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Can Particle-Like Breather Structures Occur in Superfluid Films? 
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We (nvestigate the po~sibility' that the Gross-Pitayevski equation of super~ 
fluidity (alias repulsive. nonlinear Schrodinger equation on the .'plane) admits 
long-lived breather·struct~res similar to the Klein_:_Gordon pulsons; ··· · 
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l; ~ecently there has been an ·upsurge of interest iii long-liv~d breather:Jike solitons in multidi-· . 
\ . . . ' .,,, . . . ... ' 

mensions. It h~ beeri argued thatthese· st~·uctu~es m~y play an: i"iuporta~t role in the dynamics of· 
: ·. . . . .--• , , . . ,· - . : .;_ . , , . - ._: , ./ '_. . ·.-· .,. 

first ·a1;1d second order phase tr'.'-nsitions, in particuiar in cosmological piidels [1]- [3]. Multidimen-

·. siona:l pulsating structures haveheen knownsinc~ mid~s~ventie~; they were first obser'v;d [4] ~ithin • 
• . • 1 ' • • - •".·' ., -•. _· :· • :-. . • ." 

· . the Kleiii-Gordon'. eq·uation with the ",t,4" ·i10nlinearity: 
' - - ! • • • • • . • • ' . ~ ,..:. • ' ~ : 

w'itli i~ ;,; jJ.: A. series pf more precis~. a~d detailed simulations th;n r~;eii.l~d. the '~trerri; '. 

l9ngevity of tlrnse particle-Hke s~luti~ns which_ were subsequently coined ,:puls~ns» [5]. Si~ce then: . 

pul~~~s lia~e b;eri di;c~ver~d within Klein'~Gordcm equa'.tion;:~ith-~ther n~nlirie~riti~s a:a:·~ ~reat' 

dep,th of und~rstanding ;f their properties. h~s become i;aila~l~ [6]. . , . . . 

-~- Although'the~e is ~~ exten~iv~ literature ori the ~ll.lson~ ~f the Kl~iri-Gordo~ ~quation,' no wo~k-has 
<,-.-· --~--- . ,, _:.; ·. ' ... · . ·.·.,-. p ~: •• ' _.., , •.• -· •. \ 

bee)J done so far on its nonrelativistic counterpart, the Gross-Pitayevski (alias repulsive' nonlinear. · 
. "' - . ' . -; ... , . . . -- . 

. Meanwhile, this equation also. has a wide range of important applications, and iii the first place the 

. Bo;e cond~ns~te, ~here puls~ns (if ~xfst) could be identified with certain phy~ical ~xcitation~. , 

:.. 'u is ;he aim
1
,of .this note to explore the existence of bre~thing solitons in the .. repulsi~e N{s 

~ . . .. - . ..- , ~ . . .-. . -: . . •.- - - . . . l -
' equation (2). Jieie we consider the two-dimension~l-case (~ = iJ2/8x2 +t/8y2

), where the 

underlying physical problem is: a_ thin superfluid film. The 3D case will be addressed in future . 
✓ • • • • • • - • _,. 

· publi~ations_: ·· 

' Before we 'pr~-ceed . to the anaiy~is', it is appropriate to' m;ntion that the existence of pulsons 

'withineq.(l) do.es not y~t imp!; that ~q.(2) should necessarily exhibit ~imilar st~~ctiues: Orie .. 

~ :may 6f ~oiirse ~rgue that the ~onlinear Schriiding~r isthe nonrelativi~tic limit ~i the Klein-Go;dori, 
-· -. .. ' . . ·. - ' . . ' ' ' ,,,, . . -~ ' 

equ<1;tiofl. However, this transition ~~es the ~;uinption that solutions of (l)"a~e smali in~inplitude, ~ 
; the requirement ~hich is cleady riot m<,t in the case of the pulson boundary conditions, ,t,(;, {).:::..:.. 1 

