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,: -, --_1 Introduction 

The life~ime of neg~tively charged heavy p~rticl~s ( such as ,r-' K< p) stopped in matt~r 
would be about 10-12 s due to nuclear absorption after exotic-atom formation. Recently 

. it has been found that a small fraction (idew per cent)' ofkaons [1], pions [2] and an-:, 
ti protons, [3],,[4] ~topped in helium media survivefor ari.' enormous time: ( up to tens of ' 

,,,., mitroseconds for antiprotons). The reason for this unusual.behavior is the formation of 
:·:--·. . . • . I . . . • • - • ' . . . _: . . . • 

a metastable three-:-body system cons1st1]Jg a heh um nucleus, an. electron and a negative 
. heavy particle. The prediction of these systems ~ere made as early as thirty-years ago 
· ;:'. by Condo [5] to explain a ~onsiderable difference' of pion lifetimes in liquid helium and 

I '. I hydrogen. Later on, this qualitative prediction was supported by the variationar calcula: 
:tions of Russell [6]. One cari mention also the first calculation of the antiprotonic helium 
atorr{ using the Born~Oppenheiiner approximation [7]. Since antiprotons a~e stable and 
lifetime of an antiprotonic helium is the largest among these exotic systems, the exper~ 
imental. data concern mainly. the' antiprnto¥ic .· helium atom ... The moderii experiments -
on the. resonant. laser-induced annihilation· [8;'. 9] have initiated. thorough. investigations_ . 
ofthese unusual systems. Initial populations; levellifetimes, arid :very precise ~alues of 

'"the transition energi~s ( Vl'ith.'a relative accuracy < 10-::5) have been obtained ·using this· 
remarkable.method. . - -. 

•· The antiprotonic helium ~an:be considered as a counterpart of the tisual helium atom 
wi_th one elect~ori replaced by an· antiproton. A large angular momentum L ~ (µ/m3 ) 1I~ 

-(µ is the reduced mass of the antiproton--:nucleus· subsystem and m3 . is the electron mass) 
provides that the antiproton-nucletis and electron-nucleus distances are approximately: . 

· · equaC At the ·same time, thi~: system 'can. be considered as an 'exotic diatomic molecule, 
.. ~here or'ie n_ucleus is negatively charged [lOf. - · .. · ·- •·.. . , ~ . - ··. 

While there is a number of_ processes destroying the antiprotonic helium' atom, the 
following considerations explain its very long lifetime. The most part of an, extremely 
largetotal'angular momentum L ~ 35 _·40 belongs to the pair of heavy particles' ~nd . 
ari.nihilation, of an antiprciton is inhibit~d bJalargece!ltrifugal barrier. T!i~. Auger·decay 

. is inhibited due to sufficiently large values (.\a ~ 4) of the angular morrtentmn of an 

. outgoing electron .. Usual ·meclianism of the de~excitation by the Stark ·mixing ii:1 not
: appropriate for the three-body system due to. the lack of degeneracy. The collisional de-
' 'txcitatjon~ by surrounding'He atoms is suppressed due to the screening of ari antiproton 
·by.the electron in. an antiprotonic heli~m. The only. remaining de-excitation' mechanism 
is multistep dipole radiative transitions, whose rates of each step are of order µs- 1• The 

: _discussion of theoretical calculation~ ori antiprotonic helium atoms and related topics can 
,befoundi~[ll]. ' , .. ·. . . , . . .. _ · . 

. After ·the formation of the antiprotonic helium its ,time evolution is determined by· 
the processes of radiative transition arid Auger dec~y:'. The precise descripti~ri of energy , 

'spectra req~ires to. take into account the minor effect 'of relativistic jnteracticins: The 
spi~~dependent part of relativistic intera~tions gives rise to splitting <>f energy levels and ., 
sufficiently large splitting values can be measured experimentally. The direcf variational 
method provides a possibility in the framework of one approach to calculate eigenenergies,· .. 
energy-level splitting due to relafivistic interactions,.radiative transition rates.and Auger· 
decay rates of antiprcitonic' helium atoms. The results of these calculations a;:e presented> 

, -~· . r , , - - < ' 
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... .,.,...-,~-~-< 

and di~cussed. ·in this report. The isotopic ·effect is considered by comparison oCthe 
calc~latecl properties of 4Hepe and :3Hepe. · · · ' · 

J 

2 . Variational method 

Th~ nonrelativistic Hamiltonian of the antiprcitonic heliurri atom in the trian~ular: c~or: 
dinates is . . . . 

L · ·1 •.·1· '. ·· .22 .•. 1 ;. 
H = --tl.r - -· D.p. ---:. -Vr · V p - - :- - + --.-; · (1) 

2µ , • 2µ1 , m1 · r P . I~ - Pl · · 
where 1/ µ = l/m1 + 1/m2, 1/ µ/= 1/ini + 1/~3 and m1,'r1, m2, r2, m3, r3 ar~ rr,iasses 
and coordinates of the helium nucleus, 'antiproton and electron, respectively. Apart frcim 
the ·triangular cciordinates r = r2 -:- r1 ,p ="r~ _;r1 ; the Jacobi coordinates r = r2 -::-'. 
r1,P1 = r3 - (ni1r1---: m2r2)/(m1 + m2), correspondi°ng momenta p = -i,'il~, q = _;iV p, 
q1 =;= -i'ilp, and angular m,o!Ilenta I=' [rp], ..\.= (pq], . .\1i='= (p1q1] wiH be used to, 

-simplify.the notation.; .. ,~, •: • · ,--: ·'. -· .·: . · .: : . :'. , .... 
Since antiprotonic helium-atoms are.'unstable against the decay to the Hep+ e chan-nel, 

theyariational method cannot b.e dir~ctly applied to"the calculation ~f ~n~rgie~ and wave 
functions.· Th~refo~e, according to.[12].the·approxi~ate Hainilt~nianHLN =;=;Pu:,HhN 

· which is the pr~jection. of the hamiltoriian H onto the. closed-channel subspace was con
stru~tecl to' calculate the Neth energy level ELN .of the system for the total ·angula:r momen~ · 

• ·• • • • ••• ,.. •• < • • ' .• 'I . . . 
. / .tum 'L/ ExplicitlyPLN is constructed as. a projector onto the subspace of eigenfunctions·. 

. of relative angular mom~nta I;.\ (or l,.\1), belonging to a· limited .s~t of l,A (m 1)>,1) 
. eigenvalues. While usiiig_theJ acob_i coordinates _this s~t is defined by th.e-condition l > 10 ,: . 

where lo is the largestpair• angular momentum satisfying the inequality Clo < .ELN;and .· -
e;10 is the energy.of the hydrogen-like ion ?•4Hep with tlie angular momentum 10 , .If the 
triangular co~rdiriates are used, this set can be defined by the condition A < Ao, wher~ Ao 
is the smallesfangular m~mentum satisfyin'gthe inequality e:i,:..~o < ELN; By definition,.· 
Ao is also a: multipolarity of the Auger transition;·L e. the smaUest angular momentum 
of-the outgoing electron. These condition~ describe the nat;;,raL way-to pro~ide the ap-
proxi:cnate Hamiltoni~n: HLN to ha~e at least .N eigen~alues below the. boundary of the 
continuous spectr~rri and the yariational' method can b~ applied t6 solve\h~ eigenvalue 
problem foi:1 N)owest states ofihN-'.; ' . ' - . . . ' . . 

. . . Itis 'Y~rthwhileto me~tion that the l ;; L projection is-the main part of tlie wave 
. . function an:d the contribution of l =l L projection rapidly decreases with increasing 11....:'Lj; 
' Ferr this :reasori~-the approximate Hainiltonia~ lhN provides an accurate. calculatiorioL 
. energies ELN arid wave functions' w{N for ·an metastable states (>.o ~-4) 6fantiprntonic 
. · helium atoms. In fact, the described conditions on l, >. are more restrjctive than necessary 
for an appEcation of the vari~tional method. P~actically the. accuracy of calculation can
be improved taking intoa~com1tX >.0Ao (or l.< lo in,the case o(the Jacobi c6ordinates) ' 
~omponents of the wave function. While using these. components a convergence of the 
cal~ulated va!t1es with increasing the number of trial functions wiH he investigat~d to . 
provide the reliable results:·•· . , .. . . . . . . . .. . , .... 
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.3 · .Energy levels 

The variat1~nal method described in the previous 'section was applied to determine eigen-
fu;~tions and eigenenergies of the equation . · . . . 

