


1 Introductmn

SR

. One of the ba.src problems of nonrelatrvrstlc quantum mecha.mcs is to find the energy

spectrum and eigenfunctions of & ‘microsystem described by the Schrodinger equation "
with an appropriate potential. Exact solutions of this equation have been found ([1}-[2]) . .

" for a quite limited class of potentra.ls like the harmonic oscillator, the Coulomb potential.

" However; most qua.ntum systems are described by potentials for which the Schrédinger
~ equation cannot be solved a.nalytxcally “Thus, the solution of the Schrodmger equa.tronv
-with a sufficiently arbitrary potential represents the main ma.thema.txca.l task. For thisaim, -
' .many approximate ana.lytrca.l and' numerical methods were worked out. Great progress in -
the development of computer technrque and effective algorithms of numerlca.l solutions of oK

differential equations permit-one to obtain: numerical solutions for. the energy spectrum

* ‘and wave functions with qulte a high accuracy a.lthough pra.ctlca.l ca.lcula.trons are usua.lly -

: very laborious ‘and’ require powerful computers. ",

, Approxrmate ana.lytrca.l methods imply a perturbative: procedure when the Ha.mrlto-'r
‘‘nian is’ drvrded into two parts H'= Ho + Hj, the solution of the zeroth approximation, N

“‘Ho‘I/(o) = E¥O is supposed to be obtained and perturba.tron corrections to the zeroth-
approxrma.tlon E© and ‘II(U) can be ca.lcula.ted The physical and ma.thema.tlca.l top point -
is that the Hamiltonian Hyp in an a.pproprla.te representa.tlon of the Schrodmger equation ks

' should be chosen so as to catch the main ‘dynamic properties of a quantum system and to?' ! -

“give a possibility to a.nalytrcally calculate all physical characteristics of the system under S
consideration. The interaction Hamiltonian H should give sma.ll correctlons to the zeroth e

- approxrma.tron and these corrections can be calculated. . B

Here we mentron the standard perturba.txon Reley- Schrodmger theory ([1] [2]), the - o
‘ qua.srcla.ssrca.l or' WKB' method ({1)-[2]), 1/N-expansion([3},[4]) . We will’ not go into, -
.details of these methods a.nd refer rea.ders to the numerous lltera.ture ( see for exa.mple,‘ kY

- [1-(4D)-

actions of fields do not cha.nge the oscillator nature of these quantized fields.- At the same

time, in Quantum Mecha.mcs, “most ‘of the. potentla.ls and ‘therefore, their corresponding

wave functions are in behaviour: qurte different from the-oscillator. The application of

the oscillator representatron method implies that a wave functron, being a bound ground '

" state of a'quantum system with an attractive potentxa.l is expa.nded over the oscillator
' basis in the representation, in which canonical variables (coordmate and momenta.)'are
. expressed through the creation and’ a.nmhllatron operators at and’ a. However, in:most
. cases the asymptotic behaviour of a true wave function (for exa.mple the ‘Couloumb wave
.. functions) for large distarices does not coincide with the Gaussian a.symptotxc behaviour

of oscillator wave functions. This means that the expa.nsxon of these wave functions over:
the oscillator basis, although - being mathema.trca.lly correct lea.ds to a series convergmg

not sufficiently fast for practical purposes. .- e T Ly .
) Therefore, before applying the oscillator representa.tron method we have to modrfy the
© variables in the starting Schrodinger equation to get a modified equation’ having solutions
wrth the Ga.ussra.n a.symptotrc behavrour In the Coulomb systems such a..modxﬁca.tlon

: ‘glven Let us pick. out the pure oscllla.tor part. w1th some unknown frcquency w and wrrte‘;

, ~In this paper, the oscrlla.tor representatlon method ([5] [6]) wrll be a.pplled to Quantumv‘
' Mecha.nrcs problems. The most remarkable difference between Quantum Field Theory'and - :
; Qua.ntum ‘Mechanics is that qua.ntxzed fields in QFT are sets of oscillators and any inter-

'frepresentatlon method(ORM) for sphenca.l a.xral symmetrlcal potentlals are glven In'*

; and orblta.l as well as rad1a1 excrted states. The results of our calculatrons in the lowest:t
. approxrmatlon of the oscrllator representatron(OR) agree w1th the exact va.lues very well

s performed by gomg over to the four-drmensrona.l space where the wa.ve functron of the
" Coulomb, ) system becomes an oscrlla.tor one, “5 O

A - -

,,,,,

-~ 'In anearly paper [7], Schrédinger has’ noted the ex1stence of such a transforma.tron e
: ,whlch transforms a three-dimensional ‘Coulomb system into'an. oscllla.tor one in the four- -+
- dimensional space. Kustaanhelmo and Stiefel 8] gave.the: explxcrt form of thls transfor- 3

i ’ma.tron “and used it to solve the classical Kepler problem. e .

