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1 Introduction 

Metastable anti protonic helium atoms ~·4H epe have been discovered in ex
periments on. the delayed annihilation,~£ antiprot~~~)n heli~m media [1], 
[2]. Analogous long-lived systems were .observed in expe!iments with _nega
tive kaons [3] and pions [4]. The discussion of the theoretical calculations 
on antiprotonic helium atoms and related topics can be found in [5]. · 

The precise measurement of transition energies of anti protonic helium 
atorris in recent experiments on the laser-induced resonant annihilation [6], 
[7], [8} invokes the theoretical description of energy spectra with comparable 
accuracy.· Such a:· des~ription of energy ~pe~trarequires·that minor effect 
of relativistic and· QED. interactions and the co"upling with the continuous 
spectr~mshould be thken irito account ... The relativistic corr~ctions of an 
order of a 2 (a = e2 /fie - fine structure c~mstant) to the pure Coulomb 
interaction are 'the most important and should be firstly considered:· Next 
in liiie are' QED corrections to energies of higher orders in a. 

Since'the 2o'nt;ibution to energies from the relativistic intef<ictions de
pends· on the antiprot~n inass;'charge and ·magnetic moment;· the co-mpari
son of precise calculations and measurements of the energy spectra can be 
used .for determining the antiproton properties. This knowledge is signifi
cant in testing the fundamental symmetry principles. The detai.led discus-
sion of.this problem can be found in [9}. . • , · · ' .· . . , · . .. · ··. 
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The spin-dependent part. of the relativistic interactions gives rise to split-
ting· ofenergyle~els;·and each siU:gle tr~U:sition ·turns into a'multiplet. Suf
ficiently large distances between lines in the multiplet can be n;_ea~ur~d 
~xperimentally. It is worthwhile to 'mention th~t the resolution in current 
experiments is about lOGHz and without much difficulty can be improved 
to lGHz [10],· As it wilFbe discussed below, due to the'interaetion•with 
electron spin; anti protonic helium eriei:gy lev~ls. split into two multiplets 
and the interaction with nuclei 'spins provides a inii}.Of Splittinif int6 ~ach 
multiplet. Values· of the former large splitting are presented in this report; 

The relativistic interaction in anti protonic .helium atoms is desc~ibed in 
the next section, and in section' 3. the. method. of: calCulation of. the 'le~el 
splitting is di~cuss'ed. Nutrierical n;sults are presented in s~ctio~ 4i outlook. 
anddiscussion, ir{the last section: ' . • .•• 
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2 Relativistic interaction · · '; ., : ' 

For each pair of particles i,j in the three-body system the relativistic cor
n!cti6n'ofan order of a 2 to·the pure Coulomb two-b~dy potential can be 
described by the Breit interaction ofthe form · ·. 

. 2 (7r -2 -2 . . . 1 . ( . -2 , . . ) 
U;j =~a Z;Zj 2(m; + mi )o(r;j) +. 2m·m ·r .. ~iPi + r;i r;j(r;jp;)pj + 
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where r;r = r; -.rj, r;,p;,s;,m;;Z;,J-L; are, the radius-vector, momentum, 
spin, mass, charge and -magnetic moment (in units e1i/2m;c) of particle i. 
Here and belowatomic units(~= e= me,:;= 1) ar~ used. The co~rection to 
the kinetic energy of an order of, a 2 for each particle i is 

,; 
a 2 ·Pt. 

·D.T; = -8 m~ · : (2) 

.Full relativistic correction Hr of an order of a 2 to the three:bopy' nonrela
tivistic'Hamiltonian is a sum of U;i for ~II pairs of particles and· .6-T; for all 
pa~tides · .-. · · · · · 

H; = 2.::D.T;+LUij· 
. ' i>j . 

(3) 

. Using expre~sions U;j, LiT; in e<I. (3), particles momenta p; will bet,ak~n in 
the center of mass frame of the three-body system [11 ]. Below, for definite
ne~s heliu~nucle~s, ~ntiprot~n a~d electr~n \Vill be en~meratedas particles 
l, 2, 3, re~pectively. Relative w~rdinate~ r ,; r2 :__ r1o p ~, r3 __:_ r1o corre
sp~_nding ~orn'enta p = 7 iY'r,_ q=:= -iV' p and angular lliomenta I= '[rp], 
.X = [pq] willl>e ~s~d to simplify ~~tation: . ' ' . . 

