.20(3.87|3.91
& .l 0.25(3.71{3.75
3'6 i 0.30/3.56/3.61
’ 0.35/3.42{3.49
34r 0.40{3.30{3.37
32t 0.45|3.20|3.27
3.0 : \ . . 0.5013.10{3.18
0,0 0,1 0,2 0,3 0,4 0,5

Fig.13. The exact &,, adiabatic .4 and the effective adiabatic 8.5y phase shifts
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6 Conclusion

An essential part of the proposed approach is the reduction of the system of adia-
batic equations to the unique effective adiabatic equation and construction of the
momentuin-dependent potential with the help of the operator canonical transforma-
tion. For the problem under consideration this was realized via the analytic repre-
sentation of the solutions of the parametric spectral problem on a circle. As a result,
we investigated the method convergence of the adiabatic expansion and established
that the appropriate sum rules saturate and satisfy the correct asymptotic behavior
of the momentum-dependent potential. It was proved that the asvimptotic kinematic
connection of closed channels under the three-body threshold is transformed to the
energy-dependent centrifugal potential proportional to the mean-square size of a
pair subsvstem in the ground state. This provides a correct phase shift behavior in
the whole region of the relative energy below the three-body threshold except the
vicinity of small relative energies of the order 4 % 1079, which is bevond the method
aceuracy.

The vestigation shows that in the cases when the threshold peculiarities take
place, nobody can think that the standard adiabatic approximation can provide
the true threshold behavior. Even if one can apply the proposed EAA, a careful
investigation of the saturation of the indicated sum rules is needed, even if short-
range pair potentials are considered. As it has been mentioned above, the projection
of the initial problem with short-range potentials onto an effective one can be treated
as a nonlocal momentum-dependent potential problem. As a consequence, the long-
range potentials appear and construction of true asymptotics is required. It seems
that a relation between EAA and the known approach of construction of an effective
nonadiabatic potential for the exotic Coulomb three-body problems [16], [17] can
be found too. As a matter of experience, one can sce that the expansion for any
truncated set of eigenfunctions of the prre rotation Hamiltonian on a circle. which
is the essential part of K-harmonic expansion, does not provide the true asymptotics
for a three-body problem with pair channels. As it follows from thie presented results,
the proposed EAA approach shows the new way to an adequate treatment of the
three-body rearrangement seattering problem.
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8 Appendix A

To construct Ag;(p) from eq.18, we use the following relations for the attractive case
¢ = —1 with the effective strength & = 7 /6 (in the units 4 = m = 1) [12]:

_1<02V(p)|j >¢

Aoll) = = =60

where .
<02V (p)j >c= [ Bilp,0)2V(p,0)By(p,0)d,

2V(p,0) = %26(0—9,1), 0, = nn/3+7/6, n=0,1,2,3,4,5

The eigenvalues €o(p) and ¢;(p) are determined via reduced eigenvalues o and y;

wl) == () o0 = (%)
p p

The roots yp and y; are determined from the following transcendental equations:
yo tanh(ryg) = —z,
y; tan(my;) = , 7-1/2<y; <, J=123, ..,
where _
T

r = £ =C
~ %P T ‘56"

The corresponding eigenfunctions have the form

2 2
Yo~ Z

m(y§ — 2%) + |z

y? + 22
B. - %HTE (0 —
](p) 9) W(y? + :1;2) _ II| Cos [Gy] (0 717['/3)] H

nr/3—7n/6 <0 <nn/3+m/86, n=0,1,2345.

By(p,8) = cosh [6yo (8 — nr/3)],

for

As for cosh(my;) and cos(my;) , respectively, we simplify the form of eigenfunctions
by using the reduced transcendental equations

(=1)y; [0

cos(my;) = —rm—==, cosh(my;) = —obees.
VY + 2 Vb — 2
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Finally, the equations for A;; have the form

c7r (=1 y]|y0| j' =0,
o) W=D+ ) — [ely/n 0~ 2 + fal
Aj(p) = (- 1)1 J’y Yir .
1Y 0,5 A0,

Tg(yj V) (2 +2?) — [zl /ey + ?) - gl

9 Appendix B

For numerical solving of the eigenvalue problem (53) - (55), we transform the inde-
pendent variable p to reduce the problem from the infinite interval {0; +-00] to the
finite interval [0; 1]

