


1 Introduction

'Dur1ng last decades study of charge nonsymmetnc muonic mole-
cules attracts a continuous interest both theoret1cally and exper-
1mentally The first measurements of the yield of Y-Tays ‘dueto
the decay of the Hedp molecules [1 2] revive interest in the in-
vestigation of this system. In the recent experiments [3] y-rays
spectra of **Hedp systems have been measured with very high
resolution. Besides, the first measurement of y-rays spectra from
the % 4Hep,u molecules has been done [4] These results call for
theoretical treatment of comparable accuracy.” One should em-

phas1ze that these experiments provide direct observation ofa

mesic molecule. In opposite to HeHy, other mesic molecules can
be observed only in indirect experiments. ‘

All the above mentioned experlments give ev1dence of the sig-

nificant role of the nonrad1at1ve decay channel. Strong isotopic
’ dependence of this process was found both experlmentally and |
“in the different calculat1ons [5]-[8]..
The production - of charge-nonsymmetric muonic molecules
' plays an important role in the kinetics of muons in media. The
reason is the comparatlvely low probablhty of the direct muon
transfer from the ground-state muonic hydrogen atom to the he-
lium nucleus Therefore, the muon transfer proceeds via the for-
‘mation of the molecule in the intermediate state [9).

The 1mportant decay channel of HeHu systems is the nu-
clear transition. The investigation of a nuclear reaction at typ-
ical mesomolecular energies has a fundamental importance due
~ to- absence of any experimental data on the strong interaction
of charged part1cles in thls energy range. This information is
also significant in astrophys1cal problems. *Hed interaction is of
; spec1a1 interest due to the existence of near-threshold resonance

SLi3 ) (mirror to the well known SHe(3 ) resonance). Generally,
- the near threshold resonances in the interaction of light nuclei:
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t +3 He, d +6L1, d +7Li can lead to enhancement of nuclear tran-

sition rate in muonic molecules [10]. One should mention the ab-

sence of electron screemng in the mvestlgatlon of the low-energy
light nuc1e1 interaction in muonic hydrides. The treatment of the

screening effects i in the experiments with colhdmg nuclei is an es-
- sential problem [11] and spec1al efforts are needed for the rehable -

, cons1derat10n

Quahtatlvely propert1es of the HeHu system can be described . ’_
“as follows. The repulsron in the Hep + H channel hinders the
‘bmdmg of the systems under consideration and: ‘only a 3— body I

resonant state can be formed. States like that are supported by

the attractlve polarization potentlal in the Hu + He channel and ,

- therefore, are clustered..
'The goal of this paper is the umﬁed treatment of dlﬁ'erent
’ propert1es of the 3 4Hel 2Hpy | systems namely, radJatlve and non-

. -radiative decay rates and elgenenergles for all p0551b1e values of

~the total angular momentum The competrtron of two decay

~ “channels and the strong 1sotop1c dependence of the nonradiative
~ decay rates are of speclal interest. A comparison of the calculated
y-rays spectra with recent experlments allows the determmatlon.

of the total angular momentum of HeHy molecules Besides, the

,mvest1gat10n of the nonradlatlve decay rate prov1des information

on the behav1or of the- Wave functlon at small djstances whlch is . ‘

\ important for descrlptlon of nuclear transmons

- As in the previous paper [12] the approach based on the hy— " 3

_ perspherical "surface” functions method [13] has been ‘applied
in this paper. A number of three-body systems, such as e*e"e™,
etH, H-, dtp were successfully described in the framework of this
‘method [14] [18]. This method allows the reliable treatment of
the posed problems due to the. followmg reasons. The method op-

erates with a discrete set of coupled « one-dimensional differentia]

equations. Physical boundary conditions for therr solution can

~ easily be formulated. \Moreover —‘Coupling of channels turns out
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to be rather small in the calculation of charge-nonsymmetrical
mesic molecules and allows one to use the decoupled one-level
approximation.