It should be taken mto a.ccount that these transforma.tlons are not the ca.nomcal ones.

It ‘means that a quantum system after ‘the Kusta.a.nhermo—Stlefel transformatron becomes i
" another’ qua.ntum system with another set o quantum numbers and. correspondrnd wave .
o functrons However, this new set contams a subset of wa.ve - functions whrch are waye func-"'A S
Lo M‘trons of the initial system at the same time, and we are ‘able to pick out necessa.ry quantum IR
-~ numbers and wave functrons Therefore, these tra.nsforma.trons should be consrdered as a -
ot Successful mathematical technrcal method.’: AT P e

So, we geta modified. Schrodmger equatlon the e1genfunctrons of whlch ha.ve the os- I;

o ‘clllator Gaussian asymptotrcal behaviour. The next’ step is to write the Hamlltonran o
e terms of normal products over the creatlon and anmhrla.tron opera.tors -at and a.'Now ‘one . -
faces the questlon what is the optrma.l wa.y to determme the frequency of this’ oscrlla.tor \f ,
In the la anguage ¢ of the Hamrlton formallsm, the problem of calculatlon of the ground-state e

this: Hamrltoma.n in the form Ho: wa*a The rest of the Ha.mlltonran should be repre- R
sented in: terms of - normal products over the opera.tors a+ and a. ~The requrrement that -

“ this mtera.ctxon Hamrltoman does not contain terms quadra.trc in’ the canomcal va.rlables_
“leads- to! ‘the equatron whrch determrnes the osc111ator frequency w:This requlrement is:
.-called the osczIIator rcprcsentatzon condition (ORC) As a result;, the total Hamiltonian is- o
: wrltten in the representatron where the main ‘quantum contrlbutlons to the ground sta.te s
wor vacuum of the system are ‘taken into account. . ' RE :

The conceptlon of normal product mtroduced 1nto'nonrela.t1v1“ 1c qua.ntum mechanrcs‘

“is actually not'new (see; for example, {90y however, the questron is on which prlncrples the ™
’ ;reallzatlon of this idea should'be based.  All approa.ches Wl’llCl’l have used the’ formahsm}" e
o of creation’ "and annihilation operators 1mply that:the ground state wave .functlon belongs L
“:to.the osc111ator basis a.lthough the true wave functxon can-have a completely different
:’fasymptotlc behavrour Besides, the 7’free Harmltomans Ho,for which. the éxact osclllator” :

“.solutions exist, are usually ¢hosen in. the- form whrch completely destroys the canomcal ‘

"kquantum structure of the Hamlltonlan (see, for example,[3] o) - Ry

“'The paper.is organlzed as follows ‘In sections 2 and 3, basic formulas of the oscrllator |




metrlc potentlals

Our startlng pomt is the radlal Schrodlnger equatlon in 3 dlmensrons Qj

A jdNe Z(l+1
[ 21‘ (dr) r‘+ ’
’ We shall con51der the potentrals allowmg a bound state S -
. . Our aim is to calculate the energy spectrum E,.[ and to ﬁnd the wave functlons z,b,.[(r)
i }by using the oscrllator representatlon method;- This means that the wave functions z,b,,,(r)
: should be: expanded over the osclllator ba31s Th1s expansron ‘can be carrred out: but-it:
will: not be effective for the 51mple reason. that the asymptotlc behavrours of the true and
_“"oscrllator wave’ functions dlsagree for large r - co; and short,’r =0, dlstances Thus,
.“we cannot" apply the-oscillator representatl/on method directly but we have to’ transform
“ 'the Schrodlnger equatlon( 2. 1) so that the true wave functron would acquire the necessary
¢ asymptotic behav1our for large and small distances: For. th1s aim; we will use the well- -
known technique of changlng the. 1ndependent coordmate (+see, for ‘example,:[10], [11])
['whlch was applied to’ show the equivalence’ between: solutrons for dlfferent potentlals in®
- “-spaces of. dlfferent drmensmns -For example; there i is equrvalence between the’ Coulomb
o potentral in3 drmensrons and the oscillator potent1a1 in 4 dimensions ( see 18], [11]).
. “Our 1dea comsists'in the follow1ng Weiwant to change the varrable r=r(Q). and
i 1dent1fy the transformed equatlon w1th the Schrodmger equatron in‘a’ space "with another

+ v )] o) = ntwnz( )

."'
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',ffunctlon ofa modlﬁed Hamlltonlan in another d1mensron Moreover ‘the wave functrons in:
"/ this aux111ary space - should have the oscillator Gaussran asymptotlc behav1our The radlal
- excitation wave functions Pne(r) = [} will be equlvalent to hlgher oscrllator states‘ :

L The Schrodlnger equatlon (2 1) can be wrltten in. the form T e

/darlll r) [- —A+ V r) E]\r

T

G excrtatlon looks as 2

s
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"fThe wave functlon 1/),.1(1') depends only on one radlal varrable r: Usua.lly, one can ana- s

“lytically find the a.symptotlc behav1our of the wave functron 1/;,,,(1') for large T — ©0. Let
S thls a.symptotrc can: be ' g Ci . S

«‘c' > e

wn«r) Q””@(Q), .