~/./).as,~~~- . •. •· ·. ; , .. • '.. / . . . 
1 

.,__~ : '. • . I ·• • •. . • • 

. 2. Rescaling the coordin~tes a~d field, 

· eq. (2) is broii'ght into the dimensionless form 
\· . ~.' . . ' ' . . . . i 

(4) 

wh~re w~ have o~itt~d tildes. The condensate
1

botind~;y c~nditioi:t is ~OW 1112.-"L The simplest' 
~ •, . . . ·. .. . • . ·. _; . . . -00 ' - / 

p~ssible approach i~ asfoilow; .. Take a, trial function depending on so~e ;~t of paraineters; assutne 
' · I , . ' o • • • • ,.~ • • 



that the dependen~~, on r 'i~ known ;nd parameters ·are foncti~ns uf time; substit~te into the action . . . .. . . ,. ·-/- - . ' , . 
_functional of eq.( 4), .. · 

: · S = 1::1dtd2r:{ ½<it,~ ~~1~)-jVIPl2 -·~(1~12 ~ 1)
2

} ;_ (5) . 

r--.· 

integr~te off the spatial depend~nce ~d arrive at a finite dimensional ·dynamical system:' This . . - . - ,· ,. . . .. ,, ',, -·.. ' ' . - ' 

. -app;oa~h is known as the meth~d of collective coordinates, or as the variation-of-action method. 
' ~ ~ . --- • , 

(A good exposition is i~ [7].) Although providing little information on how close-the collective 

coordinate solution is to th~ -;~al solution, this approach has se~erai obvi~us advantages. Firstly, it 
.. -,' • • ' ,, ,'. • . . . - ,1 - • 

~nsu.res that tlie resulting finit_e dimensional ev~lution is auto~atically eriergy~conserving. ~ecoridly, 
•' I . ' " -. ' • 

if its results agree with direct n~merical simulations, ~Ile has -~n idea of what n<;?nlinear coilective 

modes are _responsible for the observei behaviour . 

_ W~ s~all confine ourselves to the case of rotationally~symmetric fi~lds;,P(r, t)::::: ,P(r, t), To start 

with, w~ mention that ~n~ can~ot simply borrowJ_he trial function of the relativistic problem [3]: 

,P(r, t)~ ~(r/a),·,;ith ip(r) given, fu.~~tion and; a,=·~(t). Such a si~pl~ choice wouli ~ot. do as 
. . . . .. . . . ( . . . . 

eq. (5) is linear.in 1ft arid j 1, and,so the velocity a would enter the resulting elfectiveLagrangian 
:. ·._ . . , ·,- ·: . ' . -- ". -.. · -- •' . : ' , . _: . . . -

-,:- 'Hnearly, 3S a/a2
• Since this total derivative can be simply di_scarded, there will be no 'dynamics. 

. ' ·. 

· , _V-le have ther_efore'to include a variable phase. 
~ 

Thus our ~econd' guess will be ~o ~rite~:::: p112ei9 ;ith 

. . - • p = P.(a~t;). :. 0 = µ(t)f C;)) ; 
. . .· ' --

J6) 

, ,where J(r) a~d ;Mare ~ome localised fun'ctions s~tisfying p;(o) °=Jr(O) = o; and ·P.:::.. i,1-+ 0 

as r ~ 00. Sub;titutirig,info (5) and iiiteg~ati~g o~e; r, we arrive at a (linear:!) dy~~mi~al system 
with th~Lagrangian' . ,· . ' .. 

. . . 

L:;,; ::.(µxii.+ µ 2 l2 + ir:!3 +'Io), 

where 
. 2 •, . ·1P, lo=:. _ -:-~d{, 

'12:,;1 f[p({){~,' 
. . - •" ., -

The Euler~ Lagrange equ~ticins , · 

;I,;/(!({)_£½%) p(~){.d{, 

I~= ½J(p(~) ~ ~)2{di, 
1 

• ' : 

Ii:i: = 212µ,:' . 

~ .. :l i 
.. J,. 

- ~ ; 

f 
j .• 

'-'• 

l 
' 

,\ 
f) 

i!f 

'· 

. E =·12µ2.+ hx+ Io. (10) 

Substit.uting (Ii/2I2)i: for·µ in eq. (10), w~ #et . 