The article is organized in the following way. The description

- of the method will be given in the riext section, section 3 contains

numerlcal results, section 4 - outlook and discussion.

z Method

2.1 Hyperspherical surface functions approach -~

The hyperspherical sirface function (HSF) approach is well
known in literature [13]-[18] and there is no need to describe it in
detail. The approach used is mainly the same as in the preceding
paper {12]. For this reason the notation and units of this paper
will be used below. The three-body wave function for the state
of the total angular momentum L and its prOJectlou M can be
expanded over the ngner D-functions

where two of the Euler angles determine a direction of the inter-
nuclear vector Z. : : :
Taking into account in (1) only the term W1th K= 0 one can

obtain the ansatz
q:LM(x y) YLM(:::)@ (:1: Y, 9) (2)

Expresswn (2) means that the total angular momentum L is

" carried mainly by heavy partlcles For L = 0 the ansatz (2) is

exact and for L # 0 this approximation should be reliable due to
the smallness of mass ratios of muon and nuclei. Indices L and

M will be omitted below te simplify the notation.




In the framework of the HSF method the followmg expansion
of ® will be used

B(p, ) = o Z un(p)2n(Q; p), @)

The HSF ,(1, p) are ﬁmte solut1ons of the eigenvalue problem :

(A - —z L A (p)ln(S =0 10

S_ S

Note that the functions £a(p) = Ma(p)/ p? play a role of the effec—,‘

tive potentials. ‘The channel functions un(p) satisfy the system
of one-dimensional equations [12] In thls approach, the couplmg
terms : ,

_ s
Qni(p) = (%lg;%)
Pai(p) = (a,,s?nla,,%)
are respon31ble for the nonradiative transitions. Since the d1rect

computation of @,;(p) and Pp;(p) is rather dlfﬁcult ‘the followmg
exact expressions have been used :

Qui(p) = =G =) 1(99n| E o),
Pui(p) = (@) |

The form (6) allows one to avoid the calculation of the derlvatlves
of the "surface” functions on the parameter p.

The variational approach has been applied to solve equation
(4). The "surface” functions have been chosen as a linear com-
bination of trial functions from the following set:

©)

(6)

(a)(aa)PI(cosH ), 0=2,3 ' (0
sin'agCHL l(cosag)PI(cosﬂg) n>0,n>1>0, (8) -
where A o
o) = ('q“'pcos o,

Ru(t) = eac1p(~1t/2)1t’L?,’ir l_l(t)

4
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In equations (7) - (9) P(z), L} (z),Cy(z) are the Legendre, La- -
guerre and Gegenbauer polynomials. The set of trial functions

has been chosen in the form (7) in order to describe properly

the three-body wave-function at both large and small interparti-
cle distances.. Expression (7) describes the system separated into
two clusters. In this case, one of the clusters is a hydrogen-like

“atom and hydrogen-like functions (9) will be proper trial func-
tions for a large hyperradius. While ¢ = 2 and 3, expression (7)

is the wave function of the Hey and Hy - mesic atoms, respec-
tively. Expression (8) describes the configuration with all three
particles close to each other. In th1s case the kinetic energy term
Agq dominates in (4) and eigenfunctions (8) of the operator

9] 1 9]
[ (sm a=—+ (smﬁae)] (10)

" sin o " Oa ' sinf 00
are used. The set of trial functions (7) - (9) can easily be adjusted
to the different values of the parameter p. For this purpose num-
bers of channel-type functions (7) and hyperspherical harmonics 4

- (8) have been changed with changing p. It is necessary to empha-

size that the dependence of the numbers of the trial functions on
the parameter p has not been exploited in analogous calculations.
This dependence gives rise to more flexibility of the basis and al-

‘lows one to avoid numerical 1nstab1ht1es when solving equation

(4).
As a result of the solution of equation (4), eigenpotentials
5,,(p) and coupling terms @12(p), Pi2(p) have been obtained.

