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. Passage of Atoms Formed:by 1t+ and re Mesons Through a l\1atter· 

Relativistic motion. of:. atoms formed by 1t+ ~and 1t- mesons in a matter 
is considered. Exact analytic·. formulas. of discrete~discrete transition. form factors 
of·· hydrogenlike . atoms· were ~btained in·.· a· form convenient for numerical 

~alc~lations: Total and tran~itlon. cro~s sections._for interaction of it1t- atoms 
with a matter were calculated in the Born approximation. Evolution of atomic state 
p~pulatioits is treated in terms of kinetic equations. The method of calculation allows . 

. to ob ta.in populations of the discrete atomic states. as well as probability ·of transfer -
to the continuou~ spectrunr(ionization). Th'e considered 1nethod has allowed to get 

th~ fir~t exp:rimental estiniatfo~ of the i+~- atom lifeti;ne. · . - , 
', .. .. ·. 

The investigation has been• performed at the· Laboratory. of· Nuclear Problems, 
JINR.. . ,. .· . 
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.··1ritrod~cticin 
. ·· I11the paper .. [1] production·,of the iCcnilomb,bound _state·s ·•of vadous 

elementary particles (elementary•. atoms y was predicted for l'1igh en~rgy .· 
· processes. Up tiH i1ow.1r+1r-. cttom·(A2;) has-be~ffobserved in:pTa· inter-· 

action~tfo G~V[2]. ;b,,. de~a:y; dominantlythrougf1·thediirge-ex~hange,./ · 
pfbcess 7r+7i-'-, 41r0i 0 (annihilates). Anaccurate ineasurement"of theA2,r · •. 

, lifetime i ··will ali~w -'tp. ~heck. the high . precision predidion of the. Chiral. 
Perturbation Theory and_ th~refore a low energy limit of QCD [3]. . , 

. • · ·. ~Interaction of .1r+ 1r.- atoms. with ordinary: c1toins . is. an es·sential part of .. 
. • that;·~xperiment\ as• 9bse~yati6n: of i.~~- .atoms ba~es on th~ atom bri~kti'p '· 

':~(iori!zatioA),· while;passin:g .t}irough ~thee.target where they :ar~ :pro~uced.· 
· •~·· .. [1 ]. ~ In· the experiment' [2] ;yield of i:ti:-~:pairs,from the A~,r breakup was · 

.:meast1rcd: To obtain the .7r+1r-: .. atom lif~tirrie :~n~ ·shmild ·calculate tl{~ 
'breakup prob~bility as·afuriction ofthe atorri lifetim~· witthigh·accuracy, .· 
. that is, desciihe a passage of multilevel atomic system tl~rough.a:·matter.·. 

I - ~ 

. ·2/·.·1riteraction ·of A2; with atoms; 
-.·.·,•/, .. - ·-~-. -;, . , -. "/- '.· ---~·· -~~ 

.· .. Be~~g pi~duced i_n_hadropanucl~us interaction; A~~ m~ve~ thr<>~gh :a. · ·.· 
·material of the _target. and ·interacts,·. dominantly, ··via_ eledric.·field. with 

_. t~rget;iit6ins (Coulombin~~ractionJ. Cross sections of t:qese'processes de~ 
. pend oii charge as' Z2 so ·that: the interaction of A2,r \vith· .. a£ofu electroi1s, 

is. Z times small~~-than with •the nucleus. 'For tantalum ·the interaction 
.,.· ) ~i ~h . atoi· ele.c:tro11s. ( s~· c,alled incohJr~nt ~c:atteri.ng) incr.~as~s . the . cross . 
. '' section aboi!t: L5%1 only [4f As shown i,n [5~ 6]one "should ·also consider·" 

the int~raction of A2,r with magnetic fields that.arise due to t,he Lorentz 
·:;~triinsforination. ···Howe·ver, for exainpl~, for the interactior16f.;.relativistic· 
... A2~·. \\Tith ·Pb the t~tal cf~ss section. ~f the -~ag~etic intei-action··is only 

· 0~4% [6j'of the electric orie ana so is n~~ consider~d h~re. .-'. · - . 
:. -Fol'th~·description of tlie·Coulomb interaction of A 2,r with atoins:the· . 

>fir;( B~rn· approx1m~tion; ~ which consider::, :oiily, singl~: photon' ~xc:haiig~ -.. 
- ( see· for example. [7] ), . was· used; Another. method, the. so ·called ,Coulomb::.. 

· modified Gl~ub~r appr6xima(ion: allows to consider.·, aU multipnoton ex., 
·c~aiiges [8]. '.The acctfracy .:o(thii{ i:nethodis' estimatedJo go as (Z113a)2 ' 

atjdJor }'a it_, is b'etter than: 0.2%. It has ,been shovvn: [8] that aU the.' cross 
_. -:..sedions,cakulated at·this approach are smaller.thari'the 6ries correspond~. . 

. • • :;, in{ to' the Born approximation: Fa'r . the total ,cross: secti1n of; A~; in 1 s,: : : 
' ;,_tate :with'fa:this.djfferi1_1~e~d~es no_t: ei~~s~ '7% ••. : ,, ' :· . 



, I _. 

In the first Boni approximation the transiti~hand -fotaf croks ,sections' 
of atom-atom interadi.on~ are ~xpressed via ~tom form factors· [7]: '. y : \ .. 

- 00. - . ' ·,. ' ,, / --· -

.;-n2l2m2 > = _l_, -j-,-_v_(q),_12 IF.n2l2m __ 2_--(q/2)- pn2l2m2'(.:...q/2)12 dl]2 "(l) 
_n1l1,:n1 _ 41r/J2 - . n1l1m1 , . n_1l1m1 . - , 

' , 0 • '.. ' - ' ·: • . : . - ' _-

tot '. 
, 1 ,·O'n1/1m1· 
~-✓ / 

' 1 '. 00' ''.,' • ' - '' - •. ' ' '. ' - _,, 

- 41r 112,J IV (q) I 2 ' ( 2 _:: 2F~l/~1;;:/ ( q)). f q2 . ' ' (,2) 
. 0'' ' 

He;e ,6 is th~ v~l~citfof A21r (h = c =J); nf, l1,m1.and n;, 12; ~2 denote 
the qu~ntumn~mber of!he'in,.itial and final states of A2"; F;://t:f:

1

2 ( q) is the 
transition form factor of A2"; Y ( q) is the pote_ntial en,ergy of interaction· 
with target atoms; q is atrarisfer momentum. _-- .- "' _'. . . 

