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Although the high-harmonic generation from an atom ~ubject to.a strong 
laser field has extensively been investigated both ·experimentally [1-3] and the
oretically [4-8], most results have been obtained so far only with linearly polar-_ 
ized fields[l,4~6]. Recently a few experimental groups[2,3] have begun investi
gating the effects of intense elliptically polarized_ laser fields in order to clarify 
the physical nature of atom-laser processes, and to find optimal conditions for 
high~harmonic gener!3-tion. ·1n particular, the rotation- ~f polarization of high ' 
harmonics generated from argon by intense(> 1013 W/cm2 ), short(~ 200f s), · 
elliptically polarized laser pulses has just been measured[3]. This suggests a 
need for a theoretical model of th~ phenomenon. Emphasize that quantitative 
description of an atom in elliptically polarized electric field · · 

.' ·. ,' ,· ,: ' ' ' 

AV(x,y, z, t) = Eof(t)[zsinwci t + cycoswo t] ' ,, (1) 

'\ ' ' ,- ' ' 
( where E0 and c are the amplitude and the ellipticity of the pulst!, w0 and J (t) • 
denote the laser frequency and the envelope of the pulse ) requires a nonpertur
bative approach for solving the time-dependent four-dimensional Schrodinger 
equation. In this report an approach to this problem is given using the method 
of global approximation ori a subspace grid originally developed for the station
ary Schrodinger equation[9] ~nd applied -to atoms in strong non-hom~geneous ' 

·fields[lO]. In principle the method)s closed t~ "discrete variable representa
tion", "pseudospectral" and Lagrarige-mesh methods applied :to different sta-_ 
tionary problems ( a set of the corresponding references can be found in the 
resent paper[ll] devoted to the Lagrange basis ). · . 

· Following the' key idea of the papers [9,12] I seek a solution in spherical 
. . .· I , . . 

-coordinates, (R, 0-, </>), as an expansion · · ' , . , ,_ . 

_·•. . ... ,: 1 N 

. 1/(~,0.,t) =:= R"I;,cp,,(O.)cp-;;},t/,;(R,t), · 
• ", < I ,. 1/J > • '· I• 

(2) 

· · . · ·. _ { cos mef,, ni > 0 

cp,,(O.) =:= Pt(0) ~• _ _ m = 0 
_ smmef,, m < 0, 

' . ' 

where P,m(0) are the associated Legendre polynomials, v =;= {l,m} and cp;} is 
the_ N x N.matrix inverse to {cp,,(O.;)} defined on the grid O.; = {0;, </>;}f, 
coinciding with· the nodes of the Gauss quadrature over the variables 0 and ef, .. 
In this way t_he problem is redti~ed to a system of Schrodinger-type equations 

. . . - 1/2 172 N with respect to the .vector \Jl(R, t) = {,\; t/J;(R, t)}{" = {,\; t/,(R, O.;, t)} 1 of 
unknown coefficien~s in expansion (2) 

. a-·· . . -- . 
i at IJ!(R, t) = H(R, t) w(R, t), (3) 
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where 
1 a2 1 

Hkj(R,t) = {-28R2 - R +AV(R,nk,t)}ok;+ 

1 N 
"'"' -i l (l + 1) - 1 

2R2 li ~ <fJvk <fJvj , 
y Ak"J 11={1,m} 

\ h · h f th G d .._,N .._,(./N-I)/2 .._,m+./N-1 "i are t e we1g ts o e auss qua rature, L..v=I = L..m=-(ffi-I)/2 L..l=m • 

In such an approach the atom-laser interaction AV(R,O.k,t) (1) is diagonal, 
and the non-diagonal, proportional to 1/ R2

, time-independent part of the ma
trix Hkj may be reduced to a diagonal· form, since the problem permits il: 
splitting of the operator H(R, t). This circumstance has been used for devel
oping an economic algorithm with the computational time proportional to the 
number of unknowns in equations (3). Details of the scheme will be presented 
in a separate paper. 