.‘ Next hyperradlal equations have been solved and the phy31cal

characterlst1cs have been calculated

2.2 He Hy - resonant state

The following properties of the systems under consideration
should be taken into account in the calculation of the resonance
energy-and wave function. The dominant cluster structure of the
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type He + Hp is a reason to use in this calculation the second
effective potential e5(p). As it has already been mentioned, this
potential has an attractive part and supports the resonant state.

Next, the widths of such resonances are rather narrow. There-
fore, coupling with the open channel described by the eigenpo-
tential 1(p) can be neglected. Indeed, the calculated coupling
terms Qj2(p) and Piy(p), as it is clear from Fig. 1, are small in the
region, where the component u; of the resonant wave function is

~localized. This con31derat10n brings to the well-known "uncou-

_pled a_dlabatlc approximation” for the- calcula.tlon of energy Ep
and the radial wave function uy(p) as an eigenvalue problem:

215 o\ _
P e(p) .P22(,é)+ER us(p) =0 (11)

p

10 20 30 - 40

- Figure 1: Coupling terms @Q12(p), Pi2(p), the dipole moment dlstrlbutlon

di3(p) and the hyperradial wave function uy(p) for the system *Hedp. Units -

are descrlbed in the text; us is presented in an a.rbltra.ry scale.

2.3 Nonradiative decay rate

Possible final states in the decay of HeHy are the scattering ones -
of hydrogen nucleus on the Heu atom. Eigenpotential £1(p) as-

6

ymptotically approaches the Hep atom ground state energy £
and describes the dynamics in the open channel.
Following the arguments of section 2.2, the scattering wave

- function u;(p) can be found as a solution of the boundary problem

at fixed HeHp resonance energy E = Ep:

2 -
%2’ - 41—57 —e1(p) — Paa(p) + E| uir(p) =0,

ulk(O) = 0
| uik(p) —)sm(kp + 6),

p—od

where k = (F — €1 )1/2 ; ‘

One should mention that transition to the channels with the
Hep atom in the exited states will be suppressed due to expo-
nentially small overlapping of the initial and final state wave-
functions. |

. Due to the smallness of coupling the interchannel transition

can be defined by the matrix element M of the coupling operator:

5 M’CVZ/d/’;"lk )[le(ﬂ)— —le( ) = Pra(p)| us(p). (13)
0 :

The radiationless décay rate A has the form:

1 . )
= - M | (14)

2.4 Spectra and total rates of the radiative decay

The main contribution to the radiative decay comes from  the
dipole transitions. <v-ray spectra and total rates of all dipole
transitions from the states with angular momenta L = 0.1 have
been calculated.. The final state radial wave function uy(p) de-
scribing relative motion of a hydrogen isotope nucleus and Hep -
atom is a solution of equation (12) at the energy carried by these

particles F = Ep — E,. \
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Figure 2: y-ray spectra of the **HeHp system in the mltxal states with the

total angular momentum L; = 0.

The dipole transition rate per unit energy (spectrum of y-rays)

is given by ' :
dAy l(aE.,)“ 1
dE, 3 wk  2L;+1 7

where « is the fine structure constant, k*=FEp— Eloo — E, and
L;, Ly are total angular momenta of the initial and final states,
respectively. Dipole operator d is expressed in terms of the scaled
Jacobi coordinates x,y '

—(m2 + m3) — 3my 2mg — mgy

d= +x . (16
y(m1+m2+m3)\/m2+m3 Jmamg(mg + mg) (18)

The representations (2) and (3) for the initial and final state -

wave functions ¥;, Uy reveal the following form of the reduced
matrix element in (15)

< >= [ A (w7

The distribution of the dipole moment dy,,(p) is an integral over
angular variables of the dipole operator and HSF of the final state

8

LSl < wlfdlfe > (15)

©1(€2, p) aI{u initial state (€2, p). The typical behavior of the
dipole moment distribution can be seen in Fig. 1, where dlg(p)
for the system SHedp is plotted.