.,Th;:M~lie;e parametrization of the ThOmas~Fe~mi potentiaL(T.F~M.) -
[9] was used for the potential. e11ergy V ( q): - - . . . . 

. _ (' 0.35·, ·, 0.55 ,'•' 0.10 ·)•,, 
V(q) ~ :1rZa q2_+ pf+ q2+ ,Bf+· q2 + ,Bf .. . (3)· 

·o 3z113 ,_ · - · - ·• - · · · _ · 
- - - - - . - ' - \ 8 

,61 = . . --, /32 =4/31, /33 =·5,62. and ao = 0.529 · 10:- . cm 
.. · 0.885ao . • · · ,· - -- · · '-

::_A more ~ccurate. representatto~ of V(q) can .be achieyed -with the ~se _. 
_-_of th~_ self-consistent field method of Hartree-Fock [10, 11 ]. , Calculations 
. performed for interaction of {12" with various iuaterials using-th~se two 

methods [4r show that the_ uncertainty in the, .. cross _ sections calculated 
- with the T.F,M. parametrization is abou,t .1 % for the A21r, ground I state 

and slightlyniore for exited states. ~- -- __ -- . ·_ --• ; . -_· -.- -' -.. - ·-' ' -
. For the A 2 " form factors Jt';:

1
2
/
1
2
;;:

2 
( q) there were employed exact analytic 

. . - , - - . - - , - I - , . -. , - , ' - - - - ·• - '._ 
expressions discussed belo_w .· _ ~ - . - · . 1. · _ - __ 

r 
l 

-, . I 
1 · 

-1' ' --
· 1 

. __ , _ Thus the tra~sition and totalcross-sectionsfor'interactio:r/or A2,,. v,ith 
_· ta:~get:atoms have been:calculated with_ an uncertainty not_ greater tha~ 

7%; Using the more accurate methods .mentioned above'.:"shall allow .to- . . 
·calculate the· cr~sssections withi~ .:i.cc~racy better than 0.5%. ' - '. - -- . 

.- In Table 1 some.illust:rative values of the interaction ~ross 'Jectioris with 
Ta are gi~en for nSstates. :·Total ~~o~s sectio~s increase _with increasirig 
n arid consequently the size of the excit~ atoms: By; interactions -the -
exitedA21r mainly transfers to any other exited states and pres{omi~antly 
to states with greater, qualltum numbers. The :probability of excitation 
also.inc~easeswith increasing n.· So'to obtain t~e,probability:~f'the A2,r - ·.,_ ~ ~- - ~ ~ ~· - . ' ' ' 

i 
.J 

·-1 

'' 

.\ 

/ 

Table 1: Tot~! cross sections (a~~) of 112ir nS state )~t~ractiori \~iti; Ta '1.re 
shown .for different principal quant~m numb'.er n. The ratio I: ·a!sl a;'g 

· · _- - - .: - · _ · , - · ' "'-'-:. ·, , _ , _ n2'.510 · ., · __ 

gives a probability of transfer, from nS state to any.other,discrete-state. J•,"-:: 
with the pdncjpal_ quantum nuiber n2 ::; to.' The ratT~'.- L. -_ a!sl O'~°i, 

· '. · " - ·. • , , -- • , .n_<n2<I0 -- · 

gives ·a probability of tran~fer/to\any"discrete state f with~ the principal 
, quantum number n2 obeying ,11 ~ n,2 '.5 10 that is the probability of exci-
' tation. - ' --- , ' -

/ -I , ~ .. a;';f' c~2 I:: ar/atot L -_ (;Ljc!,tot 
, •· __ nS nS - nS , nS 
n2'.5l0 n'.5n2'.510 

1 3.468,,10-20_ 0.619:.... · 0:619 

2 3:128: 10-.19 : :; 0.887 0:887 
~--, ;'1.038 ' 10'-18 · o:940•' -• 0.935 

--- I - -_, 

4 2.2·40 _ ,.rn-18 0.957 0.946 
5 3.812 -.10:18 ,0.960 , · 0.944 

,' 6' 5:597.. 10-18 
, C Q.958 , '.Q.937' 

7 7.448 .•10-18 .0.952,. • o·.926 

......... , 

, breakup in the iarget <?Ile need: to take into _account ~il evohition of the 
. atom state population' during A2,,. passing through the. target. -

3~ ·. For·m factors· ofhydrog;enlike atoms _ 
' - •-. ., .. ' --•- _. ~ "' • , • ' .-• ',' I • • -

· ' Transition form factor; of hydrogerilike atoi-ns are,irriportant for a ~v1de 
iarig~ _of applicati~ns,- Explicit expressions ofthe form factors · · 

. ' ' ~.~.-

pn2/;m2( ;;'\ ·1·· .,.~ 
0

- · {,~ iqr.1: · ( ~ d- · ·(4) 
'n1/1m1 ~/ .= '. : lf-'~2/2m2 r,_e , 'Pn1l1m1 r, r , · 

fo-~ various i~itial (n1l1mi)a~d final states (ri2/2~2))iave been obt~inedi~ 
numerous papers (see for example [12; 13, 14, 15]); A g~i1eral solution of> 
the p~oblem for arbitrary (n1/1mi) a~d {n2/2ni2) has bee~ found in a paper 
[16] using ·a'.group-theoretical -'method: However:the. c~mplicat~d_ ana:lytic 

