


1 . Introduction

Metastable antiprotonic hel1um atoms 3“Hepe have been discovered in ex-
periments on:the delayed annlhllatlon .of antlprotons in, hel1um med1a [1],
[2].  Analogous long-lived systems were observed in experiments w1th nega-
tive kaons [3] and pions [4]. The discussion of the theoretical calculations
on antiprotonic helium atoms and related topics can be found in [5].”

..The prec1se measurement of transition energies of ant1prot0n1c hehum
atoms in recent exper1ments on the laser-lnduced resonant annihilation [6],
(7, [8] invokes the theoretlcal description of energy spectra with comparable
accuracy. - Such a descrlptlon of energy. spectra requires that minor: effect
of relat1v1st1c and’ QED 1nteract10ns ‘and the coupllng with the continuous
‘spectrum should be‘taken 1nto account. “The. relat1v1st1c correctlons of an
order of o® (a = €’/hc - ﬁne structure constant) to the pure Coulomb ;
'1nteract10n are’ ‘the most 1mp0rtant and should be firstly cons1dered Next
in'line are QED correctlons to energies of higher ‘orders in a.: trisfs

"Since the contr1but10n to energies from the relativistic: 1nteract10ns de-
pends on the antiproton mass; charge and‘magnetic moment} the compari-
son of precise calculations and measurements of the energy spectra can be
‘used :for determining the antlproton propertles This knowledge is signifi-
.cant in testing the fundamental symmetry pr1nc1ples The deta1led d1scus—
sion of this problem can be found in [9]." <.t : B
; The sp1n-dependent part of the relat1v1st1c 1nteract10ns glves rise to spht—
tmg of energy levels,-and each SIngle trans1tlon turns into a multlplet Suf-
ficiently large: drstances between ‘lines in’ the ‘multiplet can be measured'
‘experimentally. ‘It is worthwhile to ment10n that the' resolutlon in current
experiments is about 10GHz and w1thout much” difficulty can be 1mpr0ved
'to:1GHz [10] As it will'be dlscussed below, due to- the interaction’with
electron spln, ant1proton1c hellum energy levels' spllt 1nto two multiplets
‘and the interaction with nuclei’ sp1ns provides a minor’ sphttmg into each
mult1plet Values of the former large sphttlng are presented in this report

" The relativistic interaction in antlprotonlc helium' atoms is described in
the next section, and in section'3 the: method of calculat1on of ‘the level
sphttmg is d1scussed Numerlcal results are presented 1n sectlon 4 outlook
'and d1scussron 1n the last sectlon
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For each pair of partlcles 1,7 in ' the three body system the relativistic’ cof- A
rection”of ‘an order of & to'the | pure Coulomb two-body potentlal can be S

descrlbed by the Bre1t 1nteractlon of the form -« e
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, “mi mJ ;
iy r,,p,,s,,m,, Z,,,u, ‘are the rad1us vector momentum,
spin, mass, charge. and. magnetic moment (1n units eh/2m; ic) of particle .

‘Here and below atomic units (A = e = m. = 1) are used The correctlon to

the kinetic energy.of an‘order of ‘a? for‘each partlcle s

Full relat1vrst1c correction H, of an order of o? to the three body nonrela-

tivistic’ Hamlltoman is a sum of UIJ for all pa1rs of partlcles and AT for allf

H ZAT+ZU.J (3)

partlcles

1>y EEop }»

Us1ng expressrons U,J,AT 1n eq (3), partlcles momenta pi w1ll be taken in

- the center of mass frame of the three- body system [11]. Below, for definite-

, Tess- hehum nucleus ant1proton and electron wrll be enumerated as partlcles

o spondlng momenta p'*—f-zV,, q —‘—sz and angular momenta l = [rp]

[pq] w1ll be. used to SJmphfy notatlon .
The 1nteractlon H,., glven in (3) conserves the sum J L+ E s, of the

- total angular momentum L =14 A and partlcle sp1ns Si. Each level of the - .. |

nonrelativistic Hamiltonian splits into four and eight sublevels for 4Hepe and

. 3Hepe systems, respectively. Due to very small mass ratios ms/mi,ma/ma,
- 'the largest contribution to the energy splitting comes from the interaction

with the electron spin s3. Taking into consideration only terms responsible
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for the splitting in'(2); (3), thls part of relat1v1st1c mteractlon can be wr1tten

" as follows:

H= (5 Ass+ﬁ([ - p.a 1s3) ®

‘([ p,p1s3>+ ([p, plsa))

ma|r — p[?
While the last two terms 1n (5) are mversely proportlonal to the heavy
particle masses mj 3, their contrlbutlon to the energy splitting is nevertheless
comparable to the contribution from the first two terms due to the following
reasons. ; The small mass factor is compensated in part due to the large L
angular, momentum I~ L of heavy particles. At the same time, only small
components of the wave function correspondmg to the nonzero electron
angular. momenta ‘A 7é 0 lead to the nonzero sphttmg value from the ﬁrst
two terms in (5) - :

