


L INTRODUCTION

The recent interest in nuclei beyond the proton drip line, prompted the study
of proton emission phenomenon from the ground state of such nuclei [1]. Like in
the case of o decay, this process consists in the tunneling of the proton across
a potential barrier. However for this kind of radioactivity it.is vital to add the
centrifugal potential to the Coulomb barrier, since the majorit.y’o'f emitted protons
are likely to decay from states with £ 5 0.

In last years a series of theoretical investigations, based on the quasi-classical
approximation have been carried out in this field [2-4]. The proton half-lives of
observed heavy proton emitters were calculated and compared with the experimental
ones and in some cases a good agreement was found.

In the Gamow approach the decay is treated as a stationary process, the
penetrability being given by the ratio of probabilities of finding the quantum particle
on each side of the potential barrier. In this image the dynamical aspects are
neglected. However quantities like the tunneling time are important in decay
processes, in fission or in fusion reactions. In order to include the time evolution
of a wave packet propagating in a classically forbidden region one need to solve the
time dependent Schrédinger equation (TDSE). There have been some attempts to
incorporate the time-dependency in the study of the proton decay [5] by expanding
fhe wave function into a term describing the bound-state of the prepared nucleus
Yo A) and a set of exit channel wave functions x orthogonal to it which decomposed
into the intrinsic states of the daughter nucleus (A — 1} and of the proton ¢,.
However, imposing that the decay width is smaller than the resonance (quasi-
stationary) energy ([' < Eo) the treatment reduce to the stationary Schrodinger

equation for ¢,(r,¢ = 0) with a complex energy Eg —iT'/2. Afterwards the usual



computational procedu}e is carried on [6].

In this paper, based on a previous application of TDSE to the study of & decay
[7,8], we address the question of proton-decay from orbitals with £ # 0 for the
spherical nucleus 2°°Pb. In our time-dependent approach the description of the
decaying system is fully contained in the state vector. The time evolution of this
vector enables us to determine the decay probability at any moment {. We are
interested to study the influence of the potential on the tunneling quantities and to
determine to what extent the errors of the WKB method depends on the energy of

the quasi-stationary state and on the angular momentum.
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II. DYNAMICAL APPROACH TO QUANTUM TUNNELING

The interaction between the proton and the daughter nucleus *"T1 is described

by an average Woods-Saxon {WS) field which accounts for the nuclear potential

Vilr) = = e 1)
1+ exp(*)

a Coulomb potential, which is approximated by the interaction between the point

proton and the uniformly charged spherical core of charge Z — 1
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The WS interaction is defined by the nuclear radius Ro = reAM3, with rp= 1.25

fm, the diffuseness a=0.7 fm, and the depth of the central potential Vo= 58 MeV [9].

Note that in other papers. the depth of the potential is not fixed, its valse voeeing
adjusted to reproduce the experimental energy of the quasi-bound staie {3,4]. The
C'onlomb radius is given by R§ = rof4 — 1)1

The initial wave function of the proton was chosen to correspond to a quasi-
stationasy state of the potential V(1) = Va(r) + Vo (r} + Ver(r), with positive energy
F > 0. The decay width of such a metastable state can be calculated using an
analytic method developed by Gurwitz et al. [10}. In this a.ppro;xc‘h it is assumed

that the proton occupies a bound eigenstate in the potential well V(r) + g(r) which

represents a slight modification of V(r). Therefore we take

it = 0) = oy (4)
where, ¢tV ¢! is an eigenstate of energy E,E‘}'“) corresponding to the Hamiltonian
h?
Ho = —EA-FV(T)-FE(T) (5)

where y is the reduced mass of the daughter-proton system. The modification &(r)

reads

e(r) = V(rmaz) + (7 ~ Fmaz)tan 6 — V(r), r > Tmaz (6)

=0, T < T'masx

where 8 gives the slope of the potential barrier beyond the point rmqz at which V(r)
attain its maximum.

In what follows we shall consider only the wave functions ¢S:+‘) with the highest
eigenvalue E,(:ﬂ) bellow the barrier Vg = V(rmaz)-

In Table I we list the heights of the barriers (Vj), their locations {Tuner) and the
selected eigenvalues ( E,) for a given value of the angular momentum 2.