. strudureofthi~ r~sult make_sit ~nsuitable for-practical usage:because of 
Jongnurrieric~l'c:akulatioris.·. ·t -~ ,, ,: ·:: . :·_ '·-.. :-o : ::, . -
._. -_. Therefore; an~ther approach fo _ cakulat.i~n- o·f the ·_-f ~rrr1 .factors· ( 4) for 

: arbitrary discret~.:discrete traBsition is developed:~ Main formulas are given, 
-~ . in' this -s~ction. and some deta:ils eiit~r in Appendixes 'A. arid' B~,'' ' 

.. ,•' - -:t' , • •, • • i • ,,:•, •c•. \ •, • - ; \ • " ; '--. 
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,, --· 

-After integra-tion (4 ),over angular va~iables using ;taridard relations of 
the arigular, momentum theory (see for example [17]) one~ has -

-. - Sm ,. _ 

·pn2l2m2(q;;'\ = N"" k J ; · 
n1l1m1 i1 . L..., s s_, _, (5) 

=O . 

where 

N _J_(2a)l1+1(2b/2·+1 

__ : n1 -t ni. [
,\ ,\- ' f(~r1 +·1\ · f(n~2 +I) '] 112 

} 
2
r(nn+.\1+l)f(n_r2f..\2t/l). 

....... I . • ·' 

,., - n2 - ·•. - -n1 
a = __ . , b = , _ _ _, a+ b = I, 

n1 +n2 _• . : ,• n 1 + n2 · · 

(6) 

.\1- = 2/1 + 1, .\2.= 212 + l, ::nn = n(--, l1_,--I, 'nr2-~ n2 - 12 -1,, · 

A,= i',-'1} 4
K (1,.1,, :n:>,m,[1, m) (1,, 1,, o, o[,, 0) l1m( ;~·) , , (7) 

_ 2/, +. l, _ . . _ _ . , _ _ - . _ 
1 

.· _ q 

L = 11 +· l2' ''[ ~ L :_ 2s' ' m =:== rn1 - m2' Sm = min ( /1' l2) 'C -
~ ' • ' • • •• ' • / e , ~ • ·• • • , : • 

--~ and ·, ' ;,--:-

-;. CX) ' _.',, .--~~-·· • • "_. ,., 

I~ ~jxL+2_jf:_;;(b.:i:) e:-~ L~~
1
~iax)E-~:i2px_)'dx ,- __ . 

0 _- . . . / , -, . 
.• 

·, :, 
x =·r(n1 +ri2)·,· ·.ti= qrB n1n 2 .,· 

.. -· , ·- rB n1n2 .. -- . - n1 + n2 
1 
Her~ r is a distan~e bet~ee~ pa;tich;s inthe.atom,-rB =l/aµ is the Bohr._,/ 
radius of the,at,om (µ. is the reduced atomic 1nass, a is ,the fine struc~ -
ture constant), j 1/is the sph~rica!Bessel functiop and L~ is the Laguerre· "° 

· poiynomial: • ' '. . · · _ . . · · . · - -- _, _ · _ _ - _ _ _ . _ 

.- - ·_The spherical ,B~rsel function )L-~s jn.(8) cari be decompos,ed i~to a': 
_ sum (see for example [18]): __ - '· ·. _ · •. - :----._ · ·, · -

·. - .• , • . - I_ 

. , ' ,-s' - ' . , . - ·-;· . ' :-

,, ji~2;(flx) ~ L;Bp~ c: )P JL~p(ix) 

__ · ; . _· - --:~=o_.· __ ·(.•):(_.L---•--· ~-1·/.2)·-, -, 
.· .:_- 's-,-p" .: s -s.+. . . ,· :·-

.. - BP __ s -:::,(-1) _.- f(p+l) . __ · . ,, .-• ·. . · (10) 
_- --• . - . p - .. _-_. ·P .. 

The. prnduct of :the' Laguerw p~ly~omials in (8) ~an :be expanded in a_ 
sum also: · · - · · I 

(9) . 

- . k -

· £>.i -(2ax) L >-2 (2bi)' = ..f!. lh L >-i+>-2(2;;)· • · (ll)-
nr1 . nr2 • ~ k ..... . . . 

'
0

· k=O ,_ .,, --

i 
-1 

"--

T 
l ,-, 

,J 
.i ,i, 

/ 

·- , . , 1 , , , .· . , -

H; = (--l)k+~("',! ") (m; "Y Q(•~ .• ;;) Qf'•+A,,>'.+',) - (12), 

wh,ere 
_,,,--

km = nrI + ;;r2 l: . k = nrl -+ nr2 --'- 'k ; _ Q!;'·"> =, pJµ-~, ":'n) ( a - b) . .,. 
/-- / 

IIcre,PJ°·11)(z) are the Jacobi polyno~ials: The derivation of (12) _is given in 
the Appendix A.-Functions Q};·"f can be easy calculated using recu:fre~ce 
relations -c . - • • ~- . • • 

. (ri+ l)Q~+~) -. [(µ.- n)b'-c _(v- ri)ai Q!;;v) +(µ +.v.::.. n +l)abQ~~~) =;O ,-
·. _ -· . . - .. . .- . . (13) 

wl1erc a+ b = 1 and starting values Q~t>, :::::i O an{Q[{"") = l. / , •--•·· - -
- - . After substit~tion of (9) and (11) ii1 (8)- the calculation is reduced to 

the ii:1tegral h~ving the form: -_ . - . - -
'. ·. ·• - \ . 

,' (X) . ~ ,--.....,_,,- ' ··> -

. °Ik~,P)(~).=JxL-p+2 ]L~p(~x! ·~~~LzL~2(2~) d;; ~ . 
. -·· :_ ·.·? _· .. -- -· ' .,, -· _· , ... · . . . : -~: ·. . ' . 
- 2f(L.:.: p·+ 2) (2fit:.P ~L-~+2( CkL+~,P\i) ~_Ck~i2'~>_(z)). (1_,4) 

Here'~ =":1/(1:t 12
), z =_l-~ 2~and 

. ·•·• d':')( z)': r( ~~ ;)~~L) ,F{-k•t; /;i,~ c_ p /
1 ; ~) ·· 

: ·, ,.·; •-( , ' ' t • . ,_ • ,· .·., . ·. •· ; '. ,·. ·-' . ' .• -: - • ' . • • '··- .): • 

is tqe generalized Gegcnbauer polynomial which obey the following recur- _. · --
ren~e relations (see [191) _ .. . . 