.. '' . . ·J 

· (HL~ _:_ E~N)Wu-1 = 0. ~· -:...-~(2) 

' A set of simple variational trial functions of the form .. : .· . ~ 

LM ( ) · ·"\,LM(• ·) Hi A, ( -· .b. ) XnklAi r, p = ✓/A r, p r . p exp -anr ·:- kP , · I (3) 

where yt;,M(f:,p)are bispherical harm'onics.of ~ngular variable~; was used in.the calcu-
. lations. ·. Itis essential that yt;,M(f:,p) "are eigenfunctions ofl;.\ and this forrri·of trial -

functions ~llows the easy application of the projection method des~ribed in Section 2. •. 
. . Up to 1000 trial functions (3) containing up to 25 bi~pherical harmonics were u;ed 
in the calculations.' A set ~f nonlinear. parameter~· an, bk for simplicity ~as chosen' in 

· the form dn ·;:; a0an, bk = b0 /1k and the variation of parameters ao, a, bo, (3 .was used lo 
minimize energy values. As it is usual for the variational method, the· precision falls down· 
with increasing the excitation ~uniber N. To;reach more precise energy ·values, ;:. set vf. 
ti:ialfonctionswas limited by .. the coi:idition l > L _:_ Ao or. even less restridive condition ' 
l > L-:- Ao - 1 instead of A< Ao. Co~vergence of the'calculated energies with increasing 
the number of trialfunctions was obtained and results ai:e presented in Table 1. Some .,, ,. . ' .,. . . .( . . ' . 

Table 1: Calculated energies ELN(a.u,) for five low~st eneigyl~~~is of the 3•4Hepe sys~~n:s 
fn the range 3L < L < 37 · · · · ' · ·. · · ' · 

'Hepe · 
.1. Eu. EL2 EL3·. ·· Eu 

·.· 32 -3.3534091 .· -3.2272500, s3.1161769 '-3.0183048 
33 . -3.2158963 ·.· 03.1049859 -3.0075402 -2.9219136. -2.8355338 
34. -3.0931201 -2.9959130 -2.9107010 -2.8359650 :2. 7685835 
35. -2.9836255 -2.8988545 -2.8247010 -2.7597140 .. -2.7007897 
36 .· ,2:8862911 -2.8126761 .-2. 7483976 .-2.6920660 -2.6389254 
37 \ -2.7999636,· -2.7364076 .-2.6809542• ~2.6320110. -2.5853018 

'Hepe 
L. EL1 EL2 EL3 Eu ELS 
31 ,3.3484555 -3.2190748 -3.1056452 . :3,0061026 
32 -3.2073388 -3.0940418 · -2.9949034 -2.9082665 -2.8309327 
33 -3.0817523 ~2.9829571 c-2.8967378 -2.8214095. -2.7539447 
34 - -2.9702506 ~2.8844813 -2.8097982 -2.7445651 -2.7007897 

. 35 -2.8714926 -2. 797 4268 -2. 7330406 -2.6763097 . -2.6389254 
.·. 36 -2.7843183. ~2.7207232 -2.6654633 -2.6161392 -2.5853018 

information.on this calculation ~~ri be found'also in (121. Energies ofthe L; Nstat~s of 
4 Hepe and L ::-: 1, N st.ttes of 3 Hepe are very close to each other. . 
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By ~sing the method of laser-induced.iesonant annihilation, till now, wavelengths of 
five_ transition; (35, 4 -+ 34, 4) [8], (34, 3 -+33, 3} [13i, (35,_2 ~ 34; 4}, (34, 3 -+ 33, 5), 
(35,3-+ 34,3} (14] in 4 Hepe i:l.nd two transitions (34,4-+ 33,4}, (33,3-+ 32,3} (14]in ·· 
3 Hepe were measured witnhigh ac~uracy. The_ calcula:ted a~d exp~rimental wavelengths" 
are in agreement with _an accuracy notworse than 5 · 1Qc-4_ and more elaborate trial func
tions are needed to reach a· higher. accuracf in the energy calculaticin. Recently, V. L Ko- -
robov has obtained. more precise spectra and. transition wavelengths of an antiproto.nic . 
helium, using the correlated trial functions in-variational calculations (15]. . 

4 Radiative transitio~s 

Due to large lifetimes of i'netastable states aga"inst the Auger decay a~d. collisibnal de
excitation the radiative tr~~sitions become the.inost importantto describe the evalution 

. of the antiprotonic helium ato~. As far as only dipole fra:nsitions. are· significant, th~ 
total angular :momentum changes· by unity in each tr_ansiticm. Thus, the system looses ·• 
the angular momentum and energy step~ by-step and finally ~eaches the state with a large 

-Auger decayrate. ': . . .. ; . . . . _ ._ ·-_ . . .. • ·. . . - . , . . . 

. The rate of the dip'ole transition LN,:::+ L 1N1 is given by•-·. 

'w ~ ;(;L=+ l i' ~jiLN ~ E,; N; il' iM,[' ~:· ,-•, ( 4) 

where 0: = e2 /he isth~ fine Jtru~ture rnnstan~ a~d th~'.r~duc~i ~atrix.el~me~t of the .. 
dipole transition is defined in the form •. . . . . ' . . . . . 
'.. - .• : : ' • ~. •;:- ., .- 1'' • ' . ·, 

Md= (iJh,N,llr+.pllWLN)-< , . :_(5}_ 
• ~ I • , • • - ·,·• :--•- , , , -'_ , , - --~ - •_ •• - • • • • • .". 

Variational wave functions '11 LN and energies ELN have been obt'ained -~-- described in the . 
previous section and us~d in ( 4}; (5) to calculafo- the, radia;tive transiti~n ra:t~s .. These 

. results are prese11ted in Table 2>A co11vergencrof th.e calculated values with increasing~.:: 
. the number of trial functions provides an estimate of the relative accuracy on thidevel of 

one per cent., The radiative transition ;ates cakulated in_ papers [10],· (16]) (17] are f.iirly, 
dose to each ,other and to present results: The important feature is th_e predominance 
of transitions between sta:tes of the ~same Ni i. e. 'the approximate conservation of the 
excitation numbe~ in" the radiative transitions. _Thus, radiative cascades in an 'antiprotonic 
helium proceed almost independently along,.the,chains of states of.fixed N. However, 
for higher. excitation_ numb"ers the probabilitiesofinterchain transitions ,bec~me more • 
significant and such transiti~nswiiLbe taken 'into account for the cascadedescriptiori. . 

As in tte. eriergy calculation, there is ~ corresponden<:e of the L, N~ state, of 4Hepe. 
. and the L _:_ 1; N. state,:of ~Hepe and the radiativ.e transition rates of the corresponding 

states are almost'the same: At the same time, the 3Hepe transition rates systematically· 
·. exceed those of4Hepe in accordan°ce with. the difference of exp;rimental lifetimes of the. 

antipi-otonichelium atoms (4].· However, the explanation of this difference is noisimple' 
because the mean lifetime depends also o_n another p~ocesses and a signific~t difference in - · 
populations of the· corresponding sta:tes was found in the recent experiments for 'different 
isotopes (14].· · ·' · · · . •.· · -
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. T~ble 2:. Radiative tran~ition rntes w(105 s-1 ) fro~ the' LN to L1N1 state of the 3•4Hepe 
'· systems. Only transition rates w > 104 s-1 are presented. _,. 

4Hepe . ·. 'Hepe 
'transition.: w transition .w · transition ·. w · transition W· 

37,1-+36,1 6. 733 35,5-+ 34,5 3.143 36,1-+ 35,1 .. 7.255 · ,34,5-+ 33,4 1.036 
. 37,2-+36,1 · 0.159· 34,1-.-"+33,1 7.744. 36,2-'-> 35,1 · 0.187 34,5-+ 33,5 · 4;532 

37,2-+36,2- 5.859 .. 34,2-'-> 33,2 7.554 36,2-+35,2 6.255 · 33,1-+ 32,1 8.483 
37,3-+36,2 0.441 34,3-+ 33,1 0.206 -· 36,3-+ 35,2 0.511 . 33,2-+ 32,2 8.240 
37,3-+36,3 4.907 34,3-+ 33,3 6.926 36,3-;-+ 35,3 5.182 33,3-+ 32,1. 0.301 

.37,4-+36,3, 0.742 34,4-'->33,1. 0.288 36,4-+ 35,3 0.887 33,3-+ 32,3 7.539 
37,4-'-t36,4 . 3.990 34,4-'-> 33,2 0.137 36,4-+35,4 4:135 33,4-'-> 32,1 0.476. 
37,5-+36,4 1.218 . 34,4-+ 33,3 · 0.355 36;5~35,4 1.642 33,4-:> 32,2 0.205. 
37,5-+36,5 2.947 : 34,4-+ 33,4 6.073 36,5-+ 35,5 .. 2.934 33,4~ 32,3 0.387, · 
36,1-+35,1 . 7.249 34,5-+ 33,1 0.355 35,1-+34,1 .7.846 33,4-+ 32,4 e 6.577 . 
36,2-+35,2 6.531 34,5-+ 33,2. 0.365 35,2-'-> 34,1 0.102 33,5-+ 32,1 0.748 
36,3-+35,2 •, 0.333 34,5-+ 33,4 -. 0. 728 -35,2-+ 34,2 ·. 7.019 . 33,5-+ 32,2 0.571 
36,3-+35,3' 5.644 34,5....:+ 33,5 4.840 . ·35,3-+ 34,2 0.384 33,5-+ 32,4 0.807 

