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1 -- Introduction 

Althougl~ a considerable effort has been made so far on the problem of muori 
sticking to hel!u~ p~oduced in muon catalyzed fusi~n reactions, the continuing 
disagr~ement of thetb'e~retical evaluations with experimental'data demands 
further investigation ( see [1~3] ~nd reference~ th~rein ) . , . : , 

< ' ' • ' " ' -: -. • • • • 

The aim of the 'present work is to avoid one of the questionable aspects of. 
the th~oretical treatments of the p~oblem to date, namely use of the framework 
of the ''sudden' approximation" (SA)[4,5]; w.hich \vas anessentia,Leleinent of 
all previous calculations (see, for example, [4- i 2,3] ) . Because the fusion time 
( T = 1 /fin < 10-20 s ) is much sho~ter then the.times characteristicfor muonic. 

. - -- - - , - : .- .. , . . , .. ·. , , I 

processes (Til= 2.4x10-17 sjmil = L2xlo- 1~s), it has been assumed that thtt 
.sticking even\S oft he ,tyRe . / ' , I • - . 

,, 
dtJl .-+ J1 4 He +n (1) 

are sudden ('T jT; --,t 0 ) ~nd theref?re that i~ e~alu~ting ~s ~ne cari apply the_ . 
Migda.l formula[13] · :. ' · , , 

' '.U); ~·,·I~~c(il)e_·i~R1/Jin(R)~~ j2 
:. 

. ' . 

i . 
i 
I 

l, .. (2) 

' .~ This is tlie simple ov~rlap integral, bet.ween th~ initial '1/J;,).- <:nd the fll}a1 w<tye 
. fmiction.;p! ·=·if;~ 1 eifR: of the(~,4He)ni atom movin"g withthe velocityV;(q~ 

mil V), which is. defined.by the ~nergy·output: of the reaction (1 ). . 
Here we analyze the application of the formula (2) tothe,case of the rea~tion. 

· (1 ). The .key point is a coillputation of the time evolution fo1r theniuori wave . . . . •. , . . .• , .·.. . . .I 
packet · · · ; · · , :, · · 

'•·:· ·-, ,, . ' . I , .. 

. '·t.t/J.in ~ if;(R,'t = 0}-+ ;};(R,t ~ oo}·= 1/JJ ., . 
.·- I ' ; • '.. I· i •• , • 

due to emis~ion oft he fusion ne~tron, by direct solution of the tiine-d~pendent. 
tl~ree-dimer1sional Schrodinger equati~n~ . · . ' . - · . 

,' ;, .. , 

··2 . TiineLdep~ndent equ~tion 
'• 

, . -·· . . ' - .. . . . ·. ' . . .. . . . . . . I. 
First we· develop the time~dependent Schrodinger equation describing the pro-

.· cess (1}. _Sirn"ple semi-~hissic~I consider;;tiims.gi~e a rough~estimate' for the 
time-deper~deri part of th~ iriteraction potential .6.U( R, t) acting ori the muon .. ~ 
Due t~·rec~ivir1g them~u'rentum Llp = if= mt~ V, the mu~n is,suhjectto the 
mean force F "' .6.pj .6.t = ml, V/ T during the ',time /).t. = T .of. the fusion 

••• •• 'l 

[-0~-'·;~~··:::--:;;·.-. -.--;:;;::;~;r-~ ~~~. 
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event (1).' On the other hand, the force is equal tc;> F = _:_ ~~z6.ll(kt)'(t-:; 
which gives the following estimate for the interaction potential: • · 

. ', ,' ' ; ·. ' - .... 
. Au;, -F:. R. ...._ · .m~'v: R. '(:3) . 

r 
- . -' - . , I' 

Here the z-axis direction_ n-: coincides with V, the direction of the emitted 
··neutron. 

. Moreprecisely, the tim~-dep.endent potential 6.U(R, t) may bed~terminPd 
as ..- . . ·. ·. . .. . . . . . ·' . • . , .. / . . . .. . 

· ~u' (R-·. ). · dpR·-.~·.. . m~< V R cos() • '{ t. }. 
w. ,t = -- -- exp -- .. (4) 

·. · 'dt ·· ·., r .. · .r. •. 