The Oscxllator Representatlon for spherlcal sym—

~'“dimension. The transrtlon in; the rad1a1 Schrodlnger equatlon to higher dimensions from ;«7
f:‘the general ;point of view. ha.s been consrdered earlier ( see, for example, [12] ) Thus, the
“calculation of the function Po(r) is equlvalent to the calculatlon of the ground state wave -

1/’7#(1‘))’;.1(0 ¢), then thls equatlon for the wave’ functron of thel—thy orb1tal L

=
dQ) o x@

/ dQQ"“(I)(Q)[ ((

‘ One can see that in the case when the functron (I)(Q) (Q)vdepends on: Q2 only
,thrs equatron can be 1dent1ﬁed w1th the equatlon in the .space Rd withd= 4€p+ 2p+ 2on:
-a wave functlon <I>( ) dependlng only on the radxus Q Equatxon 2 3) can benrewrltten

(:




Let us substrtute the reprcsentatron \2 7\ mto (2 6) and go to the normal product of the S ' e This equatlon determmes the energ) E(N)(d) in the N- th perturbatlon order asa functlon :
o operators A+ and A .‘One can get o S S Sl e ofd or p’ ‘and other parameters defining the potentlal R R e S
R s S e e TR A e 1 SIS R The accuracy of the oscrllator representatxon can be eva.h.ated as

1 d: R
2(p +w2Q’ —wZA’fA +—w—‘w(A+A)+——w, B N (28)

‘ dk k2 ‘ 2N Tvl Sl
__'__ N2 2 L x(kQ) 2

) W Q) - /(27&') Wd(k )exp( 4w):_ g ( Q w) :
o where * 15 the symbol of the normal ordermg and Qk) E k; Q,, e
)’ "/(d,, dW(,, .ucp) 5 b
We requxre that the 1nteractlon part of the Hamrltonlan should not contam the term w1th

Qs ‘because’ this. term is_postulated’ to be' mcluded mto the oscxl}ator part completely
: Thrs,requuement grves the equatlon for the frequency W r :

o The de51red energxes E,,r (n,. = 0, 1, )of the 1n1t1al equatxon (2 1) r
radral excxted states are deﬁned by the equatlon ‘

E =H0+HI+50 2 ‘
= W(A+A),

A(w a,) + 2n,.w + A["'](w a5) 5
._‘kB(w a,) + B("'](w a,)

and ‘other parameters deﬁnrng the potentlal V( ) in (2 1) S
-~ .The ground state energy e(F, d) of the Hamiltonian ‘H in (2 10) wxll be calculated by
o the perturbatron method over the 1nteract10n Hamrltonran H I and in the N«th approxl-' i

- matxon it ha.s the form n o SR S

aA(w a,)——EaB(w a,).-O
W@@—MW@M“Wa

R

Rt \

e(N)(E d) = so(E d) +52(E d)+f ’_k+‘eN(E d)

V;"determme the functrons w(a_,) and E(a_,) The energy ‘of the’ n,.—th excrted state m the

ACCOTde to (2 5) the ground state. energy E of the ‘initial Pmblem n the N th S e N .f“iﬁrst approxrmatron of the oscrllator representatlon is determmed as. v

;I}fr;perturbatxon order of the oscrllator representatron method 1s deﬁned by’ (2 11) and the e
;_‘equatron o R : : [

i

] i';vn__A[nr](“’(a.r)a0‘.1)‘
P - faik, Bf""(( a;),

‘ 5‘"’(’3 d)—€o<E O+ ek D)+ +5N<E 9=,




- e e

In the second a.pprox1ma.tlon the energy 1s deﬁned as .t.;;;';' L ;‘ N

) =B B i)

[

v L 1 5 e,
' an(HI - nrlelnr)) H——2"nw— (H,—> ﬂrJHllnr )|nr)r R

where P,s,)(t) is'a polynomlal of the nr th order Thc parameter d in’this representatlon
B ca.n be consrdered as a.ny posrtrve number These polyr|0m1a15 sa.trsfy the orthogonahty

The wave functlon in the second a.pproxrma.tron is f e
. Q { Ho—2n w( ) ( I T

: The radra.l qua.ntum number n, does not enter into the Schrodmger equa.tron (2 4)in,
o the expllqt form.: The orbital quantum number £ enters' into (2.4) but it is “absorbed: by Lo
the ”dxmen:alon para.meter d. From the pomt of vrew of the spa.ce Rd the functlons

