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·cher;-;--.:-Simons Vortices in the'Comlcnsate of Nonn:l,lli\'istic Bosons Coupled to a 
Uniform Background Electric Charge Density 

. Jackiw--'Pi's model' of the self-grit\'itating' gas of nonrclativi~tic hosons coupkl!' to the 'Chern
Simo.ns gauge field is known to cxhihit asymptotically \'anishing. Ju11\p-like soliton solutions. \\'e slww 
that in order to extend this model tojndude the case of repulsi,·e gase·s where the m,tltc-r.fiehl appniache·s 
nonzcrn'values at infinities. one has to add. for instance. thc background electric char);:e'. Rc'formulating 
the model arising in this way us a constrained llamiltonian system allows to find the sdf;duality limit 
in the pure Chern-Simons and i11 the mixed Chern-.Simons-Maxwdl cases. We· pro~·e· that the lim·ar 
1110111entit111 of the topologically ,nontrivial_. configurations can only he·· ,kfmcd as a franslatibnally 
mininvariant quantity and th.e algebra i::_ spontane·ously broken: \1',. I'_..)= 27!p011. 
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I. INTRODUCTION 

f - ' ,. ' •• •• •• ' ' 

_vortices, topologically nontrivial lo~alised structures, Jie at the heart. of all .theories o(p~rticles 

. wi~hfra~tional statistics. It -i~ th~~~ c~ilective ~xc!tati~~s of ~h~ fie\dqua~ta that are ~onsidered 

as c~ndidates for anyonic ohj~_cts in quasi-plana; condensed matt~r physics. 'More precisely, in 

.. the,c_ase of ch;rged ~attei;interactingwith ~ Ma;weU.field, the ~nyon' isab~und-s;at/~fan· 

(cle~t~ically n~utr~l) vort;x and:a field qu:nt~rn, a ''.~uxn and\ "~harge,,:If th~ gauge:fidd is ~f-

the Chern°Simons type, the· vort~x is rio more el~ctrically neutr;l;nd behaves as an anyon itself 
• • e • , ~ • , 1, • • • _ • 

0
; • • _ • , ., •- • • , / 

(1). 

Both Maxwell and Chern-Sim~ns vortices have been.discussed in th~ literature, for both relativ

i?tic ind_~~nrelativistic m11tter fields. So far the rel:;i~i~tic--m~del h~ bee~ 11me~~bk f~r a more 

thorough analysis. It admits a nontri~ial ground state over which top~logical v~rtice;·can be super

impo~ed, (2-4]: I~ addit;on to these asymptotically non vanishing soiutions ~ith q~antized flux, the . - . . . ., . ~ 

re_lativistic model exhibits non'topolcigical solitons for which the matter field v;ni~hes·at infinity (4].' 

.. · (We ~ill call -~uch belt-shaped solitons ''lunws" in thispaper.) .The two classes ofsciluti~ns p~rtain 

to different choic~s of scala~' self~interacti~n,' ~ortices to ~e;ulsio~, lump~ to attractlon .• 

The 
0

1IO~relati~isti; ~ode!, i.e. the_ g~~ged ~onlinear's'chriidinger :quation; wai: found to exhibit 
;' - ~ ' ' ' .. ~-. ' ' •• ' . . . y:" - ' •' . , . . ..• . 

·only asymptotically variishirig solitons [5,6] .. The magn~tic flux of these solitons is quanti~ed ~nd 
-~ ' I • ' - • • ,. • • • • • ,, ·.-· - ·~.. • ••• ,. 

for this reason _thes: collect_i~e excitations are al?o referr~d. _to as topologi~al vortices. Howevert~ey 

are clearly different f~om; for instance,topol~gic;l v~rtices of the relativistic model which hav~ the 

f~rm ;f defects interp~lating be;wee~ topol~gically distinct vacua.·Solutions ~ft~; latte~_type:re .. 

not su~ported by ihe "standard" nomelativistic 1:1-odel. , 

As Ill the ordinary, nongauged nonline~r, Schrodinger equation, the above~s-aid bell~like solitons 

arise in the case of.th~ self-att~a~tive boson g~ (coupl~d to the Chern-Siru'orisfield:). In' the ~ase. 

of repulsive intera~tion the. n~~ur~l. gr~und ·s;ate sh~uld be s~m~~try-breaking,. Le. correspond to 
. a no?-ier~ charg.e d:nsity at infi~ity .. (We will call th_is n~ntrivi~l vacuum ~olution ~~~de'nsat~) 

However; the "sta~dard» nonrelativistic model does not admit th~·condensate solution, no matter .. ' ' . I : . Y· , ·, . • . . .· •. . . • C ' • • ' 

wh_at,the scalar self-inter_acticmU(,t,) is._ If one.wants to have.a homogeneous condensation of 

' cha~ges, 'riotjust th~ sign of the int~r:i,~tion _hast~ be ch~nged 'but th; very st_ructure of th_~~odel .. ' 

In otir recent Lett;r (7] we demo~strated that th~ necessary modificati~~ can· b; attained simply 

by the' re~ision ~f the, Lagrangia~ fo~mulation of the ~ongau~~d ~~ede~ess~; 6f th~ "stan~a.rd" 

model.· Using the reyised Lagrangian 8:8 a basis for the gauge the;~Y, ~e arrived at a n~w .version of 

~the/ ga~g~d nonliriear_ Schrodinger equatio~ wh~ch is complet_~ly co~patible. ~ith ihe nonv~nishing , ., 

bou.'ii.dary conditions ·at infinity. Physically, the. resulting ~odification corre~ponds to the, addition·. 

, of-the liackground electric charge. In the present paper· the riew model is analysed in more detail. 

.· Here we reformulate it as a (constrained). Hamiltonian system. On the o~e hand, the Hamilt011ian·. 

formulati;ri allo~s to find ~elf-dual solutions of the in~deL 0~ the other ha~d, it make~ th~· arialysis 
- ,, ~- , ... . . ,- '-. \ - •. . ' ,. . ·' . \ . , ....... .. - , 



;:-· __ .... 
: of conser~ed. quantities sensibie .. This paper focuses on the linear momentum of the vortices. We 

. ~ . . ' 

construct the _momentum that satisfies aUthe requisite properties: it is gauge:.invaiiant, generates_ . 

·:tr~risl~tio~ a'ii:d i~ co~~atible with the' Ha~i\tonian struc~ure of the model. We sh~w ~hat such a 

m~nientum.can o~ly be defined as a translati6nally noninvadant qu~ntity. Spe~king otherwise, the 

·~o.mpon~xits ~f the m~mentum do riot commute: {P.,,;P;} = 2irp0n; . . 
.. ' , . . . - • I ---· .. ·. - . . . .. .-- : ·. . . • 

lt·is ·appropriate to mention here that there is also another/way to incorporate the condensate 

into the nonrelativi~tic modei'.. The' alternative reiTl~d; i~ to add an ~xt~rnal, nondyn~~ic~l static 

magn~tic fi;ld [8]. Although the backg;ound ~lectric. cli~rgi/ and external static magnetic fiela' 
• ·: • ' ! ' ' • 

correspond toentirely different physical settings, these two systems are mathematically equivalent,. · 

. p~ovided thei~ Lagrari~ians c~~tain ihe. Chern-Sim~ns term. ' . . . . ' 

The pa~er is ~rg;nized ·a:s roilows: In sec. II we explain why the -"standard;, model is not ~pplicable 

. for the description ~f the asymptoti~ally nonvan~shi?g structur~s. Jn sec: ni'the 'model with the 

background charge is introduced and. its relation to• the CS theory_ with the exte~nal. magnetic field 

deli~eated. In sec. IV we disctiss the Hamiltonian 'rcirmulation and in ~ec. VI A analyze as~mptotic 

·. properties of the iiew model: Section VI B is devoted to the self-dual solutions which arise both.in 
: . -· " • - I ,. • i_ , ' ': .... •. - .' ; _' • . , - ' • ., , .. ,t ~- ' 

Chern-Simons and .Chern-Simons-Maxwell cases. These include the asymptotically nonvanishing 

. topological ~ortice~. and ~ome other sol~ti~ns .. ' The liU:ea:r' mo~entuiri of topologic~lly. ~o~~rivial 
: ' ' . ' . . ..... / . . ' . . : ' . . . ' ~· 

·configurations is defined in sec. V, Finally, in. sec. VII we.mak~ several· concluding remarks, in .. 

particuli:..i ab01it the. "spontaneou~ algebr: breaking'\.the ·an~malous c~mmutation relation between 

_the compoh~nts ~f the m~~eiiturii'. •' . - . . . ,, ' 

II. THE ''STANDARD" MODEL AND ASYMPTOTICALLY NONVANISHING FIELDS 

The gauged no;lin'ear Schroclinger equ~tlon was formul~ted by Jackiw and Pj(5]c [6f 
,·' ,·:· ·'•, ·,, ·.,· 1 ', ',, '· ' .•., 
'_'i .it/J,,- ~Ao'if,-t 2m D

2
~ -C: U'~)t/J.= O! 

wher~ 'p = ,~12
, U'(p) =: dU/dp;and D ~ v-=. i~A. 'The gauge fieid A"·= (Ao,A)satisfie~ its 

. own equaii~;'forwhich'the ~onserved matter c~rrent, J 0 = (Jo,J), serves as a source. (Note.that'.:_ 

there are n~ external gaug~ ~elds'.) The most gene~al linear equati~ii for A: in (2+1)' dimensi~ris. 

c~mprises b;th Mlixwell :~d Chern-Simons terms: . . . 

- ... µopF~0 + ~fap-, Fp = eJ". 
' •·' 2 ' . ' .., ' ' 

(2,lb) 

Hire fap = OaAp ::_op.A~; Greek and Latin indices.run over 0,1,2 and 1,2, r~p~ctively; th~ m!!tri~. 

. signature 'is ( +, -, -). The matter curi-'ent of .Jackiw and Pl is·' ' . . ·. , . . . . .. 
, ' . . ' :~, '. .' ,.., .. ~ ' ·. ' 

"-
' 

·, 

. Jo= P ~ l1/il 2
, . . :. ... 1 .· ' .'• '• ' . ,, . 

C.J= 2m/tPJ?1/i :_ 1/,D'.P): 
. '" ' 

·, 

l 
l 

j 
l 
,1 

'' 

1 

i 
\ 

Tl;e parameters,; and " controi the relative contributi~ns of the' ~laxwell aria Che;n~Simons terms 

iii the corresp~nding Lagrangian: 

· i - . __ · .. 1 . __ .' ,,·. ' ,;.' •. . ,· .· . , . 
£.='-(!/,Doi/• -1/•Dot/.•) - -Dki/'Dk¢:.... -Fa13F".13+ -f~0 /JA-,Fa/3 ·- U(p). 

2 . , . ·. /2m . . , 4 _4 . 
(2.3) 

In eq. (i.:i'j Do = oo + ieAo; JI 'is 2'. 0, and i.: 'will be considered nonnegative as \,·ell. The case 
h • • ,/ " • 

;of ~egative ,;.·is recovered siri;pl); by the j,arity transformation (xi:;::! x2, A 1 ;:= A 2 ). Finally, the 

. s~~lar seif-interaction l!(p) is takJn t() be -~ompietely. arbi,trary in .this sectioh. \Ve·d~~;nstrate 

that;no '.natter )Vh~t U(p) is, the syste;n _(2:1)-(2.3), which \Ve will c~II the sta!1dard model, does 

not admit thecondc11sate soluti'on .. 
- , .- . ' . / 

Compone11twisc, the.gaugeJield equations (2.lbJ ,ca,'. b~ writ_ten as 

JtdivE-,;_B~=: eJo.,· 
I 

· -11Et+ 11 curl f! :__ i.:E = eJ; 

(2.1a). 

(2.4b) 

,whereE',= F•0 and_ B = F 21 are the electric and i~ag1ietir fiel~s respe_<:tively . . E stands for the 
-:d· • It E .. E--;, ·. Ei 

I U~ ,, ?. . ' = lij . : 

' ' We, ,_;ill:cail C(!llde;1sat~ any solution io the equations (2.la), (2.4) ,vith th, following properties: 
,., ' , . '\ - ·, .'.: . >: ', . . : '·. ' < • ' ' ' ~ • ~ ,. • ' i ·• ,, ' • '_ ' ' ,! .• - ' • : . 