·. 36,4-+35,3 0.637 33;1...:.+.32,l . 7.720 35,3-+ 34,3 . 5.995 
·36,4-+35,4 4.685 33,2-+ 32,2 · 7.859 35;4-+34,3 0.747 
36,5....:+35,4 • 1.011. 33,3-+ 32,1 ·o.648 · 35,4-+ 34,4 . 4.937 

. 36,5-+35,5 3:323 33,3-=-+ 32,3 7.492 35,5-+34,4 1.304 
, 35,I-'->34,l . 7.629 33,4-+ 32,1 1.166 · 35,5-+ 34,5 3.666· 

35,2-+34,2 · 7.123- 33,4-+ 32,2 . 0.570. 34,1...:.+33,1 8.276 
35,3-'->34;2 0.205 33,4-+ 32,3 0.151 34,2-+33,2 7.700 

-:- . 35,3c-434,3 6.331 33,4-+32,4 6. 798 . , 34,3:-;> 33,2 ·. 0.236 
. -35,4-+34,1 0.137 33,5-+ 32,1 3.503' 34,3-+33,3 6.-797 

.35,4-+34,3. 0.509 33,5-+ 32,2 L537 34,4~ 33,1 . 0.169 
.35,4-+34,4 5.327 ' 33,5-+ 32,3 0.321 34,4.:....+33,3 0.582 

. 35,5-'->34,1 0.168 33,5-+ 32,4 ' 0.434 34,4-+ 33,4 · _5. 762 '· 
35,5-+34,2 0.187 33,5-;+ 32,5 · 0.730 . 34,5-+33,1 0.199 ' ' 

,35,5434_,_4 1.059 - ' 34,5-+ 33,2 0.244 
S.:·( 
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Lifetimes of_t~e (.[,,N) ~ (35,4)and (L,N) = (34,3) ~tates of 4Hepe system were 
·. det'errnined experimentally by the method of resonant laser.:·-induced annihilation [9], [13]. -
Table 3 contains the experimental decay rates and theoretical radiative transition rates 
of these states. One of th~ most· probable re~ons for th~ difference of expe;imental and 

-:::.. 
• ',_ _,. .-. ') J -- - : .• ' '.-- : ' 

Table 3:. Experimental decay rate and theoretical radiative transition rates (106 s-1
) for 

t~o states of the 4Hepe sy~tem . · . . · . . .. 

L, N -Experiment • [16] ·. [10] present · -· -,. 
35,4 0.72 ± 0.02 [9] 0.614 0.619 0.597 
34,3 1.18±0;04 [~] 0.734, 0.754. ~0.713 

1'-, 

;11 the th'eoretical values indicates the ~ubstantial contribution of additional nonradiative 
_ decay cha~nels.' As a den'sity dependence of the ~if~time of the (34,3)state i~ 4Hepe ha~ 
. been found in recent experiments [14], collision~:with surrounding atoms contribu.t_eto 

the decay processes. An extrap_olation of the new experimental data to zero density gives -
0.91 ± 0.15µs- 1 , which is cl()Se to the theoretical radiative trn~sition rate. The density; 

. • effect probably take; place also for the 35,4 state ~~d there~aining discr~pani:y may be . 
-. : caused~~y an addition~(deca)'. process; e'. g.:the Auger d«;cay: . . -::. "> .:· . 

5 Energy-l~yelsplittin'g due to re)aHvisticfot~ractions / 

.:, 

Thitp_re'cise measu'rement of transition energies of antip;~toni~ hdiu.matoins in recent -
experiments ori" the lasei-induce!l resonant- annihilation [8],,. [9] ,invokes the theoretical' 
descripti~n of energy spectra with a comparable accuracy: Thii.t" des~ription of energy 
spectra' requires .to take into ~CCQJlnt the relativisti~ corrections _ofan-'order of a 2 to .the 
pure _Coulomb' interaction. . _ ' · _ . _ . -

.. Since the contribution to energi_es from relativistic interactions d~"jiends on the.anti pro" 
-ton mass, charge and uiagrietic moment, these calculations_ can -be :used for the preci~e 
determination oLthe antiproton properties.· This knowledge is essential in 'testing the 
fundame~tal syrn:metry principles [18]. _·_. . -·. - . . . --·._: _ ·-_ -· -. . _.,. 

The ;pin~depend~nt part of the relativistic interactions gives rise to splitting of energy 
lev~ls, and ea~h sing}e transition _turns into· a multiplet, - Sufficferitly large:distances be-. 

·: tween lines in themultiplet can be measured experimentally. H is worthwhile to mention·. 
that the ~esolrrtiordn cti.irent exp~rimen'ts is abo~t lQGHz and without _rinich difficulty . 

~·can be improved to 1GHz [19]. ,As it will be discussed below, dueto the interaction with-
. electron spin, antiprotonic-helium energy l~vels split .into two multiplets arid thejnterac.'. 

t'ion with nuclei spins provides a rriirior splitting within each multiplet._ Calculation of the. 
former large splittingis 'discussed in this section: "Moredet_ails of this calculation were . 
presentedin.[20].· · _- .: · ··_.· •· ~•· : - ~: -_- · >. ·;· '.' · 
.. Fo; each pairof partides i,j iri tlie;three-bodysystem the ~.elativistic corre_ction, of. 

an order of a 2 to the pure Coulomb two:body potentialcari be described :by •the Breit 
interaction U;)8 >,-Tli~ correcti~n to the kinetic energyof an orde! of ?2 for each partide 
i is 

:(6),: 

_,._ 
'~11 

I, 

·lr .-_·f· 
;)/;-

1: 
'. l. :r, 

_! 
! 

1 Full relativistic correcti~~ H, of an order of a 2 to the three-body nonrelativistic Hamil-
. !onian is a sum of uH3> for all pairs of particles a~d /j,,T; f~r all particles · _ c _ .. • 

n,-= E/j,,T; + I: uif>. (7) 
_i>j 

.In th~' definition of the expressions uH3>,'/j,,T; in eq. (7)_.it is_proposed that' p_articles 
momenta p; will be_ taken in. the cent_er of mass system of three particles [21 ]. · . 

· The interaction H; given iii (7) consen:es the sum!=;= L + :E; s;of the total.angular 
momentum L = l + ,\ and particle spins s;; Each level of the nonrelativistic Hamiltonian 
splits into four and eight sublevels for'4Hepe·and 3Hepe system·s, respectively. n·ue to very 
krriall mass. ratios· m3/ m1, m3/ m2, the largest. contribution to the energy splitting comes 
from the interaction with the ele~tron spin s3.- T~king. into cons_ideration only "terms 
responsible for _the· splitting in (7), this pirt of relativistic interaction can. be, written as 

\. ,_ / ' _, ' 
follows: _ · , -- _ · 

· ;H. = a:(_ \,\s3 +·21 .1: I~ [r - p, qjs3 -
. . p . r-p (8) 

1 ·. - : .. 2 . , -
--
1 

--_-· -13 [r - P, p]s3 +---- 3 [P_, p]s3) · 
m,2 _r - p · m1p . 