. g—;y(lo“/ kev s)

20

Figure 3: y-ray spectra of the 34HeH;¢ system in the initial states w1th the
total angular momenta L; =1. =~

-

3 Results of calculation

The theory described in the preceding' sections yhave‘ been used
to calculate the blndmg energies Fp = €35, — 'ER, 7y-ray spectra
of rad1at1ve decay EZE_ radlatlve decay rates A= é%rdE and

nonradiative decay rates A
The systems *Hedy, *Hepy, $Hedy, 3Hep,u in the states with
the total angular momenta L = 0,1,2 have been considered. ’

Calculated values and available results of other authors are
presented in Table 1. The type and number of trial functions, '
interval of radial integration, masses of particles and resulting
accuracy of the numerical procedure are the'same as in [12].

To demonstrate the isotopic dependence all theoretical y-ray
spectra for the decay from L; = 0,1 states are presented on Fig. 2
and 3.



I

Table 1: Calculated bmdmg energies Ep(eV) and decay rates X )\ (101151
of the systems 34He'?Hpy, *

- present results.

~
{

Ne

10

system | ref. : L=1 L=2
Ep AL A Ejp Al A | Es A
‘Hedu | [5 58.22 1.67
8 58.225303 | 1.80
[19] 57.84 - 11.69
6] {7796 | 2.3 56.10 2.4
7} | 78.7 |1.85(1.94 57.6 1.3811.741 20.3 | 0.9
* | 77491073 1.76 | 55.74 [1.20{1.58{17.49 (1.04
SHedp | [5 48.42 |[5.06
' 8 48.420890 | 5.29
[19] } 70.74 1.75| 4790 | 1.55
6] 169.96| 8.0 46.75 7.0 :
7} } 70.6 |3.58 11.80| . 48.2 277|158 9.6 |1.54
* 169.372.87(1.64| *46.31 322144 711 1.74
Hepp (29| = | | | 500 1.92
o6 yT436) 1| | 41T 38
(7] | 75.4 {35.4(2.24 45.4 24.81.89
*180.64170.7{2.02| 4745 |38.5](1.74
SHepp | [6] | 67.70 | 100 33.85 46
e 7] | 69.0 }47.312.11 38.1 31.6|1.74
* 17276 197.711.91 38.82 146.7]1.60

counts
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F igure 4: Comparison of the normalized theoretical 4-ray spectra with the

experiment for the *Hedy system.
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“'Figure 5: Comparison of the normalized theoretical y-ray spectra with the

experiment for the 3Hcdp.system.

At the moment new and accurate y-ray spoctla fwm tho de-

[cay of the 4Hed;L, 3Hedp, and ‘Hepp systems are measured iu the
_experiments [3] and [4].- Smce the absolute yield of 4- ray was not

obtained in the cxpenments and due to the presence of a back-
ground, only shapee of the experinental and theoretical spectra

can be compared. Takmg these facts into account, one can as-

sume that the following two-pdramoter normalization procedure

~should be applied to fit the experimental spectrum -

(i), =4+ 2 (i5),,
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Figure 6: .Comparison of the normalized theoretical y-ray spectra with the
experiment for the ‘Hepy system.

where the parameters A and Bz are determined through the least
squares procedure. The normalized theoretical spectra (é%;)
. n

for L; = 0,1 are presented in comparison with the experiment in

Figs. 4 — 6.

4 Outlook and discussion

The lifetime of the:34He "2Hyu systems is determined by a com-
petition of two main decay channels: radiative and nonradiative
ones. It is important that both rates are comperatively small and
sensitive to the fine details of the wave function. In this respect,
the strong isotopic dependence of the nonradlatlve decay rate is
of special interest for studylng the small components of the wave
functlon '

All 'the calculations (see Table 1) support the strong iso-
topic dependence of the nonradiative decay rate noted in experi-
ments [1]-[4]. This rate decreases rapidly with increasing reduced
mass of two heavy particles. Quahtatlvely, the muon transfer in
the nonradiative decay process takes place mainly at small in-
ternuclear distances. Due to the cluster He + Hp structure, two

12
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heavy particles should penetrate under the potential barrier to
bring together. As a consequence, the transition probability de-
creases exponentially with increasing reduced mass. Besides, the
nonradiative decay rate is sensitive to the total angular momen-
tum and reduced mass due to the interference of the initial and
rapidly oscillating final state wave functions.