. (i) 1/• is a time-ind.ep'e11dei1t'11011·singular 1irntter fiefd distribution with a uniforrn density,· i,e. ~· = 

· ffoei~(~) with po = co:;st ai;·d {(xf si,~gle-v;il;~;ed; (ii) the,electric ~nd mag~eticfidd~_;ir/ also 

'.•'. ~t;tic,;E = E(x), B ~ B(~),'and bounded .. ;:_:'.' . . :, 

In the ~ure ,Maxwell ca,;e (,.' c:=J), the i,one,xistence of a ~olution with tl{c above ·properties is 
; ' 

straightforward and wid~ly known to ~~rker~ i,; this field. Eq. (2.4a)i; ti1en sin11~ly aiv E == coi{st 
• '.~ ~-. l ... ·_•'.. ,'.)./. ' . • ' • 

· and so the electric field has to grow indefinitely. Iiithe pure Chern-Simons
0

case (Ji== 0), eq. (2.4a) 

• b~~~~es fl = canst and the ~on~xiste~~e ofth: cond~nsat~ is 110; so obvfou~ (bnt also kn;,,n i.o 

spe~ia, lists.)• B~lo~MVe prov; this fact for i1{e most ge;,c;al siti,ation ~,-her~· both the i\l,;_xwell a~d 
' •• < • ' • ' ' ,.,, 0 •• , • • 

Cher;1-Sim~ns terms ~~e pr~sent · " 

Our argum?nt appears somewhatshorter if WC'-choose th? r~;il gauge, x(x) ,=: 0. Th~. i111agi;iary 

.· p'ari of eq. (2.la) am<J~nts to div A·~ 0 and hence A. \s a 'curl,· A.= V xu: Till: current ·(2:2h) 

-i~then :1 curl ~ ~ell: J = -(epo/111)V X (l'. The requirement E, = /Ji = 0 does.not. y'et:ensme 

A; = ·O and so the ~lectric 'fieid, E =.'-V ,.{~ - Ai, m~y have, 'in· general, -both cons'civaiin·· and ' 
< , ' ' ~ ' ,. ' • • ' 

'solenoida} conipmicnts. However, taking t)ic divergPn~c or'eq:(2.4b) wi!,h Ei :=O'. wegl'l 
' : . . , . ' '' 

.;, -,;.V. E = :...;,;v x .. E=0, .(2.5) 
"·;; 

which ri1eans that Eis ·a pure gradient: E:::: -VA0 • • 
·- < Cc, ' ., 

-: ·· Evaluati11g the curl 'of both sides of eq.' (2.4h) and si,litracting eqi (2Aa) with .an appropriatt' 
-.' - , ' - ·. - ' 

~oeflicient; it)s not._dilficult' t<;>· obtain a stationary n~nho1!1_;,gc11eous Klcin~Gordon c~1u~t,ion for. the·,. 
• ' •' ·,,;' i ' ,,,, . - • I 

·'magnetic field:' 

., 
3 

·, 



~ /' .• 

.· :__;2aB-1-(,-i + µ e2po) ~,,; "-ei.p~--

.. .· .. · .. · .. '::_:'·:;_me~·.,' ·. 
· The only bounded ·solution· of eq. (2.6) is a constant, 

: -. . . . . . . , . . . . •. ~' 

(2.6) : :.:~ 

,, .. ·. 
· • · ·· eKpi,' < B(x) =. Bo == 2 2 • / • ·' ti:7) · · ··. · . · " + µe _{!o m ·. •· 

Ail'6ther sohitio~s grow e~ponentiallyas ~ ~·-~--and/ o_r have. nonint~grahie sing~la~ities ih: a finit~ •. 

part of the rx-: !/ )cplane'.: Next Jor, const~ni B
0eiJ. (2Ab} beco~~ E = ( e2 Pil mi.) Y ~ .· Re~alling,ihat . 

E -~ :-V Ao, we :coli~lude ihat· a.~-~ ( mi./ e2 Po)Aa ~I~s. ~o~ibiy; a functio~· of tirn_e .. Substituting: 

thisilitoB~--Aa,;e'~b~airi'. ·:. ' '. . · . . ,) · .·: ··. ,.~<·:• ~: .: · 
: · ... /' :e2 Po 11; : 
.8aAo = - .. -. 

,c·.:,: m· "·· 

Here{) = {)/oz; 75 =.8/oz with z = (x +i~)/2.'z ~- (; __ iy)/2· . 
·: Sch~oding~r-equa.tion (2.la) is a.rio~h~~ equati6rii,r Ao:> . . 

. ' -·~ ,, : . . . .. . ' '. . . . , '.• 

Ao:·+(
2
171t

2
).M~iAo -~ .:-:.!U'(po/ 

··--·.·:: . . ePo .. . ,.e ... ·· .. 

> (2,8a) 

Tn~· ~ea) part 'of the nolilinea~ ,.···· . , .. , . . ... ' .. 

. ~ . -'." . ·--' . . . ·. . •.•. - ._ ·• . . : ', :.: :-· . '. ; ,_I' ·. . . • ~ . :". .... .. . . ,: , :_ . ,. • ·. ' 

Up to now we have been implicitly assuming that 1,. -::fi O.Jh = 0, the equation (2.4a) is equival~nt · 

'to (2.8a) where,~e sh~~ld.ci~Jy\e~lace iio/i. byits'iimii ~~I~e: . ., . ' . . . . .·, 
·.. . . ". ,_' .- . ··. . - . . ' . 

!~~0-'.= •. ~; .· ,:-,-· 

The general.solution of the Poisscin eqtiaticin'(2.8i) is· . -- - ,. , ... · ' \·. -~: ... 

< ' :e2p~Bo. '.""> · -
Ao = --zz + f(z) :tf(z); -- . m-·,c/··, - .. · 

·--.-·. ,• 

,(2.9t 

where /(z) is al:rbitrary analytlc functiori.' The non~isience of the condensate soluiion is obvious . 

a.lrea~y from etj.' (2.~):(Ao -~o~pri~~ a ter~:ciuadiati~ ~ri cooidinates and so the eledri<field grows. 

j 
L. 

J 
• .. 1 

.; 

I 
-l :· 

·.,-

I.• . . . 

I 
I 

-.:.J 

'. 
. a_t least linearly as r .;_,'ex:,:) Hmve;er, we c~n prove e;en a strong;r' ~serti~~- We.Win demciu'str~te ; 

that equations (2.8a)and (2.8b) ar~; in general, in~ompitibie and, with a single e~c~ption,.th~re .· / .-~· 
'.'··. • • < 

are even no polynomially growing solutions.· 

, Diffe~e~tiating.'eq. (2.8b) by z one oli€ains 

. . . . ; .. _(1 {2i") ". ~ '.~ ('2~:22) ~aa, 
. epo , . •. e Po 

·'.-. 

(2.10) 

where a = {)A~. M~ltiplyi~g (2.10) b:ht~ ~~mp!ex coajug~te yields ~ 
- ' , - ' ' ~._ ' ' 

. laal2= e Po mi. 2+µe Po .... (2.11) , (2 3 '2)2 ( ·21 2 )2 
. . . m~2 mi.2 + µe2p_o . . . 

.. Here' we_ used the fact' that, ,i~·:vi~w of (2.8a), a 4 'o ... Thus, {}a ~ 82Ao = {)2 !(;) is ,m a~alytic 

· function 'with.· i:6nstant· ~od~l~s. ··By ·.Lici;vill~'s th~~relri; the.only-s~ch fu~ctfon is··~· constarit; 
'. .. . . ." . - ·-

. ,. 

. r: 

( 

...--· 
ilaving noted that and differentiating eq. (2.10) by z again, o·ne"ariives at the relation ep~/" = -Bo: 

whi~h can only b~ satisfied ifµ = 0. Thi; me~~s that ~ solution t~ the syst'em (2.8) exists only i; .,. 

the pure Chern-Si~ons case. However, this solution is quadratic in the ~ordinates, , · . 

. . . . ·e.ap2... , _. : , . . . . . -
Ao = ----%zz+ (C2z2 + C1z +Co+ c.c),-

.. mi.. . . 1···· . . -· I , '(2.12) 

arid _so the dor'respo~ding' electric field grows linearly 
I • • • 

as :r: 
rri~ntioned, thi~ solution is not:suitabie as.the conde~sate .. ,. ' - . ,,._ 

or. y -+ ·±oo. As we have already 

'·, 'Thus all:constant density s~!utions ofthe syst~m (2.1) grow ex'ponentially as lxl .:.. oo and/or> 

l;a_:e nonintegrable singularities in the finite part of the(;, y) plan~~ The ~nl; exception is th~ pur;. 

· •. Chern-Si~ons c~e, µ = 0, ~h~re the. electri~ field gi:ow's iin~arly as ,~.1- oo. w~ have to ~onclude 

ther~f~re that the ~ondensate existdor no ;and" _[9]. 

111. TIIEMODEL W.ITH.THE BACKIC6ui-m CHARGB,DENSITY: 
I ~-- /a..,' 

'A. The i-egularised:model'· ,-

. . The structure of 
0

the necessary modificationsthat have to be made to the "standard~. model (2:3) . 

i~ _sugge~ted [7] by a ino;-; basic s~st~m: the n~~gau~ed N,LS equation: . . . , 

. i' .... " .• -' ..... . 
i,pt + -

2
: ADVJ - U'(p)tf.i = /); 

.'' m- .•. : .. '.• . . 

).· 

· (3.1) 
~. . ---, 

; Here AD. i; the D-dimensi.;n~l Laplacian; d.D 
' \ . ,,., , . -, . :- ..: 

{)2/{) 2 • . • · 'a2/a· 2 J d'-· '.. . h . - ,. :i:1 + •··:-!: :r: D. n one. 1mens1on. t e 

, Lagrangian '· 
.'\ 

. i ·:..:.: '. - .··· !'°' •: 2' . 
_£=1 2(1P1'P-:-3/'t1P):-:-. 2mlVJ?.~I -,.U(p) (3_.2), 

. . . . . . . . ,"' . / . . . . ·< ' 
which is normally _associated ~ith·eq.(3.1) does not auto1!1atically produce the c_orrect integrals, 

.of-m~tiori for sol~tions with j,f,j; -+ po ~t infinitY: The ·number uf p~rticles int~gral.t~kes ~h~ • 
for~ N~ f ;J:r: and ob~iously :dij;;ges while the mom~iitum,P = (i/2)f(

0

tf,.,;f'.--;f.,i/,)d:r:, is_ ~ot 

function:lly differenti~ble arid, ther~fore, is in~ompatible with, the ll~iniltonia~ structure of the 

,mo_deLThe finite n~~ber of particles, . . . • . 

. · ~:j(J>:::: Po)d:r:,' .(3._3) 

and;the differe~tiable mom7ntum, .• 

.:, .. ··;j C .. '. •. (. p') 
P'= 2'j'Pr,;f_:::;f.,,j,) 1,-~ d:r: 

; . . . .. • ·. p .•. 

-,. 
. (3.4) 

are obtained onlf by ari a p~st~riori regula1isation~ Proceeding t6 twq · dimetisions,' the iituation is 

no bett~r .. The Noetheria1fmom;ntum r~ulting froID the Lagr~~gi~n (~.i), .p = f 'Pd2/ ~ith ·. 
·f _· .• ,- ;: .. ·•.' ·~:,' ._ ~ ·. ,.. . •,;;,_.,~--..:. ·,,· -:- .,- ,;·: :~-;,, ·_;,:· ... ,,-,:. ,' ~--•;-> ·_,:, J":~. -~ 
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-. . i . . . . 
__ ·'P = -(1/JV¢- ¢Y1/J) 
.. .2 - - . - .. -

(3.5) 

. . , ' ~ . .. - -
is riot.imlinondiffeientiable but also divergent on certain' configurations. ·Assuming, for instance, . 

the vortex b~und~y conditions 1/J(x) _: .,jpoe_inl as !xi-+~ .;e have 'P-:+ (:..~)pox/r2 and so th~. 

integAI I 'Pd2:i: converges o~ly in' the sens~ of the pr1~ci~aJv~l~e. -A~~the; important conserved 

~u:Wtity in tw_o dioiensioiis is th; angul~ momentum: , - . 

