


-The metrics- singularity prdblem in GR.is intimately connected with known
Birkhoff theorem. When Birkhoff first: formulated his statement, it had not a
theoremstatus and consisted i in following - [1]:-- e kel G

The field outside of the sphencal distribution of matter is static
whether or ‘not the matter is in a stati¢ or in a variable’ state; " Thus -
the Schwarzschild solutlon is essentially the most genera.l solutlon of
the field equations with sphencal symmetry

The central fact whlch Birkhoff was 1nterested in was that the gravxtatlonal
waves have existed or not when spherical distribution of matter has been pulsating.
The conclusion obtained by him was negative.. Hence we have in GR the same
51tua,t10n that in Newtonian theory of grawtatxon

The metrics which Birkhoff meant was gpw : - o

-1

ds? = (1 _ g) it - (1 —f:-) Tarleder, (1)
where d¥? = d§? + sin® 8dp?, B = 2m (in the relativistic umts), - central source
mass. This metrics is usually named Schwarzschild metrics, though J.Droste [2]
and H.Weyl [3] actually obtained it in 1917. So here it is designated by gpw.
The feature of this metrics is the presence of ’ horizon of events” or singular
Schwarzschild sphere. So the space - time topology is non - Euclidean and’the
"black holes” or collapsed objects are possible in the Universe. "~ C

An existence of collapsed objects induces a set of hardly decidable questions
connected with physical interpretation of mathematical wording ‘of GR. Hawking
and Ellis described in every detail the problems of singula.fities appearance and
collapse in GR [4]. They arrived at a conclusion that it is jmrpoft‘ant to have an
exact wording of this theory ‘and to state uniqueness degree of it. They offered a
new wording of GR in terms of mathematical space - time models M.:It followed
by a modification of Birkhoff’s statement and an attempt to give it a theorem
status. Two another versions of Birkhoff theorem are in [5).

All above mentioned wordings of Birkhoff theorem (including 1 ascertain
that from only spherical symmetry of vacuum metrics it follows that one is static
and has Schwarzschildean form (on the uniqueness Schwarzschild geometry see, e.g:
[5]). Moreover by that it ensures the uniqueness of spherically symmetrical space
- time model in GR. This uniqueness in its turn involves necessity of the existence
of black holes as ‘the real physical and astrophysical objects and the rion-existence
of .the astrophysical objects with a naked singularity. However now there are some
new astrophysical facts pointing out to a possibility of existerice of last type objects.
That’s why the uniqueness problem of spherically symmetric space - time model in
GR is very interesting. The real astrophysical objects are the realization in nature
of the theoretical space - time models. So the queéstion of accurate formulation of
Birkhoff theorem has to arise.
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The Birkhoff theorem wordings in [1} and [5] has lack of accuracy. Firstly
these wordings do not point out to the space-time region where Schwarzschildean

coordinates can be introduced. Secondly it does not talk precisely in which metric’

functions differentiable class the problem decision has to be considered. Therefore
a simple answer the put question is impossible.

What is the maximum space-time region where the mentloned in the Birkhoff
theorem coordinates may be introduced? It’s seen from (1) that the metrics gpw
is determined in a static map wh1ch exists at only R-region: r > . Within the
sphere r = 3 (i.e.- at T-region: 0 <r< ,B) a time and a space coordinates switch
the roles and the map becomes non-static. An analytrc contmuatlon of the metrics
(1) to the T-region is realized in the non-static coordinate’ systems, such as well-
known Eddington - Finkelstein and Kruskal - Szekeres coordinates. Thus from the
above-mentioned Birkhoff theorem wording it follows that spherlcally symmetrlc
vacuum gravitational field is static at only region r > 8.

But already in 1916 K. Schwarzscluld [6] found the static vacuum metrics gs in
the map covering the whole region of space 0 < 7 < 00.This’ solution has spherical
symmetry but has not "horizon of events”. It may be written in the form:

(1B (1-BY Ryt
ds _(1 R) dt’ (1 R) (Rldr)2 R?do : (2)

whereR—(r —i—,B“”)l/3 R, —dR,ﬂ_2m—const>0 i

The actually Schwarzschildean metrics (2) as satisfy the cond1tlons which are
necessary to describe gravitational field of uncharged non-radiating non-rotational
point source.as Droste-Weyl metrics does. - This .conditions were formulated in
Finkelstein’s article [7] as follows: '

1. space-time metrics has to be asymptotically Euclidearr;

2. this metrics has not to be continued to the lme L(z = y =z = 0) corre-
- sponding to the central smgulanty, ' el

3. this metrics has to be 1nvar1ar1t under the group_.of space, rotatlons and re-
ﬂectlons as well as the translations of a time coordinate t;

4. a coordmate t has to be global only.

