


1. Introduction. Agenda of ww-interaction ;v . ..

At plesent the strlngent l\nowledge of w7- 1nteract10n is well understood to be of )
fundamental value in 1ts own rlght as well as for the rehable treatment of the varlous l
phenomena wherc plomc degrees of freedom prove to be substantral PlOIl bemg thei
llghtest and properly speakrng, srmplest among strong-rnteractmg partlcles an rnqulry
into the pron plon 1nteractron spreads the way to vxsuahzatxon of the mam features of“
hadron 1nteractrons in general and in all therr immense complexrty [1—5] At the same h
time, the pion- plon 1nte1actrons are bound to vbe allowed for in descrlbmg the hot and.
dense hadronic systems. abundant in plons wh1ch are known to be produced in collrdlngi'
heavy i ions [6] at hlgh enough 1nc1dent energles, the baryon number bemg rather negllgrble
when compared with the number of genulne mesons Even so, 1n treatmg the nuclear‘
matter at large densrty and temperature, the phenomena non- hnear 1n meson ﬁelds that
is the meson-meson 1nteractlons are reahzed to play a cruclal role, especlally when the
feasible phase trans1t10ns caused by the softenlng of the mesonrc degrees of freedom are
investigated [7] Thus, to repose full conﬁdence in the adequacy of our perceptlon off ;
such systems behav1our, the pion- plon 1nteract10n must be properly accounted for in
particular, when calculatrng the respectlve thermodynamrc characterrstrcs Thereby,‘m:‘; i
all the cases, we must certarnly concerve the p10n plOIl 1nteract1on to be provrded by
well speclﬁed trustworthy lagranglan, but not'in the least srmply ]ust by the p10n-p10n
scattering lengths. i :
Nowadays, in the lack of the pion interactions description str1ctly worked out from the

first principles, we are in possesswn of the pion-pion 1nteractron lagranglans [1-—5] which

are thought to be as good as effective, obtained in the framework of some plausrble models,

QC D:motivated at best. Consequently, there is to appeal to the experlmental 'nvestlga-
tions from.which the reliable information about the x7- 1nteractron can be dlsentangled '
Then, confrontlng the results of experimental data processing and Mtheo:retrcal; ica_lculatlio‘ns,’

* we can test the yalidity:of a certain 7r7r-interaction descri‘ptionvand subse’qu_en;tly lmproye ]

the latter. .

Up to now, the trustworthy cognizance concerning the rrt-interaction ha.s 'béeﬁ ac- -
quired, strictly speaking, solely from the analysrs of the data obtamed m the 7rN - 7r7rN
reaction. which was studied for the first time as far back as in 1965 (8] 1 near the thresh-

old (e, ~ 200,— 300 MeV) and afterwards for manifold incident pion energies, up, to
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Er~1-2 GeV “as well'(see, fof instance; [9‘1’0]) The results: of ‘profou'nd processing

these experrmental data carried out in the series of rnvestrgatrons [9 11] make us visualize

tha.t the effectrve la.gra.ngrans a.sserted in [1—3] are thought to be expedlent to describe
the 7r7r 1ntera.ct10n, a.t lea.st at low a.nd mrddle plon energres, Ex ~ M. Unfortunately, ’
the una.vordable mvolvement of strong pron nucleon 1nteract10ns in such a process puts V

a bound to the a.tta.lnable rella.brlrty of the pure T mteractron descrrptron because on"

.

one ha.nd it is a.s good as 1mpossrble to get r1d of the strong 7rN—1nteractlon effect in thev

experlmenta.l mea.surements and, on the other hand one w1ll scarccly marntarn that a

theoretrca.l ca.lcula.tron ca.n reﬁne unambrguously the - rnteractmn from the 7N interac-

trons in the trea.tment of the reaction 7rN - 7r7rN Thus ‘thie further development ‘of the

- 1nteract1on descrrptron by mea.ns of the fa.r miore complex effectwe lagrangmns [4 5],

or may be accordlng to other approa.ches (see, tfor 1nsta.nce, [12]), calls for new experi-

ments For that ma.tter, at ﬁrst thought the KE4 decay, Ko verr, [13] mrght appear

to be fru1tful to lea.rn d1rectly the pure rr-inters t10n occurrrng in the final state, but

one should rea.llze tha.t the semi- lepton1c—deca.y vertex itself is not conasely known, the
strong 1ntera.ct10ns bemg lmplrca.ted therern’as well a.nd needs to be approved in its own
rrght [14] Thus as yet the rea.ctlon AN 7r7rN was and remains, as a matter of fact,
the' umque source of the data to check our conoept "of the wm-interaction.”