: <I>,.,(Q) Q”"t/} ,z(Qz”)

, Thrs condltlon can be 1mp0sed' on a.ny ,, 4
- annihilation opera.tors is. nothmg else. tha.n the malhematrcal method to perform a.ny
o calcula.tlons connected with orthonorma.l polynomlals : ‘ :

v A : T
Thus, the solution of the equa.tlon in‘3. drmensrons for the (— th orbital excrta.tron is” L
" equrvalent to’ the solutlon of the Schrodmger equa.tron in the spa.ce Rd for states w1th T

There a.re ma.ny qua.ntum mecha.mca.l systems descrlbcd ;by a)ually symmctrrc potentrals SN
" Such'a systems as: atoms in'a consta.nt ma.gnetrc “field,” the- /,c-ema.n effect’ was one of v
* the earliest. problems\studred in qua.ntum mecha.mcs []. Allhough many’ numcrlcal and.’_:?\-—
- a.na.lytrca.l investigations of thls system have: been roporl(‘d inthe |1lerature [13] Lhere,rs.;x‘_““'
.- still today a consrderable 1nterest inits: detanled propmtws espec 1a11y in strong magnetic: R
-;,:ﬁelds The main motrva.tron _comes from a.strophysrcs [14];. where very strong magnetic:
" fields are needed to understa.nd the. physrcs of neutron star smfacos and wlnle dwarf stars. ,
. The energies and ergenfunctlons of deformed nuclei [l 5} and the ¢ 1( (lrom( shell struc- -
- ture effects in metallic clusters [16] are descrlbed by th(- Schrodmgu (’qudhon wrth a)ually S
symmetrlc potentra.ls T ¥ ok ; R

‘Most quantum systems descrrbed by the Schrodmgcr cquatlon w1th an axra.lly symmct-'
»-,"rrc potentla.l ca.nnot be solved a.na.lytrca.lly Thus the'sohmon of th(‘ Schxodmger equatron;

S \C[‘hese orthogonal polynomla.ls can be constructed by using the forma.hsm of crea.tron &
' and a.nmhlla.tlon opera.to.s Aj and A+ in the spa.ce R" (see [6]) We ha.ve e : :

s .
'+ 56—) +V(r,cos0) ‘Pk




Takmg 1nto account tl e aulmuthal symmetry of the problem we 1ntroduce the magnetrc SR R

o ouantum number ™ 50 that the wave function can be represented as~ e

e"",".‘“\lpi Ll '.;0 S
= ——=W(r,cos
"7“4 2 ( '. )

. ; e

AR DA

“ ‘Equatlon (3 2) acqulres the form

{_ (62+2a)+ o2
ar?:ror - 30 _sin’ 0

! +V(r,c050)} m(r (csc’)) ,,.\[- (r cos"n

. on'two, vanables the radrus r "'{\/’
o )the form £ -

L:.,VH:One can see that P”‘(a:) is a solrd spherlcal harmomc, mo= 0.:1:1 :l:2 ‘are azrmuthall»l S
g ,'quantum numbers ‘and v is'a parameter whrch can take any values The norma.hzatron :

: Vconstant Nm(u) rs determmed as

@+1) r(u‘-“m+'1)

ey

""d’P"'(cos 0)

':"Our alm is to calculate the energy spectrum E,,. and to ﬁnd the wave functlons \Il,,,(r, cos 0) g
" by- using ‘the- osc1llator representatlon method The ‘wave functron Up(r;cosb) depends“'__

and an le 0 The solutrons of th:s e uatlon are of ’ 5y
g i a0 e - 1nto (3 11) and after some transformatrons one can get

,functlon @um(r) so as to get a modlﬁed Schrodrnger equatlon‘havmg the solutlon with
" the. Gaussran asymptotlc behav1our' 'These subs\ltutlon ar o

: ,where the pa.ra.meter pcan be connected w1th the behav1our of the wave functlon at large
dlstances to approxrmate the Gaussmn asymptotlcs The Schrodlnger equatron takes the" :

g The ca.lculatlons detalls of the energy spectrum and wave functlons of the system descrlbed B
[ by the Schrodmger equai.on represented in (3. 14) are given' m sectlon 2.7

SRS T
e Y E o

: zyu,m—myumyy,l" RO Torie 948 e
‘liy"'m - —\/y(y-f-l —m(m :*: l)yy’mil . ‘, (' : ' ‘, g e
Zzyu,m = l/(l/ + l)yum T

Taklng lnto account Eqs (3 7-3 10), substltutlng the representatlons (3 3) and (3 5)' :

ok

. l(d) "+ u(u+1 (7

kwhere d 2 + 2p + 4pu and the potentlal W(Q, u, ) equals

Fhrther steps should be done accordmg to the rules formulated above



s 4 The calculatlon energy spectrum spherlcal sym- 5
metrlcal potentlals RN

RCSE "‘"(E) (Z 2n,) 2 iEd_—SMDa

Let s a.pply the a.bove-formulated method to ca.lculatlon of the energy spectrum of a-
' ,w1de class of potentla.ls Y " L el R e