3  Level splitting

The 1nteract10n H,, given'in (5), conserves the sum j = L 453 of the total
angular momentum L = 14+ A and electron spm S3 and spllts each level
into two sublevels correspondmg to the e1genvalues ] = L+1/2. The part
of the interaction depending c on heavy partlcle spins removes the remaining
degeneracy and splits each j = L £1/2 sublevel further into two or four
levels for the *Hepe and *Hepe systems respectlvely Values of thxs secondary
splitting are much smaller:in comparrson with the sphttlng, arisen due to

the 1nteract10n with the electron spin(5). By thls reason only calculatlon

of major sphttmg will be presented in this Teport. o
The nonrelat1V1st1c Hamlltoman of the antlprotomc hellum atom 1s
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where 1/,u = 1/m1 + l/mg, ‘1//11 = 1/m1 + 1/m3 The nonrelatxvrstlc wave
functlon 1/)LN and energy . ELN is the ‘N- th solutlon and elgen energy of the

Schrodlnger equatlon . T e
(H ELN)¢LN—0 o - o (5)

: for the total angular momentum L. Since the splitting is small in comparlson

with energy differences between states of different L values, the energy : shlft



- Ajn can be found in the first order of perturbation theory over H, .. -

Ajin = (¥ juvlﬂ i), oM

where U, N is the vector productlon of ‘l,)LN and spm function describing
the dependence of the electron spin.

Since the interaction H, (5 ) is of the form #, = Asg, the energy shift -

' AJLN can be expressed

J(J+1)~L(L+1) 3/4 "? Gt
SN A (8
where the notatlon ( H || ) stands for the reduced matr1x element. - Level

spllttmg AELN = AL+1/2LN — AL 1/2LN 1s a drfference of shlfts (8) for the
' '] =L+ 1/2 :
" Due to smallness of the relativistic mteract10n radiative transitions pro-
ceed only between states of the same j. By this reason, in experiment each
- spectral line of the transition from the state L;N; to state LyN; is to be
‘split'into a doublet with the interline distance Ap= AEL.N. —AELN,. ..

4 - Numerical results o

H

The varratronal method descrlbed m [12] ‘was applied to’ determlne eigen-
functlons and elgenenergles of the’ Schrodlnger equatlon (6) The set of
s1mple varlatlonal tr1al functrons of the form P :

)r+ip? exp(—anr— bkp)‘ : (9)

o Xnkl,\z(r P) (1'7P

'where YEM (&, p) are b1spher1cal harmonlcs of angular var1ables was used

in the calculations. : : . ‘
Splitting values AELy have been calculated as descrlbed above (7) (8)

by using variational nonrelativistic wave functions. _Up 'to 600 trial func-

tions (reftrial) containing up to 15 bispherical harmonics-were used in these
ccalculations. Nonlinear parameters @y, b were taken the same as in the pre-
vious varlatlonal calculatlon of energies and radlatrve transition’ rates [12]

, Spllttmg values for a number of states of the 34Hepe systems in“the
range of experimentally observed values of the total angular momentum L
are presented in Table 1. :
" Table 1% Spllttmg values AE[,N (10-‘6au) of ‘the lowest-levels-in the
'“Hcpc systems S et ey
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‘Hepe ™

N L=32 L=33 L=34 L=35,L=36 L=37. -~ .~ -
1 110 -1.15 -1.15,. -1.14- -1.12 = -1.09 . .-

T2 112 109 108,107 104 100 v o, e
3 101 -1.02 -1.00 ~-0.98,,-0.94, 0.90 ;-
4 094 -0.94.-090..-0.86..-082 , - -~ -
5 72093 -0.90 084 081 =i

- SHepe - ' ,
N L[=31 L=32 L=33 L=34 L=35 L=36 :
1 -1.20 -1.16 -1.19 -1.19 -1.18 -1.14 R

7o 4 -119 0 e ls =12 - FL08 L0
"3 1.8 L6 105 104 o100 1098 Lot e
4 I0:97 -0.92 7 -0.86  -0.85 -0.81 i o1t iy

Asit. follows from expressron (5), the form of the wave functlon at small :
1nterpart1cle dlstances is the most 1mporta.nt in evaluatlng the 1ntegral ( )-
Convergence, of the Calculated sphttmg provrdes a few') per cent relat1ve