We shall name the space-time V4 furnished with the metr1cs (1) Droste-Weyl
model (but not Schwarzschild model as it is-received in the literature).-The spher-
ically. symmetric static vacuum solution of the Einstein equations being found by
K.Schwarzschild. (more. exactly the space-time Vj with the metrics (2)): will be
named Schwarzschildean model. In spite of the metrics gpw -may be obtained:
from the metrics gs by the radial coordinate transformation:r’ = (r® + g3)1/3,r >
0,7 > B, these metrics.have different determination regions (Mpw : 7' >-8 and.
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Ms : r > 0). Therefore as Abrams showed in (8] they describe two different non-
equivalent space-time models. Schwarzschildean model ‘do not contain "horizon of
events” and "black holes”. S ‘

In the Einstein General Relativity a mathematical space-time model in the
Hawking-Ellis sense is a pair (M, g) where M-~ connected Hausdorff differentiable
manifold furnished with a Lorentz metrics ¢-of index 1." Two models (M, g) and
(M ;) -are considered to be equivalent if a diffeomorphism M — M exists which
maps ¢ into § isometrically. Strictly speaking the space-time model in GR is not
one pair (M, g) but the whole equivalence class which includes any of pairs (M)
being. cquivalent (M,g). Thus any-model.is fully’ defined if some representative
(M, g) of the equrvalence class ‘and:isometric dlffeomorphlsm (M g) = (M, §) are
given. ' L :

In [8] L.Abrams obtained the whole equivalence class of the vacuum space-time
models meeting Schwarzschildean problem and having the model (Mg, gs) as their
representative. In the quasipolar coordinates this class is formed by the metrics
family g4:

! ! ﬂzt(XI)2 Y2 : 132 o 2 L .
ds® = ydt? = = dr‘ — dQs, (38
. : wmX x(@=x) - (I=xP o ®)
where 8 =const> 0, x(r) - monotonously increasing C* - differentiable function,
which is defined on the interval (0, +00).and satisfies the conditions:

X(0+) = 0~ X(Tl ~1- —f', o (4l

when  r—o00, x1= —& RS : . ) e
. The radial coordmate transformatlon x(r) = X(7) gives C*- diffeomorphism
(Ms,g4) — (Mg,G4), where g4 and g4~ any two metrics of the family (3) (see.
[8]). The metrics (2) is one of the metrics family (3) if x =1~ &, R = (r® 4 £%)1/2.
Any manifold of Abrams class (Mq,gA) may be obtamed from (A!s,gs) by
C- dlffeomorphlsm which transforms r’ as
et R (R L S
‘where x(r)-the function satisfying the condltlons (4) (see [9]) The class
(Ms,gA) does not include the manifold (MDw,ng), ile. usual Schwar7schlldean
geometry, as MDW is only the part of Mq ( [8]), and Mg — MDW mappmg is not
a dlffeomorphlsm o
" So there exist at’ last two space- time models that meet Schwarzschlldean prob-“
lem for the pomt source Furthermore each of these models contains an arbi-
trariness in ‘the mass parameter 8 ch01ce Therefore nothmg mdlcate that spher-
ically syrnmetnc vacuum space-fime ‘model in GR'is umque It need be no-
ticed that in the presence of "horizon of events” the external ”Schwarzschildean
metrics”(i.e.Droste-Weyl metrics (1)) may be obtained also by sewing it together



internal Schwarzschildean metrics. The external Schwarzschild solution may be
‘sewed together internal metrics for example for a homogeneous sphere, and it will
correspond to not-point source. Then we shall have third type of the spherically
symmetric space-time models with the metrics (1). :