.. _ : Th~ interaction_·H~, give_n in (3), conse~ves tr~ sum J ;= L + :2:::; s; of the 
total ~ngular momeri.tum r:.;.., I+). ~nd p'article spins S;, Each level of the 
nonrelativistic Hamiltonian splits into four and-eight sublevei~ for Wepe and 
3Hepe systems, respectively. Due to very small mass ratios m3/m1o m3/m2, 
the largest contribution to the energy splitting comes from the interaction 
with the electron spin s3. Taking into consideration only terms respqnsible 
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for the splitting in (2); (3), this part of relativistic interaction cim be written 
as follows: 

1 1 
.H5 =a2(-3.Xs3+ I l3([r-p,q]s3)-

p ·2r-p . 
(4) 

1 . . 2 ' ...• 

I 
--

13
([r- p,p]s3) -1;- - 3([p,p]s3)) 

m2 r- p . m1p · 

While the last two terms in (5) are inversely proportional to the heavy 
particle masses ml,2• their contribution to the energy splitting is nevertheless 
comparable to the contribution from the first two terms due to the following 
reasons. The small mass factor is compensated in part due to the large 
angular mom~ntum l ""' Lof heavy particles. At the sani~ time, only small 
components of the wave function corresponding to the nonzero electron 
angular momenta • >._. i- 0 lead to the 1_1onzero splitting :value from. the' first 
two termsin (5). . · . ' · 

3 · · Level splitting 

The interaction Hs, given in (5), conserves the sum j = L_ + SJ of the total 
angular momentum L = I + .X and electron spiil s3 'and splits each level 
into two sublevels, corresponding to the eigenvalues j = L ±1/2. The part 
of the interaction dependirig.on heavy particle spiris removes the remaining 
degeneracy and splits each j = L ± 1/2 sublevel' fmther 'into two or four 
levels for the Wepe and 3Hepe system~, :respectively. Values of this secondary 
splitting are much smaller in comparison with the splittillg, arisen due to 
.the interactio.n with the electron spin, (5). By this rea;on only calculation 
of major splitting will be presented in this repmt. · 

The nonrelativistic Hamiltonian of the antiprotonic helium atom is 
. . . . ' . . . 

·.·. 1. 1. 1 . ·2.2 .. 1' 
H = --D.r- -D.p- -· Vr · V p---- + -· -· -, (5) 

2p 2pl · m1 , r P lr - PI 
' . I . 

wherel/p = ijm1+lf~2 , l/p1 = 1/m1 + 1/T1l3. The nonrelativistic wave 
fu~ctio'n '1/JLN andenergy ELN is theN-th sohition 'and eigen-energy of the 
S~hr6dinger equation . . . · · . . · 

(H- ELN )t/JLN = .. O {6) 

·for the total angular momentum L. Since the splitting is small in comparison 
with energy differences between states of different L values, the energy shift 
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D.tN can be found in the first order of perturbation theory over H. 

D.jLN = {WjLNill.jWjLN), (7) 

~v.here W jLN is the vector proauction of tPLN arl'd spi.n function describing 
the dependence of the electron spin. · 

Since the intera.cti~n H. (5) is of the form H. :== As3 , the energy shift 
D.jLN can be expressed · . ,. 

.•; 

.. ' . J(j+l)- L(L + 1J- 314 (tPLN·,,·~iltPLN), 
D.jLN= ,2JL(L.+ 1)(2L + 1) , , ·. · 

•(8) 

whe-~e the d()tafion' (·II: ll·)'~tands for the reduced in~trix elerrient. Level 
~pli~ti~g ~ELN = D.L+I/2LN: -./i.£:_1J2LN is a difference of shifts (8) for the 
j = L± 1/2. . .... ·.··. · . · . ·. ··· . '· ··· · · · · 

· D·~e· to 'sJ;aUriess of the relativistic int~radiori~ radiative transitions pro~ 
ceed only between states of the same j. By this reason, in experiment each 
spectral line of the transition from the state L;N;. to state L1N1 is to be 
split into a doublet with the interline distance Av:~ .f:..EL;N{ .~·~EL1N1 . ; . 

4 · :N-ume~·ical results 
! ; ' . . ' ',,· .. . '. .. 
The v~riational method, d~scribed in [12], was applied to determineeigen:.. 
functions a~d eigenenergies of the Sdirodinger,· equation (6). The set of 
simple variational trial functions of the form 

LM :'( . ).. yLM(· A) l+i A ( b ) XnkiAi r, P = lA r, P T P exp -anT- kP , (9) 

where YhM (r, p) are bisphericaL harmonics of angular variables, was used 
in the calculati.ons. · . . . . , . . . 