'(11) .· .£ =0 ~i:2 +1:ix +lo 2 ,· # . 

wh~re -~ = I?/2!; > O. Conseque11tl/we ha~e a motion of a classical pa~ticle in' a linearly growing 
' • ~ < • • - • - • • , - • -

potential. This motion is periodic: the parti~le brakes smoothly at't_he point Xmax .= (E- Io)/ Ia; 

. ·, turns back, bo~nces off ti1e o;igin ~itli a·~nite speed !xi = (412(£,- io)/ 1;]1!2
' re~ches the turning 

. ' .. . •'• 

pbint Xmax agaii1 arid so on .•. 

Th; above colle~tive coordin'ate descripti~n furnishes a characteristic ~ize of the. pulson, amax' :,,, 
, • - , ' J ,•, 

- '-- . . ' 

✓xmax, 'a~d its period: 
' ' . •, JE. ,- Io. . ----, :amax = · fa, 

T~ 2I~✓E-l.ci _i 
.. .la l2 

(12) 

ff a p;,;lsati;g stn;cturejs ohse~ved in dir~ct minierical simulati~n~ ~f th~ NLS ~q. (4), one will be· 
• • ', • • : '. ; ' / '. ~ < 

- able'_to.comp~te the eriergy·of this configuration by f~rmula:: 
' ,. . . . ,· . ' 

-~ :1· {1v;f +: !(1;i2 -:-1)2
} rdr, 

. 2 . 
(13) . 

-~ . ' . ' .. •. ,· -·~· . -~~--- -~:- '. ·,, .( .. ;.,,.' 
· calculate Io, ... ; Ia with some plaµsible guess for p and/, and eventually evaluate the size and period 

. . . ' .. / . . ,.,..· . ,, - -·' - '. . .· . . . \ . ,, . . ,/ "' 

, of the pulson by.eqs. (12).' A good comparison with the immei-ically observed size _and period would 

. imply that the 'ansatz (6) capt~r~s the ess~ntials of dyna~ics; 1 .· .. - - ..• 

. ;: ~ow far is the dyria~ics describ~d by this ~w;_dimensicmal system from the actual beh.aviour 
: • •- I • • • :, '' I ., ' - , ' 

. of the pul~on i~ the partial d11ferentia!'equ~tion (4) (ifit e;ists)? A natural test.is fo check ~hether 
. ~ ... ' -, :·, .. · .·_ - ,_- . \ - ' -. ·. ' .· .. ' . ,~ -- . '. > ··. '"' ' 

: the above, collective n:10tio11s conserve the integrals of the rionlil]ear S_chrodinger equation: Apart. 

··. from the energy eq.(13) the NLS e~oh;tions co~serve the numbet ofparticles, . 
--- ,·, " .·. ·. . , ' ' . -.... . 

N ~1 (1¢[2 
C..:: l)rd1· 

and the radial_ c~mpone~t of the liri~ar ~cimentuni: 

"· 0- P = ½ j(-;j,J,; ,- !r If )rdr. 

.,-.,.: (14) 

. (i5) 
I 

, . ' _____ :··, .-· •. ~ 1 ': ' ~-✓ -. •• • • ' 

It is straightforward to verify, however, :.that the ansatz (6) conserves neither N !1or· P. Indeed, 

· ~ub~tit~ting (6) into (14) ~nd (15); one, gets N ~ ~2U)J(p- 1)€d{ andP = a(t)µ(~) f Pfc{d{. _·. 

C;n _;,e desi~;l~ trial function which. would conserv'e integrals? ~e may try to do it' by- allowing 

more deg~ees offr~edom'in the finite di~;en;f~nal dynami~s. :Take, for inst;mce,· . 
f- • . •• - • - . , ' . • .• ' • .,___ ~ ,t- ,· - , •• ' • - •• , , -,_ 

~(~;q = l~b(t)g c~t~) ', ·. 0(r;t;'.~ ,~(t>r(~~t;}, . (16) 
• ~ ; '. - ,-< ', • ,, 

,·'j 

:\ 
3 



'. where i,(€) and /(€) are decaying functions of ('with u:(o) = /'(0) = 0, ani g(oci) = /(oo) = 0 .. 