(k+:;)ci}r>(z)/[k +i +iPt 2z(kf>. ~ p +l)] c1}f>(z.) +· -·- .. (1_5) 

+ [k + "2~ :-.12p + 2z(k -{.\+p)] ci>-,i,j(z)...:. (k + 2.\+l)C1~f\z) = O, 
. . -• \ ' . !. . , -,, ' - ·, -

' \. , -
'~ . '. with· starting, values. c~~p!(~) -=_ c~~·P)(i). = ·o· a~d- cf,p)(z)·- •= 1. . Tlie. 

derivation' of (14} is given in the Appendix B. - . 
· .FinaJly for' the_ t~a~siti~n form factors o~e has_ 

•' a• • '4 ., > -

,- .• - , k.,,· 
1 

Pm_:,'.., - , _ _-'.° ' ' .. ,. -,, _ . -- , ,. . 
. _pn2l2m2(q:;'\ ,;,. N ""_H '\' fl fi.L-2p wL.-p+z (c· (L+2,p)( ·)·+· c(L+2,p)( ')) .. , c 

n1/17n1 lJ L:,, k L...,· P _ · · --- . . k Z - - k-1 . Z , · 
k=O· p=O •. . . . --, . ' · ' 

-- :<(16) 
-. 

,, ·5_. 



f: 

) 

where Pm= Sm ·a~.d 
• < • •••• , S,n ... ~ 

Dp = 2L+I r( L - p+2) L Bps A.'. 
s=p 

. . . .. . .. . - , , .. - ·- "I - . -

· . The relation (16) is.,·alid for any 1choice· of the.quantization axis: For • 
our case .it is suitable to choose· this ·?-xis ~long ·a mo~ent1m1 of the ato!i; ', · 

, · in ,the l_ab_ frame. -_ Then the transfer monienturri if is virtually uorinal to 
the quantization axis [5] and A; in (7) becomes'_.. . 

. ---- _ :2'-- 1✓r(l+in+l)f(l . ..::.:m:+l) -- _ 
As= - · · · · X (17) ·~- > r(Hf-+1)_r(.'-t +1) _ · _ _ . . ., -- _ - -

-. • - - -- ,- - • , . . . , - - . . -- - . . -. I 

• X ms [iU1·-m~ ~-l2 ,+ ~2)] -~frn~q-(l~, 12, rri,i, ~;;,z, m)(/1~/~_o'. 011, 0); 
,- , : • ~ \ ' e ' ·: .•. ' . .• • • -~, • _, '.. ' :. ' 

'\Vh~re·ef;~ is.the a:zim~th-angle of:the tra~sfei mornentumqin the selected . ;a~·frame; . - - - - - . - - -- -- ' 
ff is worth)o noteth,at usage of the recurr_ence refa}i_ons (13) ~IH1(15) _ 

- . is essential for.rate and acc~_racy ?f calculations: - • \. -- , - -

4.· .· A~i- pa~s~g~through th;. t<3.r•g~t 
', ' • ',,- ,,• • ·,' ' ·• ,,· < • , • ,'. I 

Using ihe. cctlculated'tr~ns,ition(e;~Itatidn _and '.deex~itati~nf and the 
total'.cross sections on~ ·can describe· the evolution of the.atom state popu~ 
lation~_ while pa~sing through the target, taking ~lso into' acc.ount' tii<!.A2,r 

_ annihil~tiori .. Yield of 1r+11---;pair~ from theA2;.breakup)n~ide th_e target-:: 
- -( narned ·fu;ther the probability of th~ /22/ bre~lrnp). is calculated basing 6n

1

' 

- thesf populations. -- -_ _ _ _ _ _ _ _.. . . , . __ ___ , - __ - -

· The quantization.:axis along the atom momentum, used· for the 'form 
fa<:tors cal~ulation; conserv~sfor alFsubsequent collisions as the atoin' mo-

-~enium is mlich greater th~n the-trai!sfer one: -This-all~wi .to dcscri be th~ -
·- evolution of the atom -stat~ _i.iop~laticm in a ~imple way. :'7' , ~ _ - -

. With the chosen quantizatioµ·axis only ~tomic trnn-sitions that conserve 
Z-parity;Pz = (-;:1)1-~ ;are permitted [8] (1 and m:~ar~- the mbital-and. 
magnetic quantum riumqer;). The A21r atoms are_ produced jn n~statcs, 0 

so they have positive Z-parity. Thus only state~ with positive Z~parity -
have.norizero-populati6ns 'arid only thes·e state; a~c co·nsidered further:· .. -
_ - :Population of discrete states is described oy a se(or'differcntiarki~1ctic \ 
·equations: -· ·- · - · · ' - - ---· -

I 

. ,} 
Jr 

)\ 

i ( ) ' ex:, • • --
- cp;;; ""'- - _ , _ 

- d.~ -- = "8°;;JJJJ(·~)-
- - ' - 1,- -

,_ 
( 18) 

llci·~ p;(s) is the. proliahility of:;12 ,, to b(~ in ·tht• staic i affrr tran•lli11g a' 
dist illlCC.8 in thematter.:a,j is, t_hc 111at rix of in\·crsp lcugt hs 0

1

f the t rans_it ion . 
fr0111 tlw state j io thcstatei'. For/~ j a;j is writtc,!, · -

.,, . . ,. --. .. . , 

l \" ·• 

- - a_;p. 0 ' - - \. ·- r 
_ a;_; - - __ -

1 
-_. (U). 