: In the lrght of the aforesa.ld the advent of the experrments deallng “with the pure

- 1ntera.ct10n, wrthout the 1mp051t10n of other strong (or wea.k) 1ntera.ctlons proves to

be extremely desirable.

AL

2. Promum treatment up to now .

Long smce, the 1 1nqu1ry into the propertres of the #¥7~ bound state, pronrurn have

been understood of be1ng very instructive to study the pure =7- 1nteract10n free of effect

~ of any other strong or weak interactions [15] The feasible measiireriient of the pioniurn’

lifetime having been ﬁrst considered in the' early 1nvest1gat10ns {15], the setting up of

the corresponding experrments has beer elaborated profoundly in Refs.” [16 17],’and the

respective investigations are for now already under way [17], the results are liable to arrive

Yo

in the nearest future.
* Pionium typifies the bound hadron systems which owe their origin to electromagnetic
mtera.'ctions,‘but ‘Whose decay is; as a matter of fact, caused by strong interactions.” All

the time ago, as'far back-a."s’ in’ 1954, the' handy semiquantitative approach to ireat such

systems was set out [18], \\nl\ the xh(mw interaction (on(‘ctions lo the encrgy levels

an(l wave fun(ll()m ()f the w-atom. the ).'l’ bound state, as \\cll as thc lrans]tlon 1at(‘

7

the 7-atom wave fullrlion at'the (ill"‘lll 1'(0) lerd, 7', 1 indices ‘denote various 1solop1c

and angular stal(\ 'ml)sequ( ]y, lollo\\m" this motl]o(l the plomum lifetime (1 el the

tam S 790 reaction rate) in ‘the g|()un(l state was asserted in Refs.” “[15] 16" be the
simple plain function’ :
e HGx - (200 g g G a2
1 2 0 YR SAE
= “0 = ag|*- l'»(oll . (1)

9 V. m ;
of the S-Waye FF-5¢ attering | l(‘ll"lll\ ”o au, the p|omum wave fun(llon at tll( ongm [l (0)
dll(l tlro nass (lllf(‘u nee S = m— 119, lwmg charge (I ])IOII mass. llm\ 1[ tlu‘ ougmal

appxoacll of Ref. [lS] lm(l been xtn(tl\ \dll(l in lll(‘ plomum case, all we nc(‘(l to pr(‘c's(l\

Lal( ulate lec plomum lll('tun(‘ woul(l lld\(‘ l)('en tlw (‘\d(l \aluvs of llw (|udnt]t1(‘s I(lu

i

“ol W'(O)l, and Am lt is o lal\(‘ (ogm/dn(e 0[ lh(‘ fd(l tlmt onlv lll( dllf(u‘u(c of the

5C atlcnng longtlls woul(l have come into |)l(llll( l(‘gi\l(ll(‘S\ of lll(‘ compl(‘l( fmm of tlw

genuine 77- 1ntelachou This is (lu(' to the main ()Il“’llldl pu'sumphon of lll(‘ approacll

of Rof [] b] that mcspoctwo to lh(- - ml(‘mchon for mn tho cal(uldtlon of plol)alnht\ ol

thc pronlum d(‘( ay mto l\vo 7r s qmt(' (‘(]lll\dl(‘nl 10 ll](‘ (dlculah(m of tll( al]nlll!ldll()ll

prol)a.lnllty of a floc pau 7r+1r Wllll ZCTO momulta mlo l\\o xY, 7'+r — 7% w 1111 tho

initial densrty of statcs being not lllo dons)ly of xlates 0[ l'w(‘ palll( l(‘s lml the (lcnsl ¥

states of the partlcl(‘s in the bound stat(' of plomum |1/'(0)|2 llp 1o now. tlu autho\\ ()f
all lhe succeedmg 1]1V(§l.lgdll()|l\ [19- )G] lm\e l)v(‘n lal\mg [()r gmnlc(l tlml tlw |)l()lll|llll

lifetime formula (1) as a~scrt('(l ace oulmg to [18] in Rel. [15] Tolds’ hu(‘ slrl(ll\ dl)(l all

the eﬁ'orts were devoted o acqunc som(‘llow Lhc pr(‘crs(‘ valuesof the qu.mlm(‘s a, ¢(0).