L =/~ x-Pd2
~. (3.6) 

As lxl -;+ oo, the i~tegrand i~ (3.6)·approa~hes -~Po and so the angularmomentuin, in general; 
', • • • '. • ' 2 , ,· • •• , ,, •• • • • ~ ...... • 

diverges. . • • · 

Thus. we see that the Lagrangian (3.2) i~ ~cit compatible with the n~n;anishi~g boundary con,• 

ditionsat infinity.- O~the one hand ~his i~compatibiliiy manifests itse!f'.in the fact th~t there is 

no condensate solution in the gaug~ th~or~. based on this L~g;angian. 0~ the:othei- h;nd eq. (3.2) 

giv~ rise t;'ill-defi~ed in;egral~~f m~ti~n•~jen on ~he ~o~g~u~ed 1:~e!'.; These two ~roblems ~re, 

~b~io~sl;n~t unrelated .. As ~oticefin [7], cu~ing th~ wns~r~ed qu~ntities gives a clue to the~ 

condens~te problem. . . . . _ . . . 

Adding the tim:e derivative of a fonction to the standard 'Lag~a~gian (3.2) do~ not change it~ 
. _- - _. .•• :. • '/. • . -- ~ .c. . . ': • . . - "-· - - , .. • 

Euler~Lagrabge_equatiori (3.1).: In one·d~me_n_sion this function can be chose~ h1. such a way that 

the: correspo~ding 'integrals of moti~n dutomatically arise in the -~egularised fo~m gi;en by (3.3) 
· •• '. - . ,- . . -· . ' . ' . • . ' - . ' I' •· ,~_ . • . . . : . .' . . . '' .• 

'and '(3.4),. The appropriate tjm~ deri~~tive is -p~(Arg 1P )1; and. th~ regularised Lagrangia~ is. - . 

:._..:. '7j - ....:. - ·,(/_ Po)- i-lV1>fPl2- ?,_: : · · \ · >,. ' -_ · -
. C =. 2('Pt'P "". ip1ip) 1 ~ ;-; __:-: ~ - U(p)_, ,- < :_ . _ -.. ·· (3.7) 

.. ' . .. . ' _, - .. ·, · .. 

_ with D = 1. For D = 2 the Lagr!ingian"'{:l. 7) gives rise to the two-dimensional nonline~r Schroding~r 

~qu,~tio~ whiie the conserv~d ~uantities (: ~~~luated by N~e~hi;'s th~r~~)' ar;: N ='f (p~ po)tF~; ,, '- -. - <_ ,, . . ... . -- - -

(3.8a) 

.... ,_ 

'P == ½<~V~- ~V~)(1-.Po)';· 
. - - p 

(3.8b) 

.-and 

L ';,_ j x, x 'Pd2:i:. ·(3.9) 

It is easy- to ch~ck that these integ~als: are convergent fo~ fi;Ids with/_,. Po as !xi -+ oo. 

Furthermore;for ;~me configur.atioii~, for instance ~litonic bubb!~, P eq: (3.8) and L; eq. (3.9) 

-are diffeie~tiable. '(Bubbles ~re ~~;here vinishi~g n~nt~pol~gi;ai ~l~tions with·¢,(x)·"7 -Jiio as '. · 
~ '- -oo [~OJ.) H~we~er, th~ ~oinentum-(3.8) ·i; not differen~i~ble ~t ~ vortex-lik~ co~figu;~tion';i.e. -

' -- '. --,.. - (, - . ,·-·, ... ~- -~ . -~-- ' ,. . .,. 

>. 

'!. 

j . 

\ i 
-I 

l 
/ 

·l' 
l
L 
I _-, 
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J: 
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.j 
r 

·.J 
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,ico1~figu;ation of the formt/·(x) = t1·(1·)c;.;;, with t/·(r)-. ,!po as r -2.:.oo, and t,'·(,;) ..:., r~ .for -,; ~ 0. -

·The variation of the momt'ntmn is 

, - f.P =;;if !f.'ivi:· - [,~·-v'i;,)d2 r -:-J V[(p _:· i>olb Ar~ t·]d2
;: • (3.10) 

j -- • : • . .. • 

- As in the one-dimensional situ-i1tion:·t11c quantity (11 - p0 )6 Aig ~- approaches zero at 111finit°S· and 
. . - .' . - -· .. - ' . 
it_•is tempting to expect that. the second. term iu (3.10) will vanish after th,· double integral ·has 

. / . . . 

bcci1 · transf~mwd to a line integral over an infinit;ly rem~ie ,~ntour. llo,\;ever; Gre~n ·s t l1eorem is . .___. 

not. ,applic;il,;c for vortices as Arg i:, is n~t .. diffc~~nt.iable at the centn· of the vortex. [For· instance . 
•' ' ~ • : - -. • > 

.. if the vortex is ·placed at. the origin. Arg i;• = :10 = 11 arctan(y/ r ).] . T<> ap11ly _Grcei1 ·s t~corcn1 w~: 
would li.~ve tci in~-.,g~atr not 'only o,w the infinit.l'ly remote _co1llou~ but. al~o m·c; a s1;1alfcontour 

• ·, + ·,_ • - • / -,, 

encircling the vort.~x rnr,··. Th,• frsult will g,·11t•wlly hr nonzC'ro. 

, Note tha;: t.his 1iondifferenti1~hil;t; is ,;fa ;liff,,renl nature than the. nondiffcr,'ntialiilit;·.of them;,_ 

l~;~,ntinu (j/2)J(,t/•-;J'.,. - -;J',,;,,.)d,: in'oitt'. tliiil<'nsion_. ·.l'h,· !.~tier arises from the ll~ll\'alli~hing botindar;· --- ' .. ' ' - , 

c·o1iditio'ns a1..·i;1finityi that. discontii111it.y is an att.rihti't,,· of tht' con;lmsaie. '!;he ,•xpressi_oi1 (3.8) 

'is free from this drawback, It is 11ot surprising t.hirl'fort• t.l;at th,·· gai1gc t hl'ory biL<t'li Oil th,• Lag

·rang,ian (:l.7) is not ~o h~st.ilc to a.symptoticallyno1ivanishi;1g field;_ C~tipling~.-\;, mini;na~ly ·,o: 
\ 

. eq.(3.7) yields 

~ ' i- ~ ··. -- _.- · ·(· ~- )f I - _i ' i " ;- , £_~ 'i (tf,/Jni/• - ,t/•Dot/•) 1,- p;,. _ c-
2111

lhfl)k~·•_..:: ~J,:'.;iF"JJ ;+- -:i< :''f' .41 F.,'.1 - F(p). : (:l.11) 

".- • . ·•-' .,-, - : ·'. .• - ·,' I ' 

Dropping the time ,krivative p0 i/0 Argt/•, we obtain lht• fini1l form of th,• rcgnlari_ml model [7]. [11]: 

· ~ --i:(:....::. --)·': - .:.l·'. __ f ', /t'., •n~;.·>·li~llJ},- •' ·. 
0 

-.£=;- t/•Dot/•-t/•Doi/• +cp0Ao-;-lh~•D.t/•--l-,.i3/•._ +•_-, ,-:l1 I-n,i-/(p) .. 
2 . , - - 21,11 •• :1 ·. -I - .- - - _ 

(:ui)' 

HIS OI;ly one term, epoAo;that makes cq. (il'2) diffem1t.to the standard 1110,iel (2.3i. llm,·,·n;r, 

th~ I.en;; has,a t;,UI~piirent ph~si'r:~I inie;pret.at.io;I (it d;·srrilw: th>gaugdield ('Ol;pling i~ tit,: 
' . . , -- - ' ,. ' . -t . ' - -

11;1iformly rliargcd 'static' backgro111id) and prodnr;'S ~ drastic change in soh1ti[,u~ of t lie rnodd. 

-The' equations of mo.lion lo~k the s~me, eqs~· (2.·l ), with tl;e wctor- J be(;;g given. by tl.ic st~i;dard 
' , , . . _, ,, :', . ~- . ·- . ' - . · . 

- e~1>rcssion (2.2h). :r_hc_ m11nbcr d,;nsi_t.y; liowcwr; is giwn by' 

.lo'= P - __ po. (:1.1:1) 

'-
It. is straight.forward t.~- check 't.11at. the model regularised •in this wav, do,·s possess· t II<' rnndensat,, 

- ·, - ~-: ; : . . ~ . - . ' '' . . ' . . - . . ' -

solution: 11',= J,,o,:Ao =' -;-(1/c)U'(po), A_= o, 
-.) 

D. Dackg-i-01111~! charge ~nd ,,~t;,rnal mngut'tic field _., 

I 

In case· t.h\' Chern-Si11tons con~t.ant.- ,c Is-nonzero, t.hc background charg<'_ ,knsity ,can he ·rt•inll'rc 

pret.rd, .~~ t.hi, ·,·xt.crnal_ s_t.at.ic uniform 111ag1;,,i:ir -fi,:1ti. hu!Pl'd, Slll'P:~ •. t fiat iii a,ldit ion i';, ·' h·,,:·gau~;;, 
-.-. -- .... -, ._' _. -. -, __ '- - .. - , . ' . - ' 
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/ \' 

,_. field ·A,. we· have an external, nondynamical gauge field A:xt (but no background f:harge): This; 
. . ' . ' .· , . - ~ . ·-• ' . , . . . -

_situation is described by Jackiw-Pi_'s Lagra_ngian (2.3) where we should only'change the expression ·· 

for'the covariant derivative: 

_; D,. = o,. + ieA~ + ieA:xt_ (3.14) 

/ 

I~_ terms of the resultant gaugefield 

-- .. , 
Aµ ==Aµ +A:xt '(3.15) 

the Lag~angi;n (2.3) beco~es 
' ·. . . . . , .. - , . . .... ,· . . • i' _,, - . 

, . £ = i(~Do~-~ t/JDol/J) - 2~ 1Dk1/Jl2 ~. if?j.F;f_+-iir_aPA-r~a; ~ U(p)+£i. (3:16a) · 

where D,. '== a;+-ieA,.,, F'i,v =o,.k. - a;x,., 

' £ ::: !!_j~/l Fext _ !:_£~',;p A p~xt 
I __ 2 , a/1 .. 2 . -y a/1, 

'"" ... ,.: 
(?-16b) 

. and W!!'have d~op;~d the term-_.-

_!!_F;xtriP +·!:.l-ya/lAextj;,~',,t.::.. !:_£-ya/la '(AextA ), 
. 4 °:!/ext , ... 4 \ •""·· a/1, _2 _ a_ -y /3_ 

the v~riatio~ of which is zero."We-canrewrite .Ci~ 

£1= (~Ao +µB)B 0~t-- ;Ax-E•x~--µE. Eext_ 
l. ' •• ,.. • '• 

Here th~ quantities ~ith tildes c~rrespond 'io the fi~ld A,.. If B'".t = iionst, the term µB_B•~i rri~y 

be dropped from .C1, Consequently, in the da".se of the pd~ely ~~gneti~ (E•xt = 0) co;~tan; e~tern.tl 

- field;· .Ci:;~du~~s ~irripl; to ~XoB•xt_ If we'reriame the ~;nsiant- ,cB~xt as ep;,-e~. '<:/i6a) becomes 

n~thing:butou~ mqdel with the backg~ound charge den;ity, eq. (U2);for the fields ,j, and A,..·~, -··· 
. ;'Note that' the-ci1ern-Simons term-,is es~e;tial f~~ th~ equivale~c~ to'take place. ff~= 0, i.~: ifwe 

' have a pure Miwell g~uge ·fi~ld, we 'can~o~ identify i.B•~t a~d epo and the tra~sformation breaks: 

down. The ·Ma.iwell th~~ry _ with the. e~t;rnal co~stant magnetic fi\!ld a~d t~e M~well theory with 

· the backgr~und el~ctric charge ;~rno~t to· be unrelated model~. -(Instead, asone can re;dily see 

from (3.17), the:~= 0 model~ith theJ;~ckgro~nd charge•ci;nsit; c;n be ~ef~rmulated as th~,;; 

Maxweil th~ryin the linearly g~owing ele~;ri~ field, i•x~ = -(e;o/2µ)r.l' ·-.. · . 