' _,, ~ 

·llcrc fl and A arc 1'1wdc11sity aniat~Hnicw<'ight or 1'hc; U1rgc·t. respPrth·cly. 
No is the .Avogadro lllllllbcr. For; = j a;; dc~c:rilws: t ht• total decn•asc• <>f 
!he populat io11 <~ft.he !ii ate: i:' · , , 

_- · .. <-- _·o}'ip1\'o '-{ J/..tfp,1cT., . fc>r 11S _sJ~tes 
. a,, - . - - - O I ····· _ ·... : -- A,· · - _ ot H0 rw1sc· '(20) 

, ' ·, . . . ; ' '\ 

11<-n· the~ firsi. tcrni is rclat<·d to the pop11laiio11 di•crcase~liw to;i,itt•rac·~ 
donnvith the 1.;t;gct. andtht' St't"Olld crni· isrel~l<·d to ann_ihi-lation-(dc•c;iy)~ 

-- ( Elastic scattfring is forbidden )11 .the·· first Bcm1 ap1>roxi!11at ion.) . .\/_.1 apd--
p,1 -arc atoii1 ma~s· aud 'mo11w11lum CC>IT~·s1>m1di11gl};. f,, = ni='_ is I lie life: 

't.info 'of.Ai,- .us st.;~tc~. -A dec:rt•ase c>f J>Opulat iynof any (;I ht'r st at;;s due to 
' a;u1ihilat.ion has b<'cn ncgh;cl.cd as \\"<•II as a <lei:n;ase ti impulat ion of all 

-st.at.es d{1c 'to r~diat.ic~n i.ra;1sit.ion' l;ec:ausc ti;('' !ifot.inw for"t liesi; pron•sst•s. 
, is'n111ch great.er than t.he time of ii ight. through I l1et argct" [ I j. ', 
~ ' The i1_1it.iai condit.ioi1 fo(t.hc st'!- of <'(JUal.itms ( rnfis gin·nby lht• prob
-~bility of .-12,...produci.ion _,vit.11 different. quant.mi'i'°m11nl>crs whid; propc;,:~ 

- ,t.ionalt.o n-
3 f<>rnS.st.ales-and zero fc>r all <>jh~;i·[l]. ~l'h1• lifct'i,;w ,11!d 

·,nonwnt.u,n of lhir arc paramdcrs of equations' ( I~)- -- Its solutiou is re
<luccd to (:c&ulat.ion of.cigcnvalucs am! cigenvc•ct ors or lllatrix <l;J and t lw~i 
to decomp-ositio11 of iuit.ial coi1ditions O\,;er I.ht• set, of eigc;l\'t'Cloi·s: - " 

Sine~! 1h; can gd.'cxcit.c5l or dt~cxcitedat. t.hc inl.cract ioii. l lic n1aJ.rix ,,;_; 
.'.dc>CS nol.show'atriangularform like it. is in acasc_1ifad1aii1 of radiation 
_, dccays''.which _ is described li'y the analogous ·set· cif c·quat ions. -- Thcn•fofr 

- -an ex'ad solution for any sl:atc mayo,i'ly he obtained a~ a -solut iou of 
th~~ i1;fi11it.c i;_d o( equations: llencc Oil(' has to lii11it the sd of t;quat ions_ 
including'only·sta:tcs\Vith the_ principal quantum numlwr II '<,,,;n~x- ~ , -

The t.ransit.io11 cross sections olwy the equal it}' ci-{ = a}' and so 1 ht• lllil~ 
t.rix a;j is symmetric. The cross st•ctio11s depend 011 .the 1pi1g1wt it: quantum 
lllllll,bc~rs of i11it.ial and fi,;al'stat.cs 111, and _1112 ,i's l111:z -'m1 ,. ':\lon·o~·cr. _· -

7·· 
,.>·-

,_-
·\ -~· 
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' the inifial conditic)ll fort lie e<1ualio11s, ii1cludcs the fast tha1 only n?statcs .. q. 
. (with m == 0) an;,i:otcmpty, Itcan he concludcdthat states witlitheoppo- / 1·• 
~itc sign. rriag~etic .qnant um mimb~rs l!avc equal populati6ns. This allows· · .. 

to {~X~lu<lctbc ??-te~ with negative _n1agr1:ti_c quar~turiqn~111b_crn!rom the ··-. f 
cquatwn set and thus to reduce a dnncns1on of thc·sct. l·or Tlmax = 7 the. . . , .. 

. dim,e~si'on of the m~tri_x Uij ,r~di:;ccs-fro_~ ·s,1 toJiO.- Ilowcvcrihc_ resulting. :· •. , ,Aj,· •.·-.-

matnx Uij becomes asyrnmctnc ·. I_ .. •'. . ·, . . . . ' . . ' . . . ,' 

. Thc_solutio1i0Lc911ations-:(l8 f has bc;cn foimd for ~Ustat{;:uyith n '. ~ l 
- ,nrn~x =; 7: The uncertainty iu-soli1tion of cqu~1tioll_ ( 18) <~a used by this, lirr1it (; 

hilS an 'infiucnce ·on states o~i1.;; ,vith ;i (Jose .•to n"nfa~; as ,atoms trarisfcr .•.. ! 
I' '. ' ' '. ' ', . ,•.·. • ' - ·.. <.' ' ', ' ' <'. . . • . ''.l 

. mainlv to states w_ithjhe. nearest .<1uanlun1 ,number.: '!· 
-ti;us populatior;s ~f ~llstatcs )vith'ri ~-nmax as. a function~·of .the path'' ' ' ' 

· · ·, • ' · •· · · ' . • .. · ·. · ' · · I .t 
8 in the target have bccri calculated. This function, takes. iuto account.· ;--
cxcit~tion- and dei:xcitati6n~hy' ·intcractio,is. ~ilh'.t;;get · ~fo~~IS ~,icl A~ . f 
airnihilation .'· Pc;int~ 9( A2,, prndudion -~re di~trih~ted imifor;nly_ ~Ver.the. 1 ' 
. ta~gct thickric.~s. So one has t~;~S~! the averagcvaluc; ov_er this <listributi~n ' t 
· for all .qlsc":usscd r)r~habilitic~. . .·. .. . . , . ___ . < :: . . _ ... · 