. " Accordlng to (2 15) a.nd ta.klng mto a.ccount (4 3) a.nd (4 4) from (4 5) we have .'l v

E r‘ v ) 3 - s B
‘k_ijor the mvestlga.tlon of dla.tom molecules Kra.tzer[l7] a.nd Morse[lS] potentlals are used o
/FlI‘St of a.ll we ca.lcula.te the energy spectrum of the Kratz r potentlal e : .

i ,yfl/'y from (4 6) we get

3(nr + 1/2)2 3(n,. + 1/2)(£+ 1/2)
: 721.' ;7 'ﬁ .] 7

2(n,.+1/2) (['.7.’+.i1!/2.’l“w' \jr.-
: Eﬂl D ST i 7’{;)‘ = w(;} (47) k

\The Second and thlrd terms of thls expression descr:be the nbra.tlon and rota.tlon energy‘ o
levels, the fourth term is the correctlon to the vxbra.tlon level and the fifth term’ chara.cte i
" izes the connectlon between v1bra.tlon and rota.tlon levels. ; [‘he Kratzer potentla.l pla.yed
an 1mporta.nt role in the early stage of the development of Qua.ntum Mechanlcs However, .
: Tthls potential is less phy51ca.l than the Morse potentml : 2L

.- The ‘Morse: potentlal well descrlbes the V|brat10n charact
has the form[18] ; e

"ofy;dxaﬁtom :moléecules a,ndf' -

, The pa.rameters of the thxs potentla.l for some standard molecules

e “where z -—"a (r ro)/ro
Yo are deﬁned experlmenta.lly [19] a.nd are represented in 'Table 1!

Ta.ble 1 The potentlal parameters »

and get the represlentat:io‘n'

molecules 2Mr [cm“l] I D, [cm B l i a]
o Hy e \60 8296 - |. 38292 1.1.440 |-
HCE |10, 5930 31244 \,2;3801‘, .

{ (a2 d-1-9
3Q2‘+ @ aQ)

2"/2E +2 2Q2 [L‘—za(Q -1)




and for the xnteractlon Ha.mlltonlan we have ) = :

«H: ’ " L f”_fdd” 8 e_u2(l/a+l/w) ) lza'laz ;_r,é(l/i;;{i/d)' ’ BER LT
NI P, 2 f o . ___________~_> _2.Q.,
o ”’—27~ /—/— l’“ Ga o 7oa (@ | 7 )

Ta.ble 2 The energy spectrum (m umts 1;04' . cm"‘l) ofyth;e'd‘ia.toma;_" L

- g PRI SN molecules e
e e R e ,

: =1]3.85565 -2.4149 [ 2. 50749=r,(—0 7338; Yy
R S ke e b 9 ]5189656°.-2.7780 | 4.48658  -1.3374 | -
- 'lliﬁl7dfﬁl“ @R e e =31 7.78429 12,9914 | 6.47241 17584 |
G ol s e =1 8=11]4.54585" -3.9834 | 2.83224  -1.8159:|
2,6.5111 -4.0530 | 4.84365 " -2.5129"
|8.46430 -4.0659 | 6.84497 ©-2.8705
16.1540- -6. 7576‘ 4.96107. -14.7620
2./8.01054 -6.3432 6.68407  -11.285
98833; 855037 ,-95162

Accordlng to (2 15) the equatxon S

,d+,4n, 24», a(3+2e)
! 4;, 2

Tt

makes it possxble to determme the paramcter was’ a functxon of the{\nbratxon n,. and
rotatlon 2 quantum numbers The energy levels in the ﬁrst approx1mat10n of the osc1llator

,rotatlonal energy can be consrdered asa perturbatlon correctlon, ie., the dependence of i
the energy spectrum of dlatom molecules on the rotatxonal quantum number Z is weak B

g et

(F1 gm-mp(d/24n,

ECES R |
n, = m + p)l(m.= 2p) (p)?.

| ‘f?(d/lz.fn-)-‘P@/?;ftn)f'

: In papers [21 22] the so-called generahzed van der Waals Hamlltoman was mtroduced for
! mvestlgatlon of dlﬂ"erent quantum mechamcal systems ‘In thls subsectxon we wrll apply* :

where [3 and 7 ate dlmensronless physmal parameters “For.f ='v/2we, recover the van der
Wa.a.ls potential [23]; for- ,3 = 0, the quadratlc Zeeman elfect(QZE [24] The case 'when
v is arbitrary and 8. ='1" represents the so-called spherxcal QZE{25]. 't also represents
*. the so—called charmomum potential ex1stmg between charmed quarks and anthuarks [26].
: ':Moreover, 1t represents a special form of the so—called genera.hzed lehngbeck potentlal