The correspon•ding Lagrangian is 
'. ' . ' ' . . . ~ 

L = -µ~ 2(1i-- bJs). + 'ia~µbls -· a2b2 h- b2 Jo(b) - µ 2(.14 ::0 bh); (17) 

where 

• Ji = f(t(€) + i !) id€;· __ --_· ' 2la_ ~1 g2€dL 

·7j6 =-e jt€uet > o,•• . >4Jo(b) ;;J
1
·~t(€)~d~~ 

,,,]4·~f fl~1~:- / h =:f tlg~d~. ]5 ~ J 1;~d( 

' Now l~t us impose the cori"dition th;t the ~ollectiv; evolutions'conser~e th; n~mb~r of particles,' 
,' ·, : ,•/. ' .. -,_ .... '. ;_ ' ___ ; '·.-'_ ,:· ·:---·.. ' .· ·'. ,.,..,. 

eq. (14). Sub~tituting. (16) into· (14) we see that N ~ co~st if ~2b = const. Without loss of . · ,_ 
. --- .... - ,,,· \ ~ - --. 

· genera!ity we may identify 

·• /,·· ,--, .f :·. 

and the Lagrangian (17) becomes . 
- ~ j' , 

.· . 1 . 
b= a2.' 

. ~ •. / 

L · 1- + · -c1· · __ _. -1 1 . -. ..:21 '( -1)' ., 2(·J . ~1 1·) 
.=-µxi xx __ µ6-x __ a-x _ox-µ _4_-x 2, 

where _we have introduced X = a2• 

(18) 

_·, < . . . . . ~- . ,.. . 
The Lagrangian (18) is linear in. velocities and so the conserved energy does not depend on i: or 

• ·-·. -·· '. .. : . --: ' - ' .. ,~ . - - : ' . ·:·. . . , .• • ,._. . f. • 

µ: 

E = µ 2(j4 -.x7" 1h) + V(x) 
•• ',a•' ' • .,•. ,• '\. 

'~(19f ' -

~ 

_.where 

'v(~) = Jo(x .... 1 )/,x2 +Ja/x'. · . (20) 

One of.the two equ~tions of motion, 

'. i:(J1+J;/x) ~ 2µ(]4 ~ J2/x) 
. .., 

' 

can be used to eliminateµ from the Hamiltonian (19) ~hich becomei a: function of x and i: only':'•. . . . . _/ ·, , : .: .·· . ' ; . ., ·. , , . , , . ~-

. , · i =:m(;) i:2 + V(x). 
2 C • • • _ 

.. (21) 

Hert! m· is the variable mass of fictitous particle· which moves in the potential Y(x): 
·_ -_ . ,,. ·.: _· ... _:: ,<:·2 ·,.:- __ ' .. · .... 

'"' ,· - (.). -1 (xJ1 +h) ·(J __ 12) m X = - · 4-,- · · 
. _ • 2 . X]4.::. J2 . _ . X _: 

l 
l 

I • 

_f 
( .-, 
i~ 

"J;·J ~. ~ 

. l 

~-

i • 
) 

~t ., . 

l 

,t· 

C. 

!. 
' ( 

' ,. 

j', 
_a·: 
I
· .. 
·' 

j-
l 

-· 
- J'fotice that the fact that p = 1 .c.. g(r/a)/a2 i~ positive, implies that ~ cannot take. values smaller. 

tha~ am;~: -~2 •> a~;i, ~ g(O): Accmdingly, . ~ - . . . . , - . 

-~h~ 12 > J ruco):... uco11l €de> a·; -,, 

' and the denomi~atori.n (22) can ~eve~be zer~. The mass isb~unded and nowhere vanishing; more·_ 
-.· • • •• _, • . ' • '- •. . •• ' • .• ••• • • • l .,.··. 

precisely, 

0 
1·1; . I~ [h + l1u(0))2. ' 

< -- < m < ~-~~---
2 J4. 2g(0) J.jg(0)-:: h , -

' • • L ~--

The potentiaLV(x) is equal to plus infinity for x < Xmin = g(0), takes certain finite value Vo> 0 
' ~ : • ' I ~-. • • . '. - , ,. ' • . . ..· - . ,' - I.-• . ' . . . . .' 

