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Three iterative methods of solution of the Lippmann-Schwinger equations (viz .. 
the method of continued fractions·b)I J.Horacek and T.Sasakawa [Phys.Rev., A28, 
2151 (19~3)],·its Born-remainder modification [M.Znojil; Phys.Rev .• A34, 2697 
(1986)]' and a coupled-channel ·matrix-ccintinued-fraction generalization [M;Znojil, 
Phys.Rev., A30, 2080 (I 984 )] are all interpreted as' special cases ofa ci1mmon 
iterative matrix· prescription: Firstly, in terms . of certain asymmetric projectors 

_P :t P -+, were~derive the thre~ parti~ular 'oider methods as. different rea,lizatio1is 
of ·the , well-know·n Lanczos inversion .• Then,' i1 gei1eralized iteration method 
is prnposed as a B~rn-Iike re-arrangement of any intermediate Laiiczos iteri1tion step .. 
A maximal . flexibility is achieved in the fornialism which might Cl1111pete 
withthe-stm1dard Pade re-summations in practice. It's first few truncatim1sare listed, 
therefore. . . . . . . . ·. 

· ·Th~·:. investigation ' has been peif~rmed ,{t the Bogoliubov :. Lab\1ratory 
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1 : Introduction 

. , ;Scattering phenomena occupy a:slightly'exceptional position"inqiiantum me-
,, •• \, ,1_' ,, •• • I •-, > , • •• ' • 

"chariics;. They belong t6 tn~·lftterlyhasic experimental tools [1] whil,/their the-
-> . . , . "· _\, -: . ' : _/, . . '•. ,: :, ,/_, . ' ·- -· . . \ ' , '. . ~ i . , : , ,: ' 

', ory keeps posirig a number of conccP.tualchallenges [2]. We intend to pay atteri~· 

.tion to s~ine ;~rely f~nrial ~spe~ts of th~ tmde;lying Lippman~~Scln~i~ger-like -.. 
. , . , ' ' . '. ,_ ' ... \· .,_ . , . , 

.,' " 

equations 

. jcp):= ju} +GVjcp) 
I 

; ' ··. '.':. t \ . ·, ., . . \· . . :, . ·. ' . ' / . , ·, ' i ! ; ·-. ·, 
and especially to .the methods of their solution. We are going t~ ;des~ribe, .. ·. , , . , .. I . 

ce~tai~. cliinax 'of out i lasdng .-· effort :·and ap,ply here, . in. an: expli~it manner' 
. : __ : .. : .·'· .'_,,":· \' ,_ .... . . . . . - '. . . :., .- ,. , : . ·-: . \ . ",, . 

several inipHcit ideas of q. ~ancz~s [3], 1 

' . LaACZOS, ,.ide~s proved usefol in vario~:s areas of physics i~nging from t~~ 
~uclea./str~~t~re:or scatteri~g s~udi~s cUid 1 a{o~ic ~rid sta~istical :physi~s up.:t6 " 
. -· . . _\ . . . ·-. . ·. ' .- . > 

elaborate calculations in the lattice gauge; field theory [4] ,•Certain unclarified 

jqrqi~l· a;pects" ~ade s~riie of theii: ~lder ipplicati~ns r~l~ted: to the atonii~, 
; !., ' ' . ' ~. : .: ' 1-., . ,: ' ... '·: • , ... ;' .i . ", ' ; ~ ! '·-: .. ,1. . • . . . ', '·.• •. '. ·. . ··j ·• ".· . ' • .. • 

- molecular and/or nuclear scattering [5, 6]' less ·understood from the purely .. 
'· ' ,' ., ', . ., '' ' . -

~athematic~l · poin't of \i~w. · Especi~llt i •· dissatisfacti~n . ~ay c~ncern ·the.·. 
·;· ·: ,· : ' ', :_ •• - •• ,', ' J, ·: • ' • '-;, ' ·: .' - • : : • : • : 

/coupled-ch~nnel constructions of the Born-series remainders .. Up to now, they 
, ' ' : :•~ • . :-• .' \ ' . '"_,- • '. l:; ,: :• ',- ' • ,•.:' •;'.. < :, • l ,,:• •', ~- - .• • -•. l - :: 'i 

remain incomplete and unsatisfactory [7]. In this paper,\we ~re going to fill 
'. • '~: ' , '.: ~ ' :·, ''1 ' • ·,_ \ \ . ' ' , , _,_ ,' 

0 

', ., ·, < • • '·, • i . :. -.. : .•. . • \ ·-. . ;, •, . - • ·. .. ' 

the·gap arid to clarify arid resolve a few.pertaining puzzles; 
··;~- .:· "',:.'.·. ,•·.,; ..•. ' . :·_·,- •. ·. _·,-;/···~ : .. ', ··.t.·:,·_-_:. ' -~"- -~·. ''·, 

'-'.We may start by, rern~nding the r~ader that measurablt; iCharacteristics o( 
-..... -.scattering(~:g., phase shifts).may.be calc~lated.via the Lippmann-Schwing~r~·· 

,.< ,._ (,,:\; ·1 .,. .:-1 .·' ..__, ·r;_:' ·,. '·( ,; :,_: -.,.,, .-_r•·, _':\, _-:,:· •., ··:'-':.:,·! ~•, _·-:, 

· like equatiop. (1) from, the overlaps (u!Vjcp) whe~e ·V denotes theinteractiori 1 
• • . ' .,. ' • 1,, • , ' I •• • • • , • ', • ' : • : _', • , ·~ ' ' ,'.. ; • ., '· •• •: ·-; '. ': :_ •• • : • • • I • 

operator and G (or, more conventionally, Go) is a V~independent free Green's 
,,, , ', ••:'' ':},',·· •.,.:l";''. ..... '.,. • ,' •: • , ,,.:,..::'.: ', •. _'. •.'. ::_ -:_·' < ·•·._1•:;. :•:, :-•: 

: function. The ."ket" symbol. ju) represents the incoming wave [1]. , For the 
, , i . , ~ .: ,' 'I .' . •, ·, , ! • , , ', , , , _, ' . . . , J ' · 

:sca'.tteri~g :which< g~e~ through N chann~ls, . '·, .. \ ' , ' . . 
', r : ."• 

-. , I ' 

.. (2) 



'; I 

' \ " ) . ', .. , ·. . ,· :' . ,' 

with an N~pfet of the eligilile incident waves (~lu)i ·[furi~tions of (a, set of_) 
, " t . ' - - ' ' " 

coordinates r = {r1,£1,:;.}J i{urribered by s~m~ (in~iti-) inde;j = i;2:.:.N, 
w; shall assume t_hat o~~- wishes to co~put~: the whole set of the N2 ~l~n;ents 
'' l ., ': - . ' ' ·-.. . ' . . -.' 

(u!Vlcp) = (u!Tlu) of the so called·T-matrix at once [8]. 
f' 

I~ numerical 'context, it'eiations of the Lippman~1~Sch~inger-type equation 
•' '. • I •~., ,•·•, • ' • • • •• , ' ' • • • • • < • ' •' • 

(1) and the.comm.cm n-th Bo~lf approximation -- .I 
, ...... ' ' . ' . -- . . ~ - ' . \ 

(u!Vl~f= (u!V!u) + (ulVGVju) +. /.'+ (u!V(QV)(Gll): .. (GV)i~),+ R(3) 
' '· --· ' . ' '· --------,'. -

, , . , , , (n-1)-times , 

-with R ~ 0 serv~ the purpose as 6ne of the' most f~equenfmethods. On~~ it·. 
' . '. •, '•. : '. . . . . . ·'..i . · •. ' . - :-·." . '·,. '_,' ' . 
fails, an alternative solution to equations (l);may be based _on their-algebraic 

' , • ..._ I , ·' • , • , • ' 

. /:: . . :,- ' ' . . /' ' 

· re-interpretation and direct inversion; 

') 
·, . •. ·• ·\1 ... ,_ . ,..,..__ 

'(ulTlu)=_(u!V1-~:avlu).· ... · (4) 
·.· -~ .. -.. ,_-. ··.·:·,•/;_·" .,• .. ,--·~ .. ··.- ... :· .. :'~-,,··.\ ':.:~ .. _:, ·~. '\_.,; ,::,.,,;::-'.,.";_~ .- ', 