For approximation of Eq.(3) over the radial variable Ra quasi-uniform grid 
on the interval R E [0, Rm = 250] has been created by reflecting R ---+ x of the 
initial interval to the x E [0, l] with the formula R = Rm (e4x - l)/(e4 

- 1). 
The computations have been performed with a uniform grid of 1000 points for 
x (Ax = 0.001), much more accurate then the analogous grid for R variable 
(AR= 0.25). The integration time step At was 1/1600 of an optical cycle. To 
prevent the artificial reflection of the electron from the grid boundary the wave 
function was multiplied after each time step by the "mask function" suggested 
in[6]. As input to the initial-value problem (3) the ground state of an atom 
has been used. The spectrum of the emitted radiation I dz,y(w) 1

2 in z and y 
directions has been evaluated by the Fourier transform for the ind~ced dipo~e 
of the atom over the final five cycles[6] 

I dz,y(w) 12=1 1 
/T

2 

dte-iwt jdRtJ,*(R,t)(z,y)1j;(R,t) 12 . (4) 
T2 -Ti lT1 

The problem of a hydrogen atom in the field (1) is analyzed here for the 
laser intensity I= E5 c/(81r) = 2 x 1013 W/cm2 at wavelengths 1064nm and 
532nm. This is already in the non-perturbative region, and the limiting case of 
the linearly polarized field (c = 0) for these parameters has been, investigated 
by other authors with different approaches[5,6]. The form of the pulse J(t) 
has also been chosen to coincide with that of[6], consisting of a linear ramp 
for the first five optical cycles, followed by 15 additional cycles with J(t) = 1, 
which corresponds to ~ 70 f s and ~ 35 f s duration of the pulse at 1064nm 
and 532nm respectively. The parameters of the laser field are also rather close 
to those of the experiment for detection of the polarization rotation. of high 
harmonics[3]. 
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The res~lt of the calculations for the linearly polarized pulse ( c: = 0 ) 
is given in Fig.1. In this case the az1~uthal·variable ¢ may be separated, 
and the two-dimensional basis 'Pv(D) (2) is reduced to the set of the Legendre 
polynomials P1( cos0). This figure demonstrates very rapid convergence of the 
calculated intensities I dz(w) 1

2 over the number, N = lmax + 1, of the terms 
in expansion (2) at 532nm. Increasing the laser wavelength to 1064nm, the 
convergence _becomes slower, but the computation with N=7 still gives rather 
realistic approximation. As shown in Fig.I, the calculated intensities agree 
well with the most accurate of previously published data[6]. Note that the 
remaining difference between these two results is withi_n the framework defined 
by using the different grids over R( x) and t variables in[6] ( .6.R = _0.25 , .6.t = 

. 21r/(800w0 )) and in the present paper. The ionization rate per optical cycle 
evaluated here is also close. to that of[6]. Most accurate values of the intensities 
I d(nw0 ) 1

2 for the odd harmonics calculated with .6.x =: 0.0005 and .6.t = 
21r / (3200 w0 ) are presented in the Table. 

In Figs.2 the intensities I dz(w) 12 arid I dy(w) 12 of the harmonics radiated 
in z and y directions are presented for elliptically polari~ed fields ( c: =/. 0 ). 
The calculations have been performed with N = 49, which corresponds to 

. -3 ~ m ~ 3, m ~ l ~ m + 6. As illustrated above ( see Fig.l,N = 7 ), 
the computation wit_h this basis set is rather accurate at 532nm and gives 
a. realistic picture of the total spectrum of harmonics gen~rated at 1064nm. 
These figures show considerable deviation of the ellipticities of the generated 
harmonics ( for some n ) from the ellipticity ofthe fundamental. 

Finally, the quantities c:' =I dy(nwo)/dz(nwo) I calculated for a few C =/. 
0. are pre~.ented in Fig.3 where satisfactory convergence over N is shown at 
532nm. This figure demonstrates clearly a significant alteration of harmonic 
polarization with respect to polarization of the fundamental laser field for 
n = 3, 5 at 532nm and for 9 ~ n ~ 17(c: = 0.1) at 1064nm. The computations 
show also the dependence of the values c:' on the wavelength and the ellipticity 
t: of the driving field. These results are in agreement with experiment [3] which 
measured the rotation of the harmonic polarization relative to the polarization 
of the driving field in argon, and support the conclusion of paper[3] that the 
effect is due to single-atom response to a strong laser field . 