with th(‘ pure poml lxl\(- (\mlomb nourclal |v1st|c $(0) vahw-an(l the fr(‘(‘ p.lrtu l(

Iongths aL va.lucs gam(‘d dccoulmg to R(‘fs [l 1] l)emg dssnmv(l as a slnrhng poml in all

thc calculatlons '] hcn, there: was to ¢ -alculate lh(- (01 1(-(t|ons lo that L'(O) \.\lu(' s \pv( mll\
due to stlong ml(‘lacllons dlld smnlllan(‘onsl\r lho al- nl()(lll ‘ n.tl(ms on ace uunt of sll()ng
and oloctlomagn(’tu mtma(tums in llw (oupl(-d 70x 7r+ - (lmnn( Is
In s(‘vcral mvesllgatlons [19- ‘)1] various (‘lf('( lIV(‘ polontmls were m.mm.,( (l to dose nb(
llus shong rr-interaction. The most pmfmm(l cale ulah(ms \nllnn \ll(ll a |)()l(‘lllldl ap-
o

pum(h were (dl’ll((l out in Ref. [21] dll(l (~sp((mlly in [ 2], where the .xfnn s.ml corre cll()ny

were tlmmughly cal(‘ulat(-(l in the frmn('.\\()rl\ of the model of the l\\()—(lmnm Is = x“, ate-



system, with the effective range approximation being used;to account I'orithe strong pion-
pion interaction. . Thereby, once an eflective radius ischosen ((qual m ;bo‘th channels),
the strong potentials in the channels are determined merely just by thcfcorresponding
scattering lengths al. In such a calculation, the electromagnetic corrections are due the
different masses of the pions in the different channels along with the Coulomb interaction
imposition in the 7er7r“ channel. The coupled Schrédinger e(iﬂations determining the pi-
" on wave functions in the coupled channels having been solved, the corr'ected, generalized
scattering lengths, as well as thc approprlately corrected 1(0) values are obtained, which
must be substrtuted in the original formula (1 ) for T to acqurre its eventual corrected
value The scrutinized correctlons to aL values (and to 1[)(0) sa well) proved to amount
no more than a few percents be1ng substantrally less than the uncertamtles in the aL
predlctxons followrng from Ref. [4] as the authors of [22] have 1nferred -
lJnhke the effective potentral appxoach of the Refs. [19 24] ‘the mvestrgatlon [25]
utlhzed the Bethe—Solpeter equatron to allow for the effect of strong mteractions on the
» /)( ) value in the pxomum lifetime (1) (via the promum ugenstate energy shlft AR), the

it

: correctxons provmg to be rather neghgible Lo

‘ The T (1) value modrﬁcatlon on account of plomum relat1v1st1c treatment especrally
the allowance for the retardation effect in the r+7- electromagnetlc mteractlon has been
found ~ 1% in Ref [26] Thereby, the scatterlng lengths difference a0 - ao was presumed
to render the total strong mteractlon respon51b1e of the 7r+7r -—v 7° transition hkewrse
in all the aforeclted mvestigatlons [19~24], in sprte of treatmg the retardatlon effect in

¢ I

the 7r+ - system whxch lmplles the 7r+ - relatlve veloc1ty to be comparable with llght

" I iy

velocnty c.

Profound as are all the afore dxscussed calculatlons of the quantrtles a(, , 1[)( ) we ought

- to reahze that the expressron (1) by 1tself in so far as 1t orrglnates from‘the very plausible,
but semlquantrtatxve approach [18], 18, properly speakrng, as geo‘odias‘:semlquantltatwe n
lts turn But this does not mean to say that any results obtained accordlng to the

"method set out in Ref. [18] must be regarded as untenable and scarcely able to descrrbe
experrmental data wrth hlgh enough accuracy. There is to vrsuahze that the vahdlty and
accuracy of this very approach are caused crucrally by the form of the genulne strong
mteractlon mducmg the bound hadromc system decay in each certain treated case. The

very germ of the 1dea sct forth in Ref [18] mal\es us comprehend that the approach of