- Opposite to the nonradiative decay channel, the radlatlve de-
cay rate (as it is clear from Table 1) depends slightly on isotope
masses. The different isotopic dependence can be explained by
the different spatial structure of the transition operators. Re-
ally, the main contribution to the matrix element of the radia-

‘tive transition originates from the region of comparatively large

p ~ 10 — 15, where the initial state wave function is not sensitive
to the nucleus masses. Considering the position of y-ray spectra
presented.in Fig. 2 and 3, one can conclude that the total radia-
tive decay rate increases with the --ray energy both for L; = 0
and L; = 1. A change of the spectrum position for different iso-
topes is & consequence of a change of the threshold energies for
the initial and final states. As a matter of fact, the transition
energy increases slightly with increasing mass of the helium iso-
topes due to lowering of the first eigenpotential. At the same
time, increasing the mass of the hydrogen isotope gives rise to a
bit more decreasing in.the transition energy due to the lowering
of the second eigenpotential. _

~Despite- the slow isotopic dependence of the radiative decay,
the branching ratio for this channel x = Ay /(A + X) reveals the
51gn1ﬁcant isotopic effect due to the strong isotopic dependence of
the radiationless decay rate. Since the yield of radiation is mainly

‘defined by the branching ratio x, the isotopic effect appears as a

signiﬁcant difference in the intensities of the experimental radia-
tive spectra Figs. 4 — 6. Besides, the ratio of « for the 3Hed;t and
~ k(*Hedy)

4Hed# systems f = w(Hedp) 0 46 was obtalned in the exper-

13
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iment [3]. Present values are close enough to the exi)erimental
one both for the states with L; =1 (£ = 0. 53) and for the states
with L; = 0 (£ = 0.51).

The shapes of y-ray spectra for different total angular mo-
menta L; = = 0,1 are very similar and the L; = 1 spectra are
slightly shifted to higher energies in comparison with the L; =0
- ones. However, the accuracy of recently measured y-ray spectra

of 3!4He‘d,u' [3] is high enough to distinguish the L; = 0,1 theoreti- -
cal spectra on qualitative level. For this reason, the experimental

and theoretical vy-ray spectra of ‘these systems for the total an-
gular momenta L; = 0,1 have been compared in Fig. 4 and 5.
From the comparison, one has to conclude that radiative transi-
tions take place from the L; = 1 state-of the SHedy and *Hedy
molecules. One should mention that this result is the first defi-
nite assignment of the total angular momentum of the 34Hedp -
molecules observed in experiment. n

The definite conclusion about the total angular momentum
of the 3*Hepy molecules' can not be made due to the low y-ray
yields and, therefore, the low relative experimental accuracy. The
reason is the low branching ratio x for these molecules, i.e., the
nonradiative decay dominates over the radiative one.

In conclusion one should list a number of problems with con- 4

cerns of the HeHp systems still waiting for more refined. inves-
tigations. Bearing in mind the last measurements, the reliable

treatment of the formation probability is needed. While the prob- /

‘ability ‘of the muon transfer via the intermediate.formation of
muonic molecules exceeds the probability of the direct one, the
last process cannot be fully neglected for some isotopes.” The ac-
‘curate calculation of the direct transfer is desirable to clear up
its contribution. e

- As it has already been mentloned calculatlon of the nuclear

‘transition rates is of special importance. Probability of nuclear ‘
0 than v

transitions are much hlgher from the states with L =

14

:J'

" from the L —1 ones: In thlS respect, the rates of 1nter1nolecular‘ \
- conversion L =1 L= -0 are essential. These rates recently -

calculated in [20] are comparable with the decay rates into main

~ channels. It scems that this result is niot in agreement with the

conclusion of this paper on the pleferable deca) mode from the -~
L; =1 state. o ’ ,
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