The high efficiency of the approach developed here for the problem of high 
harmonic generation leads to its application to other problems. of atomic in: 
teraction with elliptic. driving' fields ( p·articularly for evaluation of the photo
electron- spectra). Two circumstances, the rapid convergenc~ over N and the 
proportionality of the computation time to the number of unkn9wns of (3), 
suggest the use of our approach with stronger fields and longer laser pulses . 
All the computations were performed on a DEC 3000 - M600 work-station. 
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Fig. 1: The convergence of the harmonic intensities I d(nw0 ) 12 ( where 
n = 3, 5, ... ) with respect to the number, N, of the terms included in expan
sion (2). The first harmonics, n = I, have been omitted, and the intensities 
have been normalized at the third harmonic. The previously published re
sults[6] are also presented ( open cycles ) for comparison ( by the courtesy of 
K.C. Kulander supplied us the data from Fig.I of[6] ). 
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Fig: 2a: Harmonic spectra I d(z:y) (w) 12 at 532nm calculated for a few values c: 
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to I dz(w) 12 
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the dashed ones - to I dy(w) 1

2 ( open cycles mark the odd harmonics w = nwo, 
n=l,3, ... ). 
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Table 1: The harmonic intensities I dz(nw0 ) 12 calculated at N = 49, ~x = 
0.0005 and ~t = 27r /(3200w0 ) for the case e ~ 0. The last digits of the values 
may be subject to computational errors. 

n 1 3 5 7 9 
532nm Id. I' 3.328x10-" 4.428x10-" l.818x10-b l.96xl0-' 5.15x10-•u 

n . 1 3 p 7 9 
Id, 1· 3.098x10-" 3.027x10-1 l.561x10-u 2.14xlQ-lU l.46x1Q-:-" 

1064nm n 11 13 15 17 19 
Id, 1· 4.81xIQ-lU 2.42x10-iu 6.7xlQ-ll 3.6xl0-" 2.4x1Q-H 
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Fig. 3: The calculated ellipticities c'(n) =I dy(nw0 )/dz(nw0 ) I of generated 
harmonics for a few ellipticities £ of the fundamental laser field (1). 
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Mene)l(HK B.C. E4-96.-47 
rion~pHJaUHll BbICOKHX rapMOHHK, H3Jl~aeMbiX aTOMOM BOJlOPOJla' 

' ' \ 
B CHnbHOM' naJepHOM none 

C noMOJUbIO uenepTyp6anrnuoro MeTOJla rno6_anbHOH annpoKCHMaimn ua noJl
npocTpaucrne,rnoii ceTKe 11ccne)lOBaH cneKTp BbICOKIIX rap~IOIIHK aTOMa BOJlOpOJla 

B c.unbHOM (> 1013 BT/ c~i2), 3nnHnrnt.JecKu ~onllpHJOBaHH0M naJepuoM none. O6na
p)')KeHa cymecTBeHHal! nepecTp_oitKa nonllpHJaUl!ll rapMOHll~ OTHOCHTeJlbHO 
nonllpHJaUHH naJepa . 

.. Pa6orn BbinOnHeHa B J1a6opaTOpHH llJlepHblX npo6neM 0115JH.. 

' ,' ' . ' ' '. ' ' 

npenp1m~ O61.e)IIIHeHHOIU IIHCTmyra Sl)lepHblX IICCJie)I0BaJlllii. )ly611a, 1996 

Melezhik V.S. 
Polarization of High Harmonics Gen~rated f~om a Hydrogen Atom 

. E4-96~47 

in ~ Strong Laser Field . 

. . -The high harmonic spectrum of a hydrogen atom subject to an• intense 

(>10 13 W /cm2), elliptically polarized laser field is analyzed with a nonperturbative 
method· 'of global approximation1 on a subspace. grid. Considerable alteration 
of h~rmonics·polarization with respe~t to laser polarization is found. 

· The investigation has been performed at the Laboratory of Nuclear. Problems, 
JINR. . . 
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