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1 Introduction 

One of the basic, problems of no1_1relativistic quantum mechanics is to firid the energy 
spectrum and ·eigenfunctions of a microsystem described by the Schrodinger equation· 
with ~ appropriate potential. Exact solutions of this equation have been found ([l]-[2]) 
for a quite limited class of potentials-like the harmonic oscillator, the CouJomb potential. 
However; most quantum systems' are described by potentials for which the Schrodinger 
equation cannot be solved analytically. Thus, the solution of the Schrodinger eq~ation 
with a sufficiently arbitrary potential repre~ents the main mathematical task. For this aim, 
many approximate analytical and numerical methods we~e worked out .. Gre~t progress in 

· the development of computer technique and effective algorithms of nurnerical solutions of 
differential equations permit-one to obtain. numerical solutions fa'rtlie energy spectrum 
and wave functions with quite _a high accuracy although practic~lcalculations are usually 
very laborious md require powerful computers. 

Approximate analytical' methods imply a perturbative: procedure when the Hamil to-· 
nian is·divided into two parts H'= Ho+ Hr, the.solution of the zeroth approximation. 
•H0 w<0> = E<0>w<0> is supposed to be obtained and perturbation c~rrections to the zeroth 
approximation E(O) and iJ!(O) can be calculated. The physical and mathemati~al top poi11t 
is that the Hamiltonian Ho in an appropdate representation of the Schrodinger equation 
should be chosen· so as to catch the main dynamic properties of a quantum system and to. 
give a possibility to analytically c~lculate all physical characteristics of the system under 
consideration. The interaction Hamiltonian Hr should give sin~ll correcti~ns to the zeroth 
approximation and. thes!! corrections can be calculated. _ . : . . . . 

Here we mentio11 the. standard pedurbation Reley-Schrodinger theory ([1H2]), the 
quasiclassical or ·WKB method ([lj-[2]), 1/N-"expansion([3],(4]) . <'We ~'ill not go into 
details of these methods arid ~efer readers to_ the numerous literature ( se1i, for example, 
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[1]-[4]). . . . . , . . _ . ., _ . . _ _ · 

In t~is pa.per, the os. ciHat·o.r representatio~ m. __ ethod .. ([5],[6]) _will be ap .. pl~7d to Qua __ n_tum_ . . ·1·. , 
Mechamcs,problems; The most remarkable difference between Quant.um Field Theory and 1 !. •, · 
Quantum Mechanics is that quantized fields in QFT are seti: of os~illators and any inter- , ! . · / 
actions of fields do not change the oscillator nature of these quantized fields .. At the same I .' · 

. . . . L . 
time, in Quantum Mechanics,· most· of the potentials. and therefore. their corresponding · , ' -·'. '· 
wave functions are in beha~iour quite different from the-oscillator. The appli'cation of 
the oscillator representation method implies that a ,;,ave' fun~tion, being a bound ground 
state of a· quantum ~ystem with an attractive potential, is expanded over the oscillator 
basis in _the representation, in which canonical variables (,coordin~te and momerita)'are' 
expressed through the. creation and 'annihilation operators a+ and'· a. However, in.most 
cases the asymptotic behaviour of a true wave function (for example/the Couloumb wave.' 
functions) for large distances does not coincide with the Gaus~ian asymptotic behaviour.· 
of oscillator wave functions. This means that the expansion of these w~ve functions over 
the oscillator basis, although being mathematically correct, !~ads to a series converging , . 
not sufficiently fast for practical purposes. · . . •' 

Therefore, before applying the oscillator representation method we have to modify the 
variables in the starting Schrodinger equation to get a modified eq~ation having solutions 
with the Gaussian asymptotic behaviour. In the Coulomb _systems, such :i.,modification 
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. is performed by going ove: to the four~dimensi~rial space where: the wav~ functi~n of th~ 
Coulomb_ system becomes an oscillator one,. - . . . ,- ·( . _·· . . . . . . . . . 
,In an early·paper [7:], Schrodiriger has noted the existence.of such a transformation· 

,vhich tr:i.nsforms a thre~di~ensional Coulomb system into an oscillator one in the fo{ir- · 
d.imensional space. Kusta~nheimo and Stiefel [8] gave tlie explicit form of this transfor-
matiim' and used it to solve the classical Kepler problem; . . 

It should be taken ixrto account that these transformation~ are not the canonical ones. 
. It means· that aquantmn system after.the Kustaanheimo-Stiefel tran~for~ation becomes 

another. qu~tuin system with another set of quantum numbers and .corresponding wave 
functions: However, this 'new set contains a subset of wave functions which are viave fimc-·. 
tions of the initial system at the same. time, arid we are able to pick mil necessary quantum 
'numbers ·and wave-functions. Therefore; these tr~risformations should be considered M a 
successful mathematic~! technical method. '. . . . . . 

. . .· So, we. get a modified.Schrodinge~ equation the eigenfunctions of which have the OS- . 

cillatorGaussian a,;ymptotical behaviour: The next' step is to write the Hamiltoni~ri in 
. t~rms of normal products over tlie _creation and annihi_lation ~perators·a+ ani a:· Now one .· . 
faces the ques_tioii. what is the optirrial way to ,determine the frequ~ncy <?f this oscillator'. : · 
In th~ laE_gfrage of the Hamilton formalism, t~eproblem of calculation oftlie gr.ound~state 
energy can be forniulatedinthe following manner. Let the Hamiltonian ofa.system be 

:given; Let us pick out t~e pure osciilat~r part.with some upknown frcqu~ncy w a;d~rite' 
this Hamiltonian in the form Ho== wa"':a, The'rest of theHamiltonian should be repre: . 
. sentediri terms of normal products over the operators a+ and a. The requirement that . 
. this iitteraction Harriiltonian d~s not contain terms qu~dra'iic in the canonical variables 
. leads to th~ eqU:atioriwhichdetermines the os~illator-frequency W; This requirement is 
. called the oscillator representation condition (ORC). As a result, th~ total ·Harniltonian· is 

written in the representation where the mai~ quantum contrib'utions to the ground state . 
. or vacuum of the system are taken into account. _·._ , .·. .· · . __ ·. __ · _ ". ·· _· , . 
·. The conceptioq of normal product introduced into nonrelativi~tic quantum riied1anics 
is actu~lljnot riew (see, for example, (9]); however; the qu~tion is on which principles the 
realization of this idea should .. be based. AH approaches which have used .the formalism: 
of creation "aiid annihilation operators imply that the gro~nd state wave fu~ction.belongs 
to .the oscillator basis although' the true wa~e function can have a ·completely diffe~ent . 
a,i;ymptotic behaviour. Besides,'th~ '"free" Harriiltoniins Ho,for \~hich the exact oscillator . 

. solutions· exist, are usually chosen in: the form which completely destroys the canonical 
quantum sti:ucfore of theHarriiltoni~ ·(see, for exainple,[3]-[9] ). , ~: · · "c. 

. The paper ·is organized as follows: In ~ections· 2 and 3, · basic formulas of the oscillator · 
nipresentation rriethod(O~M) fo~ ;pheric~ axial syrrimetricalpotentials are given. In 
sections 4 ·and 5, _the method is appHed to calculate the energy levels for the ground. 
and orbital as well as radial excited states. The results of our calculations in the lowest· 
appr?xi1?1ation of the oscillatq;·represent1:1-tion(OR) agre~ with th~ e:icadvalues very well. > · 
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2 The Oscillator Representation for spherical sym"'. 
... metr.ic' potentials . - . . 

' ' . . -· ~ 

Our starting point is the ;adi~l Sdfrodinger equation in 3 di111ensi~ns: 
. . - . 

· [ .1·( d ) 2 £( £ + 1) ·1· · . · " •. . . i: - 2r dr r + ~ +V(r) 1Pnt(r) = Enl1Pnt(r) .: , ,' (2.1) 

We shall consider the potentials allowing a ~ound state. · . . . . 
.. Our aim is to calculate the ene~gy spectrum Ent and to find the.wave functions 1Pnt(i-) 

· by using the c:i~cillator representation' method. This ~eans that the wave functions 1/J;.t( r) 
should be expanded over the oscillatcwbasis. This expansion can be carried out but it 
will not be effective for the simple reascin .tliht· the ~symptcitic behaviours· of th~ tr~e arid 
oscillator wave functions disagree for large, r -+ :oo; and short;r .:..... CJ, distances. Thus,.· 

. we cannot apply the·oscillator representation method di~ectly but we have to trnnsform 
the Schrodinger equ'a.tion( 2,i) so that the true wave fundion would acquir; the 'necessary . 
asympt~tic behaviou~ .· for large arid sm~ll distances: 'For. this ai~; we will· use the well-·, 
knci~n technique ~f ~hanging th~independent coordinate (see, for example, [10], [11]) 
which was applied to show the equivalence between solutions for differe11tpotentials in 
spaces of different dimensions: For example, there is' equivalen~e between· the Coulomb . 
potential in 3 dimensions and the oscill~tor potential jn 4 dimensions (see [8], [11] ) ... -

. Our idea~corisists in the.following.· We 1want tci change the variable'r = r(Q) :and 
identify the transformed eq~ation with the Schrodinger equation in a space with anothe~ . 

,·dimension. The transition in,}h~ radial Schrodingerequation to higher dimensions from -
·, the general point of view has beeri. considered earlier ( see, for example, [12] ). Thus~ the 
,-calculation of the ftinction 1Pot(r) is equivalent to the calculation-of the ground state wave'. 
function of a modified Hamiltonian in another dimension. More~ver; the wave f~nctions in_· 
thfaauxiliary space should have the oscillator Gau~sian asymptotic behaviour. The radial· 
e'.'citation wave functions 1P,ni(r) = Jn,) wiH b_e equivalenUo higher oscillator state's. 

: The Schrodinger equation (2,1) can be \vritten in the form:·· . 
,'-'.' •• a •• • ' 

•. r - ...__,,,. ., - . 

, ·' ~ j d3rill(r) [ ~ ~~+ V(r) _'7_ E] ~(r)~ 0 .'_ 
\ . . 

If ill(r) 
1 

= ·VJnt(~)Ynt(0; cfi), then ·this :equatiori for the wa;e -function ~f the. £-th orbital 
excitation looks as·_, · / · -

i 
. ' 00 . ~ - . , . . .·,, . ,- -

./ar(r~n~(r)} [~ f(!) 2· +~(~~ l)_+ (~(r)-: E)] (r1/Jn;(r)} == 9 . 
0 • ' .. ' ' ' 

The wavefonction·1/J,J(r) depends only on o~e r~dial vari~ble r . . U~ually; o~e can ana
lytically find the asymptotic behaviourof the. wave f{inctio!1:1Pnt(r) for large r .--t oo: Let 

. this asymptotic can be . . .. , ... 
,, . . ' ;;,nt(r)-+ e-' 0

• "' 

........ • ,, • • > • , 

In particular, for the Coulomb type potentialsa = 1. After the substitutions 

r"=Q2
• ·and, 1/J.,;z(r) 7 Q:lP¢,(Q), 
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where p =:1/a , this equation becomes ... ,·-

·. l"Qq/-:~(Q)[ ~ ½(c~r+~Q 1
: d~)+:w(Q\E)l•(~)~ 0, 

. ~~··· 

with 

. w(Q2 ,:EL== 4lcip~ 2 (Y(Q•Pr~·e) 
d .= 4£1! +.~2p +. 2 ; 

(2.3) 

·. --< ,;,_ -... " .. · ~ . _'.- ... ·\, ·. ,<. • ,·, -·._ •• , ---~- _ _:..,., - •• ''/,. 