This i~ a, consequence of the evolution of the muonic mometitum dU:rii1g ~he · 
·fusion event (1): .. '· . 

i •. ->: ···.··'t .. 
p(t); m~' V(l- exp{::_-} ), 
.I. · ·. .· T· ,. 

reproducingthe lirriiting cases p(t = O)=O ... and p(t-+. oo) =if. 
Thefusion time 1- = 1/fin. is det~r:rp.ined by the nuclear widtl1 F;,o( the 

compound, nucleus•5He* for the initial state(~ 5 He*).in the transitio~. (1 l: rFor 
fixing this value we tise th~ parameterf;n'=340 keY ( r = 1/f;n = 0:017.ni~a~u.) · 
of the thr~e7coupled-channels modef (at; 5He*, 1~ 4 He)[14Jgiviiig thebt;st' fit to ~ 

• · the experimental data for the· fusion reaction d + t -t 4 He + .n. 
~ "-.. . . ' ' . ' ' ' ' . ~ 

. . 
' ;' .·. ' .·· .-.:,,. . ' . 

Method· of calculation i 
3 

· :r'he method \of global approximation .on a subspace grid" [15], recently. ap­
plied' to a number of stationary problems [16], is extended here.to tlwtime­
dependent Schrodinger equation: Following:the key .i~lea of the papers [15,16] 
we· seek a s0lution as an expansion .. · · , . ; · . ' · · · ; .. 

. , : • .. l <N: . . . · .. ~ . 

1/JN(R:x,tr= R"f;PI(x)Pi/ tPi(R,t), 
. . I; ·.: . . . 

(5) 
\ . 

where P1(x.) are the Legend~e polynomials ~nd P/;t i~ the' N xN matrjx itiverse 
~o{P1(xj)}defined on the grid Xj = {cosOj}f;.coinciding with the set of tlw 
nodes ofthe Gauss quadrature on [_:_1, 1]; ·In this. way the initial probl~m 
is reduced to the system of Schrodinger-type equatioiL.<; with respect to the 
vector ;j;(R,tt= Ni(R,,t)}f = {t/J(R,xj, t)}f ofunknown·co~fficients in.the 
expa.nsio1l (5). 0 

~. • • •• 

a ~' . 0 

• • ..: • 

.i attf;(R, t) =::;OH(R, t) tf;(R,t), 
. \. . 

'...,,, 

(6) 

'· 2< 
. o',' 

'' 

. \. 

:/ 

If', 
J; 

I, 
J 

I''' 

. . 

,'- .. , 

~~here 

·; ·~ • • • • 
0 

i 1. a2•. • 2 rn~<V Rxk .. { t }}. · 
H(R, t) = Hk;·(·R·, t) = {.:_ __ a 

2 
-· R +. exp :-'-- oki 

· ' . . · .2 R ·:. . r · r .
7 

.!,., 

. + 2~2 -~l(l +l)PL(~·k) Pij 1
·: 

We seek a·solution of th~·equation(6) on.;, discr.ete'setof th~-p6int~ Rn' and 
·~ ·t,;, .in the spatial R~, E (o; Rm] and tempor~l t~ E [0, tm] dimensiop~. For 

propagation '.in t,ime tn ~ 't,;· + 6.t the simple Crank-Nickolscni scheme has 
been used ' ' . · ./,.··: . . 

1 

; ::i·/·,.. ~·· ,- -. -· i ·.,.. ':··._ -.~-- ' 
~ •• 

0
/ (1+26.tJI(R,t,.))tf;(R,tn+ 6.t) = (L- -6.tB(R,t,.))~(R,tn), (7) 

I .·. . . , ' . ' ' ,· , , 0 2 " . .: ·.:. . 
• ~· _ which is'stable, preserves ui1itarity and .may be integrate~ over R by applying-

the 'implicit inverse tethnique. . · · ·· ·- -
. . Note th~t:we analyze Eq (6)in a d~epnonperturbati~er~gion because the. 
· diago~al part of the ·effective potential H(R, t) s:atisfiest~e follo~ing reJation: 

2 :m;v R Xk · • : t ·. 3 . · · • , 2 ·.. · ::--+ · exp{ ...:..._,} ~ '10 Rxk exp{r10 t} ~ 1 
. R,. r r ... , . . . , . , ·,. 