,;‘ Our calculatlon results are g1ven in Table 2 “ , .
The rotatlon ‘énergy of diatom molecules is: consxdered as‘a’ perturbatxon correctlon g

[20] to the v1brat10n energy and the expansron of. the potential i in the (r; —ro)/ro made o : oY fapplled in quantum mechamcs [27]. ;\‘ S ‘

»This approxrmatlon gives some possibility to dctermxne the énergy spectrum of dxatom P P e us. consider. the hydrogen ‘atom w1th the spherlcal symmet 'cal va.n der Waa.ls

" molecules with the vibration and rotation corrections.. On the other: hand,’ from (4 13) PN ¥ potentlal In thls case from (4 16). the Hamxltonran can be written |

’ “we see that,’ our results make it’ poss:ble to ‘determxne.the v1brat10n and rotatron energy o A : ~ ‘

spectrum of dlatom molecules exactly : :




After some calculatlons above the Schrodmger equatlon m the d dlmensmnal aux1hary

 space looks as

g 1. :

S Let us consnder the hadrons as’ bound states of quarks tw1thm nonrelathstlc potentlal

- 'models. ‘The ba51c problem is that' nonrelat1v1st1c quark’ models descrlbe the masses and
ey statical characterlstlc of hadrons 1The Hamlltoman ‘with the power law conﬁmng potent1al
for the quark a.nthuark palr can be represented as [28] A

’f‘"‘;, couplmg constant The Schrodmger equatxon can be wrxtte.n .in the form

where Jl = mlmg/(ml +: mg) is the reduced mass of the two-partxcle system, b is the 3

After some transformatxons the modlﬁed equatxon looks hke s

30 9w1/4 "5' Gl tglg g
\2,3?;.I>+r< Tre )l(""",” 043+ 60

; M2 "'ﬂ Z+c0nst

On | the other hand; we lmow that for large angular momenta thc squared masses of hadrons
are proportlonal to.the angular momentum 4 and are deﬁned by (4 27) and the parameter
ﬂ is, the so—called Regge slope o S i BRI R

rnetrlc Hpotentlals :

o In thls sectlon, the method of oscnllator representatlon will’ be'apphed to calculate the i
fenergy ‘values of ground and excxtedgstates of the hydrogen atom a umform‘magnetlc
'f'ﬁeld of arbxtrary strength L
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o.l The hydrogen atom in a umform magnetlc field

"The Hamxltoman of the hydrogen atom in an external magnetlc ﬁeld for spm- down sta.tes :
1s [1] ( in the Rydberg atomrc umts) i BRI ’ e

: where the vector potentral A
"the z-axis; L, is the z- component of the angular momentum operator and S

Cwsle- 5)’; ~+(B9) = %
= %E%'_ l‘,’,_'*_;_Bz(,_z +(y?‘)';.+ -B(L, - 1) ,

Schrodlnger equatron for the Hamlltoman (5 1) becomes .—'. ;")f’ - e

Accordmg to (2 10) for the calculatron of the energy spectrum of the ground and excrted
state by usrng the oscrllai or representatlon method the Hamlltoman‘ is represented in the

v 4p Q“"’2 (U P
‘-‘d 2+2p(2u+1)

‘i’_” so(El

I3

”H”m+m+mm,

o 4pt I‘(d/2 A 1)
4 Wt L(d/2).

- 2pB2 I‘(d/2 4p-

+4Ump T(d/242=1)"

2p—]

CTER)

swtend

TR

[B r] aﬂd the magnetlc f'eld B has been orlented along_"'k &
=1/2. The: S

: “Qur, problem is.to calculate the Pnergy values E of the ground and excrted sta.tes of Tl
7 the hydrogen atom in a unlform magnetrc ﬁeld for arbltrary strength parameters Bl
'( . Taking into account \J 4—3 15) and after some transformatlons the modlﬁed Hamllto-
- nian ha.s the form s ' e NS

L ‘ s / : - ; o ; y
The 1ntera.ct10n Ha.mlltonran looks as” k : ¢ e :A -
1 =47 / i [ ’-nz(m) e T
. Um i . v A PR i
, [ i z, By P 2p) tz (2 p) e '"(") 2 T-4p)]

'%gnetlc ﬁeld

. fThe energy levels w1th the radral excrtatlons in the lowest approxrmatlons of the osclllator . - ; .
representa.trons are determmed as S N AR : et