· One can see that in the case when the function <f>(Q) = <I>(Q) depends on Q2 ; only 
this equation can be identified with thitequation in the sp;ce Rd with d= 4£j:,+2p+·2 on• 
a wave functi~ri'.<I>(Q) dependingonly_on.th~ r~dius Q. Equation (2.3) can be-rewriiten 

·. ·/';iQ<I>(Q){-,- ~~d~: W(~2 '.f) ~t:(E)]~(,Q) = 0, 
-:.,.., .. ·- ··,. -. ,, . . '·- ·' . ', 

where:the function 
,:' t:(E)= t:(£,p,d; E) .. 

~ should be ~onsidered as ari eigenvalue of the Schrodinger eq~·ation in d-dimensions ,. 

. . . •.. .. ·. . •. [-½"•'>\f(Q',,;i]<>(Q) ~((E)O(~) ... ··. . 

·The des!red ~nergyE ~s defi~e~ ?Y t~e eq~ation 
·.,_.·, 

, E(Et=.~(l,'p,d; E)':=: o.' · .. (2:5) 
t-

- . . . . :\ - - . ·- . - - \ 

.. i; Formulation of the problem: We would like to stress that tlie energy E enters into . 
the Schrodinger equation (2.4)as a pa:ram~ter .. Thus, our problem is formulated in the 
following way. The Hamiltonian H can be rewdttcn,in the form . 

. .. - - ' , .. , - - - , 

·n·. 1(. 2 ._. 2Q;;)' -'-(w(Q. ·). -~- 1 'Q" ·) 
'C' = - p + W + - -w ) 

... , · 2 ._: : · ,,.' · · • 2·. . · 

wherew is an oscillato; freque~cy.' Tlie os~illator canonical variables ~r~ . 

,,__;,· 

Q_._; r· ....... . 
' - ,-;,:-:-(A;+ Af) · .v2w .. , . 

,,_;_:.jw· ·.•: 
1 - i rn2(A;-:-:Af), . v~ ._·. . . ! ' 

,:1 ""···"' 

.(.j_ = 1, ... ,d) 

[A .A· +j ,,._ .. -
., ~; .J _= v_ij : 

L. ' The' ground ·o/vacuum: state JO >{ is sup;osed:tO:~xist a,;d satisfy the "ri;riditio;;s; ' 
-·" , .'° ~\ ,. • '' .. - . - '. ~ . ' , - ' / 
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Let us substitute the representation (2.7) into (2.6) and go to the normalproduct of the 
_ operators At and A;. One can get - . . . -. . 1 

. . . - . 

. 1 . --·- ·• · ---.. '· - · d · · -. . d 
· 2(p2 + w2Q2

) = w L ~j A;+ 2w = w(A+ A)+ 2w,, (2.8) 
I 1 - .. 

. /, 2 :•·1 dk d - . - .. -k2- ·-.- •· [.,2 . d . 
W(Q)- ~Q2 = --(-'-) Wd(k2)exi>(--,•_:_) :: ei(kQ) :;....:~(: Q2 : +-)_, 

2 . 2,r . . 4w - , , . 2 - - - 2w ,, ... , ·. .- . . 
. ..- . · .. ; · ~ I . __ ,: 

where:* :_is the symbol ~f thenormal ordering,and (Qk):=: Lj k;Q;, 

·- ---<·, iVi(k2) =J(dptW~rJ)ei(kp) . . 

\w; require that the interaction -p~~t 'oft he Hamilt~n-ia~ ~hould not ~ontain· the. term with -
: Q2 : because'this te;m is_postulated to he'included into the oscill~tor parfcompletely. 
This,requirement gives the equation for the frequency w:·; - -

-~-/ - -- - .. w2.:..J_--(dk)dwd(k2)cxp(~k2r)~k2=0.1·_"'_,_-· 
·. · · · 21r ·· - . . 4w d - . -- · 

,, . ', . , .;, ·.'- .. ·. ,· . . ' 

(2.9) 

Using these formulas we can rewrite the Hamiltonian (2.6) in the form: 
. . ' ·~ . . ' '. ---·- . 

,.,1.,,..,..,,-· - H . = Ho+ H1 + co , .,. -- : (2.10)° , ~- -
- . '.• - / - + ·, Ho - w(A A),._ .- -_ ._ ., . 

- H1~_~-----J (d_k)dwd(k2)exp(- k
2
_): e~(kQj _ 1+·_k2Q

2 
i-_ 

,,._ 21r - · -- · - ·- 4w - . · , 2d . ·. 

-_.: ~:Jci) \-)wc:w): expi-Q2
_~ .2(~Q)) -1 ::Q2(1-

2
;

2

): 

cci.._"~ dw'+j (dk)dWd(k2)~xp(-k2):' 
· · 4 21r --. - 4w 

•• ...~ _·_,. ' : A, ' ••• • ,' .. --.-. , - • " - ' / ', ; - I • •• 

· Thus, the condition of the oscillator representation can be written _as 

a ._ 
awco(E;w,d) = 6 .. (2.11} _-

• I .J 

-Thi~-equation·det_e;mi~es the, pa~a~eter w = w(E, d) as a function oftht'! energy E, d 
_ and otherparameter~_g_efining the potential V(r) in (2.lf _ _ . . , . ·.. __ 

._ The grnund state energy c(E, d) of the Hamiltonian Hin (2.10) wiUbe calculat~d by 
the perturhation method over-the interaction Hamiltonian H1. and in the Neth approxi~ 
mation ifhas th~ form: . .- . ··. - . ·: . -· , I ' •• .• .• < . . --. ' ' 
/ 

~(N)(E,d) == co(E,'d)+c2(E,d) +: .. +cN(E,d) .: 
\ - >. '. .,. ' '·-,·. . < ·,. -!·-· .. , ' ., :· . ' . . 

, According to (2.5) the grnund __ state energy E of the initial problem }n t~e N-th ... 
perturbation order of the oscillator·representation method is.defined by (2:11) and.the 
equation, · ,_ .. · -_;- · · , i, · ·· _ . '~ - · ~- - _: ·, •. -: · ~- • 

£(N)(E, d) == £o(E,d)+ c2(E, d) + , .. + cN(E, d) ,;,, 0 . 
", \" -. - - . ·. .· . ,. 

(2.12). 
--. .. --

. '-, -·-' 
~ .... -. 

_ • _, This equ_l!,ti~-n d~termines the energy E(N)( d) _in the, N-th ~p~rt~rbatiori order as a function ' 
of d or p and other parameters defining the potential: · - ' . 

The accuracy of the oscillator representation can be _evaluated as 
' . - ' . . •,. . . . ... . .. 

5 ~lc21-~ 
co -

The r~dial ex~itation~. The- radial excitations in,the oscillator.repre·se_ ntation are_ .. - , . - . - . 

l 
l 

l, -- ,. .• 

J-
. ·1 ... 

defined in the form · -r 
l 
. . -

' 
In,) 7' C~,(At AtbTo)";<-· • c;}: ~~;.n,!f(d/2 ~ n,) 

-- - · .. .,_ f(d/2) - -
(~.13) 

~-1-. 
I 

We shall apply 'the ~scillator representatio~ to the Hamiltonian in thdorm (2.10), and 
. th~n we get the Sch.rodi~ger ~q1_1ation. · "- · · · · - · -

-L H(E)~[n,l(Q) = c[n,](~)<l>[~~l(QY·: -:· 

The desi~ed energies En~ (n; = 0, 1, .:lof the initial eciuation (2.1) for the ground a~d ·- . 
radial exci!ed state_~ are_defined by. the equation . · · · -•;: -- . 

- •· -- . c[n,l(E) f O -; 

I' _, 

I

! ~: 

·: . 

·1 - : ··, ' 

1-
. I -,. 

and therefore, we sh~uld find the functions c[n,l(E) f~r the ground and radial excited 
states. For the state In,) (n, =' 1, 2, ... f the matrix element - · ' ' · -

.~ ' ' ' - . .., .. . '. - ~ ~- ' ,- \' 

(n,IH1ln~) ~ Aln,l("', a;_) - EoB[~,l(~:-it;r# o / . 

The ~nergy c[n,i in thi(lowest app~oximation·lookslike . ·--c • _. 

- "' - ' >[n,] . - . I c - . . >' : •. '_' . 
, £ 1 (E) · =, (n,IHln,1 :=;=, co(E) + 2n,w+ (n;.IH1ln,) · 

. - A(n,)(. ..). E. B(n,)(. __ ._ )- . " -
__ 1 w,a; -:. 1,_ w,a; , · (2.14) 

I. where 

I 
'I 

. A'(nr)( ... )·: A--(. - ) -.- - - - :A[n l(. ,.·. ·)•' 
_1 • w,a; _ = w,a; +2n,w_+ __ ' w,a;., 

'B. (n~)( .:- ')- .. B .. ( . ')·+·B[rir]( . ) .. 
; 1 __ w,a; = w,a; w,a; . 

. j 
. _ _.Two e~uati~ns 

' a_. , ·· - a -- -
awA(w;a;).:.: E 

0
~B(w;a;) = 0, 

A(nr)( .. )-•,-E-B(n~)( .. _-· .) 0 
. 1 - w, a; --, 1 w, a; == _ , 

/ 

-· (2i15} 

> ~--

- determin~ the f~i:ictions w(a;) and E(a;). -The e~ergy of then~~th·excited state in-the. 
-·first. approxim.a_!ion of the _oscillator representation is dete~mined -as - - . C · __ •· 

. _ - A[nr_l(w(a·) aj)- -,• . 1 . , , 
E (n,] - inin [ ]· · ) ). 

· 1 - {~;}Btr (w(a; }a;, 
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,~_.- '. .. '< . '. ~ ' ' -. : l / 

In the se.cond approximation the energy is defined as ·. . . '· . . r /•., 
t:~~)1(E) = t:0(.E) + 2n,~(E) +(ri,IH1ln,) 

'. ': : , ".,, .1· ' '.. ·. . ,. ' 
:(n,l(H1 - (n~IH1l_ri,)) '. ~o--: ~n,w(E) ·,(H1 -(n,]~1ln,))ln,~ .·' 

/'" 

(2.16) 

The ~ave function in the second approxim'ation is 
./' 

. ~~~~) ~{1_-. H:- 2~,w(E). (Hr~ (~~l!hlnr))}l~rh .. ; 
' . ·-. ' .. .. -. . . __ , ___ ,._:, 

The ;,;_dial quantum numb~~ n/does not enter into the Schrodinger equation (2.4)in, 
' .. th.e explicit form'. The orbital quantun: number f enters int~ (2.4)'but it is absorbed by · 

the "dimension" parameter.d. From the point of view of the sp.;_ce Rd the functions , .. 
~ . j ,' . ~ . ' ~. ' - - • ' ' . . . -

,· 

~.r.,(Q) = Q2plV'n,t(Q2P)' pr . 1Pn,t(r) = r•-'~:=2 ~~~(rl/2p) ' 
~ ' . ,· . , - ;- ,· / . l / . :, . --:--_.,....--

for any n, and'(~r a fi~ed i~re eigenfunctions ~f th~ basic ~eries ~fradi~l excit~tioris in 
the space Rd with the radial quantum number.n,: and zeroth orbital rriorrienta.. , ,.. ' 

. . . . ,. ' . . . . . . ' . .../ ... 
·•. , Thus, the solution of the ·equation in 3. dimensiolls for the {-th orbital excitation .is. 

equivalent to the solution of the Schrodinger· equation in the space Rd for states with 
zeroth ang~lar moment~. . . ' . • . , _ . . .. ·., .... · . , . .·.. . . . 
, A~ a result,_ theinitiatSchrodinger.equatio~ is rep;esented 'in theAorm (i.4) .in w~i~~ . 
the wave function of the gro~~d state .~(Q) has ," ,- . · ·•• , ' · , 

e 1,the Gaussian ~ymptotics f6rlarge distances ~(Q) ;._, exp( . ..:Q2
), 

. • a m:ximum at'the ;oiiit Q = o': . .. 
/ 

The oscillator. representation ,method co~sists iri-that we look for the solution 'of the·• 
Schrodinger equation (2:4) in theform . .. ' < • ' ' 

,-.,, ' ". ,.-,: --w : . ·- .. .-· ..... , 

~n,(Q) =: exp(-2Q2
) :Z:enmP,l:l(Q2

_(.)) 

m· 

:where'{PJ;l\t)} is the d~s of polynomials orthogonal on thejnt~~val O <.t< oo with the. 
weight function·-·:· ·· : . . ·· .·· / 

· P1(t) =tf-!exp(~t),·, 

. ' 1.e. · ,,_ ';:-~ 

00 .' ': \ 

f dt tf-1e'-1p. (dl(t)' p(d.l(t) = c' · .. ·. 
- nr m nrm, 

o· , - . ,-..:__- ' .. :, - -. -

.·· 'These orthog~nai'polynomials can be constructe'd.by u~ing.the· formalism of creation 
and annihilation operat~ns A; and 1t in ihe·space Rd (see (6]). w~ have \ 

. . . . ·. 10) ~ ~xp( _:_ i;2}: • . 