for t~ .:::; tm. '= JO r <_ 0~2 m.a.u. Solving (7) imposes rather' tough demands 
on. tl1e computational method. (Henceforth we us~ the m~onic ato01ic units· 

. (m;a,u,) : m~" = 1i = e'=l):- · . . ... · · 

··· ·.: 4 Results and.dis~ussibn 
. Fig. 1 illustrat~s the:evoluti~n iT; time of the muon wave packet )/;( R, t) due 'to 
. the emission oft he neutron in the transiti6ri ( 1 ). The real part ?R{iji(R; x, t)} of 

. thewave packet, calculat~d by solving the system'(6)'with.the initia.l condition· 
tf;(R, x, t = 0) = ~1 .(Ii), is presented here for a· few poinb ~f L' By projecting 
the wave packetonthe bound states k = (nl) of the (~ 4 He) ni at<:>in OJle can 

0

' eval~.;,tethe sticking coeffici~nt w.(k, t) =I< 1kkl1/J(t) >12 3ts a functio~ ~f t~me.· 
The calculated quantities ·w.(k, tfare given in Fig. 2; which demonstrates that 
the last point of)ntegration over. ( tm =10 T = 0.1·7 m.a.u.,· is already in the 
asyrrtpto,tic region of the reactioil, and in_ay be chosen ~ a final state of the 
transition ( 1) for a f~w initial states k giving the main contribution to the 
coefficient Ws := Lk·w.(k).· . . - . . , 

·The convergence.ofthe calculated values ·w.(f;,., N) with respect to N -+ 

. oo; ~s 'Yell as the dependenceon the input parameter rin of the developing 
. \ . . ' . . 

. - 3 
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· model, 1s illus~rated'in Fig. 3. This figur~ demonstrates that i1~ tl1e limiting 
case T = 1/f;,.·.~ 0 our approach ·gives the coefficient, WI~(f;,. ~500 kPV,· 
N ~ 18), close to the SA-result wf.A,. calculated by tl1e 'Eq; (2). The value-. 
w1.(f;,.=340 keV ;!" ~18), calculated with the paraiJleter T~l/f;,. of the threP-' . 
coupled-channels model[14], exceeds the SA result only bya few perrcnt: 

The way proposed abov~for treating. the initial sticking problem has ad- · 
vant~ges, compared with. the standard SA. procedure: Si1ice ·the· suggested 
computational sch~me gives the n~u~n wave packet 1/J( R., t) as a functim1. of 
time, it mak~s possibl_e_ evaluation of the energy radiated from the muon· t:miV 
ted during the f~sion events, ac-cording to· the formulas:. ··· · · - · 

-! 

.·· P ~ jP(D).dD, \,. (t\) 

·-· 

P(D) =: ;; jem: 1<1/J(t) I z lt/JW->l2 dt~ (9) 

Acco;dingto the Ehrenf~st theorem, < tP I z·l ~ >:::::: :.( tjJ I ~1_ll'lt/' > .. 
one can estimate thequ'antity-p as . . ' 

. •'-. 

.-- -~ = 2~3:] I< tP I 2z +m~Ve~t/r I 1/J >I~ ~t ~-~a3 m2 ~~ ~- . 
- .. . 3 ·- . . , R3 T - . . . - - -.3 .- . ll . m. -

( 1 0) . 

The numerical-evaluation 'confirms the above estimation with sufficient accu: ·­
ra~y"'The proportion"alitY (10) of the radiat~d energy P to the decay width r," 
permits us to exclude this parameter, and instead use.the dependerin;w~(f;,.) 
ofthe sticking coefficient on. the width r;, ·(see-Fig. 3Tto .getthe:dependcnce 
w~(P) on the energy P. ·:The caiculated curvew1.(P) (Fig . .4) givesa new 
possibility for experimental analyses of the. "initial sti<;king": By measuring. 
the energy p; radiated during the fusiorievent (1 ), dne can evaluate the cor­
responding ':value WI&(P)- by using the theo~etical curve presented -in Fig. 4 . 
This approach give~ also the possibility_ofevaluatingthe coefficientswk{Pl.for 
sticking in excited. states k ~ }s, as'wellas tllesp~ctraJ density oftJw.'radiati~)IJ·-

. P(f!) = ~;J.eill1 I< 1/J ~ ;zu I 1/J >12 dt, which may per;nit, inprincirile, mt'a~­
suremerit of the .time aept'mdence of the"perturbative interaction- l:l.U( R, x, t ). , 