, .. IV. THE CONSTRAINED }!AMILTONIAN FORMULATIO_N' --:. 

'The Hamiltonian for~uiation.is c~ucial for th/coristrii'ction of s~lf-dual soliitfons and a variety .. ·_ ,, .·. ,,. .. ,•- ,' . ' . . · __ '. --- --:- ,- . 

.of other purp~: J~ thi~ section w~ give·the Hamiitonianfor~ulation of the model with the 

backgrourid cha;ge (as; ~eiI as ~f the "standard''~ model ofa ~ckiw a~d Pi. j .o'ne im~ediately notices 
• • • • • ~ • • • .,.._ ' • • ,• • C • ~•• '•• ' ,.- ', 

·.......__, 

·j 

} 
} 
l . ·--": ' 

'- ! 

·, : -, 

., 

i 

' 

I 

J , 
l 
l," 

r 
;I\ , .. , 

.i" 

__ L 
l· 

tlmt Hie Lagrangian (3.12) is s_ingular (degenerate in velocities) which implies that we deal· with 

·constrair;cd d.yna111ics:·1n its.treatment we foilow Dirac~Bergmann's approach {13]._ , , 
j i· ' ' . .·. .; . ,,. . ·.,.- . . , . \. . '.', 

· · The 1pomcnta conjugate to the matter field.¢ and its complex conjugate tjj are given by-_, 

1r=:-a(!~1/J) = }~(l..c ;), . 

_ - .: a.c' '. i ·. · · i>o 
7r = --- = --1/J(I - -), 

0(801/J) 2 · ,, p · < ;,, . 
and give rise to two primary constraints: -' 

. / . 

. , ,, . i- : ·Po , , 
: ~I= 1r-:--·-2,j,(I- -) = 0; 

', ' . p ' ' 

C ' -, ,i ·'·(l Po) ··o . 
. l . -~2 = '.1'+2'1: ~P -~ ... ' ·.' 

i, ·, .' .'. ·:. ·. ·. , .•. ,:, . ,··, ,/ 
Tlic 1nc:imcnta'conjugate to the fields A" ·are · . 
~ ; . ' ' 

., . II " . . /l . o • "' =_ 2£apoA, -:- µF"' . , 

·-. 

./ 

',/ 

(4:la) I . . 
.,1 

. ., (4.lb) 
. \ ' . 

, ,,(4:2) 

II6; ~ad:~h~~;. therefore. rr~ ; 0 is a th;i~d. ;~iin~r; -~or{~tr~ini: . The 'ca~onicai Hami;t~nian .· den~ity. is 

'the cner~y de~sity 'r00 (s~e ~q. (5.2~) b;lo~] ~~~;~~ in te~ms of can~nical ~a~i~ble~· ,1;,1, ii,-w, A" 
, • . ., ' ... , _· , . - ' ,'. ., · .' : ·, ·,'' '., . , ; ·.. -• ',' , , . I ei . :- ,' \ t - ~ • , ~. ', 

and II/_: fotegrating by 'i>arts (s~ sec: V) we write ~he canonical .Hamiltonian as . : .. 
I \_ • . - ', ' ,. ' 1 

• 
0
\ •' 

}1~- =I [2~1011~ -+;U(;)j~(~2 ;,t>Jd2;.~JAo'ff{di;~7" ,k.if~e(p ~p~)]d2;, •, ·, (4.3) 
','_ .A< ,: ' ~'{

0

• ,:\ ': ., - ,: ,· ·~ ': ·, •• •• _,-~---\_·'·, ,:/ ' .. ·, /'. l',· • 

where Ei:= (,;;,HAi /2-'IIi)/µ, and B'= 8{A2 -82 A1• The Poisson ~racket between two functionals 
••·•~' '.,,· "'.••·,,,,! :.,,1:;•••,;· ', .••'·'•,. :,-1••- •. .;,,.'.,·• ·,.}c· <!.'"'!~ -:-

1
•,1,;,_:,· • '/~ ':-~-

JS ' 

{ 
.

. s'. ··T:} .. ;J·. [6s'6·T··· : ~S.61' 
1

_ 6$ ir' 6S 6T . ~s ,-61' .: • . 68 '°_;:] 'd:2 ,· 
I - · -----+-----+--------- X •. ' , - 61/J 67r 61r 61/J 6-;j; 67f _ 67f 6-;j; Ma 6IIa 'i 6_qa•6Aa ·. . 

. . .. • ... ., . . " .) '' ,. , .. 
' 'The con~train~s

1
(4.1) ar~ seCOf!d cl~s. {e;(x; t),,{2(Y, t)f= .'.:.;5(2>(x-y), and can be a'ccommod- . 

~t~d- by ·the introduction of the Dirac bracke't, · , . 
• ·• ,'. • < • \ • ' • • ( .'• '; C •• ,' •• • • ; " ' ' ; j. ,•• ~••• > < ',~ ' • : • • f < .,: ' ... " ' 

• • '.. I {S, T}v; {S, T}-: ff [ {s:e1(z)}{6(z)·, T} '- {S,6(z)}{~1(z); r}]d2z. ' ' \ (4.4) 

' ,:_;··~ :., .. -··:' :, \··,_.,_·;-,t:_,--·, _'1;_",·1;:·--:.·./·:·::'·,·:: ',,'. _;;, --·~.1"-:•·, .. ·,··~,··'..',• .• ·;.°~·/i ::~·•:··· · __ --,-✓-·-~•, .• _, .. , ... 

. The expression ( 4.4) can be simplified considerably if one'solves the constraints ( 4.1) for 1r. arid 'if. 
,_., -.... ' • • •. I ·: -,_ ·.·,'_ •... . . . • • .• · ·. ' . . '. ~ '•·,,,;..,.~. •, 

, and treats S and T as functiimals of ,j, and ':;j only.· Denote. . - \ . . . . . 

\-t.:_''-\,, 

S[I/J, tFJ == s [t/J, ;(w,tF),tF, w(,;,:tF)], :, 
l, ,, 

T[¢,-;j;J,;, T(J, 1r(1/J: °tF), tjj~w(~, efJ]: , 

.. ·'(Sand f also dep~nd..:..o; Am II~; of course.)'A straightforward calcul~ti6n:shows 't~at -

. {S,T}v.J·1·· :[~ i(is6!'_6~6f) .. +Js·,;f ~ 6S 6T]·d2x; . (4_5) 
-;_,_ : i. . Z 6,j, 61/J 61/J 61/J . 6A 0 Filla , 6IIa 5Aa ,· .,, 

• l l, • ' •\ 

,9 ·.. \. 
;, 

",.,<· ',(· 
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,: 
Hereafter we omit the tilde and always understand s ~nd T as f~nction,als ofonly'ip, ¢, A,.; and' 

, • • ' ' . f ' ~ . . 

II,,., 

The ·constraint Ilo ·=. 0 is first class and the ;eq~irem'en; ~fits conservation ,leads t~. a secondary . 
! . . ~ 

constraint 

TJ = {Ilo,Hc}v :;= µdi\'.E- ,;,13 - e(p- Po)= 0. 
. ' ' ' . ' 

' ' i· ,(4.6) 

.The sec~ndary constraint TJ = 0 doe~ n~t i~volve an; furth~{ constraints· ~ince,'as on,e can check,. 
, • ' ' / • • ' .:. • , , 1 '~ i, ' • 'l . ,,f ' ' ·, • • " 

'{TJ,Hc}v~0. . . .. · .·, .. ,, 
, . , ·, ~ •• ·' , . • I : , ,· .' ·: :; , , • .'.,,. ' 

The total H~miltonian is now_ HT= lie,+ f vllod2.~, where Vis an_ a\bitr/lry multipli_er, A useful 
\ I ' ' • • I > ' ! ., ' 

·. observation is that the ~ariables A.0 and_ Ila .have 110 physical significance, Ila·= o. all the time 

'~hile 'A 0, can take arbitrary ~alues. 
1

,Accordingly we inay dro~ them out fro;11 the seti of dynamicll 
. , .. , , ; .. •: : . ,' . . . • : • · .. ·· :, ,· ', · .. '. .•. I 

. .variables of, the model.·. This•can ,be accomplished by discarding the term vll0 in /JT, tiw 'only 
• _i , •• : J .' -. • , • ,, , '," ·•' ; • , , , ·1· \ : . ' ,. , ~ / .; ' ', ' • , ' ', I 

rc,Ie of which is to let A0 vary arbitrarily, and by 'treating A 0 as an arbitrary multiplier .. As, a 

result the Hamiltonian ro;:nuiation ~four ,n:odd can be given in terms 0~ th re/pairs of ~anoni~ai, 
'i - ·.•.. . ,. /·•·,,,, ,,··' . ·. ,'. ' ·.· -.. '·, - ~.,:,': . . \ ,; ·.; :._' ;_·. ' ,' 

fields: IP, i,!,; A', II;: The.dynamics is described by the Hamiltonian He,' with the bracket (4.5) (now 

~,;,1,2). The i~iti;I s('\teshouldsa;i~fy th~:~~nstraint (4.6). Th~Uarnilt,~n's ;<1tia~i~nswiH co1~'t~i1!.' 

;~ 'a~bit;ary fu~ctio~ A0·~~hi~h'can be determi~ed only fo~ -~ static probl~ri1. I~ 'thcstatic c~c tl:c 

problem ~educe~ to findi~g stationary points of e~ergy . . , , - . . . . . . ,, 
. i' " ' -

H =1 [~IDi,!,12+ U(p) + ~(E2\+ B2
)] 'd2 .x" 

: . . .. ,· , , . . .,.· . ,._ /. : }'.71 , . : \:! '. . 2 . ··.i : . . ·., 'i , .. ; :. ., , .,. 

. , on the constraint manifold (4.6). ·Iri this case ·.A0 plays the role of a Lagrange,multiplier andH,; is 
a La~r~;ige fu~ctio~:- ' · , ' . . ' . /' , .. · . . . . 

' - '•- •/., ____ I,,.,· ·, - ,, • J " '• -,, ,,1 _,' . ' •\ 

So far we have· assumedµ f.. 0. Forµ= 0 (pure Chern:Simons 1110dcl) the situation is' smnewhat 
" ' i • I < '' ~ '. •, ;_:,••, , I, ' ':, •., " "'• , , / ·•• '•. '. : , ., : ) ' < •, • ', , '• :• •• • t 's' ~ 

·. , different. :The theory has' two more second. class primary· constraints; , ' . · .· 
' '' ' . . .\ . ·' r'' ; 

\ 
1

( 4.7) 

\' '.· ·, ··,:, ,'. ', 

. 6 = 111 -· -A2 =.0;, 
,, ·• ... : 2 ' 

• ' ' . ··,,,' 1 : 
{4 =. II2 + -A. 1= 0,, 
", ',,: ·,,.•2 .·' .. · 

)'. 

.,: (4.8b) / 

. ' 
·· resulting from the definitio~ of momcntli II/ As {{3 (x,t);{4(y, t)} = ....'.~6(2l(x -:-;), these c~n' b~ 

, ~cc~mmodated .by mbdifyiiig tl1e brack~t: ' . , ' . ' '. . ; . , ' ' i' ' , ' ' ; ! ' 
., ' . ,. . ·...._ .. . ·.: ' . . •.· 

· {S, T}v,= '{S,T}' +j [-}{s,~;(zH{ei(z):~} '.t::f {~.e~(:)}{6~z), r{ 
. . . . . . . . . . . I . . . . . , . , ., 

. , . ' -~{S!6(z)}{{4(z),T}+ ~{S;{~(z)W;(z),'.i'}ld2z. 

, ... ,' '· ·. I .·. ',', : ... ',' ,· . ' 

Solving (4.8) for II1 and 112, this can be broughfto the form . 