at x'= Xmin and then ~onotcino~sly_ decre~es'to zero as X -+. oo."There can be· of course no periodic 
'e. • ' , ' •• • ' • ~ • • ::' ' - .' ' ' j ' I • 

m~tions in such a potential. If the particle w"ith energy E < Vo approaches the origin from la~ge 

values of{it\,iil brake smoothiy at'the point x: where E ;,,, V(;), the~ re~erse ~11d escape to 

i~finity. If E> Vo, the\Ja~ticle,will·b~~nc/~ftthe infi~itely high ~~Ii a; x ~ Xmin and ;!so, escap~ 

_·to infinit:y: .. 'fhe motion is unbounded . 

4. Thus it mays~err1 th;t the -;equirement of th~ n~mber of pa~ticle c~~servation prohibits the 
. ~~ ' . ~ . . ' . '- . -~ . , . ' . . . '' ( ' . '' 

existence, of pulson ,solutions. ,We will show, however, that_ tliis proliibition, which would be fatal in : 

. •. the 1;ase of bell~l;ke solitons, can. be e~ily circum~ented .in the c~e of solutions wit'h no~va'nishi~~ 

boundar/ conditi6ns. 

Co~sider a ~o~'figurati~~- i/>o ( r,' t) which does not conser~e the. integr~l ( 14): . 

. Z . j{;~o(r:,t)l2:-l}rdr = N:(t)=: ;a +n.~(t) :,_ 

. where we' h~ve dec~'inposed No:.into a constant an~ ~.:;iabie parts:' sti~pose we add to 1/Jo,a "sm~ll"-., 

function 6,p(r, ~) ~Jch th~t f l61/Jl 2rdr _,; £2 ~ t Th~ ~ne~~ :~~ci a{tion fu~ctionals, eqs.(13) 'and 

,-- (i) ivillcha~~e'.by 0(£2,) whereas the integral 1V \ViUb~com~ .. , -_ . ·.. ,_ , ., , · . 

· N =j{li/>o'+ 6~12- l};~r=_ No+no(9+ ;1(t)\·f2···· 
·, _where ,_ 

. ,Ni=: j (,p~6";i+~o{i1/J),:d~ . . 
• . j • • • • - • 

C~ on~ choose 61/J in such ;i. way that the ;ariation'of N 0 (t) is compensat~d by N1(t) and ~o 
·. \ .N(t) ·= No,~ constant? fo th~ ~~e di field~- vanishing atinfinity,·1/Jo,:::;; O,thi~_would'contradict· .. 

the continuity of the functional N1[61/J).•I~deed, by the Schwa:rtz 'inequality, . ; 
;; •• -· - 0: _ '. '_ •• ' •• 1/2 ' :: .. · . 

_ , ~. IJ(,pq6¢+~06~)rdrl $
0

2£ (f11P?l2
rdr}:_ ', ; ,. · , _ _ _ 

.. - ' ,. • :, ' . . .~. . '.. ' ' -•. ·_:·,' , .. ' - ' . -: -· • --~,.' -:_ ",. ,-' ·t . . ' - . . . ', .. " '·. 

and_so if 61/J is small, N1 will also be small arid insufficient to compensate changes in No(t). However_ 

• if 11/Jo I ~. 1 a.s r_-+ 0(): the int~gral I l~o l;rd; diverges, th~ 'sc1iwart~ inequal~ty is inapplic~ble and' 
/ ~ - , .y 



! ~ 

.\ 

N1 need not to· be small anymore.· In fact; it ·can· be rigorously ~roved that ·N1 '= Ni[6,j,, 0¢] 

is~- di.scontinu~us:functional i~ this.case [8} and so it.may take·arbitrary,-large values even.if 

/11;,t,II is small. In particul~r the "small" fu1!c:ti~n 6,j, cari al~ays be cho~en i~- ·sui:ka w~y that. 