- This approach gives also the ~nergy and angular distrib;Itions for the~muon 
emitted qur}~g the fusi~n event (1): _ .. · · . · 

'-.. . -. •, ·- ,- -
dW(Ek) = 2j lj.~~(R,t ~-oo) tPkzUl) Yc~(R)~e-i_q·~_dR 12 , · ·(II) 

\ l . - ,- ~ ' . \. -
. ' _- ~-

d2W(E ·o)' - -.: -~. . . ··- 'i . ·. . - .. 
k, 2 'I·" * A j· * ~ . A !_ -. ~ ,j . . dEkd() = 7r L.,_Y;o(k) . tP (R, t -t·oo)_tPkz(R)'Yc0 (R)e--:~~-~dRY· -(1~) 

- .... : I .. . : . -C - . - - .. - ''• ... :·-:.. .• - . 

A 

j' 

-·~~ 
' 
, .. 

- i 
5\ 

.· 

/ 

' ' ..... ~. 

Fig. I 

~-

; ·d· 

i 
r 

,.,f..••). t;..., 0 ,.~t_ •• ;. 
t~0.0041 

-I.' 

-
l>-1"·'-') t=0.0083 l(lllt). . t=O.OJ65 

,_, 

t=0.0413 t=0.165"' 

!, ' -- ' ~ . • • - \ • --~-

Real_p;l.rt.JR{ if'( R, :r,_ l) }·of. the muon waY<' pai:ket: propagating fFom. th< 
bound state {Jt 5 He) 1• d1u~ to'th<' n<'ut.ron·c>mission iut.lw.t.ransit.ion (I) 
The coinputation has lw.Pn donP ·i1; tlw spatial (0, H,.] = [0, .1] an<l tem 
p,oral[O, 1,;,] = [0, IQ i] (T~OS::: 'IJ:l·IO kP_\j ~ 0.017 n~.a.u.) dimensions ~viti 
the constant l:l.l ~ T /~00. and D. H = 0.02!ist.q>s of int<~grat.ion. 

' I. . . . 

5 



......... --.ii 
'­
a·· 
...; 
~ 
Ql .... 
CJ ... 
~ 
Ql 
0 
CJ, 

~ ... 
~-· 
CJ .... -• I'll 

•,---
.• 

-; 

J- _,/ 

· k='2s 

·.--..... .·.:_:.._: ~,~· .·.:...-... 

_.-' 

·time ( m.a.u=t.2 to-'9s ) . 
·. 

·- . . 

( Fig. 2 The tim(; ev~luti(;n · o(the ·main p~rtiaL stitking coefficients w.( k, t) = 
. I< 1Pkflj)(t}:>]2 il1 tht; sum w~ = Lk~ik):_' · - . . . . 

,'• 

. .' 

. : 6 

.f. 

·- il 
~ iJ 

J 

·l. 

\" _, 

, . 

. 1.30 

........ 
'I' 
c 

-- ~ ....... 
'-.;. 

........ =·· 
~<:; 
.. ~ 
.~·-·· .... 
~ 

J 

I 
I 

t 1 f. =340keV 
I" .... . 

I 
I 
I I 
~-, I 
~~- I 

' T\ -· ,-_ -,.I· 

. . 

\,1. 

. 7~·------------- ..... --: _______ :..·_'.:, _______ . ____ ------ __ ,. 
.. N='=14-

·I. 
I 
I 
I 

.I 

' I 
N=18· 

- __.._ -·- -- - - - - =--.....=- =... ~-=- =--_ .... -
.-

N=24"' 

' """ ~ 

,.\.__, 

r\n '( keV) 
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Th~· curves, calculated· by virtue of Eq. ( 11) aiHH 12) are pt~esented iii Figs. 5 
- ami {i. reSJ?Pfti~·~·ly. 1~lwse cha~actPrtstics of tlw sticklt~g procPss (I) are _ob­

servabh~ value's;, and for special condition~- may lw PXperiinPntally dPlPct~blP. 
' Tlw ahovP calntlations have lwPlJ dotw with the iuitial'coi1dition d•(RJ= 