At N = l, one ,of the most elegant and appealing' realizations of. the' latter: 
,, , , ·, , 1·. , I , . ' 

.- scheme is du~\o Horacekand Sasakawa [9]. Their ·appr<Jach (called ihe: ~ethod 
',. . ,\ .· ' - . ' ', . \ .·· ,. :, , ,' , / ::•', ,..... ,'' . .-: .. -; .:: . .·_ _,• 

of continuedJractions) is_ basedon an iterative separable expansion of the 
. . . / . . - ' 

interactions v. In ref."' [6], ,·it \V~S shown.' that ,the 'resulting prescription is·:~--
' . ' .. ' ---~ 

'mathe111aiically equiyalent to th_e_Lanczos ~lgorithm [10]. ,, 

For purp~ses of gl~bal ~n~lysis ·of the complicated coupled--~hannel SC<!,tter-
- ." ' ..... , • ' C I • ' • 

· ·. ing: an ad~ptation an~ N · :>:._• l g~nerali~atio11 of the originalm~thod:·of Hor~fok 

and .Sas~kawa has been d~sc;ibed in our i984 comme~t [5]. The ne,v form:1~• 

_i~m offered the analogous, matrix c~11tiIJ.tied frac_tion formulas for, th~ N. x N_. 
' --, ,' • ' 0 •• '.· •. • • :- • •• ' • ' /:.- • • -'. ... •• : .~ '~ - • • ••• •• , ' ,. ' ' _.,_ ·,.' ,, 

dimensional.matrices of observables (u!Tlu), technicallyfacilitated·by an ap-

prnpria;~ exte~siori (namely, by a'.~artitioned:in~trix ~o,difica~ion; cf.,[11]) of 
. • • • t .-, • • .,,' • ' ' 

the underlyfog Lanczospresc;iptiori .. • 

. • · . , The rate of convergence of the Bo;n as well as ·1anczos. iterati;;11s d~pends 
- 1 .. -~: . • ' ' ·, . : -, ·-,·' .• ~.. ' _- ' :, . : - • : ·. :·· -, . , -, , .. : : ,: '; '' .· .· ~. ' / , . 

on the ( a priori, ~nknown) subtle properties.of G, .V and ju) [lr T,his inspired 

i our e~pirical' study '.[6] of~ combined metho/ I~ the pre-it~r~ted ~ipp~~~~- _·, · 
Schwinge/ equation (3), ~~I)' th~ r~maibde~ R w~s represe~tedas a H~racek-

S~sakawa-like continued fradion; Numeric~ltests of.theJatterstrategy pr~vcd 
' • ,'' 'I .. , • > ' ,', , . 2· ,· .... : t. ·_, , • , .• 

,, 
I 

l 
. 1 

·, 

I 

(, 

) 

,encouraging:but their numerical scope as well.as detailed description was ba~ 

·_ sically,rcstricted to the m:icoupled channeko~ly, N-~ i., Here, _we sball co;~ 

. ,' template_ all fi~ite i~~egers N ~ 1.·' In, a perspe~tiv~ dos~ to the la~guag~ of 

Low din· [12] a:n_d Feshbach · [13], ~e shalffotroduce c~rtain suitable s~quenc~s ~f. 

. ;proje~tioJop~;af~rs and re-derive the old~r pres~riptions an~w. We inte~d to. 
' I • ., 

profit from:the related new int~rpretation of the Lanczos "verticalaiteration" 
~; ,· - .· • ,. : ; - .·- : ':,, , '. '; -. ... . ✓-._ - . - '., '.· < ··~ •• 

. prescriptions (Sect. 2). In particular, ~~ notice that in eacli step of the verti- · · 
. ' . ' __ .. -- ·. ,· ' "· . ' - . . .. , - . 

· cal iterations, a Born-like ( = "hqrizo~ial") improv~me~t of tlie remainder term. 
' ' . ' . ·. . " . , ' . /·,. . " •' . . . ' . . ·. . . ' •, .• 

becomes very easy in, the riew· language. _In Sect. 3, we develop this idea fo,. 

-riiore d~t~il and arriv~ atthe whole new hierarchy ~f approximants which ir{i~ · 
,. • .· ; _ ••• • - ; ~: , :_ -•:. • - •. ~ '. -~- '_ -- :·-:-· . • , , . • . - I 

the _horizontal an_d · vertical iterations into a (virtually arbitrary)· blend. Many 

. adj.acent methodical questi~~s' will b~ left 1ide: Recalling the numerical tests·;, 

. ~f ref: [6] as an 'implicit support of :ur'expectations, we shall even a~oiiany ._· 
' . ,,, '. ' . . . . 

addition~tnuinerical illustration. ' It~. role couHbe' quite supportive in ~gen-
- .. · ' ' )'- . .. . . . . ·,'<, \ ' . ' . . . 
eral, but we consider the credit of simple examples, undeservfdly high in the. 

', : ' '· .,'.'.; ._,:. ••• • • ' f -' .. • •• • 

community: One. niay alino~t. always pr~determine the success. of. unrealistic 

illustrati~ris by th~ir sufficien~ly s~phisticated ( or sufficie~tiy patient ;dal-·arid

error) choice; At'.the ~a~e ti~e, ~e did not pursue any i>a,;'t~cular ~pplicatio~·-
,, , . ·, ' ,' - "~ . .. ,•, . ,. - , .· . . ~ ' , . . 

~ Thus, our paper remains short and Section 4-already becom~s its summary'. 
1 ., ' , ,, • ·, -,-- ,_., '_-, , ' 

2 ~-· ·. Iterations 
.: -~In ~hat follow~, abbr~~iation: 

' 

. ·,.1._,.,; 

·;~ ~ (o~, L-lGV!O), JO*!~ {uly(GVJ:,. JO).= ('?l:Jlu)_ {5) 
. , ' , ' ' ·- .. , ' . 

. inayand will de~ote both' the desiredmeasurable,s~bm~trix(ulTiu) ofthe T~ 
. ' --· - " 

~ ~atrix (at/s = t = 0) and its remainder in eq. (3) (whenever s+t =·n-l> 0). ,_ 

,lri thi~ ~otation, let us re-deri~e 'ih; ~ld~r co~tinued fracti~n ( CF) meth~ds i~ 

.. ·· . their ne;:, Lowdin-Feshbach-lik~ re-inter~retation,:based on an introduction'of 
~--•·., .- -, ·-.~,'./'~'I•,, ·''.·-, .,. •._--,,·,-,~• •·_,· ,-.-· •:- ,•·-~, .'(,\·: 

.. a suitable pair-of projectors P ='P2 and Q ~'L- P.", · 
, - " ~ - , . ' -- ' . \ 

3 



2.l . Projections". J. 

With·th~ reqttl~ement ~f ~dity ck' the p~operties PIO}-= IOF ~d- {O*IP =.= 
-- . -: /. . - ' , _,,,-c- ' i '. . ~ ~ - . < : 

{O*I, let us define P = Po by the formula . 
. ' - . -~ . .' . ' -:_ - ; 

-;o-·= IO} {O:IO} {O*I;- (6) 
. ,.,, -

Such ~ d~~tion is asymmet~c; i.e., P f~ j+ and. Q = Qo 'f Q+. Jn the . 
-~ '. - . - i • - . ' . • • . ),. " • • ., • 

literature, this i; a rather w:msual ch~ice ;:: for-~~y reasons one often prefers ,.··' ~. --- <~·-, ',· _:: ::. ', · .. , ~' /,. ·:·_.' -;:_ .. ~ ._· .. ' -·:-:.1, 
\_ - .. - .. .. .• . - .·. . 

symmetric const~dions, in spite of'a necessity of using the square roots of, - · 
~ - ' : . . . . . ' -~:) -- . 

operators [14]. In ref. [6], ihv.a,s precisely such a r~qui~e~ent of symmetry . 
: • •< ~ W O • C ,•\ • • .• • ' •, - , ,. • • ,•• ' • ' 0 / • >• • .,_ 

. which made· our' basis incompletely orthogonalized. <Later. on;. we shall 'see . 
'. : ~ - . - ' ,. .- -r . ' ' -·· . < ~.· ,.·. , ._, • • • -· .- ~ ' ·, ' ' 

. that our present choice of asymmetricprojectors offers the most '~atural and 
• . ! '< ' , ' •• •.'" , • . , , , I · .• ' ,I',, , - • _,. -~ , • ; . 

long-sought solutio1i"of this non-orthog6rialitj problem; - . ' . ' ..... , . 
• -----.0.117?·"'•'• 

·,_In the first step,·we m~y ~te; in a. little bit form~ way,~·:, . 
• ' . ' ' .. -, ,, ',,,..~7"_ .. ··-~·~-;--. : • .• --~·~ ;,_ •. - ;. ' 

. R =:== {O*I l .·. ·. IO} = {O;IP . l < PIO}.·. 
·. · ·1"7""_GV. ,._. .· :: -1--:-GV··. ·, .. 

