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The study of spin phenomena in the curved space-time is OJ1e of the 
most important problems of the. modem astrophysics. The study of the 
massive neutrino spin behavior in the gravitational fields with various geom- . 
etrles prese~ts i)arti~ul~ interest. . That is why we sh'all base the following 
statement of the theory of spin phenomena in the curved space-thne on the 
neutrino example. 

The Dirac equation in the curved space-time has the following form [1): 

[
.( IJ . a a 1 c : b) ] •T• 0 (1) 
z. e(a(t ax~-' :- 4/abc'Y~ 'Y ·-:- 7!l ,'jf = '· 

' ' .. ' 

where /abc = efc).e(a)v;JJe(b)• e(a) El;re tetradic vectors. ; v, JL .=. 0, 1, 2; 3 ar~ 
space indices; 'a, b, c = 0, 1, 2,. 3 are tetradic indices, 'Ya a;re the Diras 
constant matrices; .,we chosen them according to Ref:[2] .. The metric tensbr 
gJJV iS COnnected With '.tetradic VeCtO~S e(~) ill: the Stan?ard Way, [3];: 

'".< - .· ''. ._,,, ':. . . . ' : . ,.· ' 

·.:. 
gP.v == e(~)e(b)~ab' 

:·; 
' (2) 

1)ab ·is Minkowski metric tensor, 'Ya'Yb + 'Yb'Ya = 2 1)ab . 
. Kerr m~tric [4) presents the most interesting example of studying the 

solution of iqti.ation (i) . Ker~ was looking for ~- speciaftype solution of Ei·~
stein equations , which would be suitable for describing algebraically special 
manifold. This. form of metrics is currently referred to as'Kerr-Schield.form 
[5) :. ·~ ·. ; - . ' ' ' •·. . 

.:-. 

g!JV = 1)JJV + e~V' \{3) 

where ~JJ is an isotropic vector in relation to the Minkowski metric, 7]~-'v. Kerr 
llietric belongs to this class (3):· ·. It is ·iri the. Kerr.:S&ield··form that the· 
structure of Kerr space-time is most obviously revealed. As it will be shown 
in this work , spin phenomena in the curved space-time are most siinply 
described Qythe Diracequati9n (l) for the class ofmetrics presented in the 
Kerr-Schielcf'fohn' (3). ·: · · ... :, ··~ · · ' · ·· . · · ;., . 

Let's present the product of the Dirac matrices in the following form : 

fafb , , , JC = rrr,ab·••C 0'1) (4) 

where u 1 are _4-dimimsional Pauli matrices.Then, (1) can be presented in the 
form of. Schrodinger equation [6]: 

~ 

lbl.ti< ... ;·~o .. kil :b~rfl ., 
.QCJit1iU HCCJI~i:a~UI 
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.8iJ! 
-z~ ~ Bt = Hw, {5) 

where 

H~ 1 r· 0 k r,ab l 8 i or.· abed l 0 r.a{3 11 . = gOO ze(a)e(b) l u 8xk - 4'Yabce(d) l u - me(a) l u . (5a) 

For the metric (3)," tetradic vectors e(a) are easily' expressed through isotropic 
vectors ~~': · 

I' - f:p + lt:Pt: 
e(a) - va }"' <,a 1 

~a= T/abe; ~o = ~. ~~'=(~,e). 
(6) 

We shall look for the 'solution of equation (5) in the form of a wave package 
lo~alized in a spatial are~ with ~ diameter i. We shall designate the length 
on ~hich ~ is essentially changed as L9 • Obviously L
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tically L9 is the o_rder of the sizes R of the gravitational field source . For 
black holes L9 is the order of the gravitational radius R

9 
of the collapsing 

astrophysical object. While R9 stars with the mass of the,- Su~ order is 1.5-kffi, 
so 'Yabc- Lg;: and these members in (5a) may be neglected with the accuracy 
of (f!-)-th order .. In,this case,.(5a) allows an essential simplification: 

~ < <' ,, 1 < 1 i < < < 

H = ~i(1+e)- 1 [-(1+-e)'Y5(uV)+(f+-'Y5(ue))(eV)+-~(u [e):< VJ)+ ·., .• 2 < < < •• 2 . 2 < ; '. < 