, 0) .~ IIJJs(ih wl~er; ll'Js{ih was the wavP functioit of (It ;;He) Is· . But~ it 
• ' • '-. •• \· >. -. • 

is known. that usitig more accurate • wavP fmiction _ d•( R) =· Ln a,. t',.o( R) +-
Iak4'ko( R)dk of t.lw muonic i11olecule dt II inst'~ad of t,'ts(/1;; lk) decreases the' 
. initjafsticki,ng coeHicimts to ~ 20 .::_ 25%[7-11]. Tlw de\·elopP<l aj>pr(>ach i>er~ .. 
mits such imprm·PmPnt in dPlwi·ihiug of tlw sticking proi·ess1~s by chaug}ug of 
tlw iuitjal con~litiou. . · 

5 · .. _ConclusiOn 
-~\ 

AJWW approad'J a~oidiitg thi· framP~\'OrlZ of sA lJ_a'slwen dP~·elol>ed for- tlw 
treatn\ent,of muo11 sticking. II has lwen shown· that SA is a limitii1g casP.· 

. T = r;r\,, ~ O,;forthe's'tigg;·st(\d approach: As tlw iliput parameter' of tlw 
.· COii;putational sclieil~e is f;,. 2 !)00 keY. tJjp SA !'!'SUit w:" has been reproduced; 

wit!i· satis,~actory accttracy for tlw n~;;cti<>n' dljl ~ p 4 1Ie +.II~ For. a realistic 
value ofthe'paratilder I';,. ~- :HO 1-a.Y o-f tll<>thi·;·e~coupbl-cliamwlmod~I[I-l]. 

'tlw·ca.lnllatl:d w, t'XCP<'ds sX rcsuit:onl~· by a fpw P;'ITent. l '' . . 

. _ In a-ddition'; t.l;e m·~· appi·oath give~ tl;e energ~· and angular distril;tltions · 
• for the emittPd lllUOI,I,' as well as .tlw depPIHiPnce of the sticking coefficient t)n (' 
the e;wrgy, radi.ated during the n\uon 'cat<~.lyzed fu~ion e~·enL Tlleseobservable. · 
charact(•rist.ics·of- tfJP sticking Jll'OCPSSI'S~ have hem <:aklti~ted for tiw Ca~P of . 

. the miction ,(I)~ ·· . . · · · · · •• :· . · . · :_ ,\ ". 

A spe~ial interest is in the depeJ~detice of tht>. stitking coefficient. w.,( P) ~ 
on ·tl~e· ~net:gy p'. radiated duri~tg thl~' fusion event, which n1ay open. a new 
possibility for cxpt~rimenta.l amilysis of the sticking pro(·ps~:s. . 

Th~•re are no limitatioits to l;xtcnsion of the i·e~ults, :ohtaitwd I{'ere for tlw 
reaction·(!), t~>.,otlier·m;wn cat;dyzedJtisi(m' pri>eesses_. . 

/ 
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Mene)I(HK B.C. 
HosbtH noaxoa K cTapofi.Ja,ua4e o npHnHna 
B peaKUH~X MIOOIIHOfO K3TaJIH~a 

npei.J.no)l(elf HOBblH llO.UXOllWI~ pac4eT2 
.K reJIHIO B peaKUH~X MIOOIIIIOfO KaTaJJHJa 
!lOJMyJUetmH>>. Bepo~THOCTb upwmnaHH 

dtj.l ~ j.l4H; + 11, paCC4HTaHIIllil C llOMOIUbK 
.IJ.YJUHMH peJynbTaTaM~. KpoMe Toro, BbJLiH 
npe.ueneHH~ HcnycKaeMoro MJOOHa, a TaK)I(I 

eMOH B aKTe MioOHIIOfO K3TaJIH3a .3HeprHH. 

Pa6oTa BbmonHeHa B J1a6opaTopHH ~.u· 

-

npenpHHT 06-heJlHHeHHOro HHCTHTyra • 

Melezhik V.S. 
New Approach to the. Old Problem of Mt 

A 11ew approach is presented for eval 
to heliul!l in muon catalyzed fusion react 
is avoided. The probability ffi of mu• . . . s 

dt~ ~ 114He + 11, calculated with the ne• 
Moreover, the energy. and angular dist1 
as the dependence of (1) on the energy· r. 

. . s 

event, have been evaluated. 

The investigation has been performe 
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