[18] itself will hold true with high’ precision, if the hadron-hadron interaction'is as’good

as point-like’and’COnstant, especially momentum-independent,»which is"thought to ‘be

well acceptable for the Pr~-interaction in the s-state in'{18}, but not in the least for the .
sr-interactions-asserted and used in Refs.' [1-4,9-12].¢ Consequently, since the'pionium

properties are studied, we must refraln from pursulng the way paved in Ref [18] -and

abandon, in turn the handy expression-(1) for the plonlum llfetlme S 5

3. Interactlons mducmg the plomum decay into two w0

According to our lights, the general aim of the theoretrcal mvestlgatrons of the plomum
lifetime is to visualize whether a certa1n form “of the 7x- 1nteractron is ehgible to prov1de l
the experimental T value In the work presented we set out the calculation of T, w1th.
the wx-interaction being determined by the Weinberg lagrangian accordlng to Refs. [1—
3]. The probability of two;photon'pioniumJannihilation,‘.rfr'?‘—;»27,kbeing practically
negligible when compared with the decay probability due to the strong interaction, will
not be discussed henceforth.

We treat pionium as the beforehand prepared #+7~ bound state which is stable when
the strong interaction of pion fields is turned off. 3':I‘heicoupling of this state, the pionium

field, to the charged (complex) pion: field is implemented via the virtual decay of the 7 ¥~

_bound state |Dy >, pionium or di-meson into a free 77 pair.: ...

ot 4+~ 4—|Di> " i ’ o (2)

In our nowaday cons1stent1y nonrelat1v1st1c approach we presume that the formation of
the 1n1t1a1 7+x~ bound state’ |'D > is caused by pure—instantaneous potentlal 1ntera)c-v
tion U(yl,yg), where y1,¥2 are the spatial coordinates ‘of the 7r+(y1,t), ™ (yg,t) mesons

composmg the pionium, the time coordrnates co1nc1d1ng Accordlngly, the vertex operator

=—[w+(yl,t)r (yart) + 7 (yl,t)ruyz,tnf(yl,yz,t), @

f(yl,yz,t)—z[cm(yl,yz,t)+cir(yr,y2,t)1 RN O

renders the virtual pionium state |Dy > decay into a free xtx~ pair. Here, 7%(y,t) are -



the charged pion field operators, whereas F (y1,¥2,1) stands for the pionium field, the
quantities c,\,cf\"being the pionium production and distrz}ction operators in the state A.
So far as the interaction U(y,,y2) is instantaneous, the operators of all the fields in (3,

4) act at the same time point £: In our calculations, the common relations are adopted

w*(z) = \/—(W1(1)+17rz(1)), x (z) —(w+(z)) 0(1)713(1),
o) =

[a e—ct5p+px+b+ ctzp px] (5)

\/ A ‘ Lo
w1th the operator ap destructmg 7r+—meson and bt producmg 7~-meson. The vertex
functions Fa(y1,¥2,%) 1 in 4) and the correspondmg plomum exgenenergles E \ in the states

A are well known (see, for mstance, Refs [27 28]) to be determmed by the homogeneous

Bethe-Solpeter equation

Alrnys = Vi) [at [a, / 4:D ~¥)Dle = WAGLYR, (6

ym = yzo =1,

" where . .
: ’ d4k eck:
R ‘ D(I) (27r ./k2 m? 414§ - ' M

is the usual pion propagator. In the presumed non-relativistic approach, the vertex func-

tion Fx(y1,¥z,t) proves to be reduced as follows (see, for instance, Refs.- {27, 28] and also
)

f,\(}’l,)’mt) = —UV U(}’l,}’z) ‘D,\()ﬁ,)’z, ), (8)
,where (] ,\(yl,yz,t) is the non-relativistic 7r+7r system wave functlon The functlon F
being determmed by the homogeneous equation (6), the normal;zatlon factor N emerges
in (8) whose,callculatfion we defer for a while (Sec. 4). The v;"ave }unction @A(yl,yz,t) of

such a nonrelativistic system is known (see, for instance, [30]) to be the product
‘I’,\()’h}’m t) :‘."/)nl(z) : \I’p(R) (%I—HE?,\’ EA =2m + R“l’ Enly A= (nI’P) (9)
of the depending on the center of mass coordinate R = (y; + y2)/2 wave function
Up(R) = ——c™F | (10)
CV2E)