1 < < 1 2 i 5 < 

+imf3(1 + 2~ + 2'Y ~(ue))J. (7) 
We shall present W in the form of combination of conditions with left and 
right helicities: · ' 

< ; 1 ! ,, • < 

. W = WL+.IJ!R, WL =:2(1 +'Y5)W, 
< < 1' < 

WR = 2(1·-,- 'Y5 )W. (8) 
Then 

,·•-,'.._' 

i
8

~·R = -i(i ~ e)-
1
{i=F(l + ~e2)(uv) +'(~ ±, ~(~~),ceyJ,-f. · 

->J'": 
;_r, 

o, ,; ~ ' '. )' ~ .- ! 

·:['1.·.· ' ~'. ::<f ,·,: 
:~I :" • ··:; .• ' ' ' -·~ ' . ) i ·. '-.. : '· ' ! ! '~·. 

< : •• ,2 -~-. 
•+\>\,·' ·4· ...... 
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... ~k; 

i < •• ' < ' < < • < ' ; 1 ' 1 < ,' •' < ' < < < 

+2~(u [(x V])JwL,R_ + +im~(l+ 2e=F. i(u~))wR.L}_._· ·• ·, (9t 

The wave function W will be normalized according to the following condition:' 
. . ~ ~ 

. . . . jwera)'Yaw.yegd
3
i= L ·· ·... .· .,_,(10) 

As follows from (l'o), the possibility or'~e~trin~, being in th~. C<?_ndit~6ns of 
right and left helicities equals ·· · ' · ·' ' ,. ·'' 

!- 0 r--= 3 /- 0 r--= 3 WR= W Re(a)'YaWny-gd X, WL= W Le(a)'YaWLy-gd X, (11) 
t-• ,, ... 

WL+ Wn'= 1. 
:~t 

We shall search the solution of (9) in the form of a wave package,with a 
width Lp » L9 :: : · , 

< 2' t 

· 1 J 3 ( (q- Po) .• ·j ( . ) ·c ) ) ) WL,R= 1 1 dqexp d2 +z Eq,rdr-::-zqr u(q,t L,R, 
7r4d2 ' 2 ' ' 

0 ' 

I 

( F), , ·.(H) uL = -F ' .un = H . < (1~) 
., .. 

·Substituting (12) in(9), we shall,.have 
. . =·-: ·.: l 

d ::. ... < • 

dtF(H) =: -i(r+e)~ 1 {(E(1 +e) ~~(eq):t(uq1))F(H)+ 
' ' ,· . . ' .. . .;.,.''l 

1 1 
+m(1 + 2e:; 2~cuepH(F)}, 

1 :' '-: i 
Q+ ~ q-2·re [~ ~ ~]] +2~[e x_q]~ ' .. {13) 

. In(13) e is taken: in the ~aximumofwav~ paciroge a~pli~ud~. (1~)·. 
Here we have an accuracy oforder (f:} The maxi~u,n:t of the wa~; package 

· amplitti.de (12) is defined·by the following condition: , . . · r 
',, 
t ., 

r= j{VqE(q,r))dr+ro (14) 
0 
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which corresponds to· the movement of the p~ckage's gravity center along 
the classical trajectory. The system of differential equations (13) describes 
the behavior of massive neutrino spin in. the .cl!rved space-time with the 
Kerr-Schield metric: Contrary to the classical theory of spin in gravitational 
field,· the quantum system of equations (13) obviously includes the mass of 
the particle m. .Besides, in (13) there are members which are stipulated 
by non-hermiticity ·of the Hamiltonian .. :fi for particles with spin. 4 in the 
curved space-time. This circumstance defines the character of neutrino spin 
behavior· in tli~ gravitational fi~ld. · · · · · · . · · · 

Let's present (13) in a more suitable form : . · 

d - (+) - - d - ( ) - -
-F = -iH1 F- iH2H +iVcH, • -d H = -iH1- H- iH2F- iVcF, (15) dt . t 

where 
:fi~+-) = (1 + et1(E(1 +e)- ~(eq)~(uQ:;)), 

... H:2 ~ m(1 +4e) 
1 +~2 ; 

. - . -~( ) 
Vc =- ue. 