', 

. . . . . , .. , . · .. · ; -- . . . r : . - -_ -

While the last two terms,in (8) are inversely proportional to_ foe'masses ofheavy_par: 
ticld m 1 2; .their contribution. to the energy splitting is ne\'.ertheless _comparable to the 
contribu

0

tion from the first two terms for the following reasons. i The s~all mas~ factor· is_ . 
co~pensated in part. due to' the large angular momentum I,..:, L of hea.vy·partides.· At' I 

the same time,-only' small components of the ~avefun~tiori corresponding to th~ nonzero 
. . ele~t;ori angulai momenta >.. =/= 0 lead to a nonzero splitting ~alue fr·~m the first h~o terms 

il! (8), _· ,• C • I ' • , . • • .. • • , _ • • • . . .••. • 

The interaction H., given in (8), qmserves the sumj ;,,,.L + s3 of the total angular 
mom~ntum _Land electron spin s3 'and ~plits ea.ch.level into tw_o subleyds, coriesp~nding 

.to the eigenvalues i= L ± 1/2 ... The part of the interaction depending o'i-1 heavy particle 
spins removes the remaining degeneracy and splits ~achj =c .L ± 1 j2 su_blevel further i~to 

. two or four. levels for the 4Hep~ and 3Hepe system's, respectively; Values o(this seco'ndary 
splitting are m~ch smaller in comparison' with the splitti~g arisen due to the interaction 
;,ith the electron spin (8). _ · · ' · · _ • ·• · _ · • ·_ .. _ : . · 

. Sirice the splitting' is small in comparison with energy differences bet~een states of ._
. different L values; the energy shift LijLN for the state with quantum numbers j,1;, Ncan 
· be found in the first order of perturbation theory in H, , · · · · ' · 

_' . . . ', . 

ll;LN = (IJ/;Ll'ilH.IIJliiN), I 
'--, . . / 

j9) 

where the w~ve_function IJ/;L'.,., of the j, L, N state is the ;ector produdion of the no,nrel
ati~{stic wave function IJ/ LN<and spin function describing, th'e dependence of the electron 

:spin .. Level splitting /j,,ELN. =:· /j,,L+I/2LN - fiL.:.1/2LN is a difference ~f shifts (9) for-· -
-j~L±l/2; ·_. . . - . . -- >1 

Due to smallness of the relativistic interaction, radia.tiv1:1 transitions proce~d only be~ · 
t\\;een states ofth~ ~ame j. _ Fo~ this reaso~, each spect~al.Jine ofthe transition from . 

,,_ 7 

·\ 
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. - ./ -
the state L;N; to state E1N1 is .to be split into a doublet with the interline distance 
!::i.v = !::i.EL,N, - !::i.ELjN,-. . · . . . 

Splitting values !::i.Eu,i for a number of states of the .3•4H epe systems in the range of 
experimentally observed:values of the total angular momentum L ·h~ve been calculated. 
as described above by using.variational nonrelativistic wavefunctions il!LN• These-values ... 
are presented i~ Table 4. . . . . 

',.... ;: 

. Table_ 4:'. Spiitting va:l~e~. t:i.ELN (10-6 au) of the lmvest leyels in_the 3•~H~pe ~yste~s.: 
· -4Hepe ~ · · · · · · · 

N L=32 L=33 L=34 L=35. L=36 L=37 
1 -LIO.· ~.1.15 ·.-L15 -1.14 -1.12 ~1.09 
2 -Ll2 -L09 · · -1.08 . -1.07 -1.04 al.00 
3 .1.01 . -1.02 . -LOO -0.98 -0.94 ·. -0.90 
4 -0,94 , -0.94 • · 0 0.90 ·. · -0.86 -0,82 
5 °0.93 -0.90 ·•. -0.84 ~0.81 

3Hepe 
N L=31 L==:32 L=33 , L=34 . L=35 ,;L=36. . .;;., 

·. 1 -1.20., 0 L16C 01.19 -1.19. '-1.18 . ;l.14 
2 -L14 ,1.19 -L15 .. -1.12 ·. -1.08 -1.04 · 
3 ~1.08 -L06. -1.05· -_1.04. -1.00. -0.98 . 

/ 

4 : -0.97 -0.92 -0.86 -0.85 ·. -0.81' 

_As itfollows from· exp~e~si~;· (8), ,the form of the ·wave function at small interpai-ti~ · 
cle distances is th~ inost impori;nt in •evalu;tirig the .irit~gral (9). c'onvergence onhe 

>calculated splitting valu~s t:i.ELN provides a 1few per c~nt relative.accuracy. It i~ w'cirth
while to mention that due to a better description cif the small N states in the variational 
method, the accuracy-of cal~ulationJor the L;Nstate increases with decreasing N.-At 
the sarrie tiii-ie an accuracy ofcalculat10°ri d~~reas~s 'with decreasing L due ·to decreasing 
tlw muhipolarity Ao of the Augerdecay'for larg!! L. Mo~eover; it is impossibie to trace ' 
theconv~rgencei~ the ~ase of short~lived st'afes due to '.a small mtiltipoiarity -'o < 3. of . 

- the Auge~ decay. This problelllfo closely connected with a large natural width of these 
states which exceeds significantly a splitting vai~e. Also, the variational procedure meets~ 
sorrie difficulties iii. describing the 'short• range· behavior. of. the w'ave fmi.cticin · for states 
with large enough N, especially; in. the 3Hepe system. 'fhese a_re the_ reas9ns to o~it _the -

· above-mentipm:d cases in Table 4, . .· ·. ,. . , - .. · c . . . . . . .. 
• The last two terms in eq,:(8) describe the interaction of the electron magnetic moment 

with the'm~gnetic fidi:l.of heavy particles. Thesci terms give rise to the largest contributj~'n ~ 
to the e~ergy.::.level splitting. For a netter understanding of the splitting dependence on -
L,N, this contribution is presented in Table5 for th~ 4Hepesystem'.'. The contribution to 

.. · the eriergy-'level splitting fro~- the first tw°' terms in (8) is of opposite sign ·and sma:lleriri 
. magnitude. Nevertheless, this contribution decreases with increasing L· and compensates 
. the L dependence of the last two term·s in eq. (8) providing a very slow.dependence of the 
total splitting iSELN_ ()Il. L: Due to almost exact coriservaticin of the j value

0

.in the radiative : 
transition thespectral line_ splitting will be fo~nd a~ a difference of t:i.ELN pres~nted in.· 

.._ ·-~. ·-~ • • • < 

\ 
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T;bl~ 5: Cont~ibution of the last two t~rms in N, to th~ en~rgy-levd·splitting iELN 
( 10-6 ') • th 4H, - . t ' - - . . . . · . • . au 1n e epe sys em. . • . , .·. . . , i ~ ·· - .·: · .•.• 

N' L=32 . L=33 · .. L=34 L=35 L=36. L=37 · . 
r. · -L41 · -1.43 -1.40 .-1.37 . ~1.34 • -1.28 
2 -L39 -1.34· -1.30 -1.27· .. -L22 -1.16 
3 .-1.26 -1.24 -1.20 -1.15 · ~1.10 -1.04 

· 4 - -Ll4 -1.11 · -1.06'-_-L00. -0.94 
5 · · -1.10 ~1.06 -0.98 · c0,95 

' ·: • ; •• < ',. • •• - • ' / • \ •• • / ~ ' 

. Table. 4 .. Most appropriate for the experimental measurement are the favoured transitions 
between-states of the:sam~ N; which'have the. largest radiative rates_...{12]! [17], [10]. 

. However, thecalculated splitting values are almost independentofL for a given N, and it 
is not plai.isible to resolve such a small difference in splitting fodhe· favourid transitions. 
For this reasim, the expe{imental proposal for _the nearest. future [19] is airiied ~t sear:~hing 

, for the splitti1.1g in unfavoured transitions (L, N)-+ (L - 1, N+ 2),. · · . · 
. . To measure 'splitting in experiments mi the laser-induced resonant ~nnihilatfon, the 
initial state should be long-'-lived. T_his is provided by the. condition th~t the multipolarity 

· of the Auger decay for this state is Ao = 4 .. The ~ext· condition is that the natural width of 
.. the ~horFlived final state-will be smaller than. the splitting value, arid the multipofa.rity· 
· of the Auger decay for this state will be .-\ci =a.·. The spectral line splitting. t:i.v for a 

number of suitable _transitions is presented in Table 6; These· values are of an order of the • 
. . ~ ~· . - .· ' _,, :, ~. . . - .- . ,· ' . '' . . --

/ ·-
. Tab.le 6: Spectr~-line splitting !::i.v ;,. JSltiv, -:: t:i.EL1N1 (GHz) £cir the transitions L;N; :-t 
L1N1 in the 3•4Hepe systems. .. ': ·. './ · •••· · .,. · ·. ; . · . . ·: :_ ·. · , • , 

; •, 4Hepe . 3Hepe · :. 

·L;N/-+L1Nr !::i.v L;N;-+L1N1· ·t:i.v · 
33,1-+32,3· .. -0.92 32,1...:.+31~3 -0.53• 

· 34,1...:.+33,3 .. -0.86 33,1-+32,3 -0.86 
- 34,2-+33,4 • 00,91 33,2-+32,4 •-1.22 
· 35,2-+34,4 -0.87, 34,2-+33,4 1 . -L35 . 

35,3~34,5 .. -0.34 '-.:: -· -

. experimentallyineasurable valu~ ~l(IHz. O~e of th~ recently discovered [14] unfavoured 
transitions (35,2-+ 34,4) in 4 Hepe is a good candidate for the splitting measurement .. · . 
•.•. , Energy-level splitting LiELN decreases ~ith increasiilg the excitation number N and an .•. 