~

L JLU IZ w"Jp .U(°l rE(O) Rosner[29]
o 00 ~~]1.0. - ].1.0 x 0.125 .. ]0.1250 [ .125. ~. ] .
003 | 1.0 - |0.935 [0.008 | 0.148  |10.143080 .|
0.316 - |-1.0914_ | 0.800 .| -0.3395 . |-0.1605 | 0.160469 -
0.312 | 1.4231- ] 0.798 | -0.8263 |:0.1737 | 0.173944 |
70.3137 ] 1.689 [ 0.796 ;| <1:3170 | 0.1830 |.0.18259
170313 [ 2.116 | 0.7965 [ -2.3025- 1 0.1975:| ..., - .
- ]|'0.315 [ 4.4962 | 0.7994 |-12.2721 | 0.2279:[ - ... . |+
0.314 - | 8.8149 °| 0.801- [-49.7457 | 0.2543 | 0.25619 ., |~ .
0.3164 | 12.4155 | 0.802 | .-99.7294 [ 0.2706 |.0.26897 -
0.31656 38 9171 0803 ,-999 70 0300 030624‘

Bz‘ﬂ
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Ao(l/) ;."
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and we lntroduced the nota.trons S RN
B 2= p-l—u

=12 —1 3 2 F2 1 8 F2 2 — Gt

B * [p “+~p» + V)] pu+.p+ ) G P (pu+ p)l+p+2pu el

PR 35= dpFv (2p 2)(2p=1). ) e
Dy —8 I‘2 50)—————_". "B ._I‘2 3 2= 22p=1) N
5p (PI/+ p)1+p+2/m G 40 (pu+ p)\ +‘; 1+p+2pl/ )

14 p 4 2pv
(4= 2)(4p — llp)‘ B
1 + p + 2p1/ .
= :,,Equatron (5 10) deﬁnes the energy parameter Ua as

Bl = I‘(2pu + 2p) (1 + Q——zl(———l—)p) i',"‘ Bz = -(5 + p -|-l 2pu)l‘(2pu —+ P + 5)

x,

v ; ) —VTB3 = I‘(2pu -I- 5[7) (1 +

a functron of the strength parametersr

e The wave functrons are deﬁned by (3 5) and thc panty w1th rcspect to the x-y plane' L
Sy s definied by the functron P"‘(cos(0)) (see ‘details in- ref.[30]) The numerrcal results are “:
- shown in Table 2. Inthe paper [30] the energy spectrum for the states (ls) and (2p).of
“the hydrogen atom' ina umform magnetrc ﬁeld in the framework of ORM 1s calculated S

';»‘iAccordlng to (3 14) f ) “transform
‘-':,theform T

; ORIS deﬁnedas B Caits e S e S

In the lowest approxrmatron from the condrtlon ol' the oscr]lator representatlon (2 11) we / ;

5 Vdetermme A T N R / I e T B

e

,,l;'where we mtroduced the notatlon P T e e T
9= ’r (ﬂ2+ (1 - 52) m("))

'The energy spectrum w1th orbrtal and ra.dlal excrtatlon in: the Iowest approxrmatlon of

1, v N 3 R ,’

["'] = so(b) +. 2n w+ (n.-|111|n ) ;;:‘:: S

The calculatlon detalls of the matrlx elemcnts (n,[ll;ln,) are grven m Appendlx Hna
. From (5.11) we see that if 7(ﬂ =1)=0; Lhcn the llamlltoman is Spherlcal symm(,trlc

’ /— and the parameter v takes only mteger values,” lf we takc in to account only the-tefms - ke ’
R proportronal to 4 in energy level corrections, ‘then'in tllc tlns approxrmatron the parameter

g y\takes integer values.In thls case, the. expressron (o 1) is calculated aualytlcally Takmg
into a.ccount (5 13 5 15) and (A 5) from (5 16) we have for tllc urcrgv spectrum e

€+m+l)£+m'+2) :
o3 +O(7 )
lrom 5 17) we see that the f: 5

[5n —3e(e+1 + 1]

(€= m)(e m—l)
2e+1( +

,The drpole transrtlons Let us consrder the drpol(\ transrtxons from the ground state S
“(1s) to exited states. Within the osc111ator represcnlal ion methods the wave functions are - :
> defined in the d- dimensi. nal auxrhary space:’ Accordmg to (2.2), \lJ,,( are.wave functions B

“ in'the 3-dimensional space and <I>,,r is: those in" the d: d)mensronal space.’ - To establish ' .
L relatlons between these functlons ‘we consrder the followmg ¢ quahty in thc 3 d1mensronal




: where C,,, is the normalrzatron constant Accordmg to (2 2) after changlng vanables from S

PR (5 18) we ha.ve

~

20‘,<r;;7|_Q’f|,n;) S

- Takmg 1nto account (A 1), (Afi4)'and‘.(5:19):lfor theiwa’ve ‘funetidn"in'f't"he;3;’dimen"‘sione:ﬂ’f: L

"f‘space we get e

account (5 18) and (5 20) we have

\/I‘(Q + 23)\ (01Q4 'u —bQ2 ( +k: "']0)