Splitting values D.ELN have been calcula:ted as described above (7), (8) 
by using variational nonrelativistic wave functions .. Up 'to 600 trial func
tions (reftrial) containing up to 15 b~pherical harmoni~s were used in these 
calculations. Nonlinear parameters an, bk were taken the same as in the pre
~ious ~ari~tional calculati~n of energies and ~adia'tiv~ tr~nsition rates· [12]. 

Splitting values f~r .a numbe~ of states of the 3•4Hejie systems in the 
range of experimentally observed values of the total arig'ular momentum L 
are presented in Table 1. · 
. . Table L _Splitting values D.ELN (10:-6 au) of the lowest levels in the 
3

•
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Wejie .... 
L "'· L ~- ;:.. : 

N L=32 L=33 L=34 .. L=35, L=36 .. -L=37,., 
1 -1.10 -1.15 -1.15.,: -1.14· .. -1.12 . -1.09 . 
2 . -1.12 -1.09 -1.08.· -l.OL. -1.04,! -1.00 , .. 
3 -1.01 -1.02 -1.00 : ' ~0.98': : -0.94: ' -0.90 ' ; ·-·-

i! 

4 -0.94 -0.94,. -0.90, '-0.86, ·' ~0.82;. 
5 -0.93 -0.90 -0.84. -0.81 

3Jiepe 

N L=31 L=32 L=33 L=34 L=35 L=36 
~"_!"~~ ~ .o; .. '"''t\, ~--

-1.18 -1.14 
~ _:. 

1 -1.20 -1.16 -1.19 -.1.19 
:'2 '•c1:14' <1:19 .'"Ll5 · .~1:12 · '-1.08 .. :-LQ4 n· • '; . •;!r ... 

'·+OO .. -0.98 .. 
l__::.' •·;;' "'lt, •''· '3' -1.08· · ·L06 -1.05 : q·.04 

·0;85 ' -0.81 ''('' '' ·.· ~ ''· . •.. -0.86 4 ·~o:97 

· ~ .. As it. f~llm;_;s fr;m.expre~si~n (5), \h~ f~r~ of)he wave 'f~ndi~n; at 'srriall 
interparticle ,distances' is .the ~~~t 'import~~t i~ eval~atin'g' the integral' (7). 
Convergence.of the.,calcuhtt~d ·.~plltti~g pro\ri~~s ~~few ,per: ~ent'ie,Iative 
accuracy. It is worthwile to mentiori that due t'o the variationar method 

• ' o • : ' > ·' • • • , • J ~ · ,- • · > ' , ~! • -· • ~ ~ I : ! · . : . . . ! 

of calculation .the accuracy is ,better for.'the laige·t' a.nd' sri!all'N' states. 
It is impossible to trac~ the, ~on~erg~rid~' i~ th~ c~se o(~hort lived state's 
due to a.~mall ~ultipolarity 6.z' <· 3 rif.th~''Aug~r d~cay.: This probl~m is 
closely c~~rieded;~ith a larg~·'riatur~(width of th~s'e stafes.which exceeds 
significantly a, splitting value,· Al~o, th~ v~~i~ti~~ai' l>roce.dure:m:eet~ 'some 
. difficulties .in describing the. ~h~rt ra;ng~· ~e~.~v.i~~ ?{the ·~~v~' fu~cti()~ '£or 
the large enough N states, especially,iri the 3Hejie system~· These are reasons 
to omit the above-~entioned cases.iri Table i. . · •· · . · . 

The last t~o terms in eq .. (5) de~~~a;~ thein'teracti6n of the electron 
magnetic moment .with th~ magnetic field of heavy parti~les. These terms 
giverise to thelargestcontributio~ to ~he.~nergy-level:splitting: Fbr' bet
ter understanding. the splitting .~epen,d~n~e ~n L,·N this 'c~ntribution is 
presented in Table 2 for the 4Hepe' system'. Th~ c~ntribution to the 'en~rgy
level splitting}r()m the first t)Vo terms.in (5) ar~ 9fthe ~pposite:sign'arid 
much smaller in magnitude., Nevertheless; decreasing in 'thiscontributi6n. 
with increasing L compensate~ the L dep~nden~e 'of the'la'st tw~ 'terms' in 
eq. (5) and provides a very slow dependence of the total splitting D.ELN on 
L. 