- of the free motion of the two-pion system as a whole with the total momentum P, and

the intrinsic pionium wave function t,(z) depending on the relative 7ta~ coordinate

z =y, —¥2. The functions ¥r,; simultancously’ with.the pionium energy:levels:c,, are
. . ~ [ . . N ) - s . . . .
determined by the Schréditiger.equation [30]s+ 7o 00w mee e e i

e AC )+’( Jeulz) = cugm(2) ERT

with the relevant boundaty conditions at 'z &= 0,z — ot Here m = 139.57MeV s the
#%.meson mass [31] . We utilize the units ¢ = k =1, For the pure-Coulomb poin(-]ikc

interaction™

()= e e e s TR 2 (12)
P A o S RIS TR LR S SUEPREIVEE S LT E I RRLS
t]l(' gl()lmd state wave fllll(tl()ll Pro = 0, properly normalized, and energy #30 =< are

e

l\nown [JO] to be

Sl fade oy e ma?iegr g e e
(=) = e - 1(
i ) Vir 2 - a4 S b it ( ;)

where @ = ma and 2/a is the “Bohr 1'&1‘(|ius'7 Conscquently, we (louotc |'Dm >= ID >.
In what follows, we consider this pionium [.,l()ll]](l state (1(‘((1\ The 7#- ml('lachon of thc
type [1--3] including the dependence on the |)10n momenta h(‘mg put 1o usc in our flnlh(‘l
calculations, the finite pion size ro emerges to’come into the picture, which we allow for
in due course replacing (12) by the clectrostatic potential between two homogeneously
charged spheres, = being the distance between their centers, the explicit {~x;i1‘6s§ioi1 for
Whi(‘h, a bit long, s set oul in Rci‘.‘- [il]'l'h(‘ l‘nlé.gﬁii,ud(:‘ of the quantity ry itself has bo(‘n
estimated. insome theoretical and experimental invcsl-ig’alyions,[33.:{l]:f\\'lx(;i'i'l)‘\' we have
adopted 1o = 0.6 as realistic. 1t might_be well to note that. the calculations with. the
generalized, but yel instantancous potential accounting [or, the-relativistic; corrections up
to (1/c*)-order (the kind of the Bl(‘ll pol(‘nlml [)1,. 5]) would:not |)|()\|d(‘ the additional
(lilliCllltlcs of principle.’ S T o

. In our present calculation, the mr-interaction inducing the ¥z~ — 25" lmnslll()n is

specified:by the well kno\vn‘VVci.nb(‘rg Iagrangia,h

-
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elaborated and scrutinized in Refs. [1-3}. Here f, = 92.41\1&{ {31}."The dependence
" of the results of calculations on the parameters 8,1 in:the tcrlllrviolatil;g the: chiral
symmetry will be discussed in the last Section.

" Let us recall that the validity of the lagrangian (14) has been inferred from pxocessmg
the experlmental data on the N# — Nrx reaction, see Refs. [8-11}, at least for not very
high pion energies. : ‘

The difference of the masses of a cha.rgedﬂ"pion, m = 139.57TMeV, and a neutral one,

mo = 134.98MeV, Am = m — mg = 4.59MeV. btein«I greater than the pionium binding

energy €, the initial ntm- bound sLate |'D > trdnsltlon into Lhe final two 7° state turns

out to be possible via the processes presented by (‘3 14). All the effectwe interactions
between the pion (charged and nequal) and the pionium fields are described by the total
. interaction lagrangian i ‘

Liw=Lp + Lo, (15)
whichA deferrnines eventually the pionium lifetime ‘r

4. Pionium decay amplitude

. The matrix glement

Spomop =< 7r°7r°|${P >0 L Qe)

of the S-matrix dictated by the lagrangian (15) determines the initial pionium state D> .

decay into two final #°. To the first order in Lrr'(14), the S-matrix element (16) takes
the form (see, for 1nstance [27 28})

Stopop = —/dR/dz/dt/d“z < WUlT[E‘D(R z, t) ,,,,(z)]l'D >=

iNS

= A / dR / dz / dt / d‘a":U(z)zl;,\(z){2ﬂrh2 — (ex62 = P1P2) + B0} X

XD(R + Z/2 —x,t— TO) . D(R _ Z/2 —x,t— TO) . e—itEA+iPR. N eizq(¢1+22)—ix(p;+p7)’ (17)