. N1[S,t,, 6¢) =·:_no(t) and the;efore_the numb~! of particles in theconfi~~ration t/>o(r, t)+6¢(r, t) is 
. _· .. . .:, . .• . .. . . /., . 

constant, N = No. · 

This can be understood in very .simple.terms. If 6,j, decays ;lowly enough as r--+ oo, the integral 

N1 doe~ :not ha;e t~ be sm~!l even iff[6,J,l2ilr, i~ small. F~r exa:mpl~ ~H·,j;..:.. €/r2, 'f 1.s~2dr is 
. , -, . - ,. ~- . ' : ., . . ·-: . ·. -. : ,(' : . . . ' ' . 
. ~ €2 wliereas f(,t,66¢+ ¢00,j,)dr div~rges. T_hus we can a:1ways "correct" the field configuratipn 

[for inst~nce, the· on~ in.eq.(6)} b;.addirig a: "iong tail of small amplitude''. such that on ~n~-h~nd, . 

the acti~n ofth~ resultin~ co~figu'ration· will be a:s close to S(,t,0] ~ desired, ~nd. on. t~~ other 

hand, ~o + 6,j, will c,mser..:e the 'number of particles. This ·:~plies that th~'rai th~t ~~r pulson. • 

· configurati~n· eq'.(~) does ~ot co~serve the, number ofp~rticl~s; does n~;~ean th;.:t ~his ~~figurati;n 

is far from the a:cttia;- soluti~n 'of th/ G;oss.'.Pitayevski equation ( 4), . . . . . 

· In a: simila:r way ~e c;ri en~ui:e that the m;ment~m eq. (15) i~ conserved: Acldi~g S,j, to i/io .. the. 

· rr{omentudi ·P~(t). ==\i/2) f( 'Po'P~ -~. ,t,d,t,&).dr recei~es an incre~ent ' · 1 ·; . . . 

P1(t) -~ i l e:0 .si -.·C-f-) rdr ~ Lj(,j,~6~:.. ,Pob,p)dr . . . . .-: ..... , . '·. , __ ·.·.:>,, ,· \.,, ... \:. :-__ .·,/ .· : ....... · ,_· .. 
The. second integral .in the right-hqJid side is a discontin)lous 'functional which can take arbitrarily 

. . . . . . 

large .values: . . 

~ .{ Thus the ~ethod ·or collective ·co~;dinates does predict'. the, ~xisterice of the bieath~~-like 
. ' . . - ' . . ' . . . . . - . . . 

. · ( "pulson"). soluti_on- to· the GrosscPitayevski equation. The pulsori. can he roughly· described as 
~ ., -- . ,. . ' •. ' . / . 

-.... a ~uperposition of two' nonlinear modes.· Oneis theconfiguration (6) with':the.localisation scale 

~; Omax; Su~;ri~posed. ~ver~ this confi~ur~tion i~ a small ~mplitude ''.t~ir; •. wh~se ~har~ct~risti~ 

·.\. 

wav~length is rriu~h~larger than a~..,;:. Th_is "tail" appears to bean important component of the 

• pulson; ic'we atte~pt to approximate the pulson by a single-scale co~figuiation,.like e.g. eq.(16),· 

the res~lting ~vol~tion tiii-ns cmt to be no~~;ri;dic. . - . '. . ,- : • . . -
- . ,,... .' . ' ,.. ·' ·. "'' 

An imporfant argument in·f~vour ofthe validity of the ansatz (6) is its remarkable' structural 

s~~bility; the periodic motions id the ;ystem (7) _occm not for a ce;~~in ·specific choice of fJ(r) and 

. J( r j but. for. a w1d~ class of these functions.: We, are ~evertheless fully ~w~rJ tha:t tht~iethod 

. of-cillec~iv~ ;coor~in~tes is.not invul~ernbie to 
0

crit~ci~rri. ;h'e .ultimate a~sw~~ :o whethe/ long-
• , ••. -- -- -:i ,. ·_, - . ' . ,. :· .• '• .. ' 

lived pulsatfog structures occur in the Gross-Pitayevski equation can only be given by the .direct 
• - -· I ~ -...: ., _,,·. .,,. . :,.. • •.• I,,' ·. _, . . l ,• .,, • ; ,• .- : . 

numerical simul_ation. This work is iri progress_-
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