2 

The member Vc in (15) leads to the change of spin conditions, i.e. -!tF =f 
0 . and -!tH =f 0. This is why we 'solve (15) for a sta~ionary case Vc = 0. 
Then, we have 

-(+) - <-(-( . _, " .. 
H 1 Fo + H2Ho = 0, H1 Ho + H2Fo = O, (16) 

where F0 and H0 is sol~tion of a linear aJg~braic equation system. (l6). From 
the conditions of compatibility of the system equations (16) it follows that 

- (+) - . 

- - (-) = o. (17) Hl ,H2 I 
H2, H1 . · 

The value of E(q,,dc~n·b~:foundfr~m: (17) . Due .to the presence of the 

member ~([fx q)'ih :fi~+>and.'H~-).the values E(q,e) are'·complex and 
PmE(q,e) ,:..,_ ~2sin8 (8 is.the angle between the vectors q'and··e~). 
In (14) we need to substitute only ReE(q,e) . We shall not needthe.ex
plicit form of F0 and H0 . These solutions are normalized according to the 
conditions 

,. 
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. 1 .· . . . 1 . . . ' .. 
Fd'{1 + 2-e(ue))~o = 1,_· H.j{l -.:. 2~(ue))Ho ~ 1. · {18) 

We divide F0 and H0 into two linearly independent memb~is: 

Po = J o - ni{1 + 4e> · 
. . :fi(-'-' ho;. 

. 1 

Ho = h
0

- m{1 + 4e) - (-) f o· 
1 

{19) 
. . ) 

Then the solution of the initia:J system (15} is to be searched in the form 

: (20) 

d i 
dt CL(t) ~ 2me(f ;i(ue)ho)C:n(f).~ . 

~ :. 

!·cR(t)~ -~~(hi(ue)Jo)CL(t). (21) . 

We, indicate We (fit ( ue)ho) = w. The ca~e of Cn(O) = 0 p~esents_ parti.cular 
interest . In this ca.Se, we have the following equation system : .· 

. ' .. ;. 

d ' ... d . ' ~ 

·-C . a· dt L ::=7 .tW. R> . ~Cn 7= -iw+c · . dt ··· .. L, Cn(O) =o~ 
,·. , .. -',: 

On integrating (22),we get • 

t 

-· · CL = Ach 1 i~idr,· 
0 

~+ t •.. 
Cn = ~iA-z;;·sh 1 iwj¢r. 

0. . . 
., 

(22) 

~- (23) 

Th.is kind of qLand -CB be~~vj9I. _is radicallY. d,iffere~t'from .. the caseof elec
tromagnetic field influence 'over the spin conditions of a neutral particle, 

:5. 



with a spin of i .and anomalous _magnetic moment. There, we deaL with 
spin precession into ele~tromagnetic field which, imlikely {23), is described 
in trigonometric functions. 

t 
For defining Wiand Wn we need to find exp(..,-2lm f E(q,e)dr) in the 

' - . - ' 0 . 

explicit form, which is presented together with GLand Cn. The equation 
(17) gives several.v~lues of !mE(q,e). The concrete values !mE(q,e) are 
estimated by the functions Ci(tJ and Cn(t) whiCh deterffiine the particle's 
spin conditions . That is why we express E(q,e) by F and H, using the 
system (16): 

1 

- "' 

- E _ C H+(u [ex q])H + F+(u.[e x q))F 
Im - 2(1+e) (F+F)+(H+H) 

- ' . - ' . ' (24) 
In general case,the calculations iri (24) are complicated and bulky. However, 
fore« 1 and'}l « 1 calculations (24) are conside_rably simplified:_ 

1 d - + --. - + 
lmE(q,e) = idtln(CLCL+CnCn), 

. 1 
Jwl = 2mesin8, (25) 

As a result, fo~·a we~k gravitatia'nal field e « 1 with the help of (11),(23) 
and (25) we find the depend~nce WL and Wn on time,in Kerr-Schield metric: 

' t 
WL = [1 + th2(j lwldr)t1

, 

0 

. t . 

Wn = [1 + cth2(j.lwldr)]-l, · 
0 

(26) 

. From (26) an effect of massive neutrino. · depolarization in gravitational field 
follows. The gravitational field of a rotating gravitating b~dy can be de
scribed by the following Kerr axial-symmetrical stationary metric: 

.-\,. ,' '•; 

Rgrfl e = f.(p2 + a2t 1(pr +[a 'x r]+ p-1(ar)a), f.= p4 + (ra)2'. 