.. where T' is the usual. time-ordering opera.tor a.nd €12,P1.2 denote:the energles and
momenta of the final 7° Certamly, when necessa.ry, the hlgh E,,;—order contrlbutlons ‘
in (16) could be a.llowed for'in the usual way. These, terrns, if calculated would render,lb
in particular, the effect of strong mx-interaction on-the pionium state. ;In the course. of ’
our today’s calculations, we restrict ourselves by‘ accqunting for i;he first E,,,,’-orde{.;_ V’If
anything, it may be well to recall that th? analysis of the Nt—Nrr reAa:ction‘was cafri\ed
out in Refs. [8-11], as-a matter of fact, in the same first order in L., approximation. I;‘or‘

the ground state pionium decay at rest, the relations hold -
P=0, Ep=E= 2m re e=c= € = E/2 e
b e =l =n = ERP T, 09
and the Eq. (17) is reduced as followsk
Shosop =i(2m)* - Tropp -.5(P1 -I;‘P2)5(52 +e— Ej,
| o (19)
T = (éiy (2)3)219«@ / > U(z) ’“Z) <

‘)(/‘(14(1. . —2ﬂﬁz’+m0 EY2+ ¢~ —qu o ‘e‘_;;qf‘wj

; l[2 —q?—m?+1:0) - [(E —go)> —a@®? —m? +i0] . .- .

It is noteworthy that the (iﬁantitiés @ emerge in fhe norhinatonih_ (19) kdue t"o'the;
term B - ' G e Pt el g
(B 0m)(w)2 e

in the w-interaction (14), this fact substantially affected the'integré.nd behég/ioilr'ir} (19),
especially at extremely large ¢ va.lues‘.:‘Integratintg"over dgo ;nd over the diréctions of the

vectors q and z having been ca.rrled out, the Eq (19) reduces to

——zSN qdq v ’
Ton = G IEVIE o) - 2+ =l f &z U(z) () sm(qz), )
where the followmg notations are mtroduced . ',/ :

wlo) = \/q +m?, & =m’ - (E[2), b~( 2 +md 4 m? —E’)/z

1t is not difficult ot realize that the behaviour of the mtegra.ﬁd in (20) at la:rge mofnerfta,
g — oo, and subsequently the corive'r‘gérvlce"of the integral in (20) itself are governed by

the behaviour of the quantity zU(z)r,b(z)sin‘(QZ) when the z value tends to zero, z = 0.



There is to calculate the contributions arising from two tf;rms in bracke@ in the integrand
(20):- from “unit”, 1, and from b/(¢® + ¢). First, we take'up integrating the term with
“unit” and then set 'out the integral with the quantity b/(¢® + c?). 7
Not hard thing is to become convinced that the integral'in: (20) with “unit” in brack-
‘ets would.diverge logariphmically, if the pure-point:like Coulomb values (12), (13) were
_-adopted for ‘the quantities U(z);%(z) in:(20). This divergency emerges:because a pion
‘size' is neglected. . To remove this puzzling, but:spurious contradiction we allow for the
finite pion size o, roa € rom’ <1 in the course of calculating this integral, U(z) being
the electrostatic potential between two homogeneously charged spheres of the radius ry
[32], as discussed already after Eq.k (13). Then, on integréting over dq, the integral in
(20) originating due to the “unit” in brackets transforms to (see Ref. [36])
——/ dz - 2U(z (z)——]\g(mz) —ZU(éjlk(éjI{g(TﬁZ)lm +

’ / deg(‘mz)w(z}i[zU(Z)H

a dzlsg(mz)d z)+/ dz]&g(mz)zU(z)— w(2), (21)

2ro

where Ko(z) is the Mackdonald’s cylmdrlcal functlon (see [36]). The first term in the
righthand side (21) vanishes due“to P(z) ~ e=%*/2 _ 0 when'z — oo, and it disa.ppcars at
z = 0 owing to zU(z) = 0 at'z'= 0 because, ir’lv't:,urri,' the potential lU(z) has got at z =0
a finite value U(0) for the charged particles of the finite size, in particular, for:the afore
adopted potential of the homogeneously charged spheres U(0) = —6a/(5r9). Further,
in our treatment, we are on.the point to carry' out all the calculations in the lowest
a-order. All the expression (20) (as well as (21)) is proportional to av/a® due to the
‘a-dependence of the functiof}s U, . ‘Calgllllatingkthc integrals in (20), (21), we retain only
the terms which besides this .a-dependence are inversely proportiona.l to @, ~ 1/a, and
a-independent. Even s0; we retain only the terms ~ ITL(T[)) in the asymptotic expansion
lln 7o , but drop out the terms' ~ r3, n > 1. Consequcntly, the second and third integrals
in the righthand side in (21) are realized to be neglected. Indeed, at z > 2rp in the
sccond integral, the function $(z) behaves like (13), ~ e~*'/2, the quantity o' being of
the same order in « as a,d’ & a = ma (see, for instance, Refs. {32,37]). Then, we have
?‘got dl/)(z)/dz ~ ami(z}/2, and, subsequent]y, this integral gets the additional factor
q_Of @ and can be dropped out. Then, since the function 3(z) in tlle third mt('g,ral in