'8 . /' 

I' 

r· 
1·. 

. ·il-. . . ~ 

I 
I 
1·· 

-~l·~· 
. -· ~-
l~ . 

~ . 

•. 1 

1' 

I· . l ~. 
I 

L. 
C 

·'/ 

.', 

_. ~II radial ·ex~it~tions can be written in the f~rm .. :~-·- .. . , 

-~:~(A+;11+r•,10) ~ Pt>cwq~)e:.fQ
2 ~ P~:!(Lvr1h"ixp(-~rlfp). /' (2.17{ 

where pJ~l(,t) is a' poly~orri,ialofthe n:-th ~id~r.' Th~ paran)eter c( in this repres:Irt~tion •. 
can be considered as a;1y positive nurriher .. These polynomials satisfy tlie orthogonality 
condition: · ·· ' · >- · ·1

• - • " • 

; , --
'. (w.~,, Wm)_ ~:(Ol(AA)~~(~+ j+•rlo) ~J_ds.t:' e~p(~;2 )P~:l(s2)P~~l(s2

), 

0, . < '· •.· -,,, 

;...,··1
00

~t td/2"'1 e;~(.:..t)P(dl(t)P(dl(tr~ b .. 
-. O ---~-·-,,..· ..... ., ~ 

1 

: -.. nr, . .. :m ", nr,:n •,,· ,; :__ 

/, 

• • < •• , • - • O > ~ 7 

< • -.- - ... • / C O ' _:: • .' i • ' - , -:_ '. ; ,· ·., ' . 
.. This condition· can be_ imposed, on .any. positive d. · /f1111s thr · algebra of creation and 

.·. annihilation operators is nothing else tha~ the mathemati~al method to perforin a~y 
calculations connected with orthonorri-ial polyi16mials .. · - . . .. . . 

/ . . . ', ____ , . \ 

,,,, 

·3. ·'The ·oscillator.,Represe~tatiollfor·theiaxia)ly-symi 
·, .. ~etr1~alpo.tentials _:. .. .... . . . ~, 

'-· ..... , 

There are many qu~ritum mech~~ical•systemsdescribed,by axially syinm~tric potentiak 
Such a ~ystems as a'toms in a constant magneti~)ield, (he Zeeman effect; ~as·one of 
the earliest problems_Jt~died in quanturn Illl)Chanics (l].' Alt.lim\gl; 'inany numerical ~nd · . 

. ..analyticalinvestigatioris of.this system have beenreport.cd in t.lw lit.erat11re [13), there
0
is 

.. · stiH today a considerable iriter;~t in it~ detailed propc;·tit;s.'cspccially i;1 st.roi1g m~gnetic 
. fi~lds. The main motivatii:>n'comes from.ii.strophysics [H);wlii,rc Vl'ry st.r~ng mag~etic 
fields ar'e needed to understand the.physics' of neutron star surfaces an~l white dwarf stars.,. 

. The energies and eig~nfuncti~ns of deformed rit1clci ri·s1 and the elect ronil' shell st.rue- ' 
ture ·effects in metallic clusters (16) are described by the Schriidingc1" t;quat ion with axially 

_:. 

symmetric p~tentials. · ' · .. , - .~. . · ' , ,' . ·' - . • . . .. · -

.M<lst q~antum systems described by the Schrodinger cqua~ion with an axially sy1rimet
.· ric potential cannot be solved analytically. Thus, the saint.ion of the Schrodi11ger equ.ition ·· 
with sufficiently arbitrary potentials of this type re~rcsci1ts' the rn~in mathc~1a.tical. prob-

J~m. ·. , . . , , .· , . ·. - . . . . .·· .. 
·• Formulation cif the problem; Let' usconsidcr,thci lla,i1iitoriian with an axially 

symmetric potential · ,.. . . . . . 
, '. ' -·-..,. 

';. . ' .. ·:p2 . ' i 

··H = - -l V(r,cosO) . ' ,2 .,' ' .. ' ·. 

,The Schrodinger"equation'I~oks like .. · 
-·. 

[ 

.. · 1 '(· 82 8 2 . 82 ·,,. . . , , < '. , 
"::"2 8x2 + 8y2{az2)+ V(r,~~so)] w·(;l: ~El!l(i-"); ' 
/' ' . .. '• . . ,, .. '· .. . :: 



___ \ 

Taking into account tt;e ~imuth;l sym~etry ~f the pr~b~e~ we ,introduce the ~a~netic -
· quantum number m so· that the wave function can be represented as., ·-

. . ' - '•/ ' ' "' 

,r 

•·.. • .. c: eim,J, ' • . ' , '.' ·, .---. 

. w(r) ,'.:" J2ir w~(r, cos 0) :... 
/· ' 

·Equation (3.2) ,;_,cquirjs the form 
- - ' . \ . 

' (3.3) 

:-... f-2 8r2 +~ar .tr2 ·ao2,+cotOaO-sin2 0 '. 
,. 1 [( a2 2 a) 1 ·( a

2 . · a m
2 

·)·]· 

+V(~;cos0) }w~(~1 c0sO) ~ e:wm(~;cos!?). ✓ > .. ✓• (3.4)_ 
. . '', ~-' .. ···· - ~:-, I. I _· ~ ' ;-_•_ •. .,. , ' •. ---: • -., , ·-,. •. 

Our aim is to calcula~e the energy spectrum E.;. and to find the wave functionsw,;.(r, c'os0) 
by using the oscillator r~presentation method.' The.·wa:v~· functfon w,;(r,·cos 0) depends ' 
on two variabl;si the radius r ·= ~ and angle 0 . . The solutions.of this equatio~ are of. 
the form . . . . ' . - ·. 't . . . 

. ·• -( ... ) . P;'(cos0) ·- .. (, · 
;Wm r.,c~s0 = ,y,;.(v)·,··<I>mv r), 

where P,;" ( cos 0) satisfies lhe _equation · · 
< 

·1 
I , • .• 

;-~. ,. . \ . . 2 / : -. . . < ~ -

['
(1'- a:2

)~ -2.!!.:.-~. · .m ·.
2 

-:.v'(v·+ i)] P;:(.x)-~-0. · , _ . dx2 • dx :: . 1 - x . . , : ., . · .· "(3.6) 

I ·, " ' ·1. . . '. • ., ·,- ... : . , ,·•_:\-\ ' , 

One can see that P,;"(x) is a solid spherical harmonic, m ~ 0, ±1, ±2, ... are azimuthal, 
quantum numbers _and II is a parameter which' can take any values. The normalization 
constant Nm(v) is d~termined as . - . .... . . 

, _,..· 

. · ... 1' -, - ... ' ✓ ··, • :. ' 

_ Nm(v) ~ jdip~(:i:)P;'(~)'. 
> •• -1.> . 

.I - (3.7). 

'' Let hs > intr~duce 'the, functions 
,/ 

·,. 
? ', 

'"-•,' 

, .•_. -. ,;,/(2J+1)_ f(v-m+l) _e;':'"'P;'(cosO). 
: Yv,m ( 0, <P) - ( , l) \ ,411" • r( V + m + 1) • 

.: 

'(3.8) 

· From_ (3.8) we,. s~e that >when. the para'IIiete~ v as~um:s. o~ly.__i:egers,· \h~n. the func~i~~s 
.Yv,m(0, <fa) are spherical irirmcmics Yt,m(0, <f,);, Th~ action of the operators~ :_, 
. . - ,.-,, .. -·, .. -

\· 

- iz '=_ -i :4> . I . _ .. _ . 

·. · n( a • ·· a)-
•. l± = e _' ± 80 + i cot O : Bef, ; · 

• · '·· :· [ 1 ·a ·( ' a ) •·· · · :r ·a2 ] • 
. f.

2 .7'-~ sin·o 80 __ sin 8ao + sin 02 84>2 --

l ,,; 

'J 
l ·_ I 

l' 
·i-
-:.I 

_· 1 

i 
1· 

·.-, 

/ 

✓-

on the f~nctions_ ~~pie~ented in (3.8) is defined a,s· 

izYv,m ~ mYv,m , (3.10) 
· .··. f±Yv,m = -y'~v~(v_+_. -1-)---m-(m-. -.±-l)Yv,m±l, 

. i2Yvm ='v(v i I)Yvm. . . . . . 
I J ·. - I 

/ 

·-. We'remark that the funct,ions'Y.,,m(B,ip) and P,;"(cos0}"do not satisfy t~e orthogonality .. l . - . • , . . . . 
.; re atwns. . ' ' ' ' ' ' . ' ,, ' - ,,, ' ' ' -;' ., ' ' ' ' /, '. 

Let us analogously represent the Schrodinger equation (3.2) for the.spherical symmet-
rical case ,: ' , . / 

·J d3.rw(;) [-½~~t(r?,~~s0)_-E1·;·(~)·.~·0·.· 
' •. ·:. - ,1, . . ,, 

Taking into account Eqs. (3:7~3.Hl), substituti~g th~ repr~~entations 
into (3.11) and after some transformations·, one can get · , . . , , r- . 

•, . (3.11) 

(3.3) ~nd 

·100 
,.·(· .. ')·[ · 1'(.d)2 v(v+\) .. •(· -··-',: .·,· ·)-:] .' -'.', ·.··. ·. ( 

·. dr r<I1 11,".'(r) •-::- 2 d-r . +. 2r 2, + :Vm(:r,11) -;:-Em . ('.<11~,".'(r))=/),_ 
.. 0 ' .. ' >' • ' "• ' '.' 

, where 

. -., 
i' ' ,.· ,'. ·. ' 1' ' ' ,. : 

',' 'vm(r; v) ~: N:~v)Idx;;'(xf(~:x)P;.(: ),i 
•// '' ,\ ,··. -~ ··.,. ;:. .·; -:1, '., I'_,'•·.,, 1'": >·' . ,, 

/ The new parameter V is considered as a add,itional variational parameter/ ' ., ' ' ' 
·· , .·The: next step is to .m~dify the·,v~riable. r in r'adial equation (3.12) and th;;, wive 
· functim1 <11v,;,.(~) ~o as1to get a ~odified Schrodinger ~quation havingtl!e solution 'with· , 
the.Gaussian asymptotic behaviour. These sul:is\itutions are ·, . 