(7)' 

'. ·< / 

and try to interpr~t this T~submatrix (orjust its -B~rn remainder in gerieral). 
' ' . _, ·' . . . ~·- . . 

~' a· ·resttlt ~f in~ersion o~ the operator 1- GV iri a {P +. Q)-partition~d 

. sp~e .. fu linear algebra the partitioned inversion pro~e~ds in: accord with the 
. . ' ' . . ' 

,->, -

j 
,,. "J 

l 
l 
-I ,-. 

l 
·: -.. 

/. ::· 

'/ 

.. 

formula'. 
~ · .. ·~ - . . -. ·.• {; :1 = ('.A~~~-~'C)-•;·:::) ,_ {8) 

, I 

wnere _ A, : B, C and Dare arbitrary submatrices -cmd D is assumed nonsiri: 
/'•, 

gular. The explicit use of proje~tors P ~d 9 implies the parallel operator_ · 

identity. , ' . · 

,·. 

',. 

p:.i_p =; •·. . 1 . ·• ... : P . 
.: M . ; P (M ~ A-tQ----L:QM) !' / 

. • ' QMQ : ' . /. 

. {9)' 

~With the. choice of M · = 1 ~ GV, th~ left-hand-side of t:he identity coincid~ .· 
• ' < c • q , " • 4. I • 

I · • ., with our key quan~ity R = :Ro, 
. - . , - .' i 

J 
.,:.,l 

'I ~' 

! 

-l 
r 

~ .~ \. -

. '-.. '. 

· ·.. ' " · · · l ·1 
· · (O*IO):: 

. ''::Ro== {O*I0\0*1(1·.;.:, GV)IO). Rt. 
,· : . . . 

/ 

• On the rigb~-harid"side, we abbreviated 

. : (10) 

":_. 

\ ,· 

. ·R1 = {l*IQQn~
1
GV)~Qllk -1~~;,. QGVIO), · (1•1 = (O*IGVQ -·(11) 

and guarant~d the bi-orthogonality· , \ 
. ' . ' .. 

·., 
(O*lt) := o,_,.. (t*IO) = o - . · 

/ . . . . - , 
{12) 

which is due to t~~ presence of the projectors Q ~ Qo- ·- . 

./ 

-·· 

_.:_--.,, 

.5 / 
~-----~ 



-. 
> 

.> 

-. 
2.2 · Vertica.i'iterati~iis 

I 

We m~y notice that formula (10) r;expr~ses the original full-space inve~sion . . __ .. ' - - . - -, ,. . .. ;' ' . . . 

~---. , 

ofM ~ 1 ~ GVin terms of an inversion~of the same oper~tor in a subspace. 
. • ~ ;- , ., ,: • . ~ -• ·• ·";•~·:• • ••,.·,• ~ . ('., ' •' -~ .. · • ._· ,,;_· I\- r; ,· 

-Moreover~ once
0 

we introduce an :atu,ciliary symbol Q-1 = 1 an<f:write 

/ ·. , , ·1 ' ' ' ,, 
-·_ }41 =: (9*IQ-1Q;-~(i-Gy)Q~

1
Q~1IO} ~;:, ,-. (13)' 

• r- -··-

- we'seethat'the obs~rv~ble Ro'and i-einailid~r'R1 i1ave-:p~ecisely'thesame 
\ ', , ' ,, , , , ·,' ' ' ., '' .. , 

- ';' f9rm. We 'may sa/th~t equation (10) eliinin~testhe;zerbth Lancios vect~rs . 
-:-:. ' ·. - ' . -- : '. . . . . . . ,_· - ,. . . •. -

~ _(O*l-and IO} from our.scope_.complet~ly. Wjt~:the'.~nerl_".1_.bi~o;thogon~pair 
·. • ' .· .• •: • • , : . , •, , , ·,. I • . 

"' of the Lanczos vect~r~: (1 *I- and 11 )', our task ( ria:m~1;, the full-spa~~ i~version,, 
-- .. ·-· -- . . 

and evaluation· of the "iri~the~model-spac;~ qua-ntity-~) become~' reduced to · . . ,- ' . 

: the:rii;re "o~t-of-the-model-space'' inversi~n of a submatrix;-'Obvio'usly, 'the·, 
0

1 - • : • ·-.-~ --. ·- • .. • • - :.•: '.. ~-- • '.' C. ' -;_ ·. : ,':_ .... . ' - ' 

wh~le eliminatio~-Q~1 ..:.+ Qo"~r'the N-dimensi~naJ.'subspaces spann~d by the 
- ' - • - ' ✓ _· - \. _,- - ' ~ ., • ·- :·/', ,. ! . ., ~ . ~- .• '. - • 

· respective bras (0*1,<llla ket~' IO) may bi iterated.: -
- ' -I ' " • ~ • • • -

·- In a p~ely numeri~al l~guiie, ~d with N ,; .1,· iterations of this typ~ 
. '_. -. ,\ •. ' ' ... ' - . ·--· ,. .,. ' ·-. - ' 

·-, ' ~ . _-<c:-·- :·. . . .-.. / ' ,_ ,' : ,-, . - __ ',., -~ ..: ' ·_. ; 
- lead to the standard methpd ~f inv~rsion ~f c1 finite mat,rixpxpynth R;,+1 = 0, 
'. -- ' . ' . ;_- • -. - "':.' ._ - , '..·•':?<-·" - : .- -.~ -·. ·- •- • - \ • . - -- .:-

fu ,the limit p _; ~' the infinite continuedfracti~n fo~ul,?S ar~ p~odu~ed [15]. 
- .·· :"" 

·- They become" a. vertical parallelor counterpart to the standard horizontal.\ . ;- / . . ~- . 

l 
r 
.1 

.1 
~(< 

l ., 

" 

' -1•1· 

" 

-/ 

__, explicit -derivation' of. the _matrix ,CF .foIID:1.tlas re_~ains the sam~; Firstly, 
' -- - ._. - ' - - - - ' . . . . ' 

,projectors· 

· -and rec_urrences 
--, ... , . ·/ 

/ 

', , ,, 1 '' ,,' '. ' '' , 
,P,. = lk} (k*jk} (k*k ;" Q~ ':= Qk-1_-:: P,. , 

. . , . , . ...,, 

.:-

',_,., _·$...,.{t ·,~~-. ':-_i'•~-~- ~ ;. 

-~ -,.., 

:.,.,, 
,1-'.,: , ... 

,·· ·:; .. . ~ ,. \,/.>:·~·---·_:.--·,~<i~.,. ," ,· - . 
lk+l} == Q,.GVlk}, ((k + l)*I = ,(k*IGVQk, , le_= 1,2; .... · 

·• ,. . a .,,,.- -

; 1'.• 

--
,· (14) 

, 
' ' 

(15) 

de~e the next (N~pl~ts of) I.,anczos basis y_ec~ors .. ln:~on:t~ast to the parallel 
-_.·.·.' ·< : ': (' _··· ,, ', , ' -. . , ', .. : ·, _·•· ' ' 
· but. urifinished :coIJ.Struction of ref. [6], they stay bi:,-orthogona.lize~.; In a\, 

' ' ' ' , ' ' --- ·_, \ 

{similar.vain, I"esidual qua.ntities (matrices) 

.. -- -.. -- r- ... •,- · ··· . • ,_, -,_-• •,. . . ,·.--
Rk+(= ((k +p*IQ~Qk(L- Gf)Q~Q,.lk + 1}'. _ k'=0,1, .. : , (16). 