. _obvious reason for this dependerice is decreasing of the wa;e function i;_t small i~terparticle 
dist~nces for excited states. One_ can mention an appreciable difference in·th(:!!::i.Eu/· ·. 

, dependence 9n N. for the _4Hepe .arid. 3Hep~systems. · As. a consequence, an appreciable 
l · · -.• · isot6pic effect· appears alsofoi- the spect~alline splitting !Sv. . . . _ . 
:"· The following considerations can be used to unders_tand qualitatively the 'L N:.. 

.... } ·. d. ip~nd. e .. ·nc.· e of.the_e_ne·r·gy .. -;-leve_l s. pl._itting. ~hecontri~uti. _01: to. spl.it. ting from_·. _the i~t. ~r~ . 
·: _action.of the electron.magnet1_c moJilent w1ththe magn~tic field of heavy particlesis 
. ; -·.· · 4escribed by_ theJast two terms in the splitting interaction H~ (8): · This contribution- is 
:- ,, ' ·- -. . - .. i \ . . ' ... · < • • 

··'! 
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proportional to the relative momentum of heavy particles p. One can consider that the 
motici~ of neavy particles is approximately the same as in a hydrogen-like atom and the 
mo~entum p is inversely proportion~! to the angular momentum L. This is the reason for 
increasing this contribu~ion with decreasing L, as prese~ted in Table 5. The contribution 
from the first two' terms in the splitting interaction H. is· connected with the. electron 
rotation and is proportional' to a small component of the-wave function· arising due to 

. polarization of an. electron by. ~n anti pro tori. · With decreasing L the anti proton moves to 
the region of increasing electron density and the polarization increases. In this way, con° 

tributions to the energy-level splitting from the last two terms· in· H, ~nd the remaining 
part of splitting interaction are of opposite sign and level off the dependence of the total 
splitting !)..ELN on L. · · · • , . , . . · 

On«! can considerquasi-clas~ically that the antiproton orbit became more stretched 
with increasing N at a fixed total angular momentum. For this reason ·all the terms of 
the splitting interaction H, decieasewith increasing L and provide the N dependence 
presented in Tables 4, 6: . . . . . . . . , 

6' Auger de~ay . 

' ' In additi~i{ to the radiative. transiti~ns, the important decay channel of antiprntonic he-
'• lium atoms.is the emissi~n ofan:electron with the.3•4Hep,hyd,rogen-like ion formation, 

i ... e. the-:A11ger, decay. The mainJeature of the Auger decay rates'ofantiprotonic he~.. , .•. 
liurri atoms is the ·essentiil dependence on the transition multipolarityJ e; .the smallest 
angular momentum o(the outgoing elect;on Ao, As discussed in Section 2, calculat;d 
eigenenergies · ELN · [10]; [17], [12] ,unambiguously determine the transition multipolarities 

'Ao by the condition CL'-.).~ < ELN• •' ' ' . ·~ ' ' ' 
. . Apart from the early calculation~ofRussell [6fthe ~nly progress in the ·calrnlation oL 
:th_e Auger decay rates is due ,to the paper [16] .. · It. was found 'that the Auger decay_rate_ 
decreases about three orders of magnitude with increasing the smalle~t angular momentum 

" of the ~utgoing elec'tron Ao by one.' . . · · .·· ·' . . · .· , · . · · •· .· · , . 
As the Auger lifetime of states with Ao == 3 and Ao = 4 is of an order 0£10-s s and lQ-5 s,

respectively, and ·the radiative lifetii:ne is abo{it 10-5
~ [10], [17], [12], the resonant laser

induced transitions b.etween states of Ao= 3.and 4-became observable in the experiments 
[8]; [9]. For this reason, the' most important .lhing :is to calculate the Auger 'decay rates 

. for the states ~f 3
•
4H epe· systems with multipolarities Ao = 3,.4. The method and results 

·of the calculation are_presented in [22] and will be des<;ribed in tpis sectio~. One should 
mention that there are no other calculations of the Auger decay rate.for the 3H epe system 

. and the prese,pted results allow one to consider the isotopic effect iri this proces~.: 
. The Auger 'decay. rates of the antiprntonic helium' atom are very small -in the atomic 

scale and the very fine:details of the discrete state wave functions \JI iN and continuum wave 
' functions \JI C will be accurately determined.' In particular' since \JI LN a~d \JI C belong to the ' 

closed- and open-channel \ubspaces, respi;ctively, the orthogimality condition (\JI LN I \JI~) =' 
0 will be strictly fulfilled. As· described in Section 2, \JI ui· is ari eigenfunction of the 

' approximate Hamiltonian H(,l and.projector p~N- As'a consequence,·wc should be an 
. eigenfunction of the pr~jector 1 - PLN and can· befotind. as "a solutio~ ·.of the. equation , 

' . . ,(1--PL~)H(l-P~N)w~~ELNWc,' (10) 

10 

'Thus, the orthogonality requirement is fulfilled and the perturb~tion theory ca£ be applied 
:-due to smallnes::i' of the decay rates .. · . . ... . _. . 

According to the Feshbach .orthogonal projection method the decay r~te Ais 

A·=, . 1 .. . . . 
J2µ3(E_.-€ )IM1,l2m3e4s-1 •. 

.. lo . /i3. , 
. ' '-· 

· wh~re l/µ3 ~ 1/(m1 +m2) + 1/m3 aitd the tr~nsition matri~ el~ment is 
•> •:•, . .- • I ' 

. '(11) 

· Mtr = (wcl(l 7_PL;)HPiNI\Jli~)'. . (12) 
" .·., ' . ' ' '. • i' . ... '' ,., ' ' •, . ' .. :.: ' ' . ,' ' ' ' ' 

Since'_the wntin~um wave_ function is•na~urally ,described in the Jacobi ·coordin_ates _r, p1, 
. · these coor~inates wiH beused in this cal~ulation·. < · -:· . · ... · i . , . . ':'•. : ' . . 

The contributiori to Mtr is negligible for the \JI c components; corresponding to (l, A1) 
eigenvalues of angular_rpomenta I, .\1 if l =I= 10 , At =I= .\~. For. this reason, only. the (/0 , Ao) 
ci>mponent will be taken into account inthe calculation of \JI~.' · ' ··, ' · . · . 

Due to the large centrifugal barrier the continiium wave function \JI C can be tii.ke~ as a 
product of the·normalized wave fun cf ion of 3•4H ep arid the function f (p~) 'describing the 
_relative mot_ion ofan'.electron and 3•4Hep. As th~ fotal angula:r mo~entumofihe ;ysteni'. 
is Lan~ its·projection isM, Ille takes theform . . 

. .,_)·.. .· .LM(•' • ) lo -ar ( ) .. ""(' .• ·_;)f: ( )' 
Pc(r,P1.=AY10 >.0 r'.pl r e ~ f Pt':"'"' r,Pi Pt. · (13) 

in the framework of this ~pproach the inter~ction of the o~tgoingde~tron and th~fe- : 
'maining 3•4H ~ii ion '.is demi bed byth~ foldi~g potential . · , . , ;· . . · .. 

·· .. : Vo(p1).= (c1>1(1:,·Pirv)H(1':.:..,hN)lc1>), (14) 

, .. and thera:dial function f (p1) obeys the ordin.iry differentia:i" equation: .. ··.• ', ·.••···. ' . • 
. . Due to t.he large c~ntrifugal barrier for. the outgoing electron; the Auger decay -rate 
i~ i:nainly~ determined by the wa~!)foncticms in the large P1 rang~, where the iriteraction 
of the e!e*cm ·ind 3 •4H ep sy~tem is . nea~ly · a' sum of the Ci>ulomb and centrifugal po
tentiaL Indeed, the replacement of the folding potentia(by the Coulomb one gives rise 
to a ~i~or change in-the matrix deinent .. Thii fact suppo-rts t}:ie .;,pplicability of the 
app;o~ini.ation(13). - .. ,, . .·· · ., . . ',. ,., .. · ·. . . . .''. ,.. . . . • 

'. .· 500-650 trial functions x~,C{>,;(r; p1 ) (3) oft he ·variables r, p1 have h'~en used in. the .· 
.> variational calcul~ti;;n of \JILN;ELN•"·As described above, to fulfil the strict requirement 
.. ··of orthogonality; only_ tria( functions s~tisfying the-condition l > 10 · ha~e been taken inti> 

. ac~mmLThe largest contributions to the...t;ansition mat~i~ element Mtr Corrie fro~ the 
' ( l,L ..:...1),components'of the wave function and. they have beerd,reated ·with special c~re. 