' . ' ' \' 
.· .. 'r~•Q'2P'.-· .... ;,,._ (r)·-Q2pv-;;,,. ',(Q. )•··' · 

' - - , , 'i'vm - ,. '1.'vm , 

,~. I , _,., 1·' . , " ' ~J , '·· ,·,. : .' \ , • -.·, .. ., '~<' ··. , , . : , . ''. . '. 
- ; where the parameter p can be conne.cted with. the behaviour of the wave function aflarge 
, 'distance; to approximate the Gaussian asymptotics, Th~. S~hrodinger equation takes the . 
'f oi:m ' i. < . '.· · ' . ·· . ~ . · ' · · · · . -. '·, , '. · · · · '. • . · ~. ' ' ·.. . ·, 

· 
1 

\ - [~½(a~~+ ~~l '. a~) +:~(q;v,Em)] t:~·(Q)~_i ,, _(3.14) 

-' '( ' '. ; . . . ,· . ' -~.. ' ' -- -· ': \ ' . t . 

where d = 2 + 2p f 4pv and the poter1tial W ( Q, v, E) equals . . •. ' \' 

": ,W(Q,v,E) = 4p:Q4P-~: [vm(Q:~r- ~m] 
' ' ' ,,; ' ,;. 

The calculations details:pf the energy spectrnm and w;ve functions of the system describ~d 
by the Sc'hrodinger equ~,;:on r~presented in' (3.14) are given'i~ section 2. ' . . 

... Further steps should be done acco~ding to the riiles formulated above. 
' '. , ' • ' .. ' > ,,, ' /. 
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:1' ' 

I ' ' ·, ; ,', ' ' ' I ' ' ,,, ,, ' ,, I , , , 

.4 . ':The calculation . energy spectrum, spherical sym-
metrical p·otentials· \ . . . . . 

' t. \_ .. •. ,, • ;. : •:· I~ ' : .~ ,' I , ', ' ' ' •. • .' '• • '' \ ) , . 

Let tis apply the above~formulated method; to· c.alculation of the energy 'spectrum of a 
,wide class of potenfo1ls. · · .· '. • \ '' · · ' ' · · · ' · 

.) ' ', .. ·:~·- J ,.. ' ': ·:,, :' • ✓ 

4.1 The molecular potentials . . . . ,,, . ·. 
1 

••• :;, , ' , '• :, .' : .. , ,

0 

;','-,_ , i ,' ~ '·- , • ; , , • ,. j', .•' ., , I; . , , ·· , · ·,· .·. 
For the investigation ofdiatom molec11les, Kratzei:[17) and Morse[l8) potentials are used. 1 

First of ali we calculate the energy spectrum ~f the K~atzer potential . 
,, ' ,,· ,•••· ., •. •,_, :, ·'; f .{' . \ .',•. <',\ (' ' . • :,):.J._ •,, '.' • T 

· ' · 1 '.' ··•(a .1 a2
.) 

· · V(r) = -:-2D · - ~ -.•.-. . . ·, · · · r ·· 2 · r 2 . 
l , • , , ' , • 'i ' ~ , . < ' •~ ;, ,• >• : , ' ~ ~ f,' . 

T)le Schroding~r e'qu~ticin c~ri be writtenii1the forril , . . . .. . 
. . .c\. . .•·. . . :· :I: .. ,•.·, . ·.:. ·,: . . · ··' .. 

[-!(~i··.~'_i_.:.:·s(s+l))·.·-. '· '( .2Da)]:·,. -.. .. 2 8 2 + a . . . 2 , . M. E+ . . 'Vnt - 0 , 
,I', ·!: : 'r r ··. ,rl, ,,' ·, r '· . '·, ',·1" . r, . ',' ' ·.·. 

:,((1) 

. : with the notation 
/: ' ' 1•·,' ".,. ' . ' -

s(s t' 1) ~ £(l +1f1-,2Ma21f,, 
' ; 1 • ·. ' '. ·. ' ·.· •. ' ' :s =•2 (✓(2f+·U2 +4~fa2D i 1) 

', 1 ;·' ' .,- ' ' ·_, 

. According to (2.2) ~e,do the trarisformation 
. ' ', ···it 'j '. ,. . . 

r = Q2· 
' ' -,, 

,·· ·. . \ ,, 
IV,= Q2•~(QD 

,~ '., ' ' 

r .; ; and g~(the repr~~entation ' ' '' ' ' 

· H(E)~(Q2)';,,, c(E)~(Q2)', , .. i-

H(E) = ½p~ '+iv(Q2,B) , ' . 

W(Q2,,E)~::'4MEQ2:;_8DM~ ;'' 
< I t'''' 0' • 

\'· '' 

wher~ Q; E Rd'vvith d =' 4 +4~. Now we ca~.apply,,the OR 
•-.. ; ' ,, 

.' ',' / ~' • '. •, '. ! • '' >' ,": .' , , .-'.' ' • ,.,, \ • ,• ~, I 

·where Ho' is given by (2.10) an1 co according to (2.13) equals . 
1 •> , -'• ',,• • '.:. ·, ', l . ) ',' . ' , 'I I ': • , , , ', '· ,' '> 

. . ,' . , :, \E).::, 'aJ.· .. 2MEd, . SM~ .· 
'co ,--;r--:-\~-' ' ~! .. 

' .. j• :', ~ < ••1 ,, ,' I ,, , ','> < i1' ;,~,•• .•'.• 

·, <H(E) = 2PJ + W_(Q\E),= ~q+ co; 

,, J' ' 

From .the oscillator represent:i,tionwnditions (2.11) we ,can'get 

. \ 

". '·1 

. I· 

·A 

·I,·, 

.I 

,•;·, 

, '• .' :' ,\_ 

•'- ,'-

• • {_; . • - \ ·• '- • ' •• 1 •f 

The energy in the lowest, approximation with the radial excitation looks.like~ 

. . . ln~l(E):::: (f. 2 .),~ 2;\f ~~· - ·s'·•·fD · ' . . 
c1 , 

4
,+ n, . . iv . a . 

,• .· ', ... ,w ' '•' \...:..: 
(4.5) 

According to (2.15) a~d taki~g into account (Oj and (4.4) from (4.5) .we have· 
' ' ' '\· . '' . ' ' 2 ·..... . . 

, · 4D, / , ... . 
Ent.= (1+2n~+J(2f+1)2+4,2)2' .I ,.(

4
;
6
) 

~ I < I •,_".; _" •'. ' 

;here ~2 = 2M /Ta2 and for most molecttles ·, > > i In the !~,vest ~rder of the parameter 
1/,,fr'om (4.6) 'Ye get· .· : ," , ··. : '. ' : · . ' • '_ ••· ,-' :,' . ; 

•, • • 'a • t '• • I , < ~ ••• •/ , -• • ~ ,, \ • 

nl ,. . . ' • - ' ' . ' 2 ' . . 2 . c:- ' 3 ' • + 0(-) . (4.7) 
E :dD[..:.i+2(n,+1/2).+·.(l+l/2)2 ~3(n,+.1/2)2 ··'3(n,+.· 1/2)(l+l/2)' ··i] · ' 

• · 'Y ·: 'Y , . , 'Y .. ' . , .. , .· · · ; . 14 • . 

: J'he se~cin~ and third t~rms of
1

:this expr~ssio~ de~cribc th~ vibration and\oiation energy· 
levels, the fourth term is 'the correction to the vibration level and the fifth term character~ ,' 

· .izes the.connecti~n:between vibration and ;otatio~ levels. ,The: Kratzer ~otcntial· playecl 
. ~n importa~t role in the early stage of the de-:elopmentof Quantum Mechanics: However, 

· . this potential is less physical than the Morse potential. . . . . , . 
.. . The Morse potential .well describes the vibration-character ~f diatom mol~cules arid ,.' ., " [ 1· .· , . , .. , .. . . ·, .... ,, . , .. ,·'· ·. . . ·. 
has the form 18 , , . , . '· :, .. .· ·: •· · ,. 1 ., . . · 

, . . . i .. • ,., V(r)=D•[e_2;_·2e:..x]··.···. . ,. j',, ... (4~)·•: 
l •· ' ,'- . < ,, \ • - ',, ' • ' 

'where X =:== a• ('r-':- ~o)/ r~. The p~raih~ters of the this pott;n,tial forsome standard riiolecules: . 
are defined experimentally [19] and are_repre~ented i~ Table L' . , , · · , . . . , 

" •, ' . . ' " \ - . 
I 

'Table· 1• Th~ potential "p,ira;net~rs.:.. 
. . ' ' ., 

I molecules j~[c~.:=1)1 D, [cni-l] , 

H2 ·,' I. -60.8296 
'i; CE. I . 10.5930 · 

After some transf~rm~tio~ the Schrodi~gcr equation lo~k§ like.,. 

{•, _!(·1

8 2 + d--li) ~·2,2E·+~-v2Q;[e~2~W,-1):_:2c'"o(Q2'_;)],,}. ~(Q;) ~ Q ••.(4.9), .': 
, · 2 aQ2~ - Q aQ n · · • ·. . • · , , . · . . . .. •. , , · 
" :: '' ; , :•, ' , ' ,: ' ',, , , ' ' <, . • •, ,..,._' ,; r ;. '•.. ' I _; " ,' '1 . '· _: • ~:, ' 

wher~ d =::= 4 f 4£and 12 = ~pMrl .. The HaT?iltonian can be repr<!scntc~d i~ the form· 

H = Ho+eo·+H1 / 

where Ho i~ given by (2.10) and ··, . ~ . { i.• · 

" : . . dw' dE,~' ' d,2 . [' e2~ '·., ·, ,· '2e~ ' ·]· .: 
,co(E) :·J-; _D_w_· +-w-,. ·. -(i_+ ___ L_o)-:::3-+2""t ;-(+_2._)3_+_2t , 
. • I ' I' t •' ,. • • • IJ ', \ ~ fJ,J • 

. 'i 

'1,• 



. and for,th~ inte~action Hamiltonlari w~ ha.~e 

. /,' : ' '' 1·. 'dd,.,.· [ · .. a ··e~~•(1/a7l/w) 'e2a a .e-ry
2(1/2a+l/w)]· : . ,· 

H · 2· 2 · · ., 2 a ·· · · ' · - 2•Qry (4 11) 
. I~ "J ' id/2: e 8a' ad/2 .•.-Tao: . . (2a)d/2 : e.2 =t . . 

Acco~ding to (2.15), the cquatio!l 

d+.4 .. '' 2d.2(.3-L'2'o')·[·· ... 2a.· .. ·.·.··,,. ·._.·"',,·] ··.·,-.; • ·., : .. n • 'Y a ,,- ,. , e · e · · · .. • · · · • 
-. 2 rw + . _ . 2 · ,, ·. 4+Jl - . . 4+;l +.{n. ~Jl.fiJnr). := 0. (4.1.2)' , 

, · , 1,1 (1· + 2o) . .· (1 + "') , , - . · . 1 
. ,,> , , :' 'i ,\,, .", ' ~ ,·• 1\ ;-- ~ J I, .. · i;• ', \ 

,' ,•·• , • '/ , 1 , , ,1. • , l ; 

makes it possible to determin~ the parameter w as ii, function of'.thei'vibration, n; and 
rotation f. quantum numbers.· The energy levels in the first approxi.mation of the oscillator. 
•representation are det~~rhined as . . ' '' : ·. . .· .. ··. ' ' ·•·· . ·. . . . ' .. ·, ' 

> •' I 

< ; • ! ' • '., ' . ', ' . · ... ·~, '> ,., ' ' ' ,· \ ' . __ · _: ' j ' - . _, ' ., . ' 

[n,] 'Dw(d+Bnr) [ e20 · , .· •e
0

.· •:,] · Dw : · : · .. · 
~t = /~'Y2 _ +~- (i+~)4~3\1 <(l.-f~)H~t td'Y~t;Wrln,),, (~.13) 

where.· 
' " '·,' ·---, 

I 

. . , . ·.' . d' ..• 

' (~;JHr.Jn,):~ 2J2 / ://4 · .·· . . . .· ·· .(04) ·· 

, ·. [' · .. ·· ·, a ~-ry
2
(1/~.H/~),: ·r., . ' a e-... ry

2
(1/. 20·+····1/w)]' ' , : ,' '. ·.· . .. 