• • :.. ,c •• 

" . ?hey ,the ,sam~ recurrent;CF (i.~., matrix-CF) rule 
' :;_' , •.. ,. ..• \·, L ' • ' . ', ··._ , : , '. ·, 

···\ 

·. . ' ' ., ",, ,• .·· ' 1 ~ .. - ·--. i\~*lk}: 
. R~:~ ~k*lk} {~*lk) -~. (k*IGVlk} ' Rk+l ,, , ,' .. 

I 

'," - •_,: •• ..- -•' • - ~ ~ :• '••/ .~.:: -~::_• /~•• -~•,'. ~ ., '-,.•• < I,. . • ~- --~ ": • 

Now, in order to arrive at the standard definition of the infinite CF expansion, _,_,, ',,'._ .. ·,,_. --',':· ,,, : .,,,,,>·.°"_.,' ', __ ._·,.;,_. '., 

''it is sufficie~t to choose th~ initialRKH == 0 in the.limi{ K-. o:; .. we·~ay 
. . :'· ' :·~._, ~- , ·~-;_·.' . ,~ (. -> ·_. 1· .~_. - '.; ~- -~~- .\· --~' • , 

summa.f_ize: For all 'N _:> 1, the !terative_repr~entatio~-~f T-foa~ices i~ now \ 
: ', I.'' ,. ' ' , , , ' , , ' ", , ' , 

we~. understo~d., -~ The--und~rlying. tnatrix ·cF :~,cpansio'ns , may ~ely ·_ o~ the 

, , : :recent progress in tji~thema.tics [16] /In: Ollf ~ot~tioii with s -.~· 0 ~cl t ~ 0. in 
-• • • •••••• ,I •,, ; • •• < ,' \ •, •, r • • • 

;\ 
"•. ,, 

_,\ 

•: 7 



:1. 

-., "/ ·i 
I 

1 

eq. ·, (5), the special "horiz;ntal~follo~-:by~vertical" s + t, > 0 fo~~slri of 
~·· _: ' ~ . ; . . . . - , ( ~ . 

. .' ref~ [6] extendsits applicability to th~ N >1 cc,upled cha'.i:mel~ immediately:, 

1: -
t . ;.I , . ' 

·' 

2.3 _.· Vertical-and_ho~ont~ ite~ations mixed I 
~ ,.f 

·-
For pr~tit:a.1 purposes, an important byp~odtict of. our. de~• s,eparation of 

' . . ' , ' . ~. . .. ; ·: ',, , ' .--· . 

·. tlie· h6rizoi'ital -~d v~rti~ ite_ratio~s lies in\he obviOus pos~ibility of'their · 'i .. 
' . ' .· . . . . / -. '- ~ 

combinations. Within this p;ogram/it seen{s desirable to find a.list and/or 
. , .... •" - '. .• . . . . ::-· •', .. ' 

/ 

classification of .in . (or' rather,: fro'm 'the purely pragmatic point of view_; of 

the ~t··fe~) c:o~bfoeiBom + CF:approrim~ts. :in"the s~ary of.the. 
' , -. . . . / _. ' . . . ' . . ' 

·>,. 

: N .;;, 1 ~~erical t~ts_in ref. [6]; we also emphasiz~ci certain complerrie1t ' 
; ' . ~ ·.-·· . , . ' ' ;, , \, - / 

I 'ta.ry ch~act~r cif_ thelerticil( Q k -c-t Q ;+1) and hori~ontal (Born) ite!at{o~;; ' 
. \ :....-

. Generica.lly,. the vertical' improve~ents of precision . varied~ ~th the partic-
' :. :. . - . . ; . ' . ' . "'•\ ' . ,· , __ _ 

· ular characteristics of v:. Niimerica.lly, they .seemed less 'energy-depend~nt'. · 
' .. • ' . ' ~ ' . . . ' .. , ' , ' . ' 

• ' ,' - ' .. ... ' ' - ' ' . -· ·• ·., . . ,, ·;; " ., i . . .•· e,' .. : . J 

At the same time, the horizontal' convergence is well· known to improve with 
•. • ,•· •, - •, ; • • • • • •- • • , " - - ' w~• < , ~• •, 

~ ~ the gr~~~g energi~ significantly. The latter empirical :xp~rie11~~ is, t~ b; . . -- ,:_, 

. understood as a. guide to the general formation of approxi~ants which would 
'I; • • • ·-. •• - • - - • -· ' ... • •• , • • ' '. , - -, • -

' go b~yorid.the simple once'..fterated level. Whenever 'we spot an inefficiency ~f .· 
. '. ;. . ·r· "-": -- '·, ·.~- . . '-- , :- ·:·-.' .,~ ,L - . 

' a h9rizqntal step, we may feel obliged to try its v'ertical counterpart, and vice 
' . --- ·• -. . ~· •' . : . \ ' . : .~ . - . . .·. : '., , .. · . . 

-\ •·l 
'l 

J 
'.I 

' 

I. 

• 0 ~ ~-

versa; In a more detail;d discussion, for the .sak~ of clarity, let us mark, when~ 
,', . . ,, - • :, . , • • , I ~ ', /; • ':. . • 

ever need~d, each horiz~ntal o~ vertical iteration step oy a (superscripted) 
'· .. . - ' - . . . ' ' 

horizontal or vertical arrow ":...+" or "JJ.", respectively. With this convention, 

· the_ uniq11e, e~ceptional and virtu'ally trivial, first Born approximaticm . 
~ - ' '· . . - ' . . . 

, . 

· {u!Tlu)<-) ~ · {u!Ylu} (18), 

' 
.·. is the only p;escription. which does not contain ~y factor G at alt The first' 

,., .. ' . . ,·· ,,· ' . . . --,- . . - .- ',/ 

. ~ontrivial para.rid r~aliz~tion. o{ the downwai<lli CF-sclieni~ (~amely, th'e:one · .• 
! 

- with t_he va.nis}µng R1). giy~s 

"' 
..... 

. ·,. . . . . l . . . . IVI }'• . ' . r ' ' · 1 ) .,, ··, ' (u ' u : 
·{u!Tltt}(JJ -~ {ul~ u {u!¼lu~::,- {ulVC?Vlu) · (19,) 

.:: 

!{already ~o~tains a:Jactor G, i.e'., ~irtually;·the same amri~t of inf~riation 
- ,· __ y· .. ' ,. ' .., 

an.d/or corirprit~ti<jna.l effort as.required by its second~ord~r B;rn iJterI1ati-ie . ·. 
•' . - ·. ' - ~ - ~/ , . ,• , -- - . . " -.-

.(~ITl~}<--•-i ~'(iil~lu} + {ulVGVlu),\ .· (20) 

l 
-· .: ~ r: 

This expl3¥15 -the doubling of the v,~tical~a.i:rows\~ ~ur. n~ta.tion, . The multi-. 
, ·... ,,-;"'" . ~- . . - _.,.. . . 

plicity<Na of tp.e · occurrence of G's in ea.ch inner produc~. ch~acterizes; in a 

very rough estimate, t!te COIIlp~tu ,time.needed for its e~u"tion _via. numeri- .. 

. cal integration~ and/~r s~ations. ·Hence, ~m{utati.~naf coII1plexity of all, 
" • _, • ,;_ _' ' ·' . . , ~ "- ·", ~ . • -- . . . . . , ,_,.. . . - L . 

:~-

9_ 



thep.igher~order approximants may~a, tentatively, will-be characterized by, 
i ' . • ~ 

· tl1~;magnithde of the zi'.t~mal Na . . · 
.-~-· " 

__ .,,, 

- ·. 3 _ -Truncations. ', 
) ,; 

.,. 
• . - - ' , . - f - . ·. - ' . 