. An. additional set of 70-130 trial functions with specific nonlinear parameters have been 
. used to describe these components. As the calculated energy _values are i_n goo·d agreement 
,with the results of [12], one can conclud~ that the present calculatiomi'provide the accurate 
:description of antiprotonic helium atoms. Using \JI LN, ELN and \JI h; 1?1) in tlie form (13) 

. the' Augerdecay.Tates A have been calculated according to equations (U); (12). These 
:. .. resuits _are presented and ~om pared 'with [16) in, Tablt; 7 .. To unde;stand the role of 

, ~. the wave _fonction strncture· in this calculation, the laigesf contributions of t~e (l; A{)·~ 
-[. 
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Table 7: Multipolarities .,\0 and Auger decay rates A (s-1 ) of 3•-4Hepe 
4Hepe 3 Hepe , · 1 / 

iL,N .-\o A A (16] L,N .-\o . A 
34,4 3 ·- 7. 10' 8.5. 107 '33,4 3 ' 2 · 10"' 
33,3 . 3 1.2 · 108 1.5 · 108

~- · 32,3. 3 3.4; 108 .· 

32,2 3 LI · 108 . 4.0 · 101o 31,2 _3 3.3 • 108 

· 35,4 4 ~ 5. 104 6.7-102 34,4 4 ~ 10s 
34,3 · 4 ~ 1. lQ5 2.7,104 33,3, 4 ~ 105 

. *K. Ohtsuki, private communication 

i~-

Table 8: Nor'malized contributions to the transition matrix element Mtr(l, Xi) frnm the 
{l, .-\1 ) component& of the wave function for t\~o states of the. 4Hepe system, . 

(L,N)=(34,3) .-\0 =4 (L,N)=(34,4) .-\0=3 
(l,.-\1) ·M1r(l,.,\i) (l,.-\1) M1r(l,.-\1) 
34,0 °0.28 · 34,0 -~ 0.24 
33,l > 0.51 I 33;1 · · ~0.46 
32,2 -0.38 - I 32,2 1.22 '·-
31,3 1.14 · I 

\. 

component~ of"WLN to"the tra~~itioll rriatrix 'element ai-~ presentid i~ Table 8. It is 
worthwhile to mention that the exponenti~lly small part of the wave function in the iarge 
. p; region. is important iii'evaluating the integraL (12). As it follows fr~m the'.numerical 
~esuits, the essentia:1 point in th~ calculation of .the Augercl.eciy rates is to determine very 
fine features of the_ wave function. Really, the largest contribution to the transition matrix 
element_ co~es from ·tne~small~st :component cciiresponding to the largest possible .-\

1 
v~lue 

(Table 8) and contributions-tothe Mtr from the (l,.-\1) components of.'hN compensate 1 

each other_ due_ to· alternation of signs. Moreover, the. most -important -in the calculation 
of Mtr is the large Pl region of the ·configuration space, ~here these comp~nents decrease 

. . . . . . -· . • . I . 
exponentially. • -- __ - . , , .. · . -~ _ ,, _ · - · -~ 

. A~ a result, uncert.ainty 'in. the calculated de~~y :~ates for the multipola:rity .,\0 = 3 
is of-an order ~f 10 per cent. As is indi~ated in Tal;>leJ, the decay rates for. the 4Hepe 
system ·in this ca'se are in agreement with the r~sults of [16]: .The calculated decay ra!._e of 
the (34,4) state of this system is in fairly good agreement with experimental lifetime r= _ 
15ns [8]. At th.e same time, for the (33,3) state'tlie-calculated decay rate twice exceeds 
the exp~ri~ental ~alue (r~l6.6ns) [13]. . . · , . __ '.. , _ '. _ ·. __ · · _ ' · ·, . •. __ .. _ _-

On the contrary, the case of the transition multipolarity .,\0 ~ 4 is rather complicated 
.for 'calculation due to much sm'aller values -of-the transition.n:'iatrix element, and only an -
estimate of the dec~y- rate cari be obtained. These values exceed .. significantly the results 
obtained in [16]. , . - · · ? . · :._ •- - ._ • . _ ~ 

The calculated decay rates of the -3H epe system reveal the substantial isotopic.depen
dence. Jn fact, decay rates of the (33;4) and (32,3) states of 3H epe a:r;e about three.times 
as large as those of analogous (34,4) arid (33,3) states of 4H epe., At the san:'ie time, othei 

~ ' . ' '_ . . . - , , . r, • . ' - \ , 

•' ·- ' 
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charact~ristics 6f the (L :- 1, N) stat~ ~f 3H epe ~e dose enough in comparison with the 
(L,N) state of 4H epe. As for .,\0 == 4 transitions of 3H epe, in this case the calc~lated decay 
rates can be estimated only to an order of magnitude arid isotope effect is uncertain. 

C. Thus, the"Auger decayrates have been calculated for the multipolarities .-\o = 3,4. 
_The method of calculation should be improved to determine with more precision the small -
components of the wa;e function and small decay rates in -the cases of higher multipo
iarities .,\0 ·;:::: · 4.; Isotopi2 ·effect· has b~en found and the role of th~ structure of the wave_ 
fu~ction has been studied. The Auger decay rates of metastable state~ .,\0 = 3 amount to· 
tenth of the radiative'transition rates and can be impo'rtant in cascade proc;sses. If the· 
isotopic effect for the .,\0 = 3 states is the sa~e as for .,\~ == 4 states, the Auger decay in: 
3H epe ~an cor.iipete with radiative transitions. . . . - . . . 

7 Conclusions 

Properties of ne~ three-bi:>dy systems;the recently discovered' antiprotonic heiium atoms 
and analogous hadron-coritainirig systems are iritensivdy investigated both theoretically 
-and experimentaliy. The investigation of i~trimic properties of aritip~otonic heli~m ato~s, . 
their forrriatioff· and collisions :With. ato'ms and molecules is :necessary for understanding .. 
the anti proton_ fate_ in med_ia .. The· coexistence of a particle and an. antiparticle in the· 

'Saine atomic system brings on the principal possibility to·study'antiproton properties by ·-
precise measurementsofantiprotonic .hdium atoms. -- _- ,• . . ,· ' .. ' 

· . :> Nonstability arid an e~tremely iarge total angular morrie~tumL ~ 30 - 40 of these 
'. exotic'systeins give rise to significant difficulties in the theo'retical treatment of this system. 
However; due to very long lifetimes the metastable states of these systems are treated as 
true b~und states and the variational approach is applied in the calculation. Variational·, 

.· eigenfunctions and eigenenei:gies are used to obtain the radiative transition rates, energy" .. 
· 1ev~l splitti~g du~ t? relativistic i~teractions. <!,iid Auger decay rates ofantipr~tonic helium_ 
atoms. The radiative transitions and Auger decay determine the cascade process after the 
formati!)~ of antiprotonlc helj_llm:_ Calculation of the en.ergy~le~el splitting will be hdpf~l 
in:the proposed measurement of the multiplet structure [19]. One can mention'. that thes_e 

. ra.tlier differentyalries are se~sitive to different parts of the wave tunction, e: g. tlie region · 
'. o( small interparticle dist~nces is important in the calculati~p:°of energy-level splitting and -
-.... the asymptotic ;egiori is important in the calculation of Auger de~ay r~t~s . 

-;•: . A si~ple_ set of ,trial f~nction~ _used -in tlie _ calculations, neverthele~s, provides a ·de-
' scription of rather different properties of antiprotonic'helium atoms. Convergence of the 

·calculated values.with increasing the number .of trial functions has been achieved and the· 
, _ isotopi°«: effects have been investigated by ·comparison of _the calculated properties of 4Hepe 
·_- and 3Hepe. In this respect,.one should mention the1nvestigation of 6Hepe having hi mind 
. that the reduced-riiass ratio for 6Hep and 4Hep is almost the saine as for 4Hep and 3Hep. 

· ---:. . The calculated wave functions can be ~~ed also to consider more complicated prob
lems; the most, important of them is the. determi_natio'n of formation · pr<?babilities _- and 
initial. populations:.- Due . to l substantial' density. and; impurity effects found 'in 'experis -
rrients [4], [14], [23], other impo-rtarit applications are th~ inte~ac~io~ of antiprotonic heli~m 
atoms with usual helium atoms and diatoink molecules .. _As for the Atiger:d~cay,~more 

l • , . . - . ·. . . . '. • . . ; . • . . .' . -. . 

· efforts are nee1ed to calculate small components of the wave funi;tion in the asymptotic 



I ; ,' ' • 

·region in ca:ses of higher multi polarities ..\0 ·~ 4. . . .. , . . . . . 
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_ -.·.Vacuum. (bubble) Fey~_man integrals ( witho~t external m~~enta) appear 
as low-energy limits of. certain physical amplitudesor as Taylor coefficients _ · 
ofriniltipoint Green functions. The coefficients.can then1be used to-recover 
the-fanctions inthe whole complex plane of momenta[l]: The'p~esence of 
virtual heavy particles, like the top quark,intlie-quantum·chromodynainics 
(QCD), -generates an effective high:-energy scale, which makes perturbation _ 
theory applicable-owing to asymptotic freedom. In quadratically.:and linearly. 