. . . ' > : ·1·[l(liSliT ·\stir)' '1(:· 6S liT. '1isi6]')']:• ·. : : 
{~?}v ~ . i, flip 6°,f--:- li°,f liip ,+;, ~Al tiA~ ::-'{jA2 fjAI d

2
x_' 

. '.. . \, ,,.,:' ·,> . · ..... ·... _'..' . /'.' ,: .. ',' .-, ,; ' '. ', ' ' ' . t "' i,. / . . ' 
. ) 

! 
' ·, 

'j .j 

p·, 
l 

' '-

'\. 

. ,,:1,..rt' :,· ai',d T 'ar,, rn11sid,crt'd' as f1111l'ti;,;,,,I~ of on I}: l' .· z: .. :1 I and ..I 2 : 

· In fact. i;,. thi:J),irt• Cl;cm-Si111ons ca~,. a fu~tlll'r ;,.duct ion is possible .. In this case one can 
' ' > 1 • ' ' .• • '\ • • 

cxpli,it.l}: resolve I he ~oust rainl (1:G) am! end up with l' a111l "i7 as the only ra1101;i,al variables. 

. ']'];is is 1.hea1;1;r~arh :ul·i;ized by .Ja~kiw and l'i (5.!i]: l11 t·h,, gcnerai'cas,•, ho\\'('\'l'~-- the fact that .the. 

ro·11str~ii1l.inrnln:s i',ot h II; a;,d ·_.\; make~ such ric1;1,tion iinpossihle.,: 
·. , •· I • , - > . ~- , . , . , . " . , . 

Our li11al n•11iark in this sl'ction is that thl' fact that t.he modd can be formulated as a co11slrai11cd 

lh1niltu11ian ~yst,•m is a\·on:'l(UPll.:l' o;' t 111• local ,g:;:1g,· in\''.iri.a11cc. ;i'he g<'neral°,r, <;>f ,,;l' local gatig,· 

t.ra11sfom,;,1.i,i11s i~ 11u,1hi11g hut tl11.'Jirst:d;iss'rni1str,ii11t (-Lti). Th;;.JinPar'part ,~fthf 1ransforn1a_tio11 
' - . . ' ~ '. . - ' .. . . 

is 

\-'' 
\ 

,·,;xi....:. ~}x):; ,,;x,i){ /{x). ,,\~o)} = ~·(x) + ';;•u(x;, )1' 121 (x - xo),;·(x) 
f - ;< • I ' , ' 

\. 0(x) .:._. ~(x) + 11(~o){Z:(x). 11(xo)} ~ ~··(:) - ira{x0 )<'P\x - x0 )('(x) 

.. , A'(~)~',:!'(~)+ 11(x,;l{:.\i(x),11(xoir = '.-1•(~) + a(x;1) -,~ • .- 1::)(x - Xn) :' 
. . '. " ,' . : ' . , ' :,, ' . ' ' i . . ··' I{ ·.,· ' -~J '. , ' :, 

ll;(x) - U;(xl, +,11(x0 ){ ll;(.x).11(x0 )} =H;(x)_ +i :!"(xo)f;j i/i•J <' 12
l(x - xo ), 

. ~ ' ' 
/ ' - • -,, • I ! 

. The rcm:1111as (:1. 10)" pert.a in i.(~· t.he rasi• \\"heie hoth ~laxwdl ;ind l 'lll'fll'Sin;on:< 1t-r'1ii, art' prl':(•nt 

Thn bracket. hc~e. is thl' Dira:. ·l,rark/t. (-'Lt,)'. ( lkri' a;llf' 1,;,k"~·<n• 0;11it · t Ill' s,uh,;·ripi 11:·) \\'lll:i, A,, 
. :·. , . ·. . . . . . . . I .. ·• ·. .· : :· : . : ,i , . ·.. • • . . : , 

.· is th,, pure Chern-Si111ons ga\1ge field (11 = 0), <'qs:(·l.llli1--,·) are still iu plare, while (·LI0d) should 

..,, ~ • . , . , ' I , ' ' ' .' . • , - , . \ .... - " 

. be dis~ardcd. -The lmickct. theu is di-Jirwd hy ,•q. (,l.!l). 
.. ' • I ' ; - • ,: • ~ ' ' , ••, 

vi M<>MENTUM 

'i'rY}ng to refol°~i~nila.1.e u·ie 11) 11011i:l1;gP_d NLS eq~i.t1:\on a:.""a lla~nilt.oni~n sr~•-l~!ll· one fa,n·~-~\~\"cral 
., ',, . . , -.c. . . . ' . . , .. • : . . " ·.. . . ' , ,. : • : , , . I 

pi~>-ble111~ ii1 u f; ~} t.opl>l<)glcal scrt()r:i· ]~lu• t'IH'r~y-_of:tnpol(,i~rally 11t~_11t.
1

~i!·,i:~I ~t>lutio11~. i.i•: (~ro:--~-
- • ' ! ' ' • ' • • : \ ' ~ ~ •, ' • ' • • - • ,•, , ' ' ,' r , • j • • ' ' 

l'it,iy,,~ski vort.i,·l's, is div,·rg,•111.; th,• dill,·r,'.111.i:ilil;,\Jllllllll'JlllllWis. 11<1! av:!ilahh<·an.J s,1 'on.' ;:,n11• 
•" . • • • • • > • , < • ' • < , a• '•,' • • ~ ' • • _, '• 

·, lla111ill.011ia11 for11111fotio11 of t.h,•, ,ly11:1111ics ofvorli<'t'S ,,..,.,Hllt'S ;;.nsihl,·, how,•wr, if d1t·', gall1'<' lidd 

is :,uldcd:) The' v,:rt.l'X. cnl'rgy .'is. n,;w, fi,lit.e,, ;1;1d-the, aim,/,;f l bis ;,.,l iou is t,,· c,irr,·d ly ddin,: I h,· 

,11101;1~111.;,11, .. Tl;c r,•quisit,· lll()llll'lll.11111,'P, should s,it'isfy' i'11!','followii1g funda111,:,;t,il nit.-ria: .. 

, (i) Pis a diffefr,;f.iahle fu11ct.io11ai': rons,·r~-;;d:i,i vii'.\\' 'of. t'tw ,·qua;ions of ;notion: { P. /I,.) ='.'tl: 
' . , I ' ' • ·, ' • . ' •. ' . ' 

(ii)'P"gp11crat.,·s iransl:it.ions Oil fidds:' {P; \(x)} ~- v,: 
"(iii) pi>< 1h11ig,·-'invi1ria11l.'<;II t.lw ,:,/i·1st.ri1i1;t. mauifohl.··,· _\ 

In or,kr t.o 1'1/;llrt•· tJ1at..011,r ro'nd,;sions arc not..rnPfr.art.ifarts of_,iny p,;'.~lici1(:_1r gau~,._- wi do not 

fix t.lw gang,· in t.liis scctio;L w:, st.,;f, \\:it.It th,• 1kri,·ati~11 of t.111'· l'll<'r1'V·IIIOllll'I;l,1;,, t.-11sur .~.~r thl' 
' ' , ' . . . ' ' ' ~ ' 

' ', . . ' . ..,.' . ,' '\ \ . ,' 

.rnodd with t.lu, harkground 'di:irg<' ,lt-nsit.y, ;,q.(:U:!). Thi' n>m'sJ1tllHli11g n-,,1111.s '.'or the standartl 
. . ' ' . . . . ·. l' .. . , . , 

,J.ickiw~l'i's·t.l,cory arc rccov,·rt·d ·sip1ply hy kt.ting 1,1; = ll.· 
,, ' . ' ' . 

.:._By,Nc~et.l_1~•r~s ·u1eor'e11~, ~he c.,~_iio1lic,\I ener~y-HHHn'cnt.11111 t.cu:--or is 

11 \ ,, 

T 



I ,. 

I 

l 
I 

I 
(·, '. 

, . , , D,,. . ~v. . , D·,. . . ·. . 
1·uJ _ ,._. •JJ .· · (J., i)'J'7 ,._ ' {)j, 1' . ,. o,3., - ---c v+---- v+--.- ,. ·-,._9 . ·. D(oovl '• I ' {}({Jc,,;•)' ' .D(D~A~) . . I • 

· \\'here fj == <li~g{I. ~1.-1}.· For th,: Lagra1;giau (:l'.;2) 'eq. (5.1) yieiJ~' 
, . . . .. . ,, .. . ' .. 

,· 

.T00 ·== ~(lhd'.! +U(p)·+'!'.:1,:;J 
. 2111 · ·. , •I , 

. ' '1•' .( ,/)•. 'FkO ' 1··•1 .. ·(, ' . ')) 
-;. o /1 k ''. · - I> ' - - C fl -po 
· r [· '·( '', ' I.· 'm)] ,+/Jt Au 11Fok. - 2£;-mA . , .' 
~" " ; . , ''. . . ' J,· , 

·. o· l·.-·. ~ ·' ,,_.-.. · .. · "i 
/ T '~ ;l~D_,(, -i i;;D,,i:) + Cf'.oc!;x1 B + µci;f~;F-:, 
1 ·• ' • i ·. ~ . kO ' •'1 1. , . , ., 

,.-:--A (µ/JtF .-i.F- -c(p'""'f'o)). ·, .... ; [,. . . :. . ·/· ,,. . . . . (. '.. . . ' . ,. . , ;,;) l 
+/Jt epoCmk<ijX A .+A, JlFok - ;-C~mA .· , 

' f ' ' ' ' . ' .\,/ ' 
. '(· 

, ~,cl :· .. '."' r._ ·-. ·,·,,. 0 ' • -1--,·, · '_ , . ,~ .·· .. 21 
1 ==. -T (IJ,yfJr+t D,1,J/Jov)+,11c,.,Jo.,,r , 

.. ·.·:. m(·'·(' .·,, .;;, '.,;)].', ' ..... 
·-.. /Jo. Ao l'!o; - ;-~;,,.A . · · 

' • I ' ' ,' :!. . '\ " 

: +,;kilt {1,Au/•'~1 +;(Ao)2 }< 
C.·.i"-· ·_. · .,, . ·.,l ~ ,, ·· 

T'l =·;-(D;t/,D;tf; +D;ipDj1/J) ~ µFo;Fo1 

2m;/l 2•p·j{J;, •, ,: .·· :''. J ' .··),·•,, .. ·.' . +{4(,,;l"c 41ft+.u (p)p-,U.+_cpoAo ,fii 
,·' ' : .(' .. · • ., .(·_ " . ·: ,, ; '!_; .,:, .,} •• 

'.-lJ~[AJ (,,F,;/-•;c,~A~)] .· , · · 
': . . '. ·.·· , 'l . ·,'' 

~(,kljk{11Aj}'d_+,;A0 Ai}, 
·.> ;.'. .... , .. ' . 2,. • .. · .. 

,,·,,. 

; ( 5~ 1) 

(5.2a). 
:, 

. ·/ 

>: (5'.:ii:J 

·, 

! ', • ' • ' ; • ' ' ' ,; .: J; ,· : ' 1. ' •• · : • \ .' • .'" '«'• ;. . :-• . ' ' .. ~:~ ', \ '. • ', , '. ':; ', I :• ,I ; ' l .-:, • ' • ' ,," ', 1•. i 

'The expr<:SSl'.>11.\ for the fluxes, '"IS (5.'.lc) an<l W'.l<l) were sirnplific<l u~ing ti,~ equations of ~otion. 

o;,,; rna/alsi1 I,,; i_;,rnpted to ;iiiiplify the ~o.i1serv~d :densities, eqs (5.2a) i~<l .(5.2b), b/dro~ping, 
· , ', ·.-1:, • .• •.; · , . · ,. · ·, "· , , ; i ' ' · • · .. • 

the:rnuh.ipks of'j1 div E. - KB,- e(p - p0J:· However; 
'. ·. /•'., ' /.,, _,',: ':', ,·. ,'t'"'::, . 

' ,,;h~t-/4fJj•cu,, .... p~J~o 
' ... '., :,( 

is a u;wk "'l'ialit.y in .Dirac's .s,,nsc and ;a11 be· mplerncntci only after all .brackets 'i',~ve 
·1 • ' ' 

r.:d~1ilat1;d. , ,: · ... 