' -~ : For.the slowly convergent (sometimes eve0: 'divergent) infinite Born expan~- _ 

-sions {3) (Na :'-+ oo):one ~~y oft~~ find their co~ect sum -by means ~f their _:, .-. · '. - : ... · , .. ',. . - - . ' .. ' . ------ ' . - ' .... _. 

s<> called Pade ~es~ation [17). _Co~tinu~d fractions_ a.re t,lie~ recalled as j~t 
_,,, . ~ - !- -:: • - - '• > ·, ' • • •• -: --- ' • 

one of m~y pa.rticularrealiza.ti~ns~f numerical acceleration of the hori~ontal . -.. - . - ~ ' . . . 

convergence. In the present conte{-t, the fon:n,~ sourc~ of the alternativ~; ve~--
~ _. ···-,- . . -~ ... . -. ' ' . ' ( -~ . ' 

_ tical CF iterati?r'isi; entirely different:andm~ch d~per ( e.g.; V-dep_end~rit 

I' 

! , .. 
I 

I 
l 
1 ··-r_ 

I j: , ·; ·_ 

J 
,,· 
j, 
, '.f 

I 
I 

,I, 

- - cf: the preceding section). As ;(consequence, ala.rg~ uncertainty ,in th~ re- ' .' -
/ ' , . , , - ·-', < , , , , 

mainder· Ri is belie~ed to lea.d to a reasonable and ~ceptable precision of the .. 
~ , ' . -• - .. -, ·. . . : . - ' ' ' :·-:: . ,' , ; ~ . --~·:-:- . ' ' ~ ., 

~omputed T-niatrix eleme'xtts Jlo. Th~ ~over-optimistic~ ;;onveigence ~s~p-
- . ' ' ' - -. "", - ., . - . •, _."' .· ,,- ,· . -~-- ,--:--· . . ,. 

,. _ . · tions -of tliis type emerge in the _closely' interrelated "effective:.Hamiltonian" 

;, :constructions by Lowdin [12] ~ well ~'in their "do~rwa.y-1:tallwa.y" parallel; 

_ _!>y Feshh~fi~t al [;3]:_ " < '. - . : - - - , --.· .. . . .. 
"'""':. 

In co~plicated syst~, simil~ optintlsIIi and drastic Na < oo approxi~ _ 
+ • ••• • •• ,_ + • ~ • , ·\• ·-

, : mations (to~plemented or supported also, e.g.'; by'ruiationahonsiderations 
·,--:--: ,. ,' ·' • ~; ·- ••• - < 

·--

l.' r· 
, :f; 
'·-4 

J, 
.),' 

,/ 

~ ,· , ' ·•· . , . -- . 

[18]) may form the only feasibl~ computation r~;cipe: Its succes and f~lures . 
~ . 

: crucially depend 6n the _operators_ in question~ 1n the less favo~able cases, , 
. ' . -· ~ ' ' - .- •' 

universal recipes do not 'exist.' IIence, various partial sol~ti~ns of this method- / 
,, "i, ' ._. : 'i \ •, ·., " .> . . . . ,· .' ' "<• ·, < > ;• ,,,.. ~ . ~:- ./ 

ical problem are permanently.calledfor.JA partial·answer to.the challenge ·-
, ·_,_ ':,; ',.- _' , ·._ ,. · __ ,•·: . : ' . ; ' '. I_ / .. , ·. . '( ' ' ,. ' I • . ,: ,'· . 

is to be offered here as .well. Basically, 1in a way completing our preceding_ 
- .. ' ,) ',/ - ' ..;.. . . ' - ' ' / ·....:. 

papers, we shall sea.rch, fora suitable combin~tion of the horiz<Jntal anl ..;er-
... • . ' - !) ' • ' 

. tic:U itera.tions, and propose to blend them' in arbitrary Na < ci> sequences, ' . 
·,"-- ' ,• ·-: ', • ;/-, ., \ ·,. ' ''\, ':' , '" , ,i ' ·- ; '.;.'· . , , ·:' ' ' 

and co~binatfons. The :~Ider_ phre-Born ,and •. pur~Lanczo~ ~pproximatio~s 
..-' • • ! ' •' \ ,- \• \• ,' •-•.,. ' •,' r 

\ ... ;. : , • -, . ,, . I . -; • ,,. .· . ' ' . : ', ' I .. ', ·~ • ' >" j 

-'reflect· and represent just ,the two extreme possiblilities. 
'' • ' -~ , ~- . , _· f • ' . ' •', .>'~ ___,.... 

3·.1 , Approximations'with .Na'= 2 
. ~ I I" /, . ' 

' \ 

,,,, 

/',)' 
, -1 . 

,/ 

~ After we perform the necessa:ry inp~t 'overla.P inteia.tionsinvolving the sin-. ·,, . '. . ' .. , 

' . -" ·, . . , ' , ,. . . ' , I-;.· •, 
, glets an.4,pairs of.G's, we encohnter,thethree{>ossjble approxiIItativedefi~ 1 

'' ' ' ., ' ,'\ ' ' / .. ,, '' 

~tiops oHhe observables llo (s"= t:;:; 0). The first ~rie coin:cid~\vith the 
\ ' ' ' ,·. ' --. ,,_. . ··- .. 

., .. ' ,, :"._. :: , .-._ \ .· 
, ·. · third-order Born suin 1 ' ). 

··;;, 

{ulTlu/ .. ~> = (u-lVlu}+ (ujVGVju}+{ujVGVGVlu}'. 
, ' • .-•• > _!" • I c, , _ , , • ', / 

,i 

. ~ \ 

\ 

(21), 
\ 

" . \ 



,,f 

, : , ', ,.· ·. i , . , , , ; , . :'-, l_ , 

The next one enriches. the simplest CF, denominator by the first-order Born 
• J • ' --- • - • ' ' ., • ' • -

reinaindei added; 

,;{~ITl~~<t->.= (~IVlu}_(ulVlu} ~ (ul:GVM- (v*l~}{~~Vlu). ,: '{22) 
.. · -' . , ,- l , . : . .-•. . ' ; 

_ ! '\ I 

We see that the approxim~t already involves the higher Lanczos projected 
I • ) I 

I -,, 

basis states. in an overlap, . 
\ .'' . ' : ' ' \ \ ' ; 

' .. , .,:,.,·, .. ·. ,_:.,, . .' . . . .· '· .. . •/ 

I 
11; 

·r 

(v*lt1} ~ (ulVGVGVlu)'...:: {ulVGVlu}({~IVlu})-1 {u1VyVlu}, 
i ' _t • ) I , •:'' ' ' ' ' •, 

, (23) . 
' I' \, 

I ,. 

Finally,: the third'.arrangement . ' . . ' ' . ~ ' : : 

; ~ 

{ulTlu)<-+;)~}ulV/l~(f {ulVmi1u) (ul;~;lu) - ~-wG~av1u) (ulv~i1:) ..• 
1 

• l ' , , • , ' c l . • •' •.·} (24)' ,· i 

• ,• ,•~'•'. ' '•, \' J '. ' •. i • ~: \ \' •, '>c ' .' • ' ; ' •: •. • '• ,,' • • I 

. is. easily interpreted as tlie_ first nontrivial combination of Borii series with a 
. , ... • I ' ~-' , , "- . -' ,,, - , . ,, , ,, " , ,- . . • 

.CF, estimate of its remainder. "\' 

·•, ., ·: l 

.' I 
1-, ,, ' ,, ' 

' '3.2 ·.Appr~JdD1at~o~s._with N<?, -3;. · · 

With an in~uffi~iently' rapid convergeric~, physical pr~dicti~~ oHhe fo~-
' '. .' ' .. :· ·',,•; 

•• ·,· • ' ' ' • J ", ' • • • •• ,· , ~ • //': ' ·'. ,- ,' • • • ~ ', \ '. ' • ' ' 

, t~nri Born approximants (ulTlu)<-~--:-> may be improved by a. universal ' 
,_._• • .• .... ~ , •. \! •,.:.' ~•••• ,•••, .:~i- \,•1:•:•,\'':,~: •:~. ob I,••>•, :l ~- •.:• •\, .... ,., :·••,••; ·;,/ -':.,f• :•,> ,••,,' : 
Pade restimmation [I 7]. In the present· context with triplets of, G's in the 

; • \. ) i - • •• • ,, ' • ' ,,:, 

' ' •• : I I' ; .~ :'. ' : \ · .. .' ,· ··-.. "- ',, ' .. -~-- i' · ' .. C -, •• ·' ':. -. '·,: • - •• • • ·, f 

related'.overlap evaluation, better chances of preservation. of computational , 
.·.' ' ,' . ,- ' .·_ . - , ' 

' ·' 

/ ·_, 

f. 

investme~ts [19] rhight still be assigned to the twice iterated CF prescription 
•' ,. ., • I J" .' • -• • ,• ,, ,- ; • -; . / ' t I,,.· . ~ . • 

(~ITiu)CW), i.e., · . , 
'{_,. 