· • . 1 , - ' • ' , . ' 0 : C ... • . ·, ·.· ; I '' ! :: ·' . '• · 

p2 = 2(r2 
'- a2 )[1 +.(1 +4(ar)~(r:2 .~ Q;~).- 2 ).~]:': .:. ,~(27) 

:6 

a = ~, .J is gra~itating body's ,impulse moment, M is its ~nass. H-n· the, Sun 
a0 = 0, 28km, R90 = 2. 96km. Under r » a (27) is simplified: •_ 

f.=ff e=i(r+ [arJ). 
r. r -

{28) 

Assume that aparticl~ is moving along the radius r .. Then Jwl = 4mR9 • 

ar-2 sina (a is the angle between the vectors r and a), In this case, the 
. effect of changing massive neutrino helicity can be· expl~ined ·by the fact 

that the gravitating body has itsimpuls~, or rotation;moment .. Sin~e {28) 
describes the external gravitational field, we sh~ll calculate it with t = 0 
r ~ R (R is the gravitating body's radius). Then: - ' 

.t r 

I lwldr =I lwl~- 1 dr. 
0 R - -

•,} 

(29) 

However, in {29) ~can be equaled to 1 with big precision. Having integrated-
in(29) and ca~culated, wehave the 'evaluat~on by r ~ R : ' - '" 

~ I 

-~ lwldr ='= n = ~niR9aR- 1 sin a. 
2 . 

0 

{30) 
' .. :; 

The exact formula for n will evidently. differ from (30) with aJ~ctor. of the 
1-st order.· It will also consider the particular geometry in the gravitational 
field of the rotating gravitating-body. :Let's 'assume.that n =In lO:::Then, . 
WL = 0. 5i; Wn = 0.49, andm = mo = ~ ln10(.,,~ ) siria. Hence,if rri;::: rno 

. g 

the f-lows of right and left n~utrino emitted by a star will be practically ~quaL 
WL and· Wn 'chang~ most eon~iderably, i(O,l~- ~ Tn$ 0. 7m~~. Her~ I 

0.92;::: WL;::: 0,55, and 0,45;::: Wn;::: 0,08. ' . " . ' 
"For a solar neutrino, . m0 = 3.14·10-4 eV at a,; ~· If the_neutrino i~ 

emitted by. a neutron star, having the same moment. andmass as those ofthe 
Sun and a radius of R ~ lOkm , then, if a ,; ~, in0 ,will be ~uch greater 
than m 0 = 3.14·10-8 eV. ·. The deficit left solar neutrinos on the Earth D vL · 

evidently amounts to Wn.The effect described in this work allows establishing 
considerable similarity between the theoretical and obse~ved soiar neutrino 
flows,· if mv ~ 10-4 eV.' The' effect of the massive neutrino depolnri~~tions 
will also considerably influence th~ rotating neutron stars cooling, especially . 

'at the moment ~f their formation when supernova stars explode. 

7 



•'.' To" gain. a better understanding 'of 'the" nature 'of the :massive neutrino 
depolarization in the gravitational field, we shall express m 0 in the expliCit form, 

preserving the Planck constant h and the velocity of light c: 

mo = (~) ln 10(~) = (hM) lnlO(.R) = 5
71": 

10
M;, • {31) 

. .. 47rac R 9 471" J. . : R9 .. , ··. ( c ) . M . . 

where Mp = J ,c!:r~a. i~ Planck mass, Veis the r~volving star equato~·ialveloc
j_ty. From (31) it obviously :follows that. the massive neutrino depolarization 
in gravitational field is of quantum nature. 
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llenomipw3aiuiR Ma~CHBHbiX HeHTpHHO B fP.aBii 
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11JyqeHo peweHHe ypaB!ieHHR. llwpaK:a E 

60J.fCKpHBJleHHOM DJhlCTpaH~CTBe-BpeMeHH '(nO· 
r ! • •" -( 

naKeTa). -
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'seHHbiX Jlli¢¢epeHUHaJibHblx ypasHeHwii, en 
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