The l:~\t tern;s i11 ti,;,: flux,~~ 'I'.'(' are·two-dimcusional ~u~ls. \V{c:an discardthcin as th,,y caned 

· . ii, lite local conservation laws 

' ' . 
iJ,/J~'~·+okT~".=0; 'r.r=O,l,f _(5.3).··· 

I_ ' • -, ' • • '' ' ~ • _: • • '' ·, \-' .11. :· : '. .·\ ::'. ·. ~ .... 

'.'.:-ir;xt; term~ in tl11,~;111are bracket.s:iri'tlt,! con~~rved <lciisitics,(5.2a) and (5.2b) cause.the <livcrgcric~ 
' ' & • <, ' :, ' / '' ; ,. . '- '. . ' '\'• ·,·-'. ' ' i•,•: ', ,, _; ,· •• • ' ' . "' • ' ' -•• •: • ' ' ' .. ' \' 

or IIO!ld iff,:rcntial,ili ty of the, corrcspo11ding·, integrals., of motion. ! Fort1inatcly · I.he terms' with the .. : . ' ..:· ' . ,' , . . . 

~- _.,,' 
J·•~· 

-:, 

\ 

I 

1! 

! 

\ !' '' ,f 
,t. 
.) 

\· (' 

square Lrackets in (5.2a-d) are compone~ts· of (2+1)-dimensional;curls and so can be dropped 
' ' ' ' •.' , • '~ ' < '': • / • ' ' • ' f ; ; • ,, • •. 

,without violating the local conservation laws (5.3). · · 
1 

· 

. ;fhu'~ :;e' arrive' .at the followi1:g·'ex~res~io~ for tl{e linear inoru'entrim: • . 
", . . . . , . . \ . '' 

p•~ j u(,pD;,p ~i;jD;,p) + e~of;;xi B .~ µf;;'F;? B 

+ (A'-·,\') [-jiokFok·+ K.B + e(p- Po)]} d2x. '(5.4)' . 

· .:Here we 1:av,; added ~-;bitraiy· ~ultipliers ,\; (i ~ i, 2) whose role is to reflect the gauge freedom 

in the cons~rai1{~d Hamilto~ia~· formulation. On~ c~n ve'rify. tha't pi ,is' inded a differe~tiable 

· " . fu1ictionai, and by constructi6n Jt con~~~te~ with th~ can~nical IIamiltonian, eq:( 4'.3), Wh~t is ~l~o 
. ' .. . . i ,' ' ' i ,. , ' ,' • . . /, : • I ,· , I •. '·· : ' , ·. I ,' 1 ,' 

i 

-important,·P is gauge invariant.on the constrained manifolq. ,It generates translations supplemented. 

by l~c~; g~~g: transforrirntions on gauge-noi1inv~riant fie.Ids: , ' • , 
I;• J 

tf,(x) ::_. ¢a;(x) = ,j,(:,;;) +a,{,j,(x), P'}: 
,\.'I' ' · ·, . .', •.•••, ':,, ;;, ' 1 •, ' 

,'.: ·.• ·. =::.¢(xL- a~a,,j,(x) +,iea,A(x;a)tf,(x), (5.5a) •• 

- I· 

·.1 

#ex) '7' ¢a.(x) = ¢(~) +~.{¢(x)>'·r. •' ' .. 

= ¢(~) ~'a,a,¢(~) + i~a~i(x;'a)¢(x)'; 

,''.A(x) ~'A~~(~):~ ~;(x) + a,~A(x),P~-} / <' 
i = A(x) :-: a,a,A(x) +·~;v", : 

.,\ ·: ., •_,' •. ,. '· ,. ;:! 

· II(x) ,:-+II~; (x) ; II(x) + d, {II(x), P~} 

(5.5b) '· 

. (5.5c) 

, , 7 II(x)'.- a,8,II(x/+;a, V _x ~,' j- ' (5.5d) \ 
', ,. I ' J ~I''. . ', .. ,. . ' ' ' ' ' .· 

\ where s,: 1, 2. (No suJi~~tion o;~r s(The fad that (5.5) is.~ot a pure t~rislation ~a:; seem 
: . ' .. · ·.,. ' '. . ·: . . . ' ,. ' ' ' '· " : ' . ' _. ' ' , · ' . '. ' ; ',' .. · . " ' ·. \ ... 

~ co,~trat~t the axi@~
1 

(i\) ab<we.' I~mvever jf ~e ~est_d,c.t ourselvt;s to' gaug~~in"'.a~iant f~lds, e.g.'. 

,j,(x)tf,(x),'E(x), and B(x), the m011,1entum (5.4) generates nothing b1:1t translations: · · · 
" • f ' ' • ' ' • ' ' ' •• I ,!'• . > • ' ~ • 

.{P,p(x)}; Vp(x), 

1 . ... .. {P ,'F,,.,(x)}.=, VFµ,(~)-

,.</} ·. ✓ ~' .. :\, ' . :-, ! ,:1·_.,,,-. , -, . , .>· _ .. ~ ' .. : . , ,. i,.,' , ~ ·.· , :·· 

,_The exp,licit, depe~?C!l~e of the momentum dt;n~ity, eq. (5.4); on :z: and y results in a n'onst'.1ndard, 
'c~mm~tat·i~n'r~lation bet~~n P 1 and P 2 : , , ; .. , ' , ' .·· .• '' ·. · • · ' ., 

1< .. "' 
; ' l,, 

{;i,~2} ~ '/ ~ 1[1a,,:~a,·,Aa)rr~2 jl ;' . 7 2irpon, 
I ' : •• •• a2.~ ',' ,_ ••• i _ • ,' ,' \ _!,12=0, 

wher.e n'is the t<Jpological charge'of the ,corfiguration 1, viz. 

'. ·e:1• ',., 1.1 ··.·•, n=; 2 ' Bd2 :z: ;_2 dArg,j, 

<{>i_,:/i1~~= . ' 

· (5.6). 

'-



\/ 

✓• 

! / 

\ 

_ I~ fact the ~~l~tion (S:6) c~~ be obt~i~·~d without i~voki~g the e~plicit expressio~s fo; the ~~m~nta, 

eq. (5.4). All ~ne needs.to kno~ i~re the brackets in (5.5), whi~h ~re rriore fundainent~l that; tl~e 

· explicit exp;essions (5.4). (The ~o~e~tu~ den;iti~s are' d~fined up to .an addition of-~rbitrary 
: . . - .- .. l , ~ .. . ' -. - - • 

curls whereas the brackets in (5.5) result s_imply from the requirement that the '.nomentum'gcneratc 

_ translations.) Consequently the ~xplicit coordinate dependence of pi cannot bedi;ninated by re

\ d~fini~g the momenta. The linear ~omen~uin in OU~ theory ~hould necess~rily' be '.translationall; 
. ' - ' - . ',' -, ' .. 

.',/ 

noninvariarit: ' .- - ' ' ' 

. w~ d~se-this section by mentioning the ~ork of Lee [14] who has deriv~d the IJ10ITICI1tum for the 

(relativi~tic) iiiggs-Maxw~ll the~ry_ with the backg~ound charge density. Hi~ appm~ch is entirely 
j ' •• '· , f.' ' "j • ' 

different, however, arid the expression he ar~ives at has a different structure from ~q. (5.1) ab6ve. 
' . . .. . ' ' - / 

VI'. VORTICES IN THE CONDENSATE 

-A~: Background and asymptoticbebaviou~ 'I l ' \ .. · 

' 
· ·,Th~_condensate soiution'has t~e/orm: 'I/,= fa0 , Ao :==-~(I/~)U!(p~), A=~- This ~olntion 

exists even ~hen ih~ potential U(p) do:eitnot'!possess a sy~~etry-breaking n'iiniirium at_po, We 
' ~ C • • •• I • - . ' .' ' ' ' ' ' ' 

can; however; C0°nfi~e 'o~rselves to poten~i.ils ~ith U'(po)'-~ o\;~ this co~dition can alw~ys be 
"~- • • . • • • ; '• ·' , : .,. 1'

0

• ·,_;-- '· '-;.·. ··i · .' •_' ·· \ ··•: · · '."' - · \, _-· .' · '· ' '. ', ·' 

accomplished by the transformation Ao -+Ao -_U'(po)/e, U(p)-+ U(p) + U'(p0 )p. The condensate 
0

s01-;;tion is th~n iJ, =: faa, At := 'ci, A= o', ahd it c~rrespond~ i~ ari ~xtr~r~~m ~fU(p). By a 

.singular gauke transformil.ticin th~ ~ondens~t~ gener~te~ a set ofsi~gul~r solution~, \ ' 

1. - in9 · -_ , : · · ' - . : n e9_· .• . } .. , 

'I/,= lp
0
e , Ao= 0, , A=---· (6.1) 

_ V~ · · e.r · 

which serJ~ as r ~ oo ~yrilp·t~~es for vortices. \The magnetic fl~x of the vortex is, quantized: 
- I\ . '. ~;, '· , ; ·. • l \ , I , 1 J •. -, • ' ·.: :~. "~ '. " ·, _., 1 l , A , ,';. ;. '. , ' ~ ' , • : '· • , ; , , C' · •·· 

<I>. =· I B d2x = .f Ae rd0 = 21m/e'. Integrating eq. ( 4.6) over the entire plane we observe tha~ the 

'flux and the charge 6f the vo~tex are rel~ted: - , 
1 

· - • • · · · • ' . ,, 

' ' . .• " ' ' _, ·. \-. 

'\, -K..£= Q:. 
' -

(6.2) 

, -·• : ·, •· . , '· i. , , · .. • ,-_, •. , · ,· , .":, >,.. .: _, . '. i , · ! . . , _:, ·. _. ''·. " :, 1 ,, -,.__1 
- Here Q = eN and N is the (regularised) number of_particles 1n the vortex, N = f(p - Po)d-x: 

- , ' \,. ' ',' : i • • ,, ~ \ ' - ' 

·. Hence the charge is quantized as•well:· 

•···-Q~i1··· (/:.'~o)d2x=:- 2ir"n·.•· (6.3) 
. - - . e 

: '. "',. "' . '_· ' . • • .. . =•~ _' .. ,,_ .•( ·. • _. ,; ; ·. '.. I - .~' ';, , I,•", : ./ ',;. 

· The,excepti?n is:the pure Maxwell c~e, ,. = o; where"vortices are 'electrically'rteutral: Q = 0, for 

all n. 
.. ' ' ' ' .'\ ', ' 
Confining consideration to radially syminetric configurations we wdte . 

I !/ 
,\ 

I•-_ 

' ' 

,·(;·. 

I,• 

14 

"I 

l'(xl,"': i·(rJ,i"H .. 

. y(x·) = ,Ji':,.,. 11/1 

. ·lu(x) = ·:lo(r) . 

- o(r) 
. ,-'.! Jk= !.:!. 

--r 
1' -

(6..ta) 

(6..tb) 

(6..tc) 

ll•:gula;ity ,;t the migi11 mjirircs l·(U) 

¢(_OJ= 11/c. lleni:e 

0 wllt't; ·11 :/= u. -For liuite A(O) ·we should also have_ 
I -

i,(r)~ ~ _:_ •r·JJ(r)i·d,-., 
_ •: · Jo I_: , 

l'hysirally, :!;r,;,(,-J rqirt·;,.,i'ts th;, 111agtll'til· llux il1rou~h th/,·xtcrior of the disc of radius i·.,,\~ 
' ' ' ,' ,,, . -· ' /. 
r- a:.•. q(r) - ll.''l·h,· sy\/1e111 (:!.I) n·du.:;:s lo 

• _.: • ',,•' - ••' • •• C ·J 
:/"·I·.· 'c .: \,., .,··,.'2.~1~-. 

,·, --~l' + /".'(/,)l· + t:lol· + -,l·,= 0. 
:!111' ' ' - • ' . ' ' ; :!(11,1··1 

·. d Q, .- ·. d.-1" · , 1 - · ·: · 
·,-111·-_- -l- h"I"-~_ + '-1•0 = 0. 

dr, r · . _:· dr _ .. · 111, ', · ' 
-,. ,' <.4Jr, ,· , ·. < , 

-,,~.:lo+ h-~ - , (11 :- po)~- 0. 
C' l .. '\" '.,>1 , '1, ·l· ·, ' 

,,-

·" 
(li.5a) ·.·· . 