’the righthand side of ( (21), ie. for z < 2rg € 2/a varics smoothly (see, for instance,
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Refs. [32,37]). ¥(z) ~ 6)(1 —i;':u ) \\]1('1(' a'l'is of tlle same order as a, the derivative
dif(2)/dz= = ¥(0)-a, so thew hol(‘ ml( f'ral corhes out to be ~ arn gad'(O) a.nd can be omltted
as well. ’I]lllb, e\vntud]l} thorc is 10 ca](ulatc the first ln(egral in the rlgh(hand sxde of
(21).:Its upper.limit turned out to be 2ry because LU(2)z) = 0at'z > 2, U(z) being
the point-like Coulomb potential —a/z. when .z > ‘)10 For these = \alues the relations -

N

rga L 1, rom < 1 bmng \all(] the replaccments hold true
'z,"(i) = uv(()). Ko(mz) = —’In(m.:/z) -C (22)

\Vlth an accuracy up to order ~ roa. ~ Tom., lere C' otl h th(' IZuler constant_(sec.
[36]). Then, with regard to the approximation (22). the first integral in tho rwhtlland

side in (21) is calculated sh‘a}ightfol'\\'al'(l, and th(‘ \\1101(' expression (21) results in

'),rn' .
0)[a(li(1rg) +(')+ ), / d=U(z). (23)
0 N

lh(' qudntlty Uis (a](u]alvd d(u)ldlng, to ll(f [P] \\]u(h gn(s l ; —n (i/ ‘

Whl]e tleatmg tllo mt(‘gml wllh th( term b/( + qz) \\1111111 b]a(‘l\(‘ls in ()0) llle
prcscnce of an addnmnal ¢* in the (Immmnatox pmwdos l]ns mlebml convergence even
Wl“]()ll( al]owfmrv for th(' ﬁmtc })l()ll size 1. ‘This doos m(‘an t() say tlu‘ asy mpl()tlc
accuracy, as presumed above. Th(‘u with the Eqgs. (12, 13) being a(l()pt(‘d. this ll)ly,egrbal

in the Iowebt a-order tldnsforms as f()llowq

\/: / @+ @D )(q Tl EE[Z"] ceeEn

After all, with allowance for the l(sullq (-3, ~1) the transition amplitude ('.’U) biiq‘lk\i(isklh(-

"

foun

'

18N . B b 7{"’; NN L
i engeanr Var Llg—o (I (e U (25
T(2fx)?EV2E 8= [1712‘(2 n)+(\( n(mre) + ) + ] N ))

The normalization factor ./V residing in the 1igs. (h 17 - )0. 25) is (n lu d( termined

. TI’OKOD = -

by (‘quatmg th(’ energy 1' of the state |D > of |)10mum al 1(‘51 (md thv v\putdlmn \alu(
in the |'D >- slatc of the operator of the 'T(’O-( ‘omponcent ()l'(m 11.‘\ nomentum te nxu of a

(hdlg( d ((‘mnp](-\) pion field:

: ' B o E=<D|T T“"Sp)m> ‘-"(->(;)
Ir(£) Ort(£) 0#“(6) LOrME) e
7%, §) = [(,&, Toe, Y TaE T triT@@L e

-]:

1



.where the Sp-matrix is dictated by the lagrangian (3), so that
E=-—2 < D| F{F*(60, €) /dyldygdtﬁp(yl,yg, /dy,tlyzdt Lo(yiyi PIID >, (28)

and; for clarrty s sake, the expression is wortl being displayed by the usual diagram

“‘where the blob stands for the 77 operator. - The values (12,13), asserted for the

point—like pion, being adopted, the straightforward calculation of (28) results in

= (29)

20°N?a® /°° dq-¢* E? 4 4w2(q)