. The answer on the question of the uniqueness of the space-time model depends
also onthe differentiable class. of the metric functions g, (z)-and of the func-
tions realizing these transformations.: It-is usually implied (including the proofs of
Birkhoff theorem)that they belong to the C*®-class. Really the existence of the
coordinates in which the functions g,.(z) belong to the C?-class is enough to meet
Schwarzschildea.n«problem. Will the.new. space-time .models arise:if the require-
ments on differentiability of the functions g,,(z) will be weaken? A.Z.Petrov in [10]
went into the question of the form of the spherically symmetric-vacuum solutions
of Einstein equations in the class of the functions differentiability. C'.: Hawking and
Ellis in. [4] went into this question also-in the connection with-Birkhoff theorem.
A.Z.Petrov.did not. obtain full static solution class in-the extended functions class
Cc. o ' ; :
The discussion on Petrov’s problem and;the new attempt to decide it see in
[11]. In this article we found that if the differentiable class of the metric functions
is extended by :the:functions’ of the class'C! then even in this extended class the
static solution will.be expressed by .the functions of the class non-below C?. But if
the choice of the functions class was limited to the class C* under the requirement
0:< r < oo at once, the solutions would be only static and at the manifold Mg
would be described.by the metrics family g4. The metrics gs belng regular to the
central smgula.rlty may be took as a representatlve of the Abrams equlvalence class
The question of the ex1stence of non-static spherically symmetrlc vacuum solutlons
of C'-class’ may be open-only for non-Einsteinean equations. Hawklng and Elhs
point of view is nonexistence such solutions in GR ( [4]). " ﬂ“' s

As shown in* [11] if the source may have so small size as one choose then all
Birkhoff theorem conditions are satisfied by not only Droste-Weyl model (Mpw, gDW)
(i-e.the usual Schwarzschildean geometry in which the singular sphere exists) but
by another model (Ms, gs) being obtained by Schwarzschild indeed and ‘being de-
fined on Ms where 0 < r < oo also. The question is: what is the maximum region
without the central smgulanty where the Schwarzschlldea.n problem have a stat1c
solutlon"

The wording of ‘the Blrkhoff theorem belng glven in [1] conta1ns not only
no directives to such region but to the functlon class in which, the dec1s1on of
‘Schwarzschildean problem is declared unique and hav1ng form of the metr1cs apw.
also At the same time in the accepted proofs of this theorem the tra.n51t10n to
curvatures coordrnates by the adm1551ble transformatlons is qu1etly using, 1. e.in
fact it is 1mposed that C = — Here Cis the coefﬁc1ent in front of dﬂz in the

spherically symmetric metrics of the general form
ds* = Adr® 4- 2Bdrdt + CdQ2 + Ddt?, .« .. . . (6)

where A, B, C,, D-some functlons of r,t. . SR el

As A.Z.Petrov noted in [10] this requlrement is equlvalent to a choice of the
differentiable functions class C%. In [11] shown that lowering the admissible class
of the functions dlfferentlablllty don’t extend of the static solutions class.. The

conclusions follow from the above: "[-, .

to the unique spherlcally symmetrlc static solutlon, > s

2. the theoretlcal proof of the black holes existence in GR based on the unique-

ness of the spherlcally symmetric solutions with a srngular sphere can not be

" considered as a proof ( [12]) and it i5 a directive on the possrblhty of the such
objects existence only. PO T

3. the possrblllty of existence of new types of astrophy51cal ob_;ects w1th a naked
smgulanty as a, reahzatlon of gs appea.rs

The main feature of metrics (2) is another space-tlme model a.nd topology as
compared with that of metrics (1). Here the topological’ structure of the Einstein
equations solutlons is; very important factor for the interpretation of experlmental ‘
observations in- cosmology and astronomy: ; - .

So as a result of the above discussion more accurate wordlng of Blrkhoff theorem
may be given. It is following ( [13]): \

In GR a spherically symmetric vacuum gravitational field of un-
charged noni-rotating point source being determined by the metric func-
tions of adifferentiability class not lower C? is static throughout the

" region 0 < r '<'co’and is described by Abrams metrics equivalence class
g4, and one of a representative of the class g is the metrics gs.

It is easy to see that the metrics gpw can not be a representative of the class gg4
and this fact involves the difference of above-mentioned wording with* well known
wordings of Birkhoff theorem.
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