. (6.5b) 

1-:qs. ((i.!i) ,i,ay ;-xhibi1.:1,01.1,·11,p:,1odiei.'1 rnriic,•s:.'ro~'.\\:hirh,11 'I (). and H>rlicit,-frc,· solutions; 

b1tbl;fr.,. i-:q. (1L:1) indirtllt'>< Iha! , 1;,:'_1)1;1,1,t.,,;. ,;a,,· to b,• r:~;d,il in .~n~ ;11.;:1e1: L ... •/;( ,} .... I,., ~lwi;ld 
, ! " · , ·: ,, ·, , ' · ., 1 ·' ;· •• - ·,, r ' - , ·. ·" , .. :.., · , · . . '. . 

iic,/ssarily' d,a,ig,•' sigi,'. hi ti,,· jlllrt' )\laxm·ll .. ;~~·· (,. ~- 0) hot h hub hit's i111d rnrdri-~ 'should h,, ' 

. nod~~~\·/_:,' (' ,_ <· _ .··. : .' /· : ,'. . :. ,·, .(,. .·. ,.· ,: , ,· ·.· \','.·,. 
In the ncighhorl,-<>ml of:t.he ori~in si,lnl.io_ns lo ((>.ii) can h,• son~hl ,,,. pow,·r s(·ri,·s_ in ,. . ·011,• rt·adily_ 

:: ''. '._' ' ' • ••• ' \· ' ' ' ' ' ,· • ' ' :;_ ', 1' ! ' ' '' , .. ', ,, . . ·' ' '. ' , ,· 

vcrilit's that., there art• two, po,ssihilit.ics <";_,rrl'spo1\di11g· (o huhl_>l:· and n,rkx '_sol111i,n1s rcsjH'ctiwly. 

\'• 

•• • • ·'. ; ,' '. :·.:' -~ - \ '.. ''. , i 

. ·{· ef·o +'()(r2
) {i,uhbl,-{ 

•·· ~•(r) =-· : J,o;.,,;j +' (J(rl"l;l J" (,·o~l}x. 11 'i;ti'); 
I ' 'J \ , ' ~ . ,\ ( ' , ', '•: , ' ' ' , '.• ; 

¢(r) ~ ~1/1· + O(r7
); 

. ' ' ' .... , ,' I. 

··, '" .-lo(r\= _,.ill{~))+ (J(r~ l: 
t:' 

(11,;re •hi:-/: 0.) 

- :llaving inini;;,i futur,; n;;"'~;rir;11 soluiion·(;f·t.lll' sysll'm ((L!i). it is al:i,; i11sl~11rti1:,• to a11alys,• th,· 

I :Lsy1111~tot.i~ l~·lr.;vionr .it.'inli;;i;y. ,~;i;,:11;.. :/= 0 ,:q, (li.5h) allfm:s to ;.x11n•;;s :lo'iil ,;·nil~ of~~: ' ' ' 
, ,, ) ._ , , '. ' \ ' : \' , , \ . , ! I 

d:lo \ ,hj>, .- r~ ;,,;-
1<1"-- = 111·-_- - --~~-
' ·- ,/,- . ·,Ir I". ' Ill · •· 

U~iirg (G.G) a11{.Lss1_1;hing that :I,; ;111<1 '¢ d;·,·ay' al i1'iti11i1;->c,;1t' rn1i r<;adily(.',,11d11,i',,· I h;11. a.sy111ptot

ically ~,,~ /r: « /1(1. 11,:;;n, ;i:. r;,,,- ,;,\-:kct ,ll1t• i,Lst krill j[; ((i.;,a)., 1-:q: i;i_,,;,) I h<'ll 
, • ,• • • ' !• ,• : I.• 1' .- : . '•-:' '',: ,,' > •' ; -•• . 'i 

;,-.~h1• -f .. ~~~• 
.. 111:,' , ' .·;, 

r.l 



\. 

. \ ....... ••-· ...... ,· .. , ... ./........... . .. _ ...... '.· .. ··:-: 
,,·h,y c2

· = '2p.,l""(i1a) and l'(I') =--p~1"(1 + bl·). }\"c ''.ssunw that
1
U(p) 

c·2 > u. Eq. ((?-:")c_i also ii,;eariz~,; fLs~·1uptoticall~·: . . . 

has a 

. 0 . 
-11~..lo + ,_c..!:... - '2cpa6v = 0 .. 

. ' 1·. . . ' 

'·1 ·1 

(6.8) 

Solvi1;g the l10m;gen.eous linear systcrn 1 (6:G)-(6.8) gives the requisite asi;i11ptotic behaviou'r; 
~ •. '. ' • ' I • ' • ' • ' •• 

'( ) . ~, . . . 
.!:...!:_ = !'+· ~-,. g1 • 
,.fao . .;ft (go_+ 7 + ... ), 

\ . . r.( . ) . r..( . 0 I ; . · . -~ ,- = VI' (10 + .:_,... + .. . )e--yr 
·.,,. . . '' ' r > .. ' 

;: ' .. . f:~;r . (i r .' 
_, .40(1)= ,r;; (no+--:+:.:), 

yl ,, 1" ·r .• 

i,here 1· is_a i&r,t of the fo(lowing bi·c;1bice:;uati;111: . 
. . . . . , .. · ,J· .\ ... ·. (·1 ') ., ... (2·· ) ·. ·.• ·, -. ·,.> · •,- .· .•) .£.t-po . ·.e--po.· ,- ·:.• . ..,. · ·•1·(2111c-.. -r) --,,-r =-- -.---'bn-y· +' 

. .. ' , 'rii: . . . I'. . • ·,, . 

,,·ith 

. -; =·e
2po.+i!.· 

l"o.. 111/l ... /l" . ·, /, ' .. 

;'. 

'I• 

(6J)a) 

(6.9b) 

(6.!Ji:) 

(6'.1'0) . 

(6.11) 

(:Slore ;,r,,::isdy, w,;'shoul<i pick. up' thi) root with tl,e minimal VfilUc of,! Rc·rl:) '. 

Eq, (G.JOJ ·ca;, ob~iou~ly i,;;vc 110 \,cgativc~r zero. ro~ts ·/. 'i'hi~ rne~rn~ tl;at Re-y is never zero ( 
J ' ' _, ' ,. ' ' '.'' • '; ; , : • ' , • • • ~ ' , • :· ' , \ • ' ' °' ·_ ' ' ,• 

· and, provided " :/= .0 and c2 > o; solutions to the system (6.!'iJ arr! always exponentially'l,ocalised:. 
, . . . . , • . . . , ._, ,· , . , - , . ' • ,,, ~ I 

' At th<: Ch,,rn~Sirnons limit (/l = 0),'eq. (G.10) reduces to,t'b\-quadratic equation: . . , . \, . - ,. ' . 

.L ·/(2mc\-i) = (:,e:po) 2 

(6.12) .· 

·- · (The reasu11 is that cqs. (6 .. 5b) and (6)ic) arc of the.first order now.) The exponent can be.e~ily 

\ 
found, - ' ' '. . . ' 

• I ' 

·/ ·= '2;11po (u\po) - IJ"(po)2 - ~
4 

:_, ) • ' 
- . ·m'i.· 

< • \ ., 

· 'i (6.13) 

Clca·r1; f,;r iJ"(110) 2. c2/(rru,)· t.lic ~qluti9ii approach'cs tl;e condensate :;n?notonic~lly,' while "rm 
0 < IJ'!(p,i) < e2/(mKJ it und;irg,~"'' ,111 osciU~tory.dccay t~ theba~kground.·: • .· .... ' . '·, 

j\ II i;1tcr,;st.i11~ ,al(,1101;,cnon ,;c~urs. ii, .the PllfC J\fa~~cll. ~~5~. (K ~ o). .Iri':tf:is !'.~~ _we ~;m,~t • . 
s<JI~:,, e,;. (G.:,l;j'for A0 and th;,rcfor~ c~n;wt

0

~,scrt th'i,t ,t,~ir2 ~ A~ in·~~-'(ri.5~)/~~- (6.5b) 
,' ;' ~· • . ·._, .• '.-, ~-.--.~_; •(· : ·. ,,• •• , ... I .• •.,-· .• ,' , . . 

:,syrnptr,tically decouples frorr, (6.5a), (6.5c) and can:be readily solved: 
' .. I, ..... ,-·;--l ·,t,. ,,,': .... ,.,,. 

·¢,(r) = vr(',t,o+ .....!.+_, .. ) e-,,~?.' · (6.14) 
. . r, I. •.. . . , 

wit!, r,, iL~ ii", (fj_ 11). Tl){: (J'tlic~ twiJ equations bccorne a ~onluirn;g~n~~;us · iinca'r syst6m: . . ' ,. . . . . . ' 

· .· ,-' :, , _:· ... - ' , ,.• \ ·~· 2; ·.' 2 . 
I. . . . 2 , • . e ¢, 

--;--t1ln/; + c fil/; + cA 0 = :--
2

. -:-.,. ·" 
:!m . . mr 

--:Jtt1Ao ~ 2cpohl/; = 0. 
~ . 

.·;;~· ... \ 16'. 
,_ I , 

.. "/ .... 

(6.15a) 

, (6.15b) 

It~'general solutio~ is a. sum· of the general hoiri~geneous solution, decaying~ e.:.:.,., ,and a non-

homogen~ous solutio~, --?~cayi~g as ¢2 /r2 : • . • -

~' .. , 

· Here -y is ·a root .of 

. 'Ip: . e'---yr( · gi:· ·) ·e-2r/r0 (. _ g{ . ·.) 
v'To =:1-i: .vr go+ 7 + · · · + __ r ___ go~ 7+: · · . 

.·- . . e_.,.;( ~ 1 ) · e-2r/ro (- ·· ... 01 . : ). , · 
Ao=. r.; ao+-+ ... +--- ao+-+•:· . 

yr . r . r. ,_ . r .. , .· 

'Y2 (2mc2 .:.. 'Y2) = 4me2 Po . 
.. . .. - µ 

. (6.16) 

(6.17) 

! with th~ 'minimal (po;itive) real part. D~p~nding o~· ~hich expo~erirdecays slowe~ in (6.16), the 

variatio~ ofthe m~tter density p .:... p~ and th~ ele~tric field will be locali;;d 'at dist~~ces ~ ro/2 
or -=··i/Re-r. Ori the other hand, the ~agrieticfield is localised at ~i~tances ~'ro (see eq. (6 .. 14)). 

~Thus in the pure Maxwell c.ise.one ~ay_hav~ two different Jocalisati'?n scales:. . . 

B. Self-dual limits 
. ,__ 

_:r 

t..· Static s~lutions correspondjo stationary points of the.Hamiltoni.an (4.7) cm.the comrtraint 

ma~ifold ' ( 4.6) / Iri them·i~ed CS-MaxweH. case, iising th~ flux-vorti~ity, relation, cf> == 2irn/ e, and 
the Bogomofoyi decom;ositio~. . . .. . . . --· . . - . 

IDT/JJ 2 = l(D1 ± iD2)J12 ,± ~~\ J :I: eB_p, 
.. -~_ .. ," :'_ ; 

';. (6;.18) 

thi en~rgy ( 4. 7) takes the form , 

· H==.J· ·{.L1ch1 ± ~D2)i12.; t:.:(·B± £P'-: P~);., 
2m .. . 2. µ 2m . 

. -_, ,- . :" 2-· ·! .. ·. - . :' ; '-.. ,·. •· ·. -:.· -~·· 

... f' 
(6:19) ~~ (p -Po) + U(p·)+ !:.cv. Ao)2 ±~_v. ~ J} d2x ±. irpo n: 

: 2µ 2m · · · 2 . • . · · 4m · · . '. · m · .. 

· For. U (p) == e2 (p- po )2 /( 4mµ) .(whic~ • co~r~ponds ~o' th~Bose. gas ;it~: t5~functio~ pairwise repul

sionf~nd fields ~pproaching the condensate baclcgrou~d(6.1) the energy can, be. rewritten as. _ ·. 

H = j-.·{·
2
· L l(li1 ±iD~)~la+ !:. (B-± !:_P-Po)

2 
~!:.