Frc>m ca.lcufatio~s.on·c,can conclude that Hie sum ofpopi1lati,ir; bf dis-
c'rctc ~tornic ;talc~ 1~1~~ \0ith. n ::S: r'imax is kri'owp Vv:i tl;' prccisi~ri rnudi better 
tha~) <;( and the s~~nrncd pC>ptilation P~. 6fat~mic stat~swith fixed n has 
aii"asyinptoti~~L~ehavi~r an-::i.'-t-bn·;_s + .·.: ~t _high n; U~ing this_'f;ict;' es-: . i -

. .. . . ' .. '. :•. ,. . .... · . . '· ... .. . . " .. , , . . . ·'I 
timatiordias been obtained for the s1irri of populations of all other atomic , 

' st~tds 'Ptail th9lc\ tere n~t in_d~-de<l ii-{. ~hc/quatio~ set ( !;t~il" with n)> 7) =·. ' 

·An unccrt'aii:1ty in this, cstiination (ab~ut 20%) has little influence6n the 
•.' finai :rcsults:becaus~ oLthe smallriess ofthc~'lai1" (sec (22)). . · .• , ,, . ', .· 

·.· Atoms annihilate ~~inly 'from 1s' stale: [i]. :rh~ pop_!!laticm o(tlie" 
1 
·' 

, '; .-) I·, ·'.. :, . . c · · , • • . · ·.'- : ' ' ··; ' ' '~ . • · • ,.. \ •.. , > • .. 
~first fow .states is· knowi1_with~ high. accuracy so .. the probability of A2,,. · 
.a~1nihilatiori Panh i~ caktilatcd with die same accuracy. . . , . - . . ,, , ·, · 

.. Thi~s one ·has ,cal~ulat~;d the prob~bility o_f A21r stay; in dis~r~t~ stat~ 
<Jr .. annihii"afrs whilli passing through the target: the rerr'iaiiider: i; the 

,, probability oLth<i il2,r _break.up P1,r: . 

'lt~ ::::'1.- Pc1sc ;. J.\~il ~:Panh· (21). 

\ The followirig v~lli~sof prnbabiliti~s were ~bt~i,ncd wiH1~--~ 3Y10~15 s,'. 
,.th<: avc:rngc: m<>mentt1m of A2,,. in' q{ccixpcrimcri1, (PA) ~ ·2:9 GeV /c and 

ti1c! t~rgctthicki1css ~>f 8 11t11 Ta:., · · · · · , ·· 

\ 
·• ") 

. ·~\\ 
j:.' 
' . ' ~ 

·1, ' 

.'i' 

r: 
. :}" 

:,, 

Pdsc .= 0.421, . 'Ri.il·~ 0.006, Panh_= 0.159 · .,and A;= 0.414 . (22) 

To .i]lustrat~ t.he validity' of the limit, Hmax used in the~e calculations,· 
- • the value of A,obtained with nmax ~ 5 differs fromln~ above one obtained 

witl1 nm~x =; 7' by' 0.36%; ·From an"' analysi~ of the ,;tail" o~e 'can conchide . ' 
'that .the'. acc{ira-cy the. AT c~l,culatidn: procedure' is estimatid. not ~orse 

~than0.5%. This is IIlllch' better 'than that of the precision of the~cioss • · 
s6cti~ns. Thus the. accuracy .of P1,,:, is ii~i.ted by the pre~·ision ·~f .the cross 

· section. calculations and is estimated at 7%. . . • · .. , · 
·, The approach: "discussed here n"dglects tw~ effects .. Th~ 'firs~ one .is the 

.·.formation . tiine of. atorri:.' states. :This tirn~ is s·~aU ih. con~p~rison ~ith ;' 
the time bet,;ecn subsequ_ent collisions .. Therefore, the forrnatioiitiine has. 

'' .·. becr{neglected."This ass~mpti011 is Valid for levels with principal quanttirri 
, imrnb~rs. n. 5:.7:. Secondly one neglects· possible interference ~ffects ,between· 
'atom states \Yith equalri. and m.ind with:'orbital quantum.~umber~ !that 

·. differ hy"ei./ ,;:-2. This interferenceo'ccurffdue to the Coulombdegeneraticm 
· of ato~ states) Its .influence cannot Be significant hecause·-the,interfere~te ·. 

ispcrmitted only. for states 'with n,2': 3 having small;populations: These . 
two effects could be wnsideied if one describes lhe evofution ofafom~tates . 

'' •' b/q,~antum meshanicllequat.io~s il te;ms of-density'.matrix elements.: ' 
. TlwA.2; breakup prohabilityhas been·calculated ds a fondion::oLvar-

·,·. iou~ paramet~rs to choose condifi6ns for obsen7ation\>Lthe ~toms i"n the· 
cxp~riment [2]:),pme relations are·shown'in,.Fig. 1~ ' ; ' '' .· . ' .·· ' ' 

_ In, Fig: le the A2,,., breakup probability averaged ov'et the spectrum 
of at&mJ; a"bserved in the: experiment [2], i; sh6wn as. a,fonction of the 

'·lifetime. Using thisfun.ction and the.measured value ~fP~r==,0:40 ±0.09 
:[2] one obtains 'estimation. of the A 2,,Jifetirr{e in, the groimd .. state . 

~ .. ' .. - '. ·~- ' . . ' 

_ .T ~ (2.9~~)--;10--:}5 s j • 

· orlimitation for.the lifetime ~t 90%, confidence level 

. -~T >0.6-:l0715s~ ' ' .,, ., 0 <]24) 
. This. result agre~s· yJiti(the the'oretical, value iir ~ (f T,± 0.3}; l0-·15s 

predided b/the .Chiral Perturbati<;>n Theory: .• · · .. · · · · - · ./ . ·. .· · ·•·. 
Authors \vpuld like to thank L.L., Neinenov 'for e_ncomagement of the 

·work. The research described in this publ1.cation-was made possible in part 
by. Giarit ·No. RFQ000 fro~ thci internati~nal S~ience F6undatiot: . - . . . - . --- . . . . . . ~ .. , ~· 
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• < Figure 1: Probabilit~- of· th'e A 2" . qreaku~. in, the target.. a:;-~ functio~: (a) .·. 
of the target thickness for average momentum of'A2,r (PA) = 2.9-=_GcV /c; . 