Exr o wlg) (¢ + (/D7 - (4w?(q) ~ E7)
which apparently shows up no d1vergency when mtegrat]ng aver dg which is due to the
mtcgrand steep enough decrease at ¢ = oo on account, 1n ‘turn, of the high power of q
in the denominator of (29) When evaluatrng (29) we are to retain only the terms of the
lowest a-order: the &- 1ndependent terms and terms ~ d (1f they would have appeared)

om1ttmg the terms ~ a",n > 1. Then, Eq. (29) reduces to

E:EA%, Ni=tmd. (30)

If anything, for verification’s sake, the A value can be ohtained by equating the expecta-

tion value of the particle number operator (related to zeroth compon‘ent of charged pion
field current) .

N Z[a pep + b+bpl
(see Eqs.i (5)) in the pionium state |{D > and the number of pions N = 2, that is from
lhe equation

< DIT(NSp)|D >=2.
All the calculations having been carried out in due course, we arrive at the same A value
(30). Let us take cognizance of the fact that the righthand side in Eqs. (27 - 29) proves to
have got no terms ~ a, its expansion in o starting with a term ~ ol Evidently, it must
be just so, because the quantity E = 2m — ma?/4 in the lefthand side does not include

lterms ~ a.
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5. The results of the pionium :life-time calculatron and

3o

concludrng remarks

Thus we have at our dlsposal the expressron (25) for the tra.ns1t1on a.mphtude w1th
N deﬁned by Eq. (30). Then, we acqulre in the usual way (see for 1nstance, Ref [27])

the total probablhty W of p1on1um convers1on xnto two 7r° that is the mverse p1on1um

lifetime 7 5 .
' 1 apymdB? 4a U/a+ In(mrg) + C -
W= Gpennt T 0T @

where b = [ 2p-(m/m)? + (m®/m)* ~ 3]/2 and all other quantltles have been set forth
above. N R T S U VLA ‘

Let us now inquire into how the 7 value (31) depends on.the m, ﬂrvalues which reside
in the chiral symmetry vrolatlng term in the lagranglan (14) Let ﬁrstly m = = ™o, then'

we gain for the § values § = 1/2 B =1/3, ﬂ =1/4 asserted i in Refs. [1—3]

T2 = 4.95-107 % se¢, Tmga/3 = 6 18- 10 ‘5sec, rmmW = 6 90 10'15

* Thus; the dependerice of T on B is thought to be slzeable the dev1at,lons of these T values

from each other amountmg to = 15% On the other hand lf we adopt m= m mstead of
m = my, we shall have got

 Tmaz= 4-71“10_1'5.5?07' v

which deviates from T;no 1/2'by. about 5%. Let;us also note that ;the second term within
the brackets in (31) amounts to 2% to the whole W value . : ‘
Our result is thought to be not contrad1ct1ng to’ the nowaday est1matlon r=

2.9129-10®sec set out in Ref. [17). It might be 1nstruct1ve to recall that the results
of 7 calculation obtained in the previous investigations, sirveyed in Section 2, appear-
to be somewhat smaller as”compared to ours. For instance, the value 7i= 2.’?2-10"15560
has been -asserted in Ref.  [21] and 7 = 3.2¢10'l53ec' in Ref.” [23]. :Especially, it is to
stress that the eq. (1) with the a7 values from.Refs. [lj3] cor;esponding to the very ==-
interaction (14) gives T(W) =3. 1 10 15.sec 1nstead of our values -rm W2 = 4 71 10 15sec, or
a2 = 1.95-107%55 ‘ ,

- The investigation carried out makes us realize that the pionium lifetime’(as well as
its other propertres) does depend crucially on the form of the genume rriinteraction, but
not much srmply just on the free pions scattering lengths only Thus, the pionium decay :

as being due to the most plausible concise Weinberg lagrangian (14) having been studied,

‘13



the‘ investigations pursuing other present-day trustworthy 7 w-interaction descriptions are
. very desirable and instructive. If the consistent = calculation in the framéwork of a certain
method of the w7- 1nteract10n description (see, for instance Refs. [4,5, 1"]) is carried out
and subsequently, its result is confronted to the experlmental T value the valldlty of this
.method will come to hght In the course of our further pxomum llfetlme studymg, we are

on the pomt of mqu1r1ng into the various 77- 1nteract10n representatlons
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