,. .- (~JV!u} · _· · . ,··. ' ' · 1 -\ · -· · · ' · ' • .. 
- .<u[V[u} - (ulVGV[u} 7 (v*!v) (v*M-(~*IG~lv) (v*!v) {u!V[u) (25) 
. . 

or to the alternative fo~uia 
·,,,,-', ---..\ 

-~~ . . • , I 
. , . • . . \ .... ·_ .•. , - : .. 1 · . , ... , . . . (u!Vlu) . 

:. (ulT.lu)<JJ~-:-) ~·(~[Vlu} (u[V[u}-"- (u[VGV[u)- (v*lv)-"- (v*[GVlv), . , ' I 
-~ . . .. . . -~ 

. (26) 

. where;'within the· Q-proje~ted subsp~ce,,the r~mai~dei: R; has been expanded 
' ',. ·' ~ )' ~ ,:: . " ' ' ~ : ', ' . '. ' :: . . ' 

; in.thesec~n~~order,Born way:,·In tlie present,scp.;me; the next
1
piescripti~n, 

I :• : , ,','. ',~,: •~- ( ' .•/ ', : • :, C \, , ', .\ ,' , ' 

. na.rii~ly)(ulTluf·•~-) i~; by.its str~cture; ~ di'fferent formul~: 
-'._. . ,' . : / . . . . ' '' - . 

' .\ ' ···: .. ' 

(u!Vlu)+(ujVGVlu}( [VGVI } { IV~VGVI ') . ( . i, ') (~IVGVlu)' , , . · - . ·· · u u - u u - w* w . 
' /. ,·;,.,. , •• ! .. •·• '•/ '_, ·, : . .··.' . ••• ', • ·-

. . .• "_ . , .. · : (27) 
- '' - ✓ .. , , • \. ,,· / - ' ! . ~>··:' .:~;1 

. with a. nice exemplification of the less trivial ."next" Lanczos -vectors, say,· 
i ', ~:••~: I.. ',• < '"k' a•,,/,,< ',!\ ,•~• ',' ,,•• ~)• 

.. . .. , , .. , , . . I· . . . : -
lw) ~ GV[u)_..., lu} (u[VGV[u) {ulVGVQl:':lu) _ 

"• ' '.·• • '' -,,' I 

* ; . ._, ·, , --· .. .- . , . ·.. .. 1 
. (w I ~ (ujVGVG.V :""" (~1?9VG~I:) (ulVGVI~) (ulVGV. : 

It "r~gularly" a.l~e~;te: the C~- and ~orii steps .in:~ wa.y which reminds us 
.· ·' ' . ' .- -. ••' '' ' \ . ., _., 

of one of the well laio~i:r equivalence \ran~f ormation~- of th~ o;diriary (;cal~) 
•· ' •. ' ' .. ,' \ '/ i ·- ' • • . , .• . : ·. . ' . . .·' ·. j . ✓.' . 



I. 
"t , ' ~ 

( 

~l'•• I 

. ·--···-·-·-.. -·-------
. ' . . ' ' •. ', .· , . , . ·, '. ; . ' ' ' ., . ·l . ' . I , 

analytic continued fractions [20]. Finally, a. return to siinplicity s·eems char-· ' 

----·-·-·-·------~ .:..~· ---- ~-------~ _____ :_~_ ·.,..' ,_ 
--------------'"'•-~•'•+•-M~----•-·-~ 

the higher-ord~r v'ect;ical iterations be~ome less ~asy. Moi:e .attention must . \ . ' 

acteristicfor 'the re'ma.inde/, 
• . I - • 

'. . ' ' · 1 ·- ', ' ' . 
{ul~?jGVlu) {ujVGV(;Vju} ~ {uJVGV_GVGVju} {ujV.GVGVlu} (30) ·· 

(i.e., 'differenc~ {u!Tlµ}(~:i>> ...c: {u(Vlu} :_ {ulVGVlu}) inth~ last, ~fth Na:= ,3 . 
. . .. ,. · .. - ·: . . I . . . . ·" < , . . : ..... -
prescription. 

' \ 

·- -,',_ • ,:_ . .·-, :- •. I. • 

. ,3.3 , Apprmdniations ,-with Na>. 3 
' \ • •> I 

\ 

,>':I'he. general:p~ttern 6f fornu~g the, furth;r. arid further re-ag~g~men,ts ~f \ 
\ .• i:.,'. :, ·; ··, , :_ . , ', ·:, ,-", ·:i { , ·~·-, -~ , /. \ , ._ .. ,,'. ,·•_·· ,· : ,-,_ :_ '.,, ,: . : ,. r'.: ,·.. . ··~, 

the standard Born series becomes clear. At the higher Na's we get more arid 
.' ! !-, ', ' ' .. · • ', : ' ·:.-·> ,',, ; . ' ·:·, .' :; ; . . '··,,,, '' .:' ' \ ··: ' .. · 
r,no~e ~ppro~mants' (ulTI~)(•) to our observabl~~ .~hi~h 'blend th~ horiz6nta.l. 

\ ,, . . . '. ~ '. J . ' ' .. ' ' ' , ( ; ' ' " ' t ' '. ' . 

' . , ~ . . . r 

and vertical iterations together in all th~ possible ,;ays'. ~-The ,tot~ nmnher : 

. ~ ' ·. - ,. /' ' ' ' '. ~ . . ' , ' . . . . . ,., ' ..... 

Mc•> of these possibilitie~ isequal tothe (Na+ 2)~nd Fibonacci nlUllber [21]. 
- ' 

', A s~ple of the first fe~ eligible iteration.patte~ns -,_ (which could prove 
' • '. • ! ' ' ' ', . ' : • • ' . • ' • ~ I 

. ·," ' :, • i•· < ' I ' ;'• -~ . . I ·: , , • ,' ~ '<' • ) . • '.1' 

us,eful in applications) is enclosed here in Table 1. · 
'. 

, For the sufficiently complicated'. syste~s; higher~order; BJ~. series are 
1 

' / . . ~,; . 

rarely 1;1sed; Indeed; .th~ necesssary ~umerical:evaluation 6fthe' overlaps b~ 
' , ' ~. '> ': ' ' • I' • •. , \ • r , , • • '• 

\ ' ., ,' • ! • • \ :· •, , ..... • -·' • i ,, . . ,, . ' ' ·. 1 ... 

comes already. much more time-cqnsuming ~han a purely numerical inversion 
' .\ .,, ,• • \ . . • ' ' ·.' ' ' • ; ' ( ••l, '' ' "• ' • ,·,, .·•,. ·'• 

. '", .. ·. . -· ' . : .. ', . . ' 'J \ ' 

. , ofthe operator J .,....GV itself, say, on a. ~esh.of grid-points [22]: Similarly/.· 
, •. "', I • : ,·· • ' , . , ,'_. ,. ' ,_: ,'·, •. ,.; ·(,.;::,,, · .• • , ,:,:_ ••cc; 

. l ,. 

. .\ 

' 

r 
1 . 
'\: ') 

I,, I 
·, 

'/' , 

,; 
I 

l 

' ., , I • ; '• •• , • I\ 

• , • .• • ! ' ·' 

be ;aid to non:comm~tativity of their "input;, N X 'N.:diIIl.e~i~nal <;>verlap ' 
.. ', • •, ,' ' • • ·';', ,' , .' > ', - I ' • ' •• -

ma.trices in th~ N > 1 coupled~cliannel formulas and still, the'overall com~ · .. \ i . ' , . '·· I . . . .. . . 