·, (b) 'ofthe'atom IIlOmentum, for the target thickness s ::::::13 jim; ( c) oft.he 
A2" lifetime, averaged over the spectrum of observed atoms. 
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· Appendix· A 
::·codficici1ts Ilk of:__lw,cxpa11sici11 

I.,· 

,---:---' 

, . ~ , 'J ".- n +.m . .:'·, I , . . 

L~(a,r) L;,,(h;r) =, I: 1h Lk(i:J: . · (25) 
.. , . T~o---· 

for (I i111d I, > o. ifre gi\'(!ll l~y ex15rc•ssio11' 

. ·1·(,:+-iJ)·· ·:w- .. ... ·:. ,.. . - --_ . . "·· ·. ·J -~ ,.- . -· .) .·1(l \-. .)d. -I h = , ( 1 . · · ). :r '._ t I,~; ( a_.r_. I, ;11 1.r I L 1.- .1: .1_· • · · · 
I ,.. +-+I · · -· · .·.· ·. · · 

. .-·'. ,.'.'r._,1! ,. -. _.:_ ..• ' - ,_·-. -.· ' ' .,. 

(26) 
J '. 

The Laguerre poly1~omials ca11 b<~ \\·~;ittcn:as_ 

1 "'·(a r)·, ·= /)(••l ··[t_I ·+-- I). o+i, /flt,·] , 
, 'n , · ;:-- , ~ t .: J ... 
I/i(h~)- - = '/)(;ii) [(1 ·+ u)?+mrb_-u,·.]· 

, 1n. . , , ·, u . -:.. -- . -' ' ',, :, /. 
{~7). 

J; ·. --~> . . . 
-_ •. I :· '_d-'f(=)1 ...... _. 
I'(·~+!).· if-s - ·· • _ . - .. ·.~ .·· z=ll' 

and. ·/··-· ' ' ;i-~~ ·/~.: \/ :_ck ~:.,- . 
' " . ) ' (.1 ( ·, ) . I ( ·.+I _d.r'/ _ ·· , 

· Aft,;r npt.-com1;lic:atcd ·int.eg!·at.i011m·c·r :/:;{11d __ differe\itiat ion )\:it h JC;spcd 
t.o paramct.ei-~Jand 11 O~!e ha~ . ' . __ : . . , 

, ·- •· .. _-:-_.' ~ ·_(· )< .·-, __ · _ [(al_+ l_m)k(1 +_. I)"_, +_!'(_I _+ u) 11+111 
]·:. . ··11· _:__ lJ ~• LJ<ml · ·· ·· - .. · - . ·--'-- ·(·>s) 

•' k-,-, .1:-. ,,.· '•. (l' -· /')''+·+'!· ,-_ ,', -l 
·• - O , ' ' + at + JU h "I . - • ' ' ' 

',,. =:·~'(k)i(-~+1f-J). i(a+m~ l) 'p·1.-..:.,,, · .._·· :__ :· / .·· 
_ ~- L.:., • . , . ,- .,. , .· · . ~ ~- a b 1'-i(w, -11, :--111; fl, a;_ a.b_). 

• . p . n 111 . • . .. . , . , ·.,,,. -: . "" . .. : ' ,- : . .· ,'. ,-. ·,. 

where 

n= ii•- j1, -m =i;'i +'p ~-/,_ p-= o+:p +I. 
a_= ;a'+k ~,11+ i ; . ~ =\ ± -y + I : . (29) 

. II~i-e.1•~ is)hc! A1;p<)IJ furictio1; [20] · ··: 

//(·:.,-_::_: ~- -···•~ · . c··_ ,l)i -· ~ ;(w)i+i ( ~li)i(7;ifIJ_;ai/,i. 
_· '.~ w, ::-n, -m;.fl,<7_; a, 1 = -~ ( ')'( ) , I'(. +·l)T( ... +·I).· 
' -, · -: .' • ' . . ' ' .. lj,_ fl I a_ J_ /,_ , ._ _ J . 



L· -· 

,· 

If paramct~rs a: b,'a. ;J and_, obey rcla_tio11s 

a+ b = 1· and. '"v = o'.+ (-J. 
' ' ' . ' . ' ~ ' , 

(:31) 

.. t her1 the ~nalyt-ic structure of (28) becomes much-simplified: Usi~g a trans-
. format i~n formula for thcfonctior1s · JS [20] ~n<l assuming that . 

a<b ·and a+b=I 
.·,,.,-

one has 

·.", j"•. ' .• ',. \' 

F2 (w, -:-n, -:-_m; p;P; a,'?)= _ . 
·. ( .· . :,; ,(· .. : . ' . ·•. ~- - .... / .(l . '. . b .··) · . 
=. 1 -a)- f, 2 :;.;;p - fi -,-m· p.rr --- -· - •= • 
. • .. _ · ·_. _· '.-:. ':.· ... 'a-l'J-:-a ·.·. 

~b-,,}~(w:!.~:1'~r~!p:~;--:f1)_=·. ' .. _ (32) 

_:._( ·;-m~-w ·. f(a)f(w-·a+l) . _· r (-~'p+r{I·+w-_a, ·a) ... 
.-, ;-l' J T(a+m)r(w..:...a-=-:,m+1) 3

_'
2 .I+w-:-a.-'m,p ~b ·. 

• # • • . . ' ' ' - ' • . 

1 

. . .- . . . . . ,, . ·. . . 