The next step consists in the resolution of the time dependent Schrodinger

equation:




iﬁ%gbp(r,t) = H(ru(r, 1) (7)

where
h2

H(r) = —-QZA + V(r}, (8)
A numerical procedure based on the iterated leap-frog method, provides the solution
of this equation [11]. This is the corner stone of the present approach. Once we get
the wave-function which describes the time evolution of the proton packet through
the potential barrier we are able to compute relevant quantities of the decay process.
The tunneling probability can be expressed as the probability of finding the

proton beyond a certain point rg on the border which separates the zone inside the

barrier from the external one

Protrs.t) = [ W(r,)Pridr. ©

The decay rate is calculated according to the relation

P’I‘D (10)

Arp(rs,t) = T=Prp

It is also interesting to calculate the average value of the proton wave packet

position operator, r,, inside the nucleus

o7 rldbp(r, t)Pridr
o [dp(r,2)Pridr

(11)

rrw(rﬂ, t) =

III. NUMERICAL RESULTS AND COMPARISON WITH WKB

In Figures 1-3 we present the time evolution of the proton wave function t,(r,t)
for three angular momental = 0,2, 5 at four diflerent moments. We see the tendency

of the wave function to decrease its amplitude in the interior of the barrier when time

goes on. Eventually we observe that the fraction of the wave function which passed
across the barrier behaves tike a spreaded wave packet (at least on the spatial interval
that we considered. i.c. up to 60 fm). It is worthwhile 1o mention that although
the wave function amplitude decreases constantly in time its shape does not change
much inside the barrier.

In figures 4 and 5 the time-dependent decay rate Arp is ploted in all four cases.
As has been pointed in an earlier work 7] the decay rate underé;ocs two regimes.
In the first one. Ayp oscillates but increases on the average. The fact that at small
times the decay rale is not constant as characteristic for exponential decax. but varies
with time is typical for a quantum mechanical deseription {12). This fact contrasts
to the usual classical image which porirays the radioactive system as an ensamble
of nuclei decaying independently one of cach other with a probability which does
not depend on time. In the second regime Arp performs small fluctuations around
a constant value, that we call asvmiptotic value Arp{oc).

The decay rates presented in figure 4 correspond to rg = 11.6 I, i.e. the
inferior limit of integration is choosen to lay between the two turning points as can
be observed from Table 2, If rg is increased, the irregularities occurring in the first
regime are smoothed out. This fact is pictured in Figure 5. where rg is chosen to
be 25 fm.

In Figure 6 we repl‘esénted the behaviour of the wave packet’s average position
ir.aside a potential region defined by g = 25 fm. As in the case of the decay rate we
deal with two regimes. Whereas in the first regime 7, increase up to a cerlain limi
in the second one it performs smafl-amplitude fluctuations around this limiting valne
as we expected since, according to a previous remark, the wave function does not
change much its shape. The period of oscillations in this sccond regime is denoted

by T and its value can be deduced simply by measuring the distance between two




maxima of rq, (right column in Fig.6). As has been noted in a previous paper (7], the
quasi-stationary state tends to penetrate the potentjal barrier by performing these
small-amplitude oscillations instead of simply crossing the barrier from one side to
the other. For this reason it makes sense to associate the frequency of collisions
in the formula of Gamow with 1/T,,. instead of 1/T,.,,,, which is defined by the
guasi-classical expression (see eq.(13) bellow).

in the WKB approximation the decay rate Agr is constant, its value resulting

from the product of the barrier penetrability p and the collision frequency »
Asp=v-p (12)

where v is given by the inverse of the classical period of motion

24 fr2 dr
Tcro.ss = ? o k(T) (13)
the wave number k{r) reading
9 1/2
k) = [@- v (14)
and the penetrability
T3 2
p=exp (-2] dry| V() - Q)) (15)
Te2 - )

The stationary states computed in the modified potential, become quasi-
stationary when we turn on the real potential (without the modification g{r)) and
tﬁeir energy is no longer well defined. Therefore, in all the above formulas the decay
energy @ was taken to be the energy of the quasi-stationary state Ey, computed as

the average energy of the time-dependent Scrédinger equation
Eo = {p(r, ) H {7} ib(r, 1)) , -0 (16)

“In’ what concerns the decay rate, it can be inferred from Table 2 that the

decay rates calculated in the time-dependent appfoacﬁ ).-TD are in rel':iti.\'rely-good.

agreement with the WKB values Agr(oc) especially when the quasi-stationary energy
decrease with respect to the barrier height. Except the last case, with the highest
angular momentum, in all other cases the WKB results overestimates the time-
dependent values.

The comparison between the times Tpse and Teross (see Table 2) shows that they
have very close values, However they are refering to different types of motion, the
first describing the small oscillations of the proton wave function bét.i\;een the walls of
the barrier during tunneling, the second, the classical movement inside the potential
well.

The transient time is defined as the time interval between the moment when
Jrp starts to increase up to the moment when it reaches the limiting value Arp(oo).
It depends on the energy of the quasi-stationary state. Its value can be deduced
by inspecting figures 4 and 5. The tunneling time is related to the shift in time
of the transition point between the two above mentioned regimes, for the decay
rate. Therefore the tunneling time is associated to the time necessary‘for the wave
function to cross the barrier. Computing the decay rate for two different values of
rg, i.e. the barrier’s tumir;g points, and measuring the time delay beiween the two
maxima of the two curves one géts the tunneling time (see Fig.7 and Fig.8). Noticé
that for £ =0,2,5 the tunneling tirﬁe decreases with increasing Arp{co). However
this does not happens for the state with higher angular momentum £ = 8, where,
afthough the decay rate is smaller, the tunneling seems to take place faster. In fact
the tunneling time is correlated with the imaginary time, which is nothing else than

the time necessary for the proton packet to cross the inverse potential, i.e.