. divergent diagrams the contributions of heavy particles are enhanc~d by .the -
- -power of.the mass, so that light 'particles can weU be considered as .massless: 

~This leaves us with an important_special case:ofju~fone nonzeron1ass. . _ 
After. performing the. Dirac apd .. Lorentz .algebra; any. vacuum diagram can 

- be reduced to some lin_ear combinations of scalar 
1
bubble integrals_'Jn_the three- . -

loop case with the fuH tetrahedron topology of the diagram, all scalar products 
_ . in the numerator can be expre~sed through the quadratic combinatio~s i_n 
.the denominators._ Thus, in the most general case, only .a product-of some 

· powers. o{ the denominators should be integr~ted. A prot~type
1 

defines the 
. arrangement.of ma.s'sive and massless lines in·a diagram. Individu~ integrals· 
a.re specified by the p-owers of the denominators,· called indi~es of the lines.•··-.. 
-~ · I~ the dimensional regularization with N = 4 "'.".' 2e, any' m~sless bubbles 

- •-- are triviajly equal to zero, so.that at l,east'one massive Hne should be present. -
- Fig.1 displaya:a.U possible three-loop pr_ototypes. It was convenient also to 

distinguish some reduced prototypes with a line missing,. &-4, since they are 
generated in evaluating several different full prototypes: The BM and BN 

. · __ types have:been completely -analyzed in Ref. [2] and need n·ot be dis~ssed 
-·- _-here: ' : __ · :_ _ ~-

1 
• · _ - '. • • I_- . ; - ' . - • 

_ The method of recurrence relat!ons [3, 2} connects_ integrals of the same 
p~ototype I but'. ~th -different -whies of the indices. -Usirig these' relatlonHin- --

/ geniously' enough, one can r~duce ~y int.egral: to a limited ~et of so-called 
. '.mast.e~ integrals .. However: that, remains stiH. a k!nd of a.rt without any. strict -

assertions as to. the n:iinimal set of the master integrals or the m·ost· ~fficient 
·•strategy. : Let us derive· a relation [4} for a generic triangle subgraph \Vith 

.• masses on its Hnes m~, m2, and m3, line :l!lomtmta Pt, P2 ~ Pl -p12, and 

./ 
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Figm'.e 1:'The th~~l~p scalar b~bble prototy;~~ with one inass. D6uble'(single) lines 
._ refer to massive (massless) prop~at~i:s in the ~'omentuni rep«isen~ation: ,Any line·m~y 

.· have an. integer .index; a power of. the deii'ominator. Th~ indices stay as arguments of the 
corresponding functions. Numbers define the ord~ing of the arguments.. . 

, . .. , . . ·.•. , ·,. ,.· .. ' . -:: . ·. ' ; ,. -'' ,' ·. 

p3=pl-j>13,_and indicesJ1; h,and j~1 respec~iyely:_',', · 
•, , . .·. i .. . · ·. : .. '· N · ' ' , .·- . , ; -. - ; .· ·· .c: \ · 2 · 

·_ j' 1v a . P't- .1. tl P1, -· ··. -·:::: ··: ·• .. -· . 211?-1 
, - 0 = d . - . . = · . · N- 2 - - -. -
' .· . ,· 'Pl ap't <-11~2~3 ·, , - <-11~2~3 C : J1 ?2 '_Ja + J~ -c1• ' 

•·2,•/;•2·.·f· ..• · .. •_·,. '2• 2'" -2 .. ' · 
. ,. . ,m1 + m2 --:- m12 +c12 - c1 .. _ ... m1 + m3 - m13 + c1a.-:- c1) (.) · · 
+J2. +Ja . ,· 1 

-~ -• ~ 

, . where _Ck =Pi+ ml. Dividing or multiplying b/c.1: just in~rement~ ~r de-cri 
. . ments_ in_dex-j.1: of the k ·t~ line'. The corresp~~ciing operator. can be denoted 

by K± [2]. For an arbitrary b-loop diagram,: ir1tegrating :by' paits :the' first 
.. derivatives-pra"vides tlS with £ 2 · linearly independent relatio~ in total._ It is , 

c~nvenient to refe; to ·tria:rigle rec{irreiic~ relations\)y specifying only the lin~ 
:numbersr{123f fdr ¢q. (1 ); line L being the base. ·H-~f sum of tlie rel~tions -
for three foces of ·a'.t~fralie,ciron as their baselines fo_rm a; jri~gle, like {124 }, . 
:{~34},_'and {623} in'D3, gives·a'relation{dim} tha.t)s'eviderit ondime_nsJorial 

··-grouiidt·'..~'' '.··:~-~-~.;·,:·~·: :·:·:::-.<_•·.\::'.\ ;·,:: . \.~j~,~_,{_'.· . 
- [fN-.J1 - .•. :.... j5 + m2(j4·4:t+ j55!+J5(>t•)]Da(jt,:.~·,"Je); ci:.,:•:d2) · 

-,. " . -• ,-- " . ·- .. ( - ' .. _ -

!,, • 

. :i\-· t 
.,1 ,-t . -
i 

,. 

t: 
I\'. 
k 
•t 

'Nov/follows a brief descriJ.)tion of evaluating various pr<ltotypes.·In Fig~ 1 
they: have been ordered from the 'most difficult' to the .'simplest'. Whenever 
in .D5 a denominator is absent (j.1: $ 0) the diagram is.immed.iately reduced 
to·the 'simpler' J?5 'type_by expanding-the power of the polynomial. A typical 
trick to bring any positive index down to 1 is as follows. A combinatioii'is 
sought, like 3{146} - {416}- {614}for }1 >· l·in D5, tn 'which only one 
'highest' term m2j1l + is present, all others having the sum of the indices l~s 
by one. The highest_·term can- be expressed through the others _until the index 
on theJine rea<;hes t Thus we arrive at the master integral D6(1', ... , 1 ). , 
, If D5 has j5 $ 0, ifls reduced·to BN; }1.,..4 $ 0 to D,i: As j5 >-0, it is 
profitable 'to solve {612} (rio m2for a massless exchange between particlesof 
unchanged masses [4])with respect :to· the· free term. Eventually, this brings 

. .Ja,4 or '}5 to zero. To get rid of the numerator j 6 < 0, a denominator pn an 
adjacent line is typically 'used: if for ·examplej1 > 1; {315} can be solved 
relative.to 1+ 6'7. :otherwise, as'Jl-4 =:=' 1;, the quadratic denominators· can 
be created by solving {126} with respect to· the· free ~rm:. The irreducible 
master integral is· D5(l, 1, 1; 1, 1, O); •. . . _ . ._ 

In D4, j5 $ 0 leads to .lh,; j5 $ 0 to DM; Ja,4 $ 0 to Da; arid J1,2 = ,0 
to E4. The numerator on linel can be eliminated by {246}.if j 6. > l;·by 
2{dim}~{534} if Ja > ); by {di~}.:..{345}if j 5 > 1;. by{dim}~{624} if_ 

'-J2 =/ 1; or by.{215} otherwise. Solving {215rr~lative to m21+ diminishes 
, the denominator Ji> 1;-{512} reducesj5 :> 1; {435}-{534} reduces Ji> l; 

{l36}+{246}'reducesj6 >·1, leading to D4(1,:.:,l):. _ 1 • • 

Asj4
1
5 $ 0 in Da, this is D2; j5 $ 0 =} D N; J2 $ 0 :=> B:V. The numerator 

. · jf < 0 is normally reduced hy 2{ dim}-{ 534 l a8 j4 > 1; by .{ 623} as j; > 1; 
· by {236} as j5 > 1;.by_2{dim}-:--{435} a8 j 5 > 1; and {dim} creates j4_6 > 1 
·'otherwise .. The 'special CaBe J1 = Ja == 0 is more efficiently worked out as 'E4. 
~ith j5 = 0. The remaining denominatbr on line 5 in Da is brought down to 1 
by {516}; H> 1 by (l-j2){236}+ ja3+2-{326}+J56+2-;-{623}; andj6 > 1 
by {156}.;.. {534}+ (2 + 1-/m2){dim}. However, that may ·revive mas-~less 

. numerators j 1,3 < 0. To avoid infinite loops on. recursive application of the 
rei!l,tions; we elin1_inate single numerators by a· general. projection-operator 

/,,,,, 

3 



. meth~d [3]:. ;_. -

-- · .. J ~N~l dNJJ2 ,b[p~, (pi -q)2] /2[ptU72 - q)~~ A2n(p1,P2, q) ~ ,. 