-accuracy., It is worthwrlelto ment1on that due to the varlatlonal method,

It .is 1mposs1ble to trace the convergenc 1n the case of short lrved states

-due to a small multlpolarlty Al <'3.0of the Auger decay ThlS problem is

closely connected w1th a large natural wrdth of these states whrch exceeds

~~~~~~

the large enough N states espec1ally 1n the 3Hepe system These are reasons '

-to omit the above mentloned cases.in Table 1.

The last two terms in €q.. ( ) descrlbe the, 1nteractron of the electron :
magnetic moment .with the magnetic | ﬁeld of heavy partlcles ‘These terms

give rise to the. largest contribution to the energy—level spllttmg For bet-

ter understandlng the. spllttrng dependence on L,N' th1s COIltI‘lbUthIl is
presented in Table 2 for the *Hepe system. The contrlbutlon to the energy—

level splxttlng from the first two terms in (5) are of the opposrte sign’ and

much smaller in magnltude Nevertheless, decreasrng in thls contrlbutlonl '

w1th increasing L compensates the L dependence of the’ last two terms in

eq. (5) and provides a very slow dependence of the total splitting AEry on’
L.

Table 2. Contribution of the last two terms in eq: (5) to the energy—level
splitting AErn (10-%au) in the *Hepe system. : / '
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L=32 L=33 L=34 L=35 L=36 L=37"
1.41 -1.43 -1.40 . -1.37° -1.34 ~-1.28 ©
139 -1.34 -1.30 .-1.27.. -1.22: -1.16
126 -1.24 -120 -1.15 -1.10 -1.04"
114 -1.110 -1.06 -1.000 -0.94 .°
-1.100 -1.06 . -0.98 -0.95°
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5 Dlscussmn

Due to almost exact conservation of the 7 value in the radiative transition -

" the spectral line splitting will be found as' a difference of AEpy presented
in Table 1. Most appropriate for the experimental measurement are the
favoured transitions between states of the same N, which have: the largest
rad1at1ve rates [12]- [14] However, the calculated splitting values are almost

' 1ndependent of L. for a given N, and it is not plausible to resolve such a
small dlfference in sphttmg for the favoured transitions.” For this reason,
the experlmental ‘proposal for the near future [10] is ‘aimed at searchmg for
the splitting in unfavoured transitions’ (L N)— - (L-1,N+ 2).

.~ In order to measure sphttmg in experlments on the, laser—mduced reso-
‘nant anmhllatlon the initial state. w111 be long—hved “This is prov1ded by the
: condltlon that the multrpolarrty of the Auger decay for this stateis Al =

’.:The next, condltlon is that the natural width of the short- lived ﬁnal state
w1ll be smaller than the sphttmg value, and the multlpolarlty of the ‘Auger
decay for this state will be Al'=3. The spectral line splitting for a number

. of suitable transitions is presented in Table'3: These values are of an order

, ,of the experlmentally measurable value ~1GHz.

Comparmg the sphttmg values for ‘the 4Hepe and 3Hepe systems one can
/mentlon in the 4Hepe case a slower decreasmg in"’AELn with increasing N.
" As'it is clear from Table 3, this 1sotop1c effect is also conserved for the

spectral lme spllttmg Av. '

. Table 3. Spectral line splitting Av'= AELlN_ AEL,N, (GHz) for the

. trans1tlons EL'N = EL,N, in the 34Hepe systems -

‘Hepe - .. SHepe

’ L;N;—'L’;Nj Av L’,‘N;—-)LJN], S Av

33,1-32,3 . -0.92 | 32,1-31,3 ~ -0.53
"34,1-33,3.  -0.86" 33,1-32,3  -0.86

3195334 001 BSR4 12 o

352314 -0.88 | 3425334, -1.35 1 -
35,3534,5  -0.34 | - T

The following considerations can be used to understand qualitatively the
L, N-dependcnce of the encrgy-level splitting. Contribution ‘to splitting
from the interaction of the electron magnetic moment with the magnetic .
field of heavy particles is described by the last two terms in the spllttmg
interaction I, (5).- This contribution is proportional to the relative momen-
tum of heavy particles p.One can consider that the motion of heavy partlcles

. is approximately-the same as in a hydrogen-like atom and momentum p. is

mversely proportlonal to the. angular momentum L. This is the reason: for
increasing this contribution with decreasmg L, as prcsentcd in Table 2. Flle .
contribution from the first two terrus in the’ spllttmg interaction H, is con-
nected w1th the clectron rotatlon and proportlonal to the small component .
of the wave function arising duc to polar17at10n of an clectron by p. With’

~“decreasing L the antiproton moves toa ngIOI] ‘of increasing electron dens1t)%

and the polarlzatlon increases. ‘Tn such a way contributions to the energy-

_level splitting from'the last’ two' terms in H; and remaining part of spllttmg
““interaction arc of oppos1te sxgns and level oll" the- dcpendcnce of the’ total ;
'spllttmg ALy on L. i

One can consider quaslclassmally tllat lhe autlproton orbit bccame more‘ .

“stretched with increasing N: at fixed total angular: momentum. : By: tlusd
« reason all the terms of the splitting interaction H, decrease with cucrcasmgi .
. 'L.and provide the N dependence presented in Tables l 3.
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