. _ T3 —-—-—P'-——r
tima j U C T (17)




IV. SUMMARY

Motivated by recent theoretical and experimental investigations on proton
radioactivity phenomenon, we studied the time dependent characteristics of the
proton tunneling in the spherical nucleus ?*Pb. Since other theoretical approaches
are based on the semiclassical approximation we were interested to compare cur
exact results with the WKB ones. We found that the discrepancy between the two
methods decreases when the difference between the top of the barrier and the energy
of the quasi-stationary state increases. Our study does not concern a certain angular
momentum state which could be measured in the decay reaction *®*Pb”—?*"T} 4p.
Rather for a fixed set of Woods-Saxon parameters we investigated the dependence of
the proton tunneling on time choosing one quasi-stationary state for every angular
momentum. It seems that the accuracy of the WKB approximation increases with
£. ¥or a comparison with the experiment one should fit some of the WS parameters,
e.g. the potential depth, in such a way to reproduce the observed energy. However
the present comparison between the WKB and the time-dependent approaches gives
an idea of the error involved in the stationary appreach and provides a good starting
point for future investigations of proton decay using TDSE which could eventually

answer to some questions related to this phenomenon.

TABLES
TABLE L. The values of the barrier heights Vz. their localions ra.r. the selected

cigenvalues En¢ and the wave functions number of nodes for different angular momenta {.

Angular Momentum Number of nodes Panaz{im}) Va{MeV) Eo(MeV)

(=0 4 10.62 10.256 7.78
=1 3 10.55 10.631 -0.04
f=2 3 10.45 11.395‘ . 7.23
(=3 2 10.32 12.560 -2.06
f=4 2 10.15 14.163 5.29
£=5 2 10.00 16.233 12.53
(=6 1 9.82 18.800 0.64
t=7 1 9.62 21.916 844
t=8 1 9.45 25.607 16.58

TABLE II. The quasi-stationary energies Ep, the turning points of the potential
(r11, Fe2, 723), the asymptotic value of the decay rate Arp(co) and its WKB correspondent

AsT, the oscillation period T,,. and the crossing time Tiross-

Ep (MeV) ryp (fm) rez (fm) rg (fm) Arp(oo) (s Asr (5") Tose (35) Terass (8)

7.711 - 9.24  14.98 1.25%107° 1.74x101% 2751072 2.95x10°%
7.19 170 890 17.15  1.90x10+1¥ 2,33x10+1° 2.60x10-2% 2.71x10" %
12.45 356 874 1312 2.23x10%%° 2.59x107%0 2.24x107% 2.43x107%

16.55 531 7.89 13.69 2.79x107'% 2.52%10%'% 1.50%x107%% 1.79 x 10722




FIGURES
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Fig. 1. Time evolution of the squared wave function [$hp(r, t)|? for angular

momentum £ = 0 at moments t = 0, 1.5-10~%!, 3-10~% and 4.5.10~?! seconds.
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Fig. 2. The same as in Figure 1 but for £ = 2. In this case, since the proton faces
a higher barrier, the tunneling will take place at a slower rate. At the last moment
of our investigation the fraction of the wave function that tunneled the potential

barrier has a smaller amplitude thar in the previous case.
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Fig. 3. The same as in Figure 1 but for £ = 5. Now the barrier through which the Fig. 4. The time dependent decay rates Arp for the four selected quasi-stationary

proton undergoes tunneling is smaller and thinner and therefore the probability to ” states of angular momentum £ = 0,2,5,8. In the eq.(10) we choosed rg = 11.6 fn.

find it cutside the barrier at a later time is larger. The part of the wave function In all four cases we observe that after a certain time the decay rate will fluctuate

which already tunneled manifests itself as a well-spreaded wave packet. ~ around an asymptotic value
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. Fig. 6. The average value of the wave packet position operator ro, for three
Fig. 5. The same as in Fig.4 but for rg = 25.0 fm. In this case the fluctuations are 18 8 ' P P P &

quasi-stationary states (¢ =0,2,5). On the left side the asymptotic behaviour of
smoothed.

Tuy 1$ observed, whereas_ on the right side we focussed on the small amplitude - .

oscillations of the wave packet on its way to tunneling.
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Fig. 7 The decay rates for £ = 0,2 when rp is choosen to be the internal turning

point {full line) and the external turning point {dotted line). The difference

between the maxima of the two curves gives the tunneling time fs,9.
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Fig. 8 The decay rates for ¢ = 5, 8.
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