‘!l Ql+l B 3

,‘ff»ﬂwhere C,.r is the normahzatlon constant determencd by (2 13) Q and Qd are osc1llator B
frequencres in the 4--and d- d1mensronal space, respectively; [0) is the ground or va.cuum SRR

- state in tﬁe d dimensional space and we mtroduﬁ o, the not ation

(5' 20)

. “and are deﬁned by‘.‘(2 13) One of the basxc mathe_matlcal tasks of‘; S
:nonrelatxvxstrc quantum mechanlcs is to ﬁnd the averagc of vanables r Taklng 1nto::

R \ Substrtutlng (5 25) (5 26 and (5 27) 1nto (5 24) and after some"slmphﬁcatlons we get 5

Le* us separately ca.lculate the ma.tr1x elements ; : PO e !
AU e o et gty
S g T,,.,/ (OlQ“ “2tg1a (a ) o),

1fl 2 taklng 1nto a.ccount (A 2) we have - L > SR ‘
S e DK A AN ﬂa : (1 +b/nd)d/2+n";'~‘ T(df2) . SO
i 5 and 1fl = 1 we get T i SR ,_f‘, B S v";f 5

T,,,r @Qz ;bé »(a : )|0)=( d') T2n

e In the case of l > 2 the ma.trlx element can ‘be rewrltten 1n the form Z RS ;‘ s

e I‘(d/2 PE

Z :fn,! r(21+] __4) bnr-_yr(ﬁ Y _J) B
l(nr - ]) : I‘(2€ 4) (b + Qd)6+n,-]

.‘-\

Ttnr = OIQ‘ 2’8”“"- ( ) |0>=« 2)

i for the dlpole trans1t10ns a.t l = 1 2 a.nd > 2

; ("—, )'(Q +Qd)"+2 L +Q“‘ - b= Q"] f
nm /m @ages
V(n— ) (Q +Qd)r"°

M" ,(1 )""329 n“

‘lzr(5+n—z J)
"+ lv)l‘(n —t- J)

r(ze+;.—‘4) (n —q;
‘ I‘(2l 4) (Q +Qd)"+5 “1 EEEE S
‘ The squa.re of these matrlx elements deﬁnes [31] the osc1llator strengths for tra.nsmons
: from' the ground: state ( ls) to the. manlfold (nf). In. our: approx1matlon the oscillator e
e frequency Q is defined as- a function of the potentlal parameters So that every potentlal“‘ R

; g:corresponds to any oscillator frequency In'the case of generahzed van der Waa.ls potentrals SR
for the osc1llator frequency from (5 15) a.nd (5 17) we have RO C R —

[1—7n6AE( ’ 3(3+2l)(2+e) )]+O(2)

i “Bni 3‘(“1)“;
o .}’Accordmg to (5 17) AE is deﬁned as: : e

AE'{-—-‘—‘—-— [571 —3l(l+1 +1] (5 30) |

gl (e~ r'U(lym—l) (l+:u’+l)(l+m+‘2)
[ﬂ+(1 2e+1( -1 S e )]
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: - Let us give some ca.lcula.txon deta.lls of the ma.trxoes (n,[ H Iln,) Flrst of all the varic’ Lo
S ,j.': a.bles sz, where Tis a.rbxtra.ry, represented in'the norma.l form Let T= 1« 25; 3 ’:1; o

=~ then ta.kmg m to account (2 7) a.nd (2 8), we’ ha.ve e S B

d(d+2) ke d+'2f,
9= o
o d(d+2)(d+4)

whereHrls defined by (4:18) :
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3ueprernqecxnn cnexrp cd)epnqecxn‘crmMeTpuquoro u aKCHZUIbIIO-CHMMCT—
_puuHOrO NOTEHLMAIOB, NONYCKAIOWMX CBA3AINBIE COCTOSNS, BBIMHCICH METOIOM
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Oscrllator Representatlon Method : S g
/in the Theory of a Hydrogen Atom in an External Fleld

The chk ordenng method called the Osc:llator Representatron in the non-:?
relatwnstlc Schrodmger equatlon is - proposed to calculate the energy spectrum'
for sphencally symmetrlc and axially symmetrrc potentials allowing the existence
of a bound state. In particular, the method is applied to calculate the energy spectrum
of (25) states of a hydrogen atom ina umform magnetic field of an arbltrary strength.

1In the perturbatlon (extemal field) approximation, thé energy spectrum of the so-

.called quadratic ‘and : sphencal quadratic . Zeeman - problem - and  the problem

of -a- hydrogen: atom in a generallzed van- der ‘Waals potential is calculated'
analytrcally ‘The results ‘of - the zeroth: approxrmatlon of oscrllator representatlon
are in good agreement wrth the exact values ,

The mvestlgatlon has been performed at the Bogohubov Laboratory,

i Preprin}t of the'Joint klnstitute’ for NnelearvResen'rch;'Dubna, 1996 T