- plexity of the fo~ul~ grows
1 
quicldy with the growing Na: fu m~:/a. respect, ' 

• • , . _, ,.: • ; ' .• -: • ' 'i .' • • . •· , • -. • ·• '~i ' '' '• - ',' •· ,.. -; . : ~ 

[23],'.the choice of Na ; 3 r~mains restricted. to the less COIIlplicated ~yst~ins . . .,. . " ' . ' . . ., 

• •, ---- • ' ,'• I , - .' ', i 1 , ••. • •• ., 

and/or. to the explicit analysis of errors' and/or perturbations . 
\ 

\, 
. ' ' ~ 

. ./' 

, 3.3.l • Matrix moment~ • 
·, 

At,Na '> 3, the riota.tion mu~t ne~f!ss_arily bcimade less cumbers~me. Firstly; 

witlioui -~Y ,difficulty, ¥le 'ni~)further r~duc~ the full. b~a\:~f k~t" ;ymb~ls . ',' ' : ' '•' .·· . ,: ,: ', ' .• ' ', . '' . . '., > .; .. ', ,, ,, 
. '"{urtand"lu}" to mere "{"· and ")~' respec~ively. Secondly, we in'.ay notic~ . 
• .•• ' • ,:'_ \ •,' • • :! , ' (, '., : . •: c ; ; c •. '' , '\ •, '. : / c I : I ·. ' 

that the interaction operators V .always occur jusf between a. pair of G's or , . 
,,.· : ! 1., ' , •• f • < , • \ "•'.i.·~. • ''· • ', .. ' ,. , ,! ·." , , :·\ • ,. } ' , ·- , ' 

• . ' . • , I' ,' • ~ ,• • , . ., . • : ' • ' ' • •~· ' : . , ! 

. between a G and ari external bra. ·or ket' symboL This means that the letter, :< '11··,·: . ,· ' • 1, .• •' • , • 

'.••••.,1.:•. '':'.,\•,,",••~·•,_•1,'.(".:'.:1•• .. ::••~••"•,,,',,', ' •' ' 't l•", I•·.• 

V plays a highly formal role of ·a "multipliqi.tion metricr [24]. ;Its use does',· 
' < • j 1 -, . ' • . .. '. . ' ' . . 

. not· cirry 'aiiyinf6rinati~n and the ~edunda.ri.t Vis need not appear in thei . 
. '', , . ,, , , . :. , , .. I , . 

'fohnulas at ·~.ll.1 Firially, bein.gleft with .the sol~ G's between ','(~· a.nd ~)", th~ 

in,.,ly ~elev~Litlorma.ti6n i~j~;t their n~b~r and we ma; put ~ GG;}: ~ {3) 
' '• • I • ' ' • _,;,.. < • • 

'• .. , ,!'._:. ~ , .. ·::, '.·>~· .:'," ',• \'' :.·-;, ;\ :'' <-~- ,: . : •'. ,. ·. ·~.-_·i"-/_,:~ ,\ 

. etc:' In ,this notation (reminding us.of the use ofmomerits in the N = l!ca.se 
' ., . ',\ ,•·,. ',-·: ,· :.. ', : .·. ' ·i· <. ,. ... ':/ ',: 1' 



\, 

. "· ,'(t .• 
-I ... ::.....~ __ _:._:·s-···-

, [251), the 'overlap in eq. (27) acquires the corripactfol'Ill> 
;-, 

.. . . .· ·.··' 1 
· (w*lw} ,= {3).'... ?} {l} {2} 

/·. 'r 
I 

. {31) 
1 

etc. At the same time, new symbols must be inventea"for.the.higlier-order: · 
• \ • : ~ - • • ·_, • .I • • • ' ., '" ' 

!,'; 
I I } \ 

La.nczos basis states (this ~illnot be done here). 

3~3:2 Perturbations·• 
) . 

./ 

,. I 
\ ::I'~. ., •.-' •_,, :•, \ - • '.\ • I•.•\ .• • •.'. y' l . •. ,• ,-. 

· For practicaFpurposes, similar comparisons of remainders mighfb.elp as a. 
' . ' .. . ' 

I ; , ,. " • ~ . ' : - < ' • • • ~.: , '• 

support of reliibility' ofresults of all 'our less. us~aJ° prescriptions'. 
I • ' ' • ,' ' • ;,, 

' : \ \ • • f \ ; ' • '• ~ • • ,' t _'l , C \ ' • • 

A requirement of compatibility of all the available fixed-Na approxima.nts · 
' - . , . ' ' .. '• 

i 

·. . ._ l· _,,.._, . '/' ·, ,, ··. . '.· . , , 

may,prove more and more yseful at the _higher ~a's, "'~er:e their nuin!>er · 
\ ' f' , 

gro~s quickly, Anoth~r. use of the alterd~ti~e higher-ord~r formulas· ~ay be. 
. ·.'· ,-· ' \_ ' . . : ,. ·: ·, ,.[ . , ,,.- , . ; ·, .. ·- ; 

' .• ' ·.. : ; . i • ·.. • . . \' \ ' .. ~, ., 

Connected with.the possible ( e.g., physical, perturba.tivdy,indu~ed) ✓r:u-iations: 
-✓ 

. / In 'the light' of otir horizontal-followed-by~v~rti~al prescription of ref. [6] · .. 
... . .. . . . ' ' .. • . . . ·'. 

.·, 

_in ffs presentuon-commutative 'co~p_led-channel extension' a.nd den~tation; 

of the intera~tion V or, ;jternatively; with som~ n~erici~certalriti:s ix'i 
; . ' . ', . .. . . .; ' ·' . ; ' '. :: . . . . . ' ..• 1 •. 

I i ·, •the: ove;la~sl (~rror b~s,':~ unp~ecise{pecifi~atio~ of, (); achang~,of en~igy ' 
' • , •,, ~ ,, ' , • • • • ; ' • ! ' ' ' ' ' ' ' 

',' •,- :~,_' ,: !''. '._' ,---· '• I , \ ' • '; '. ~• ' .'' '",1• . ", I / ':; i \ ',j , •' I 

: in, the propagator. G, ,etc t. Indeed, once ~e describ.e all. these variat.ions as a 

, ·. perturbatio~~like modification of the overlaps themselves;· 
' • ,' ',I • ', \ ,I . •' ' ' , ' ·•-~ • • ,'' ' 

"~ . /."1 ', - ! \ ' \ ~' ' \ ' \-; • : - ', , ,·• •. , ' ' • ' , • ; , . ' ,, S • • .. '., ; : I ·., ,, , . •·;' •, 

{ k(P~~~rbed)) =:==' : { k( unper~u:b~~)) + A { k( :rr~ion)} + ,\ 2 { k( ncrt ~e~ion)} + .' . ; / ( 3~), ·• 
/,0 ' . ' . ; . 

·-
/. 

; .: ... · ... ·\ /. ···'.···-."· ·. ·. '. >: 

• ~(hv). =· (-~: ... -.JJ..U. .·. ;.IJ.)it, is iriter~sti~gtofet:urn to_ the·pe~turbative· 
··.' . ' . , ,' , '. . / '• , . . •. ' . / 

asp~cts.~f th~ Born seri~ ~d comp.are;hi this con~ext, different perturbed 
'.· • .• ··.' •.'Jc• ··· .. ·'I ,, .. ·. ., .. :: ··.• '.'•,.> >·,• .o . 

. ~ .well as7unperturbed prescriptions with each other.' Thus, the l\'a = 3 .. ' 
• ! •,' I . • , . 'j ,,; . . • .. ·. \'. ... · ... , < • ;•. •i ; • . (•/ .. · .. ; 

_Bbmfrem~nd~r fo~ula {30).with .(hv} ~ ('-'-t--..1).) ~e~~e~ts, for th~ ~uf- . 
"" ~ \ 

ficie~tly small ke~els·av at least, a quasi~perturba.tive iniproveme~f ~fits'• :· 
• 'i • • . • ' • \ I •. ! 

'(for the, present purposes, slightly re-~anged) BomfCF Na = 2 'anteced~t 
'· .... :, . :, . ·, .... <::: .. '<.· .·· · .... ·• I · .. /·.,-. ..: '. 
(24),: 

, ' •' • • ;_. ·', I ' ,·: ,· '.' , , , ' _ ,·\ ., , 
1 

• •• , ,' •. •/•· ;•· ,, ' .1 . ,· , ' f ,,' we may easily re-write the latter.Born like re-ad-a.ngements of our formulas 
,'' ' . . ', . ' ' - . ·. ,, . ·. '. ... . ,, . 