. r(n + ½) r[½(N -1)Lrr2 J 'N, , ,[p'2 '(p <. : ), 21··. n ~,,,, '. ,•). ( )· 

. r(½}r_[n + ½(N ,;_ 1)] j=l d P;f; ;, ; -_ q ; A (p;,!;, q' '. , 3 . 

whereA(pi,P2,q) = 4p'{ (Uµv.::. qµ;11/q2 fr,2' -and li.'2 are: arbitrary functions , .: 
of their scalar argufnents. _ A numerator [(p1 - P2)2t can be're-expanded: . , · .. 

· · {pr- P2i = ·½u,1 + -;l -q)2+ P~+ (p2 ~ q/-
- [pi - (pi - q)2][p~.:.. (P2.:.. q)2]/q2 ~ q2 -A(p~,112/q)}. • : {4} 

_ Odd pow~rs of ·J1~1,P2, q}f~{~u/after_ integratio~,' ~d for e':~~ • pow~rs 
Eq: {3) yieldsA(p,p,q) = 2[p2+(p,;..q)2]-[p2 ~ (p...:.q)2] .Jq2 -:::q2• For D3 we 

. identify t~e)eft:hand s~eof Eq. {4) with er, and q2 with C3. If we deal with 
. j 1 =: . .:..1, j 3 =·o, j 4 = je,, then q2 on the right-hand· side of Eq. (4) generate's .·· 
.the original integral which can.then he eliminated.~ - ·• • ~ .. :, . . . 

, The denominator j3 > 1 is reduced by{156}:-{236} while~jl < 0: At 
. j1·= o·with h,4:.-6 ~ l;we apply:{236}, eliminafej1 =:=:~-!by Eqs. (3) and.(4),. 
reduce i11 == 2 as_ usual, ande?CJ>and the first numerator. again. ,The originaJ 
integral,with the SaIIle value of ia can be expressed,by so~ving the resulting 
equation'.>' , , , , , .·_ , •, , , . . , , ·_ . , . , , , .-

' The case D 3(0, 1, r, 1, l;l) can hetran'?form~q as follows_:._ The differential
equation ·ror _the two-loop subgraph without line2,. Eq.(43) 'of Ref.[5],~Sdi:.•· 

. vided by q2(q2+.m~),and integrated over q. perivatives with respect.to m2- -'· 
a.re taken via.{ dim}, ~d. aft~r substituting simpleintegrals we get , . . ·• 

· ', ' .· •. · -· • 3N 8 . · . · · · -: 
Da(O, 1, l, 1,1,l~ ~- ;'2m-; ~ D~(O,t,O, 1, ~' 1) 

, ___ ','s(m2)
3
~

12.:.5_ . · · r(½N .:...1)T(5 - N) - . . · · •.. < 
+.~ (N - 2)(N :-,3)(N..:.. 4)3 [ -, r{3 - ½N) - +.,4]' (5)_ 

, . where eoch, loop,i~tegral W!lB,divide(by 11"~/2r(3,~ :½N);in-one loo~;·:this 
modification agrees with the standard NIS'. definition: but is more conveni~ . 
ent 'in higher~loop m~sive calculations.' As i resul~ ofth~ transformations; . 
any Da~type diagram is "reduced to simpler types and two rnaster:integrals 
Da{O,l,0,1,1,1) andDa(l,": .. ;l). , -· . . • . -... . 

~ . ' ' ' " __ :,,_. 

j 
. d): .. 

!! ' 
.. f 

,\ 

- ,• 

With j 3,4 ~ 0,. E4 is· a particular case· of 13 M . . The numerator on line 5 can 
be taken off by {120} as i2·> 1 (massless lineOwith indexO is assumed 1;(). 
connect 1.3 ~d _2.4); by {210} as j 1 =/1; by { 430} as ja > 1; or { dim}should 
be applied otherwise. The j1 < 0 numerator is eventually reduced, to j1 = 0 
(hence, to the twerloop massive bubbles) by {120} ifh > 1, 'or by{210}: The 
denominators j 1,2.> 1 can_be.br~ught_down to· 1-by sohing{120} relative to 

. 2+5:.: tor {210} .;... 2m25+ {120} relative. to ·1+.s-: That always increases j 5• 

. The latter helps to reduce the deno~iriators in t_he ~assive on~lo:Op subgraph ·
. by 2{340}:...{430}, The:extra denominat~r ii>> 0 can. be integrated off by -· 
,, applying {dim} and reducing}2 = ·2:by {120}~ :1teratively,we arrive at tlie 

rnaster-_integral E4(l, 1,l~l~O),;, Da(0,1,o;1, 1,1) .. _ . . . •· . . . . 
. Further prototypes are quite simple indeed: The numerators are manage-
able by adjacenUriangle relations, andthe denominators can be reduced by 

-· combining thr~ relations fo~.a triangle that containsthe line_', The II!aster 
integrals .are.DM(l, ~··, 1),.E:i(l, .::, 1)~ arid DN(l, ... ;l). :In D2 ithe massless 
-relation {125}solved with respect to the free temi allows one to caricel out a 

· den~minator. Thus, in' the end D2 is· reduced to· r ft1nctions, just as Di does .. 
:Eor E2 a massless r~lation can .be-constructed :as { 524 }~{ dirri}. - .· ·· 

: _;,, The.described:algorithms are i~plemented as a package ofproceduies in 
the symboiic-manipulation langu~ge":FORM [6] .well suited to evaluatingthe 

... Feynman diagrams , as , well.as. any polynomial-like eicpressions wit~. ~ large 
number of terms:• However,· thi efficiency of the essenti~llyrectirsive programs, 

-- is restricted by some fe~tures of the .eJCistingFORM)ian.slator .. In particular,-· 
·- 'infinitely'iterative substitution~ are oniy allowed ~ithout any. iritefinediate 
sorting 'of terms.••_. On 'the o~her. hand;. the recurrencer~lations' g~nerate . rather ,·• 
many eq~~ terms, and af~r exceeding certain macliine-deperident limits on 
the size of th~ ~Cratch 'e?CJ)re~sion generated iri a module, the ~orting, beconi~s 

ti 1'. 

) ... · 
, ' 
' ~; 

,1 

,. extremely slow .• The o~ly way out is to use step-by-step' sorting inside the , 
preprocessor #do loops with a pr~estimated number of repetitioris> But . 
sometimes. the number is rather difficult to guess at beforehand, while any' - -

. ,•· misjtidgem~n~ spoils· the program performance. . : . -. . . - ... _ ... 

.. :.__ Therefore, it would be high'y desi;able to implement 'a kind_of.the preprO.:· 
-: cessor #repeat/endrepeat construct itito·FORM, which ~ould terminate 
. 'as soon as no actual tr~sformations are applicable in any module inside its '. 

·: '·-> .. ' ' - ,. _. . ' . . ·' ·,,.. • 



-, 

✓, 

body 3. 'Also of use would be any means of redefining preprocessor ~ariables; 
__ based on global tests on the terms of sorted ·expressions. An invariable es~ · 

sential inconvenience for structured packages is the global scope of all names 
- in FORM. · · · ·, · 

The first application- of· the describ~d • package was the evaluation of. the 
three-loop QCD-co~rection.to.the electroweak p parameter[7]: · · ·· 

.. . . . . . . .· . . . . a . . ·· , . . . . ' . 
. ~CD = -i[_l +2 ~(2)] ; + {~~ "-31~1i ((2) - 3Jf((3) + 1:a3 (( 4) 

4 . · ' 441 C 1 . 1 . , ' , 1 , ·. '13 . . / 4 . . •· 
. - 3 ((2)ln2+ 8 82.- 9 B4- 18 Da "- [18 ~ 9 ((2) + 9 ((3)]n1 1_ 

. -(1l-J~1)[l + 2((2)]ln (µ2/m;)}( a~ )2, . . (6) 
. •. . ,.' •, . ' . '; 1r 

where a.>is the QCD coupling constant at the:_renotmalizatioh sc~le µ in the 
MS scheme y.ith the total nuinber,of quatk flavors,n, (~6); int isthe pole , 

· mass of the top quark; B4 has been introduced in Ref;[2]; S2·determines the 
finite part of the two-loop massive bubble master integral [5]; and D3 is ·the 
finite part of D3(1, 1, 1,,1, 1,l)which has been evaluated numerically by the 

· momentum:~xpansion'·method [1] and independently'i~ Ref. [8]. An error in 
tlie coefficient of (( 4) in the original publication has·beeri fixed, so that Eq. (6) .. , ,, 
tompletelyagrees wit~ the independent' calcula,~ion of Ref. [8]. · 

' 
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