2 "' . . . .. . . 2a . . . . . ( . I . -2,Qry ' I ) , 
. e 80. ' ad/2 . - 2e . 8a. ,.'. (2a)d/2 . ·, . n~ . e2 ; . n, ' 

': ; I -2i;ry . ' , 2~~ ' i i :, . 7/•; :n.. . , . . ' 
(n,J.: e2 : Jn,):::: £.C~(n,,1) · (-w} ,> 

· ' - ' ' , m=2 , ,, ., , .. 

C;(, ·d) ~- f(n~ +i) • f(d/2) · :_ ~ . 2,;,~2Pr(d/2+n·,+.~) 
m n,,: . ,, _f(d/,2_+n~)·\(d/2+m) P _(n,-in+f).!(rri.:c:2p)!(p!)2 

. 

• 'p =max(o,hi;:.:..n,): 
, ' . ~ ', '1 · 1· 

'•. In p'articular ~; = i"and nr = 2 and,Cor Cm(~~, d) \~e· ha~e :· 
. . . ,· ' ·.:,:·.: '\' /' ' ' _·,' '.' : .' ' _,,, :· ''.:\,' ',: i' \ '., ·: . ' . ' 

•• • 
1 

• 2 • · · : . 4(d +8) 
C2(1,d) = d ,, : . p2(2~d) = d(d + 2) , , 
. . .. ·. : 16 ) •' ' · .. · : , . :_ ·' 2 .. • 

·· C3 ~2,d) = d(d+ 2)·;. C4(2,d),= d(d+ 2)-. 

~ > • -I '. , ' \ ,, ' '' ,'. ' '•' ',,,• .c.~ ': /; • ·, 

1 

\ ', ,. , ' "• •!: ] / •' , 
Our' calculation results are given in Table 2. , . • · ·: , . 

- 'Therotation energy of diatom rr10lecules is considered 'as a perturbati~n correction 
[20jto the vibi:-itfo11 energy and the exp~nsion o'fthe potential in the (r.:...: r~)/ro m~de . 

. .This approximation 'gives some possibility to determine.the energy spedtrurri ofdfatom 
molecules with the vib~ation and !otation wrrection~.; On_ the other, hand, fro~ ( 4.13) . 
we see.that our results .make ifpo~sible to dete~mine the vibratipn and rotation energy 
spectrum of diato~ molecules exactly.:· ' . • . ' .. . . ;'• . · ,< • .. ' .. 

.. , , -. . , ·- . . . . . 'u ,. I. , .. 

) 

't 
·,; 

•l 

:· v' 

Table 2 The energy, spectru~ (iri11nit~ 104 . c~-l) or'the diatom, . 
. . . . . . . · molecules.'· · . .. . 

·, ' 

:.1 -.1.>~2
-' 'E• tH~~ -E,·I 

··l 
nr -.0 

' I • 

t~:1 
f.=2 
.('=.3 

3.85565 .:.2.4149 2.50749 
. 5'.826fi6 ';~2. 7'780' 4.48658 
7.;{8429: ·-2.9914. 6.47241 

. -0.7338 
:-L3374. 

· -1.7584 
• .• ;~ \ I i , ' ,., . 
·:., '. f , 

, I 

,I 

1'. 

£='1 
\ £ ::::.2 

f_ '=:- 3 
f=l 
£.=i 

'£=3 

4.54585 _-3.9834 2.83?24 -1.8159. 
, _6.5111·. ~4.0~30 4:34355:· :-2'.5\29 
8.46430 .. -4.0659 6.84497 . , -2.8705, 
6:1540_ .-6.7576 4.96107. -14.7620 

8:01054 '·:::6.3432 ·6.68407 .-11.285 
9.8833_ i -5.9618 s:55031, ,~9_5fo2 

" 

-~-------L----------'-----~-----' . . ' . 
,,, ' '1' • '. • ,, ,. .•, ' . '. '.,' \ ,, ·-:, '. ,,, j 

w.e see that· at .fixed values /cif the .. vibratiorntl, quantum rium'bef the 
. rotational energy can be considered as ~ perturbation correction, i'.e., the dependenteof: 
the 1energy spectrum o(diatom'molecules on: the rotational quant11~\riumber £ isweak. 

• Howev~r, some. fixed value, n, ;:; . 2, by incr~asirig the r~tational qtantum numb~~ ( the 
. module energy spectr;m decreased. So, forgiven diatom molecules we find th~.val11es of 

rotational 'qi'.iai'itum numbe~ f.,:{for which th~ energy spectrum ~q~~l to ~ero, i.e: ·' En,ic = 0 .. 
' ._ ' ,' S ' '\' ,, ' I ' ' . 

. ' . ,,'·, • ·,.\ .. ;' • ' • •, \ ,'< '. "_'Ip•~• • " > •,I, j ','', ', .' ,.,i: ! ".' 1' \. '• > I > .. •: 
· • · 4.2 , .. The. hydrogen. atom -with' the spherical,, symmetrical , van 

\ '. c j• , ' ' , ', • ' '' '.' ', I , , 'I[\ , ' • , >, , ' ' , ' • 

·1'• 
'.r 

.\:. 
1.-· i . 

.. ./(; \ 

'/ der,Waals potentials ' ·. I <1 ! ; 

r,· :,',· ,•,_, :. , , , ', '., ,·, ,·.·•, ' ,·; ',, \" ,· ,'. ·,,•·, : • ··1 .'',·,I,,,.\ ,< , . ,' 
In papers (21; 22] the so-called generalized van .der .Waals Hamiltonian was introduced for., : · ' 
investigation of different quantum riie,~h~nical systems. In' this ~ubsection -we.will applr . 
the OR-method to calculate the energy spectnim of the van' d~i Waals potential. . 

The gener,alized vari der wa:als potent\alis [22] · · . . . 

. - . . . ' V(r) L ~, (x2+/t 11z~;) __:~ ; 
,j ·:,• ', \:,,•,,,''I,'":.~•,'.;\.:,:.·.,., ::(' ~·.,·1'',:'·,:./•'/,''·, .. :,,' ;'' 

ivhere /1 and~ are dimensionless physical par~_rrieters. Cf'or:/3= v'2,wc recover the van·de;, 
Waa~ potential [23]; for ,B = 0, the quadratic Ze~man effed(QZE) [24) •• The case'.when 
1 i~ arbitrary and /1 =:' frepresents the ~o~called spherical QZE :[25). 'It also represents 
the so-called charmonium potential existing b~tween charmed quarks and anti quarks [26]. ·. 

•) I , , ,,· ,,._ i,.,: , , , . ''. . •. . . . :- . , . , . . -. . 
Moreover; it represents a specii,,l form of.the so-called generalized ·Killingbeck potential' 
'applied ii} q~antum mechanics [27]. ' , y; 

1 
: ·· _·· , \ • 1 

•••• ••• : • • 
1 

• 

. Let us consider. the hydrogen atom with. th,~ sRherica_l syII1met!.ical _van 'der Waals 
potential. In this case from (4;16) the Hamiltonian can be written 
• . ' : / • ' C ' ,:'_ :i ➔~ •. 'i' < 1 ' ; • ,; / ' 

.H = -P:,- - +-, · r, 
· · 2 • · r:: 2. 



\' 

' ' 

/, 

After some calculations. above the Schrodinger eq~ati6~ in the d-di~ensional auxiliary'· 
. / space looks as . . ' . ' ·, . . . ' . , 

. <,-

l t~ 

'; 

-[!Pq2 
- 4EQ2 

- 4+ 2-yQ.61· ~nt = a': 2 - . ·," .·· , :. . ', -> ,\ . 
, (4.17) 

A~cording to (2.10) the H~II1ilt~nian is represented in theform 
• I , - • • • • ' 

. '. ~ - ' I ' • 

If= Ho -teo +'Hr,· 
> 

! 

where :1· ~ '' '\ 

... 

\ : 

,' / . ' - . ' 
.,(_E.) dw 2<1.E_ . J. 'Y d(d + 2)(d_+.4 
co = ----4+-·-'--..:_:_-' • . 4: · '. W· ' "w3 :. , 2 . 

, · 6-y( d + 4) . 
4 

• . Q.:~···: . . 
; H1 = . . : Q : +4,: : , _.w ,.·t . , 

d = 4 +4£ '. 
/' 

(4.18) •. 

'\ 

' We consider the' case when 'j' <<L In the lo~es't approximation from the conditionof 

the oscillato; r~pres~ntation(2}1) we determir:- . \ .• 
11 

. 

,· ·;,· +·3,(d+2)(d+4f+o(· ·2 )·.·· .... ( 4 l_9)··. 
' w v.. '' i· 3 '' 'j' ' , • 

. , V, : :. ; .. , ·:. 

where w~ ihtr'oduced:th,e ~otation' ' ' ' I, 

1 . , ' v = ✓ '-:8E. · I > 
~ ' • 1 - • , /',.' ' ·, .; -- ,, : • .: •._ ' J • - • ,, ' • • ., ' • • .. • • ' ' • ·' j . ' 

' The energy spectrum with orbital and.radial excitation in the lowest approximation'oL · 
OR is defined as · · ' . .' .• · · · · ' , 

eln,] = t:o(i) +2~,~ + .(n,IHrln,} . ·, (4.20) 
' ' ,, ' ' .··. ' ,.· ''·, '·: .·· ··• .·· ' ' ' ' ,, ·:. : '} .' 

\The. calc~l~tici~ det~ls ~f the' ~atrix ele~ehts (~r llii In,) .~~e gi~en in· Apperidi~. Takin~ 
... in.t~count (4.18-.4:19_) and (A:5)fromJ4.20) we have for th~ ~ne~gy spect~um ·· . ' 

. ' .·:' _; ·, 1'-· ,. .·· 2' -· . ~~:' .' ·:·, _·\ ·' ,_,;· .. ,·_·- ~ --,-:·,;. __,: ·.· .'.) i 

·,•'.E,;~~
2
n2 ·+ 1; [5n2 -~2£(£+1)+1]+0(-y2)i',·· (4:21) 

where ii'~• 1+ £ + n, is the principal quant~m n~mber. 
: .. , .' i <··' '•,· ,;, .\ · . ··.,. ' . ', '1 

'._, . .::.,, - . ,,. . ,• ' ' . ' _,/ 

. 4.3 .··- N onrelativistic quark ·potential ~ 
\ ' • , ' ~ • '1 . . . • .-

. ,". ·,! , - . ,/ ' . ::: . ·'., . ;, : #, ''. 1 ' •• • . ' ,.•'• '· '': 

_ Let us consider: the hadrons as bound states of quarks within nonrelativistic' potential 
models. The basic.probl!'!m is that nonrelativistic quark models,describe the.masses and 
statical characteri~tic of hadrons.\ The Hamiltonian 'with the pC>~er law confining potential 

,· , for the quark~antiquark pair can ·.be repres;nted as [28]' ' , · . . J , . . . , .. 
, . . , , . ' . ~ , ' , '~-, i : 1; ~/ ·... ; ~ : . ~-

H =, m1 .+ m2 + - P . + br-' . ', 2µ, . (4,22) .. 
• I 

,1: 
' 

' ; . . . . 

where.µ ~·.m1m2/(m1 +m2) is the· red~c~d m~ss of the two-particle system, b is the 
'coupling constanL · The Schrodinger equation 'can be writtcn.,in _the form · · 

' . ' [' .:: ,' •," ' ' ' ', '' ] ', ' " . 
'· ' ', ' 1 . ~2 '' ' • ' 2 3 ' • ' 
-''< · -P + m1m2+ µbr I -- Eµ .'Vnt = 0: 

.. 2 ' ' ; 
.• , • I . , . • . .• , , . : ·1 ; ',": '\' ~• ·,' , 

After some transformati(!ns.the modified.~quation looks like 

\ • ,[½;t_+:9Vc?,-'(~µ•/hll~Q Eµ) l¢nt('Q2) ~ 0. 