.. _ ,.T~c rcl~tiof! ., = n + !J.lcads to a ~hange: inthc ~rguments of the . / 
fund1011 :if 2-: J + w-:- ~ = p . . So the followmg transformatwns can be done .. -

•, • , • ' , • •• r ', / 

-' 
,i/.J 

. ·( w; (}+ff_, __ J+_· w __ . -:- ; 1.· a .. ·)-~- ,_ · .,.-( w; p ~ __ !:- n., .p-1 .a)'~ ;,)'2 ·. . . . . _.:. -.- -3I'2 . .....:.:. -- ·= . 
1 + w - a - m, p . b . . p - m, p , b . 

' .° l '• • •, 

= '2F1 (i,;, p + i; p - m;~a/b) = (33}' 

b\;,+n+m: .. ··1···,(_:_ • _._. _.·~ , .. ~--. ·;'b·)·. '= : ·2 '1 m-n,p-mi-w;p-m;-a . . ,_ 

, . S1ibstituting (29) one <:an sec that n<~ arg11mcnts of the fundion 2fii_in 
(:J:J) dcpcrid 6n ihc·suiTlindcix.p in (28). Hallow~ to sum {28) over p·and 

· leads tc/ th<; fir1al result for the expansion coefficients lh ·· 
' : . ' . . ' ,...- . . . . ' , '""-:- , -. -. 

. . . ': .: . I'-·:: ·. . .. . .. ✓ • • • • .• • 

.• Ilk ~ (~ I)k+~ -(~n.+ r:)·(rn,+ n)-pJ";:._k,~-k)(b-~) JJi;,_+u~k, n+~-.f\b~at :~ ... 
- .. ::. • . _n ... k _ , k . . . 

' . : . · - · · . ..· ·. · . · · . - · . . (34) 
IIcrc: k ~ Tri. -f- n .:....::k ~nd 'f~.(l~,v) is thc·.Ja:c;bi ~>0lyno;nial. ·. ' ' . . 

- , .,~, . . . . . . ·_ ; ' ' . . _· 

" ' 

12· 

-"' 

J 

'\ ,_. 

'-<· -
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Aj)pendix B .. >~ . \ 

' To calculate the integral'. 

• l (X) . ,,,-. -

JiL,p). = jxL-_P_+2 h-p( b.x) ~-xL%L+2(2'.-i:) dx: .(35) 
0 -- ·,,. . 

/ , 

it i~ convenient t61 use the represent~tiori of the Laguer~e polyn0111i~ls in'. 
th~ :form · . · · · · '. - · , . · · ' · · , ·- ' -

. .'. L%L+2(2x) ~ f)~k). [u ~ t)~2L7~ ~(i'::~i] l {36) 
' . ' \ . ·. ' "'.:. - / ' ' 

a11d t.he tahul~r integral [20] .. 
~; 00. ··. ·. • . --~ . . .. ,,. ' ..... ,. - ;·· > • ~ •• - ~ 

•1: · µ+2-. · · · ·. :_,.x · -'- 2a(2b.)µf(µ + 2) · 
_ .x. Jµ(b.x)e dx-,- (b.2 2) +2 , 
-o ·, .. : .'·.::·••,·:··•.·. :+a~_ .. .-_ 

_ (37) ·. 

· 

1

• here 

L
. . . . 1 .. 

i . . ; ._ 
µ -:"" .,... P .and a= · + t 

.1-t· 
Introducing variables -

w= 1 :1 +b.2,' u == l '-a2= • ,- 4t . ' . ,, - ,- (1 ~._t)2 
and i =1 c'-- 2w 

o~e obtains -.:..._-· 

(38) , 

' .... , . '. ( ' - ~: ~ ,, - \ . ., - : ., . - ·.,. . . ' . . \.,. - . . 

- . IkL,p)(b.) =·2I'(L--p + 2) (24l-p 11/7 P+
2 (clL+2,P)(z) + ctt2·P\z) }-.. > , 

. - ' .' . . . . · , / . . . . . (39) 
. . . . . . - . . . . \... ' . II ere' ct+2•~) ( Z) is_ defh1ed as - . . . • 

c?:'~)(z)~. jj~k) [~1 -t)2A(:,_ uw)A:-P.J '·~ _c_(40). 
,·--., -, ', .. 

_.,where)... =,L + 2. 
Using the identity 

,' ·.· 1 · ' 1 . 1:vA:...p-I(l -'p)P-I dv 
•• (li..: uw)~:-P = B(>-.-,:_ p;p) f_ , {1 _._ uvw)A •· •. ', 

. . . . ·.. 0 .. 

... 

.. F 

. •·'. -.13 
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the ckfinition of the Gegenbauer polynomial. for z = i·- 2vw 
• , t -- - • , _· ~ , • ~ - ¥ .. • • • • 

'. b(k)[... _ . 1 .·•· · ·] _, C;(~)- _., ~-, c (l-'-2tz+t2),\ - _k z -~ . 

'- =rc~~,0 ;,~;~); p; (-k, k~2A; A+ f f; "r. ( 42) 

anq the represe~tation of the\F2 ~unction ill the :form [19] 

. ·... .. 1 ; . ·11 .µ::_l .-, . v-µ::_1 -_ .· . ; •• • • · .. ;_. , (a,/3,·µ,, _): . -. 
-~B(µ,v~µ)o V: (1=-:t{::,.· 2r1(~,/3,,,v~_)d~_-af2\ ,;; w ='> 

. . · . ·. '. . . . ·. . . . . . · 43) . 
' ' ' ' . . . . ( ... 

finally one h~for Qf·">.,in (40) -- . . --:· . 

-~-c(,\,;y(-. -·) =· .- r(k'+·2,\) . ___ • F __ ·_(- ik; k+_J>-,·>..-p.1··1...::.: ~_--)_ 
k z r(k+l)f(2,\) 3 2

. ,\+l/2,x.· ,:2_ (44) .- '. · 
-;, •_ 

- ~.,_ ,. •• • , • < - ~ ' /" ., 

The-~~ly~omi~ls cf·"> obey· th~. ~ec~rr~nce ;elatiqns us·);•· 
. j ";'~ .. -·-· 
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