~ po~e/series 1hi. the (p~esum~bly, ;ery sniall)paramete; ,\ .. This is a. task.'. 
' : > 'I I ,' • 0' •, I•' • ' 

' . ' ' '' "'" ,' ,' '.) : : ' I I , ' • ' ,I ,. • ' ' •I .. ',,, 

which is'nodoo,complicated (cf [26]) but.takesus already:too far,heyond 
• ', . J • • -, , ' •. ' , ,- • 

\ 
. ... . . 1 -

(ul'.flu}<-~) - {O}.;-- {1} ,= {1} {1} _ {2} {2} 
\ • 1 -

(32). 
I tb.e s~op~ o(the prese~t paper; 

, ··or even of the Na,= 1 pt1rely CF fo~ula. {19) in th~ parallel re-~~g~ment · 

'>· .. . . ,, . l ··. . .· 
(ulXI~)<~> ~:{o} - {1} = {~} (o} - {1} {1} (33) 

.',,, \,' .\ ·/ '. 
I 

'\ 

'·· 
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4 . Summary· ,tinderlying matrix· CF approximaxits alr~y lie quite close to the gen~r~f. 
• ' , ~ ' :--- • • J ---: • ~ 

·' 

· Old ~ubject of ~olving,the Lipp~a.nn-S~hwinger ~uations was studied and 
' - -'. ' / • ' '> ' ' 

Pade approximants. Still,· they d~ not· sh~e -the Ullllecessa.rily <:9mpli~ted ... 

.. . . - ,,. 

character ofthe·latter.concept ( cf.t e.g., [17], p.: 270). •· 

., 

,,:- , 

/ 

re-interpreted as tractable via a generaliied Lanczos 'algorithm :in a parti- . 
' ' ~,/ •• • '• - ,.. ;,.• ' • - I 

.. , - , .. _, .. , Cl.. . . / 
tioned biorthogonal basis. hi ·a way which cofubines the standard Born-like 

. . j . ,_ . ·. ' . . • Q i . ·• . ' ' 

· horizorital
1 

iterati~ns · with, the .Vertical.· Feshba.~li-like reheated pr~jections, . 
-,· • " < '. ,, I'. ' ·, . . 

l . ,: i , ·:""° ' ' : . ·'" L • ·'! •.'. ·. < ·- - : • • 

. a fcmn~isn1was ~bta.ined w~ch replaces the stanJard' Pctde' res~ation 
' \ . ' ' . .... ·' - ·. -

. by a ~or~ flexible and fully interaction~adapted a.liorit~ .. With the first, 
- ' . . ,. ' - _, ' 

\. : . 

few resulting matrix-Pade-like ~pproximants b~ing listed explicitly, the nkv'.r . 
. . ' \, i. ·' . T'. I. ,· .·' · ·' ., . , : ,· : 0 ,·• ,, 

' s. , , ,- • o' . . ,_. ,. ; - • ,' t . ' , - ·,, • I ', ' 

inversion-iteration algorithm is equally well·applicableto both .the uncoupled 
' ' ' • - ' ~ I' 

I 

an4 coupled-ch~el Lippma.Illl~~chwinger equatio~s. .. ,. ' - . . . '. . 
• • • :\ • ,, • •• ' ' : i j,:. . ' ,: ·-,' . . 
\ T~e. m_a.in. id~a of 1ihe ;prescription lies ii:i -~ur freed~m of inter~h~ging, 

. at, any stage of.development of the approxirriant, the:standard··h6ri~o~;lil .·.- · 
• \_'• •, . .' ' ., . . . -a . ,,' ,• ,'1 " 

. iterati~ns ( of the set of-int~gral equations of the type (1)) with the non:-
• , , • . - . . . • . ; . ' .. -: ~ . . . . . r . , . - , 

standard ~erti~al iterative pr~je-~tions 'of th~s; eqtiatio~:(o~ th~ suitabl;· ( we 
·., • .. _'.' .•. · .. _,\. :· •. ·_•.' ,,, 1··:., .. •.:·•:•,._;;'.:.-><', 

~might c'7W them Hilberf~Lanczos) subspaces'. In this .sense :both the stan-'' . · \ .. : •, . . '. , 

I ' _- • '.,, .. - I • ' •• ,~- '. , ' ,_ '. '. -'. •' •• ' _, :. ' 

dard re-summations of the power series ( say, by means of the fractional ap-
• • J ' '.. .'., • ... ' ' ,, ' 

, r 

.; 

. -. ~-A~ a. uiaxi~~y natural techiiiqu~ ~f rC:.~~ation of the standard Born 
"' -------. . 

· s~ries; our preserit·p~posal, the long awaited completion of our older pap.er .. . . . - ' ,..... . --_ 

. [6], offers cU1 altemati~eJo the unive::ial Pad~ ~tra.tegy:' This-point of view ., 

opens ~any ne\V q~estions~ The key one, asking for· qu~titative ilhist~ations ,, 
. ; ~: - . ,--- . . 

. ' 

.a.nd applications, would necess~ly be expensive to answer. In an iinniediate · . .: .. ' . ,.- . . - ·-' -: . . .- . . . 

.. future,. practical use of.a~ ·fonmtlas may be expected to. emerge in analyses • 
- ·. •-- '- ' ·- ' ."" . 

of a genuine cou~led channel scattering, in particular as a new possibility of , -. . - '• . . 

e~~ra.ctiori of a ~omplete setofobservabl~_from the tedious n~erical inp~t 
-.-; . ~ - . 

,\ • - • .._·• I ! ' , • \ • , • , • • 

proximants) and the "purely vertical" Lanczos method. firid .their common 
·\ ,, ,, '. ..· . / ' 

·ge~~rali~ati~n•.1 Due to its fl~xibility achieved by' ~u~ re~arrangeme~ts, th~ j 
.. - . - . ' ' . ' ' - '.--:- . ,. 

, . 

wo~k,~ nameiy,. from. the tf~e-consmcing'e~uatioriof overlap :integrals. 
. ' :-· _:_ . , -, ,. ..:.. .. ~ . '•· ,,. . ~ . ' - --· . . . ,'. '• -

•, .- ' -· · On a. l!!ethodicai'leyel;we may re-emphasize that our prescrip~iori results . · 
. . ' ., '. •,, - ,. "-•'; . ,- ' -· 

fu>ni ·~ mixture of the Born~lik~ .;cl Lancz~~like poinb of-rie~:; Techcicall;; ' 
•-- - ·--= . ' ... :--

'-( _;. -· 
. . it is s~ciently transp'ar_ent'. •In. tb,e · language of th~ I?-atrix moments, thi(ex~. 

~licit ( cf., e.g., eq. (33)) .or implicit ( e.g., eq. (32)) ,syntirietry of our fo~ulas · 
. . ,'. - ·.. ;,' ... 

. \ 
,I 

. follows fr~m th~i;ind~pendence of.our deta.iledchoiceof th~ projectors, with·. 

. . . . . . .. . " . ! ' . . . '. : ,-, 

the~va.rious possible splits of 'GV's bet~een. the vect~rs '(O*I and IO) •. Unfortu-
( . . . ' _ _,_. . -~ •' -· . -~ ~ _. - ,. . -

. n~tely, o~e m~y only hardly believe in a feasibility of any rigorous analy~es oL 
-···:,' - . i- . ' --, .. , .-.-, .... ~-·· ~- ~ ·: 

' ' ' . 
. ,/ 

.~-

. .,..., 

I 
,. 



I 

' -_convergence.' As. an empiridl hint; we propose~ the use of i~arrangement,s. 
,- .. 

It·i~ only a very p~tial·answer --the gen~ral and highly challenging probiem 
., ' •. • • I ' -

, ' 
-· of det:rminatio~, of some suitable external (c:g., variational or'perturbative) 
- , ; /.' ' 

~effective"- initial quantities-K't!1 # 0 rem:ains open.• 

~ 

:.,,: 

~ 

., _ _,.,,;-.: 

~ 

::----; 1·,, 

/ 
/;.,_ 

i 

' 
1 

-~ : : ;, 

\' ' 

/ 
'\ 

I 
·----· 

. . ., ~-· ,,- .. 
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{· 
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.£·' 
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'·y 

Table L 'The_ coriiplete list' of re.:~~genie1:1ts J?!,•> of the 

,-,·· -
, first few sinip!est Born approxima.nts: 

the order· of 

approxµnation 

Na+I' 

1 

2 

,, . 3 

4: J 

15 

·6 

,f, 

. ~-·-.... ~-. 

-+ 

~--:,-+ 

/ 
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