. L

where « is the parameter of the transformation, e« > 1. To obtain the Dirichlet
boundary condition, we go over to the function

y(€) = ¢x(Q)-
For the function y{{) we have the equation
W = Pyy(¢) + By(Q) = 0, (65)
where P; is the differential operator of the second order

A-Q'@ (1-¢°d (1-¢p

Pl = o2 d<2 azc dC a2<2 - U(C),
with the boundary conditions
@ =y(0) =0, ¥ =y(1)=0, (66)
and the normalization condition
1
/4—3(1—1_4—)21/2(0‘% =1 (67)
0

Due to the Dirichlet boundary conditions we can use the unit normalization condi-
tion

2@ = [42(Q)ac = 1. (68)
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Now we rewrite the.eigenvalue problem for eq. (58) in the following form:

{ad;(l + W(ﬂ))Ed; = Uess(p) + q2] Xess(P) = 0,

[Xerr (O} < 4o, Xepp(+oc) =0,
+o0
[ xs0)de =1, (69)
1]

where 1 -+ W{(p) = u~p), p(p) is the effective mass and U,;f(p) is the effective
potential. We perform a similar transformation and obtain the following equation:

oM = Pyy(Q) + Ey(¢) = 0, (70)
where P, is the differential operator of the second order
_ (1-¢)*d® (1-¢)? (1= 0Q% d
Py=(1+ W(C))T@ + (=1 +W(Q) ey + Wo(¢) - )E+
(1-¢)° (1-¢)? i (- 020 1)
(1 + W(C)) QQCQ_ - W(C) 4agc-2 + WP(C)—?QC——- - U(’ff(C)u

with the same boundary conditions (66) and normalization (67).
This problem is solved by a continuous analog of the Newton method

dz
P(2) 3 = —2(2), 2(0) =,
where

0(2) = {0(2), 2P (2), 2P(2), @ ()}, == {y((, 1), E(¥)},

&’ (2) is the Frechet derivative and t is the continuous parameter. We introduce the

following notations:
by 4B
YSae T
and make the decomposition
U = u) + eus.

For unknown functions u; and us we have the equations

Puy + Euy = —(Py + By), w(0) = —y(0), w(1)=—-y(1),

Pus + Bup = -y, w(0)=0, wuy(l)=0. (71)
It is obvious that u; = —y, therefore from an unity boundary condition we obtain
1
€=~ . (72)
{Uzydc
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System (71) is solved on an uniform grid w:
W = {C = (7 - 1)/l< 1= 1‘1\’(. ll( = 1/(]\]( — 1)},

with the help of the fth-order approximation by means of finite-difference formulae

1
vs = Topz (100 = 15y — dys + 1dys — 6ys + yg) + O("),
!

1
vo = T (=3 — 100 + 18ys — Gy +s) + O(h").

yl = (=¥i—2 + 16y;_1 — 30y + 16y,41 — Oyipa) + O(M),

12h?

1
Y = o5 (Wi-2 = 8yic1 + 8Yix1 — yiz2) + O(RY).

1
;1/1,1/-1 = W (;’/n——:’) - 6!/11—:1 + 14?/11—3 - 4;[/11—'2 - 15.’/1:—1 + loyn) + ()(hl)

f/:;;l = '1_;% (—yuwl + 6:’/71~3 - 18:1},,,.2 + 10?/71-1 + 3.7/11) + ()(hl)
The matrices of lincar systems are reduced to a five-diagonal form and we solve the
above algebraic problems with the help of LU-decomposition for the band matrices.
The integrals in formula (72) are calculated by the Simpson method.
Thus, using y®, E® we calculate u8” solving (71). Relation (72) gives us o).
The increment for the wave function is

u) =y ®) 4 R 8

The next approximation is calculated by the formula

S g8 ) p) B 4 )

where 7 is the step in parameter ¢ calcalated by

)
TS0+ ey

5(t) = 8(y™ + tu®, E® 4 e®y =|| &(y™) + £ E® 4 4B |,

The iteration process is completed when & < ¢, € is a given sinall number.

The optimal choose of the parameter e in the transformation (64) allows us
to have a required number of mesh points of the grid w in the region of essential
variation of the wave function [15].
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