(4.23) 

·,. 

(4.24),' 

In.this ~~e ~cc~rding to (2.10) for.the ener~y \~~ have 1 

.. ~,(E) ~ i (~ + n +nt;;\;[1m,f; ~.:.E1rc~, +i) + _;;,r(F+2)l •. (4.25) 

Ac~ording to (2. 11) the 
1

paramete; w is defi~~d -~~ . . J . 
"' • • 1' 

a . < . 
8 e0(E,f-") = 0.. _ 

·\ -~··;,.,:t,, '·.: .•/ ,_i'_ :'i: ~:,:\ '', .:·•, ._:'.•, ·;'~"·(' ·.,_· '· : ~\--·::·:·,{· 
We consider, the large orbital moment.um case i.e.· f -:-+ oo and 'use _the asymptotic rep re-

, , ' . •, •, ' ., ', •. ' ' ' ~ ' ' ., ' j . ' '. - 1 • ' 

sentation of gamma funot,ions ' ' ' . ' 
\·i. . 

' Jim r(x) ~ ~e-rir:::112,., 
~-oo: . ' .1 , • <' • " , ( • 

'.· I From ( 4.25)1 we' have ' I, 
/'<,I' 

• : 1 • , , 

1 

' • :, .'. , ·.':. [ 128 b3 ] 

.E ~ m __ 1+m2 +: -, -!, -'-. · · ', .· · 27 , µ · 

~: So, the c6rre;~~~ding'. s~u~red, rrias;ses of h_1~rons equal 
' • J .' " '.,' ,:· ' '1.' ·,· ', >" ,.,, ,' '·, 

M 2 ~ f3 -f +const, 
', " ,, 

where. 

/3= --·:. ' ' .· -.-.v.1_2_,_s··· . ~3. : • f ' 

,, · 27µ ;. , . 

On the other hand, we know that' for large a~gular ~~lll~nta the squared 1~asses of hadrons 
are proportional to the angular moment.um£ and ar'e defined by ( 4.27) and the parameter 
/3 is, the so-~alled,Regge slope.< . . ' . 

.'5" ·. Calculati~n of· the energy: spectrufn. of axial sym-
, , ' ·, '. ••• ·, ' I , .' , ', ' ) \. • , ( ( •. ' ; ' • .' / ,\ 

metric.potentials'. ·.· · , :. · , < · . · .. :.. ·· 
: ' ' ' .: '\ . ' ' ' . ' , : ' ' ' .'. . . . . , ' \ ' i ' ; . ' ' '' ' ' . 

In. this section, .the method of oscillator representation will be applied to -calculate the 
energy 'values' of ground and excited states of the i;ydrogen atoip in ~ uniform magnetic 

·:·field of arbitrary strength. · · ' ' ' 1 
· · · · · 
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5.1 The hydiogen atom in a ~niforrn magJetic field 
. " . . .. ". . ' ,, 

The Hamiltoni~n of the hydrogen,atcim in an external ~agnetic field for spin- <low~ states 
is[l](inthe.Rydbergatomicun\t,s):1' ·, '.;, · · ' · ,./ 

• . ' •.. . ·1 . .:- . - 2 .· 1 ;. - - .. • ,0- . . 

. :H = -(P-A) - -+(BS)= (5.1)· 
2 • · · r · · · 

. 1 -;. i 1. 2 2 -{ 2 / 1, .. 
=2P,-:-;+ 8f (x -fy)+ 2B(L,-1),• 

t ,: 4 

'where t~~ ~ec~~r pcite~tial X ~ ½[B, rj and th~ magne~i~ field /i has b~eni·o:ie,nted along 
· the z-ax1s;·L, 1s the z-component of the angular momentum operator and S, = 1/2. The 

Schrodinger equation f~r the Hamiltonian '(5.1).becomes . . . . . . . . . ' ··. ) 

. [½fi• ~}+, ½~• •-~.\n~(O) · /32+ f3(L •. 
1

~) )] IJ!(r) = E\ll(r) _,· (5.2) 
, , • -'. ,. I ., 

\ :·:_where /3 is the, stre~gth' pai:amete; /3 =fB \ ' :, ' / ' \ ''. . . ·.. . 
C ' ' Our_problern is to calculat_e the energy/values Em of the ground arid e..1{cite_d stat_es_ oL 

.. the hydrogen atom in a imiform magnetic field for arbitrary strength parameters {3. · _.' . 
' Taking into acc~unt (3.'4-3.,15) ~nd after ~orne_transformat_ions the niodifiedHamilto-

. ' . . . . . , . ; . . . ., . . ' 
nian has tpe form · , ' ·· · . ,_'. • . ; · • • · ' · . : '• r · · 

. '"1 · .. ,. ',· _•_... ., .. ,,I,.,\. 
H = - (PJ +n2 

• Q2
;...: df!) · ;,: · . 

'.. 2- .. ' . . . . , . ' . . . ' . ' . ',' . /, 
.. [ . .• '(, .. .. I 1 .. · 132• . . .• ·. ' ) ,· 02 , . • J° ] . . 
: 4/Q4p~2. u~ - Q2~ + T. Q? · lim(v) -T. Q2 +-2~ '.·• :, 

, ,1 1', . , '•''- , ' 'i t ·. ' ' 
d = 2 + 2p(2v + 1) , ·-.• . . · . ' _ .. 

~ ' J • , _,,' .\ • • ►- , . ' I ' 

(5.3) 
.< ~ 'I,, 

where j' 
. ! 

(5.4) 

., 

·,Ai(~)~ N~(~)jdx [✓1 :_ x2 
• P;'(J)F 

/ ' , . -1. . ... ·• .. 
. . _\. 

\ ·~ . i .· .· -' ' : -; . \ . . ; ' 
· .and Nm(v) are defined by (3. 7).· The eriergy'of the hydrogen; atom is· determined by 

, . , I; . , ,, , - . 

' \ ~ ~ . : : '. ., ' ' - ', :, ' ' / 

-Em:;: /3(m-1) :- Um.•, (5.5) ,· .·· . ' •·, . ' ', .. < . .• -';., ' f· .\ • ' • . , . . ·. ' , ... , 

Accor1ing to {2.10), for the cakulatipn of the energy spectrum oft_h_e ground. and excited 
state by using the oscillaf ;>r representation met.hod the Hamiltonian is represented in the 
form' .. . ,. ·' ' ' . ' ' . ' . . 

'H = Ho+ H1 + t:o(Ef, 

where · i 

· .... (.E). dw ·._··_ 4p2 . r(d/2+p...: 1) · ·. 
t:o =---· .. . . . 4 _. wP-1 . r(d/2). • _,1 · ._ 

• 4Ump2 r(d/2 + 2p - 1) ~ 2p2/32~f(d/2 _:_ 4p..:. 1) A, ( ) +--•-----+ -----• V w2P- 1 f{d/2) .w4H • f(d/2) m, • . ' ·, 

',) 

18 
), 

,,,'...;-

. ' 

~: 

~ 

.. ,~/ 

.The interaction H~ilto~ian looksas > 

, __ ·H .. _-'.::::.·4 2 food. -1·· /ddT/ . _,,~(_i+t). '.:_~;Q,,,lx. ··. ,, .· (5 7) 
. -,. I - p , X 7rd/2, e · . _ · ," e2 ... • , . 

.; · ... ·_ 0; ' . ·. .•· '. . _. ·.. .. . ' / ' -~ . .. . . 

. [~umx::2p .:/:.=-;p) +_x--p. r[2 ~lp) -J;~-4p ·Am(v) :~·:·rt:: :p)r 
Th~ energy leiel~ with the radial excitatio~s in •th~ lowest ap;ro~i~ation~ ~fth~ o~cillator 

. representations are deterinined -~ ' . . ' . . . . ,. ' ' . ,• . . . . . 
. , . In 1 . . · . . , "< i ' . ). ) 

, ·t:1 ' = t:o+ 2n,w + {n,IH1ln, , (5.8 
-~-·· t ·. - . . ,/' ~ . . 

; where 
. . ,.· .. ·, • . . o:, •. . 'd . •. . ;;_ ... · .. · .: , 

(n,IH1,l~r) ~ 4p2 j.dxJ:d; · e-,,'(H~)(n,I ': e;2;q,,,rx'- In;~: 

·: .. . . . . . _o . . . ; . ',:, 1 ,. . .·, ; • • . _/ 2 ' . . , 

·[-u.:.x-2P. 2p-1 +:i::-P;' p-1 -x";4P,A.;,.(v);L. __4p-l ] 
·. · _ · • T{2-2p), , f(2-P.). , .... , 2· q2:-4p). 

·. {5_._9) • 

The m~~rix element,_(~;! : e;:iiQ~fi : in,)i/defiried b;.(4 .. 14) .. fo this. s~cti6n; we have 
obtained the numerical results only for the g~ou_nd and low excited state, i.e. for {2s) with~ 
m=0. , . . . . . ,. . - ... ,. . . 

,./ 

Table 2 .. Bindi~~ en~i:gy (ina.u.) 'ofthe .hyd~oge~<at:n ;s'cm··~· O).stat~ iri -~ ~;ifor~ , 
magnetic field: : ••• · ; , ' · , : . '• · . I ... ·. ·· · -.· · • · . ,•:. 

l·/3 ii v =rz = wP I p Ju<0> ~1EX0
l I Rosner[29] j , 

0.0 0.0 , ... 1.0 1.0 :\ 0.125 .• 0.1250 .125 ·,. 
0.05 0.03 .. , 1.0,' 0.935 · 0.098 · 0.148 . '0.148089 
0.5 ... 0.316 · 1.0914 0.800 ., -0.3395 0.1605 0.160469 
1.0 0.312 1.4231 0.798 -0.8263· · 0.1737 0.173944 
1.5 0.313 1.689. 0.796 ~L3170 0;1830 . . 0.18259 
2.5 0.313 2.116 "0.7965 -2.3025 · 0.1975 .. 
12.5 : ·, ·0.315 4.4962 · 0.7994 ~12.2721 0.22791 , 

"· 

.50.0 · 0.314, 8.8149 . . 0.801 ~49.7457 0.2543 0.25619 
100.0 0.3164 12.4165 0.802. ~99.7294 _0.2706 0.26897 
1000.0 0.31656 38.9171 0.803 -999.70 .• 0.300' 0.30624 . 

· According to {2.15) for the en1;;gy ;arameter, we obtain 
. - I , . . . . ,, ' . -• . ' 

,· ; . \ ·, . '. ' 2 ·•·' . ·-_ . 
. ., · [· B1 · 2· B2 · /3. Ao(v);· B3] 

Uo(/3) = · max Z · :---"'.' - Z •·:---:" - - • -__ -_ -. • - · 
· ·· •{p,11} .. 1Bo : -~Bo .. Z2 .2. Bo_. 