Table 2. Crintribution of the last two terms in eq; (5) to the energy-level 
splitting D.ELN (10-6 au) in the 4Hejie system. ' 

.., 
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N 1=32 1=33 1=34 1=35 1=36 1=37 

1 -1.41 -1.43 -1.40 -1.37 -1.34 -1.28 

2 -1.39 -1.34 -1.30 . -1.27 -1.22. -1.16 

3 -1.26 -1.24 -1.20 -1.15 -1.10 -1.04 

4 -1.14 -1.11' -1.06 -1.00 -0.94 . 

5 -1.10 -1.06 :o.9s -0.95· 

.. 
5 Discussion 
Due to almost exact conservation of the j value in the. radiative transition 
the spectral line splitting will be found as a difference of D..ELN presented 
in Table 1. Most appropriate for the experimental measurement are the 
favoured transitions between states of the same N, which have th~ largest 
radiative rates [12]-[14]. However, the calculii.ted sp}itting values are almost 
independent of L .for a given N, and it is not plausible to resolve such a 
small diffe~ence' in splitting f~r ·the favoured transitions. For this reason, 
the exp~ri'mental proposal for the ne~r future' [10] is aimed at searching for 

, I , -.· , ',,' " 

the splitting in unfavoured transitions (L, N)'---+ (L- 1, N + 2). 
in order t~ me;;_sure splitting in experirrients on the lil.ser...:.induced reso

nant annihilation 'th~ initial state will be long-lived. Thisis provided by the 
conditi~n that the multipolarity of the 'Auger decay for this stakis Liz= 4. 
The next wndition is that thenatural width of the short~ lived final state 
will be ~~aller than the splitting value, and the multi polarity of the Auger 
decay for this state will be D..l = 3 .. The 'spectral line splitting for a number 
of suitable transitions is presented in Table'3. These values are of an order 
of the experimentally measurable value "'1GHz ... 

. Comparing.the. splitting v~lue~ for the 4Hepe and 3Hepe systems one can 
mention in the 4Hepe case a slower decreasing in 'D..EiN with increasing N. 
As .it i~· clear from Te;tble 3, this isotopic effect is also conserved for the 
spectral line splitting D..v. . 

· Table .3. Spectral line splitting D..v = !:l.EL,N; ..:.: D..EL1N1 (GHz) for the 
transitions E£,N, ---+, EL

1
N

1 
in the 3

•
4Hepe systems. 

... 

. 6 

4lfepe 3Hepe 

L;N;-+LJN! D..v L;N;-+LJNJ. D..v 
33,1---+32,3 -0.92 32,1-t31,3 -0.53 

. 34,1---+33,3 -0.86 33,1-+32,3 -0.86 

34,2-+33,4 -0.91 33,2~32,4 -1.22 

35,2---+34,4 -0.88. . 34,2-+33,4' -1;35 

35,3-+34,5 -0.34 

The following considerations can be used to understand qualitatively the 
L, N-dependence of "the energy-level splitting. Contribution to splitting 
from the interaction of the electron magnetic moment with the magnetic 
field of heavy particles is described by the last two terms in the splitting 
interactionH. (5). This coritribution is proportionit! to therclatiye momen
tum of heavy particles p.One can consider that the motion of heavy particles 
is approximately· the saine as in a hydrogen-like atom and momentum pis 
inversely proportional to the angular mon~entum L. This is the reason for 
increasing this contribution with ·decreasirig L, as pres.ented in Table 2. ~The 
contribution from the first two terms in the splitting interactim1 H; is con
nected with)he electron rotation and. woportional to the small component 
of the wave function arising due to polarization of .an electroi1 .by p. With 
decreasing L the antiproton moves to a region of increasing electron densityo 
and. t~e polarization increase~. 'l,n such a yvay contributions to the energy
level splitting from the last·t{vot.e'rfl1S in J/~ and ren1aining part of s'plitting 
interaction are of opposite'signs ar1d level off the dependence of thc'total 

splitting D..ELN O)l L. . . ·. . .. . . . . . . ·• . 
One ca~ consider qu~siclassic~lly th~t the antiproton orbit becar;1c ~nor~ 

stretched with increasing N. at fixed total angular momentum. By_ this 
reason all the terms of the splitting interaction H. decrease with erlcreasing 
L and provide. the N dependence presented in Tables 1, 3. · 
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