' \ 

- (?.10)' 

, '.' wher~ Z is defin~d by th~'.equation, 
. . :;;,: 3D1- 2 n2 .. ·-

.. ----:Z - Z - - /3 Ao(ii) · - = 0 · 
, ·.· .. , · Do· .. ,.· .. Do\'• 



/ 

/ 

. and we i!1troduced the notations 

D~= [2p--':l+p2(3+2v)]f(2pv+p+l), .. D 1 =8/f{2pv+2p) 
2

-p+v 
, :···. ·.·-··. . . _. l+p+2pv, 

:D2 '=:= ;;4f.(2pv +' 5~) ~-5 - 4P { 11.-.· :· .' B0. = r(2·_~v + 3p) ( t + (2P :_ 2)(2p '-:-I) p) . 
· . + p + pv .. · • . .. . .· . • \ . 1-+ .p + 2pv . 

·, B1 = f{2p~ +2p)(1 +(~ ~_2)(p 2.:_ l)~)-. ,· ': B~ ';; ~ci;; + ;p~)l'(2pv'.+ p + 5),. 
· , - .· . ·· · + p + {JV . , , . . 2 • . ·· - . . 

B3 =_·-I'(2pv+5p) · (1+ (4p- 2)(4p- l)P) : 
. : _ · - · -· -. I+ p_+ 2pv . . 

-Equatio~ (5.IOtdefin~s the energy: p~ra~eter Uo as a fujiction of the strength pa~ameter~_ 
/:3 -: . ,·' ', :· '', ';' ' .. '' ''., ,·· ; ' - - -,' : ' . .. '' ,· 

. :,-.- . •- The w,;,v~ f~ndion_s are clefine4' b'y (3'.5) a'nd the parit; ,with icspect to the x'-y pl~iie 
is· defined by the function P~(cos(O)) (see details in rt!L[30)) The'n!Jmerical results are 
shown in Table 2. In the paper (30) the energy spectmm for the states (ls l and (2p) .. of 
the hydrogen atoiir in a uniform magnetic field in the fraineworkof ORM is calculated, 
too: :,. · · · · '- ·- -- · ,· , ' - · ·-

5.2 .The hydrogen;atom in a gen~ralized van.per WaaJs paten-, 
. tial .. . .. ,~ . . . . . - . . ·. · r· 

· Let us co~sider the hydrogen atom in /!. generalized van der Waal~ potential. fo the this'; 
cas~ from (4.16)the Hamiltonian can be rewritten,in the_ form. . . . . 

- . , H,,; !pi ~!-+}r2 : [1 +'(/1i-c- l)cosO]:::." (5.11) 
... 2-. r ,: · 2 , · . ·. . ,·, . - ·, 

: The term propo~tio~al to I is consi<l~r~d as ~ perturba:ti~n corre~ti6p, so that , ;:d l. · 
.. fothi; limiUh~ transformation_: (2.2) can be rewritten as .. ,; · :'. . , .__ .··· .. · .• •· , 

'- 2 " " ·'. • ,'; ··:....,' 2v· · ·. 2 . . · . 
r. -.Q , a~d · 1P-:.Q./P,.,w(Q ). (5.12), 

According t~ (3.14) :after so~i~r~ri;formati~n~, th~ rnodifie~1,Schr6dingir eq~'atio~ takes 
the form . . · .· . . < . . ... -· . - . . . , 

' ' [½-ri -·f,- 4~Q2 + 2,·. (/32+(1.~ /12)_;.Am(JjyQ6
] ~mv(iJ2L= ~' ' (5:~a)· 

where Am(i,) is defi~ed by (5.4).~ Afte~ some ;nala'gous calculations repres:n~cd in (4.17~ 

4.21),weget,. · .. · · · ~ ;·H;=1
Ho+i:o+Hi ,' ,·,. · · .. ··. '> . •· 

.. where: 
> -.... -· ; ,. . . - \,,. - - . ' -· '." > '.· -·. dw ·2dE · g d(d+ 2)(d +4 

· co(E) = - - ·-c:·- - 4 + 3 · . , ·. 
. , 4 ·: "'< . w , .. 2., , ,., ·-. 

· :.- 6g(d + 4)(· ~-.. . ,_ 6 •• • . 
H1- .... . Q_,+49,Q ., 

'' w ... ' .. •, 
_cl= 4 +·4v". ,: 

. . - F· •.·· ·. , .. . • 
In the lowest approximation fo)ln the ~on/difom of the osci!lator representation (2.11) we 
determine · - · .- . .' 

1 
' > · : _., 1 · ·', ,· ··" ·· . · · - ' · , :· . 

._ - , .. 3g(d+2)(d+4) .,. 2 •.
1 

-~ · ·• • 
W = V + . VJ. :• + 0(-y ) , _ (5.1~) 

. . v.rhere we introduced thci' notatio~ 

v='J-sE;. g=,·(/124(1-{3i),'Am(v)). 
._ , ' • - ~ I • 

,· 

Th~- energy spectru·m ,~ith orbital anl r.;,di~r excitation in~ th~ l~;est a~proximaticin of · 
OR is·d~fined as ' .. ' ·. . - . . 

. ' ' 

(n;) .: - • . ·. . . · .. ·. , .. ,- . 
c1 = co(E) + 2nrw-+ (nrllhlnr) . (5.16) 

, / - ', 

·, The calculation details of the matrix eler~ents (nrlllilnr) arc given iw Appendix. 
. . From (5.11) we see th~t if,(/3 "7 1) = o/ th~nitheHamiltonian is sphcricalsymmetric 

r /· ~nd the parameter 'v takes only i~t~ger val~cs'.· I(we take. iii. to accourit ~nly the-tefms 
. propa'rtional to, in energy level cori:ections, then in the this appro~i1~atio~ th~ parameter 

v takes integer value~Jn this case, th~ expression (5'..t) is calculated ,anilytically. Taking-' 
jnto account (5.13~5.15) and (A.5) frorn.(5.16) vie have for the cncrg)' spectrum. . . 

- ," ' - ' . . 

1 ,n2 • / , .. ,,__ . 

Ent=- 2n2 + 2 [5n~-?l'(l'+l)+l] · · .. _ ·. '(5.17) 

·-[~2-···(l,-/3.2)··-··_1_,.-:-((l'-m)(l'..:.m-·1)' (l'+m·+l)(l+m•+2))]' ·o··c· 2)' 
I-' + 2n '1 • · 2n 1 ·· + · -2{ '3 · · .+ · 'Y ' ' ~ + ' ~ - ' ' ' ' . ' + . . . . ' ,. . 

', :. - ·-·, . . ·. , ·_, -· ' . \ ,' -'· . ·- I · __ < ,- '· • ' I •• 

·where n ~ 1 +l' + nr is the principal quantum numb~~t · ~'rom (5:11) we see. that the 
normaliz~d energy ~hifts · · · · . · _; ·. .. . · ·. ..·· ·· 

I •·· · .·. · • 1· ( .. ,. () '. 
, . · '. , , 6.Enmt= ~ E + 22: • ·• · · ' . '. . : \ '.,__,... ' ' :n ', . ·.> n '·. ': •' ,. ' ' '•. :. 

are defined as a function.of /3. In the lii'uit of larg·c 11 and srn;ilJ'm the boundary curves 
. . I . . . . '··• , . , . . . . . . ... 

; . are given approximately by: -· 
. - - ~ ' . ' 

a) Im ~o, f= 0 

:,b) m,.;,O,·l';;:,·n; 

. . 5 ' 
A E ~ _f.12 ', . -

L.l ' 6 ,.,_ ' ., 
; 1 

6.E =.-(1 + /32
) • . 2 / 

' ' ' / ' .. · . /' '' ' ' ' . . 
. The dipole transitions. Let us consider the dipole transit.ions from the ground state · , 
, (ls) toexited states. Within the oscillat~r represcnt.ation1nethc;'ds, tlw wave function~ are · >-· 

, -~ defined in the. d-dimensi~ nal auxiliary ~pac~: Acco~ding to {2.2), l!J,;t are~wave foncti6ns 
. . . in. the 3-dimensional space and <I>nr. is those. in th~. d-dirncnsional space. -"To establish 

relation~ between these fu~ctions, we ~onside'dhe followinf<;quality in the 3-dim~nsional · 
.,space· ' ' ' ' : . . . ..\ ' ' / ' Cc ' ' • 

~· ~ 00 , __ , ' - ·,. :· .· 

, 1 "=c~,/ ~~r
2
q,nt~~)l!Jnt(~) ! . 

. . o· 
(5:18) 

-,, 

21 '\ 
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whe~~ Cnt is th~ nor~alization con'stanL-A~cording to (2.2), after ~hanging variables from. 
(5.18) we have · · · · · · ' · · · - · '· · • · · 

• 00 

~ ~·2c~~IdQQ5·~:1(Q_2 )'!'nt(Q2
) ' 

•. . • 0 - : .• 

(5.19) 

-.::.- ·~ .: ·co .- -,. ".": . ,. c" • 

, =-2C~11dQ(i-t4tif>~,(Q2 )Q2 if>n,(Q2 )--= 2c_i1(n~JQ2Jn;). 
.. o· •· • . •.· . •. ,- .. · . - -- . 

Taking into account (A.1), (A.'4) 'and" (5.19); f~r the \Va~~ function in the 3-dimen.siona( 
space we get . . · ; · --, . , · • · · · · . •. < · '. ·. · · · · · .- · · · · 

' .··.· ' ' .. ·' i , ... ri ,·· .. 
: 'Vnt_(~) ·-+ w,;1:(Q2)-:= y 4ri.'.-_<1>n~(Q2

) , • · .c' (5.20). 

. where '<I>n; =. In,)_ anf are defi;;d. by ,(2.13);: One of lli~ basic~math:maticaFt~ks of 
nonrelativistic quantum mt!chanics is to find' the average of variables r". Taking into· 
account (5;18) and (5:20) we have. · · ·. · · 

, __ \_ 00 

f° ~ f.drr~_ (il!nt(r)~.0 _il!nt(r)) ~- 2~·(n~l~2
+

20f n,) . 
Q. • . " 

\"' 
(5.21)' 

For the hydrog~n atom', taking into a~count (AJ) arid n = Z/n; d;,, 4 +·4e at a = ±1 
'.from (5.21) we g~t. · ' · · · · · · · 
, . ·- .. --. i_- ~ --~ 

' · , ·1 . ' . ,i 

· r; = 2Z (3,i2 -:-I:(/:+ I}) , and f-.
1 = ~ : .,· n2 

. (5.2;) 

: T~e IDa.tri~ elerrients [31lof the dipole tra.nsitfons,fro~ the grourid sta;e (ls) to.the exited 
stat~ (n/:fcan'be written a,i; . · · :· ' ···•, .·· ·. • · · <-. :_ · ·• .• · 

• • ' • • --- - ;,. • ,,...- < ' ' •• " • -

Mf; =:]~rr:wi.(r)r:!nt(r) / 
• 0 . . ., . 

(5.23) 

Ta.king into account. (5.18-5'.20) and after som~ transformation frorn (5.23) w~ have 
• . •· ·:. r . -_ .- , · .. •·• · .. ,._ .··.- .• ,. ; , - . '. '"-, 

.~ ·-· . 00 -

· M2· == 2/dQQ1 il!1.;(Q2 )\T/n~(Q2
) 

. { 0 : '' ·' 

(5.24)' ' 

Cn,.'~· n.nc1 . Jr(2 + 21:) . {OIQ4~2(e-b_Q 2 .(af_at)"' ID) ' = - . . , . J+( , , . , J J 
2 • · ;Jl .· - · fld ' ' ' 

. where Cn, is the no~ma.liza.tion ~onsta.~t detennened by (2.13); n. and n~ a.re o;cilla.tor -, 
freque~cies in the 4°·a.nd cl-dimensional space, respectively; JO) is the zround or vacuum 
sta._te in tlie d~dimensiona.l §pace, and ~e ihtroduccd the not.at.ion . - - . . 

. ' - ,·-- -

--
, • "' • • • - j • • . ·,. 

L,<!t us separately ca:lculate the matrix _elements 

·1 
Ttn.'= (0IQ4.;.2{e-bQ' ( aj aJY' ID} , 

,
0 if e ~ 2, ta.king into accou~t (A.2).we have . 

. , >~ , . ; . , • · -- '.. ··r .·. 2·-)n,. . b~' ' . .·· r(i/2 + n ) 

,.u,~ ~ 

• · .;_bQ2 + + nr . · • , · . · . r - >71

2,,, = (~le _ (a; a;) IO)= , -.liJ (1 + b/flc1)d/2+n, • • f(d/2) 
I • . ·~ • , -;; , \_ "; ' 

and if_ f. = I; we get 

T'. ,' .·{,O.·IQ2 -bQ2 ( +·+)n;IO)·'•· ·(', d')·.,T· ·. . 
: -: In;= e _a;a;_ . . =r - db /:''. 

In the case of/:> 2 the matrix element c;n _be rewritten in th~ form 

. , . . . . .. . . - , • ·: .' : n,d/2 
T. = (0IQ4~2l/-bQ' (atat)nr I0)':={{-2f': _d_·_ 

''- ,· l~r • '., ·, _J-,J ·-·, .. · f(d/2) 
-,: n~ _-. n,!. ·• f(2/:+j::_4) 'bn,-if'(6+n,-j)'. 

, ·-~ j!(n, -j)! . f(2/: - 4). '. (b+ f!c1) 6+~r-i: 
' J-0 .• ··. ... ' '·; . . . . . . 

(5.25) 

'' ;. (5.26) 

(5.27) 

... 

Substitut~ng (5:25), (5.26) a.~d (5::n) into {5.24) ~and after ~~me si:nplifica.tjons, we get 
, for the· dipole tra:nsitions at e ;, 1 , 2 ; and e > 2 ' ·. -

-< ' ' ~ - ,·. • - • ' •• •• _., 

~· 

. M;:.=(~ltl60,fl~_'frCTfi_.n/ (n+l)!(fl,c.:.:ndr::-
2

-: [ n+2 .- n_:._2·1· · · . . , , v~ (n - 2)! (fl,+ fld)n+2 fl, +.fld1 fl,:- fld 

'jJnd ~-- (~{)L132n na_._· fnJfi_ n_._n_,i-:/ ir: + ;)! .. (n. - nc1r~; ·.. '' ' 
' la ·. . . ' • clv 7 V tn - 3)! (fl~+ nd)"+3 ' 

· __ · 'Afnl ~(-~)n_--l~l3;~ 1 __ Hl ·•{fCTf;.·.n_-cl_·. ~--' (~ ,- e ~ 1)! ···.n. ~
1
. r(5 + ~ - e ..c. j) 

· ·• 1a . / • cl, V7 . . (n + 1)! .. ' · -~ f(j+ l)r{n :-1:- j) 

r(2e +{.:. 4) (n._...,. riir-:t.:.;.:.i 
. (5.28) f(2f...:. 4)' (fl,.+ fld)n+s+-j . : " . 

The square· of. th_ese. 6~trix el~mentt define~· [31 J. the. ~sciHa.tqr strengths foi traiisition1, 
from the_ ground st11,te (ls) to the manifold (;/:). In our approximation the oscilla.to~ 
frequency fl is defined a.:.~a. furictiongf the potential para.meters. So that every potential 1 

corresponds to any oscilla.t~r frequency. In 'the case of generalized van der Waals potentia:ls -. 
for the oscillator frequency from (5.15) and (5.17) we have •, ' .• 

·n, = ! : [1~ n6 6E_(~-:. 3(3 + 2e)(2 +I:)· ). ·] + O( 2 ) .• (5.29) 
· ~ n ' .. · 1 

· ·. . •. : 5n2 - 3/:(f. + 1) + 1 . . 1 , 

. According to (5:17}'6E is defined as·· 
I ·• ·•, ,·, • 1·· .... • •, . . . , ., , , . /.. ', 

'6E_ = ~2n2 [5n
2 

:- 3f.(l: +I) -i: 1) . . . . (5.30) 

<[p2 ·.- ·(l_ ~ /32) • .:_:__1 (. (f. ~ m}tf::... m -1). (f. + 11~ + l)(f. +m +·2)).] . . · + . ·.·· .2e+1. : .. · 2e.:...1 - , + . U.+3. ', . 
,•,_ ' • -; • • ··~, _.,' ' '· ~ ' I- '. ~ 

-- '' 
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Appendix··. - . _ . . . __ ' _. _. 
Let us gi_ve~some _calculation details of the matric{!S "(n,IH1ln,). F_irstof all, the vari-. 

-ables Q2~, where Tis arbitrary, represented in the normal form:· Let·T = 1~, 2:; 3; .. ,· 
·- · then taking in to account (2.7) and (2.8), we'have . . , . 

- . ; ' / ' . . - ··, ' . , . -- '.. . 

·Q\ . . d r . :Q·2 .. ,·: = 2n+,: - . : , . 
, ,l£ i. I 

Q4 ~ d(d + 2)_·. -d + 2,~ Q:. ,_· .. . Q· 4 • ' 
- n:r + n • -·+ ·-, . 

".: 

_.· 4 .. _. _. .... ·< .•.. ·: ·,· .. ' . 

. Q6.: d(d+2)(d+4)'. 3(d+2)(d+4)_.Q:i_: 3(d·HkQ~ .• ··Q6: 
- . , ~< 803 . . · + · 4n2 . • • + _2n · . / + · - · 

If/< _o, WI! U:se .th~ :following representation 

(A.1)' ,' 

. · 00 ,: ; . , . : ~ . <. . .· :· d -·.. 2( l l) . . · ·' 

.• 1 · •_ J.· da . . T-·1 -ci•a_ ·_· .J·-· da_ -_T-~ ·-1-· (· d_ T/ )·_ .-. e-:-TJ ;,+n • ,· -2iQTJ ·IA. 2) - ·_ - - --a e - --a • - -· · e · ~ · Q2T_- r(r) . - T(r), ' • ·. -Ji ·: ad/2 .•·. ~ · '. . ·_ . 
0 . 0. . . . . ' . -· 

·l 

Now_·consider . \ 
. " ------·-·: o6 --.~ ,. • - ' ,' .:.: 

.. ( :1Q·-2T1 •) :.;__j·. da . .-::.1·_-J--__ ( dri )d_-=~-~_,<:._ +_··_1.i -_. . . . - -__ _ '· . n, , n, - .-a .. - . ---( ·I· -2,QTJ • I ) __ . 
- • · .. 0 ~(r). .·_ -· .. •-Ji : ad/:~ n, '.:e . ' _n, ' • 

(A.3) 

where,~~) and-~~~ m~_trix(~~, _: e-2!QT/ f}i;)_ a;e ~~fin~;i'by (2I1) and (,;_14), re~pectively. 
· _For the calcula_tion of the matrix elements cif the v~riables repre~ented in (A;l) we _used 

the f?llowfog relations . . - . . . . . 

;, .· :: .. , : ', ~2 '' ···. _j;.~,:~ ; :., ,-
(n, I: Q =l~;i=.11~ .-- .- • . 

_ (n,I :94
;; In,)= ~; [f + 6n,'::'" ~L, . 

· ' . · · ' '-. ~ _ · _ · 2n, ( 71~- - 1) · ·< · •· · · / 
(n,I: Q : In,) = . . 03 [3d + lOnr - 8] 

,_ 

~aki_ng_ into ac~a"1uit (A_;l) and (A.4rr~r the matrix(n,IHrln,;) we hive 

• . (~,flil~--_t:: t; : [~~2
• ~ 12~ + ~on:d~ 40n~-~ ·16] 

.,_ ' 

·_,,. 

\' 

', 

.. • • I I 
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,llm1eiixa11 M. E4~96-92 
ATOM BO.UOpo.ria BO BHeumeM none 
B paMK~X Mern.ua ocuHJIJt»rnp11oro npe.ucrnBJJemi~ 

'.3uepreTH4eCKHii cneKTp ccpepH4eCKll•CHM~eTpH4HOro H . aKCllaJlbllO-CIIMMeT-
p114HOro. noTi:HUIHUIOB,

0 

.uonycKa10m11x CBH3al1Hble COCTOHIIIIH_, Bb\411Cne11 MeT,O.!lOM 
ocu11nn»Top11oro npe.ucrnBJJemrn B paMKax 11epen»nrnHcTcKoro ypaB11e111rn Wpemm
repa. B 4acrnocn~. M~TO.!l npm1e11e11 K Bbl411Cne111110 ::111epreTll'lecKbro cneKTpa 
2s-COCTOHHIIH aTOMa. BO,nopo.ua BO BHellllleM nOCTO~IIIIO~l Ma!lutTIIOM none C npo~ 
H3BOnblmii 11anpm~e1111ocTb10:. B npu6nm1<e111111 Teopun B03Myme1111ii no B11ew11e~1y 
no.ri!O Bbl4HClleH 3HepreTH4eCKHii cneKTp aTOMa BO.UOpo.ua B cnyqae, KBanparn,,;1oli 
H ccpepH'IeCKH-KB~paT114HOii 3aAa4H 3eeMaHa H_ 0606,me1111oro nore11miana 
Ball .uep Baanbca. Pe3ynbTaTbl 11yneBoro npi16mt)Ke!IIU1 MeTo.ua ,ocu11nmnop1ioro 
npe.ucrnBJJe11mi xopowo cornacyIO.TC» c T~4ilblMII 311a4e11H»M11. · 

-. ' ,, ) . . 

Pa6oTa BbIIIOm1e11a B Jla6oparnp1m TeopeTll4~CKOH (p11311K;l ll~f.H.H.Eoron1060-
Ba omnL' ' 

npenpHIIT Qm,em!HellllOl'O HIICTHryTa ll)lepilhlX IICCJle)lOBaHil~. }ly611a,, 1996 

Dineykhan M. . . E4~96~92 
Oscillator Representation Method . 
, in the Theory of a Hydr?gen Atom in an External Fiel_d 

The Wick-ordering method called the OsciHator Representation in the non-, 
relativistic· Schrodinger equation is proposed to calculate the energy spectrum 
for spherically symmetric and axially ~ymmetric potentials allowing the existence 
of a b_ound state: In particular, the meth?d is applied to calcµlate the energy'spectrum 
of (2s)-states of a hydrogen atom in a uniform magnetic field of an arbitrary strength. 
In the perturbation (external field) approximation, the energy spectmm of the so-

' called quadratic . and spherical·. quadratic Zeeman problem and the_ problem 
of a hydrogen atom' in a generalized v~n der Waals potential is calculated 
analytically. The results of the zeroth approximation of oscinator representation 
are in good agreement with the exact values. 

The investigation has been performed · at the ·Bogoliubov Laboratory 
of Theoretical Physics, JINR. . . 

~reprint of the Joint Institute for Nudear Research.' Dub~a. _1996 