2
··. (VA0)~}J2;± ;P~n. ·: .(6,20) .. 

m - ,2 · · .. • µ 2m - . . . m · . . -
,. ' . - . . ~-, . :--- - ·;· -~ . ·. ·, ·, ,· .· . 

The ioW:er bou~d o[energy, H ,;_ ±irp~n/m is saturated ~hen the followiI_Ig ;'elf-duality ~qu~tioris _ 
·are s~ti~fied: . . ·.. ' , .. · ' · ·. ·., · • · · · •.' · ·· , 

- .' '1 

; (IJ1 ± iD2)t = 0, 

B±!i.p-,po ~o,· 
. . ·µ, 2m • 

.. -Ao,;:;O. 



:,.. 

,\ 

The·uppe;! (lower)sign:;hould be associated with the positive (negative) vo;ticity "n:. This can I 

be 
1

concluded, for-example; si~ply from the fact that)he energy isp;sitiv; for positive U(p) (sec 

eq. (4.7)). Comparing (6.21b) ~ith (4.6) we see that solutions of eqs. (6.21) lie on·th~ constraint 

rrianifold only.for i. = 2m~ and only;~ the c~e of the u~per sign. ,Thus, for,;. > 1
0, only vorti'ccs · 

. . . ' • . . . .· I .·.· 
with positive vorticities may exist. Eq. (6.21a) ,:_ields •· · 

/ 

. . . 1 . · 1 · 
·A'= ±-c;-l)· lnp + -8;Arg1/;' 2e 1 ,, e . (6~~) 

and we should retain ~nly'the uppersign here. Substituting,this into (4.6) we arri.ve at· 
f -, I 

- e2 , 
v'2 ln p = 2-(p - Po). 

. ,. . 
(6.2;.l)' 

. The Corresponding magnetidield is tpen 

B =·-~(µ- po)'. 
' I,, 

(6,24) 

Eq .. (6.23) appeared previou~ly in 'the self-dual limit of th~ relativistic. Higgs mod:! ~ith the 

Maxwell term [15] and is known to poises; solutioii's with the "topological vortex" asymptotic 

behaviour:,p(oo) = Po, ;(o>:~ r 2~., n 2::1 .. However: n~ e;plicit solutici~s have bi:en found. For 
• i - • • • _' -.. . " - • _,s·_ . ' ~ . 

po f; O, it' does not pass the Painleve tes_t [16)and therefore is noniqtegrnble. Nevertheless eq. (6,23) · · 
t - - - - ~ - ' ' ' ' , . . , .. - ,- . - . • 

was proved_ to possess multivo!tex solutions, [17] for.which na,dosed forn_i rep~esentations exist but .. 

which can be obt;ined, fo~ instance, num~rically. Jn Fig.I, we~lot the r ,; 1 'solution .~f eq'. {6,23). 

. ' togeth~r with the' corresponding B(r), eq. (6.24). 

1 : 2. The self-duality.reductio~ ;; also possible in the pur;:Ch~rn-Sim~ns ~~e (11 = 0). Making i1se - - '_· - . - ' '. ~ - . . . ' ' '\ , --, ·. ' ' 

of the identity (6:18) ~nd the ~onstraint-(4.6) the energy (4.7) can be represented- as ,. 
J ... ~ . . ' . . _/' 

~;··=:! [·
2
i'l(D1 ~;iD;)ifl2 'f:±_(p 2po)P+ ~(;)] ~2x. · . - • {6.25) 

. m • · , 2mi. • . 
', - . ' 

-Invoking again the integ'rated constrain.t, eq'. (6.3), we rewrite this as.-. 

. H~ J [2~i-(D1 ± if2);12.'f 2:)P ""/0)2 +U~p)}~?~ ± ·~;~n .. '. 
• • ' .• I~ • - • • • ' : - ," • • < > \- •-' - • • < i 

With the choice of U(p) = ±e2 (p - p0 )2 /(2mi.f one observes that the energy is' minimal provided 

--:-(D1 ± iD2),p =:O whence we have, as befor;, eq.· (6.22/ Substit~ting this into;the const~aint · · 
- • _,. ' ' • < , • ' .. •• • -

equation ( 4.6) we. arrive at \ 

.• ' . . . e2 ,, :· ·. 

V2 Jnp = ±2-(p-Po) 
. ,. . 

. {6.26) 

and 
-:.:.. 

B = .:_~(p - P6)~< .. ,;. ., .. 
{6.27) 

'• 18' 

·/· 
! 

. ...:, .,, 

_,.,\-- . 

. Notethat no equation for:'.4~ ari~es her~/This is not surprising~ Ao is not~ dyna~ical variable: 

-_ (In.our. Hamilto~ian formulation it is just a Lagran~e _multipller.) For. any-combi~;ti~n. ~f th~ 
' . ~ - - • • • - , - ' : ' • . - • •• 

Maxwell and Chern-Simons terrris it can be determined from eq. (2Ab ), ··"-· 
• ,.. • + • • • - ~ - • 

µVxB+i.VxAo=eJ.· 
"-,,; ·, . ' 

.. , 1· (6.28) 

Th; matter current is calculated. fro~ eq: (6.22): · J =.'f{l/2m)V"x p. Substituting this into · 

· eq. (6.28) forµ== 0 ,;e can r~adily soh;e for A0 : • , 
' • • • / ' .,. • • 1 

• . .. . e 
.Ao = 'f-·-(p- po)-. .. 2m,c · J6:29~ 

----- ' 

3. In ·contrast 'to the mixed_ CS-Maxwell case, boih signs are.allowed in (6.26). As a r~sult 

the ~~re Chern:sir:ions model exhibit;·a ~ider varietyof self-dual solutions. Besides ~o~~e~tion~ll;. 

.. shap~d 't~~olo~ic{J vortices of positiv~ ~orticit)'; ari~i;g, in ;he case of the repulsiv~ pote~ti~l CJ(p) ::;; ' 

•. C· e2(p.:... ;o)2/(2-,;.~) (Fig. 1), itadniit~ a ll~W type of solutio'ii~ cor~~sp~nding to a ~elf-gr~vitatirig 

gas, U(p) = -e2 (p._po) 2/(2:mi.) [ne~ati;e-~ig~in (6.26)). Tl;ese solutions approach the condensat~ 
. ' . . - •' . ~ . 

in.an os~iliato~Yfashion! . \ 

. ; .. ·{;;;·./( ~ . ")'}'' 
p(r) ~ /JO er 'Jr ~OS _v-:-:cr -C2 .· , . . . .. < . (6.30), 

. · . ., ,as 7'..~. 00. ~ere C1; c; =:const. Ai°the oiigin p(O) can be both ~ero and,non~ero; more precisely; 
Jas·:~.0,,-. - · · ; :-' · ··- - ·. __ .:._ ·_ .· . · - :·_ 

·'-----·· ,p.· (r) = ~.[; + e2
(~0 ~ ho) 2 + ] . . . . . . .. ? . . • 4i. . . r . . .. 

•. . • , __ ..• •··-·~ . • ' ". ;_-. ,Y. , ' 

(6.31a) 

or 
I , . . .·· ·~ ., .·. ·.·· . 

,p(~) =; ~r,n· (1+ e
4

2
Po. r2_·_+. :·.))ine;. 

,. '' ,. - . 
(6:31b) 

with lier=::: const and n po~m~e integer .. Th~e two types of o;cillating solutions a~e presented ih 

Fi~s.2a an~ 2b, respectively. Because oft.he ~low; approach of these sol~tions t~'p~ (s~e eq'.' (6'.3o)) . 

the c~rrei:pondirig n~x; n~·mber of particles,and cori;equ;ntly en;~gy,_~re infinit~:, N~turally, this 
~ •· •• ~ ,:_ .... • ~_' _, . . ,,. ~ _, - --· • 

fact reduces the interest in th~e solutions;: ,· : :· ~ . ., 

When po.'.:... 0,, the period of oscillati~ns iri .(6.30) becomes i~finite and the_ oscillatory s~lutions 

· pass to the l~mps of J~clciw ~;d Pi [5,6). The vcir~i~ity-f~ee ~olutions, e~. (6.31a) (Fig. 2a), pas1:to.:. · 
: . . . :· ;-- :, ·-· . ' .___. . . .. .. . . . . . . . 

·the lumps with n = o; whereas solutions of the second type, eq. (6.31b) (Fig. 2b) pass to the' lumps 

with negative vorticity . .-
. . . ·, -.. --- . .. .. -. 

. . 4. Finally it is app'ropriate to inentio~ that eq'. (6.23) a~ising in b~th s~lf-dual limits and peitain: · 

, ing t~_the rep_~lsi~e potential U = e2(p~·p0)2/(2m~), ad~its also vorticity:'.'f~ee liimp-lik; solutions 

·• [p(;) -;--+ 0 as r-> oo). A straightfor~ard pha.<;e spa~e ~naly~is sh~ws that p(O) ~~n· ~e ~~y number 
betwe~n O and ;a. As Po :....+ 0, these solutio~ disapp~ar. . , - . . .. . . . 
' ' ' • • - ' • • > - • -a,• 
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· VII. CONCLUDING REMARKS- · ~ •. 

· J a:ckiw and Pi;s mod~! of se!f,auractivc bo~on gasintcra'cti;,g with a Chern-Simons-l\laxwdlfield 

_}s known to support asymptoticall)' \:anishing sciliton solutions. This m~dcl, howevc,r, docs not have'_ 
. . . . / . . ; . , ,<. . ; .. ; .. ·, ' ' . ' . . 
the condensate, the ground state solut_ion of uniform nonzero density .. No condensate is formed even 

"C:-tr·the ~ign of the 'scalar self-interactio;, is renir;cd. i.e. if repulsit·e bos~n~ ar~ considered .. In order 
~. .. . . - -:. . , - .- ·. .• ' . " .. , - . , 

to include. a5ymptorically noi1variishing fields· more fundamental modific~tions have to _be made 

to the .theory. In our previ~~s pape,r. we prop,:ise<l· i~ modify the '"standard -i~o<l~l'' by adding the

},ackground ~lectric cha;ge of a uniform 'density. ,;, the pur~ Chern-Simons lirr1it (11 ; 
0

0) the ari.5i;1g 

theory J>rovidcs "r;l,enornenological ,lcscripti~n of the fractional quantum llall effect [12] .: In 'the 

pure l\lax"'.el( ca.~:(,;;. =·{)j it is_ relevant, for the ~upc;c~nductivit;.· .11~-fait: in ~al super~omluctors 
.... \ .. ; . / ·;. . . /' .. . . . . ' 

tlie c~i,,Jensatc of-Cooper pairs· possesses a uonzcro cl,;ctric .charge'whidi' .. is neutralised by itie 
' '_. .. .· ·,<-:_·. · i, ·: /' . __ .,,,1 •. •.• • ·\-~.· - __ , ·/;·: '-_:. /, 

ba_ckground positive ions. -Therefore, our model cau be i11orc. relcva·nt· to real supctcpnductors than 
-· ,,.·. -: . "; ....... ··• .. ,:, ' .·•··;· '·.· J ' ' . ""--

'the standard ,l\laxwell tl,1eory .without the b~ckground ,charge density [18]. 

\\'e reformulated the ne\V m6dda.~ a ~onst~aincd Hamiltonian syste~. 'Apart from its importance 

for .thequantiz,;tion ~f the _tl;eor)': the. Ilamilt~nian formulation h,as two vi~ttes on ti:e -c1a:sica:r ' '\ . , ., '. .. - _, , .. 

level. 'Firstly. it allows to fi~d self-dual iolutionsi Sec6hdly, it provides a. natuial fra~eiork f~r 
- - .. , - ' -·· , . . ' ; - _., ' 

the analysis of 'syrnmetiies and' conserv~tion° laws. In this. paper 'we have mainly been coucerned' 
' . ·• ,, - . . \. ··_ ~- ,_ - .. . 

''-. with the linear murnei:turn. We ha\:e: d<!fllOIIStrated that the mo~entum ()f topologically nou'trivial 
. ·..._. , ' - , -- - ' ' - - , • . ' 1 " . ', 

field configurations·· can only be.defined as a tianslationally i,oninvariant q11antity. An inip'ortant· 

consequen~e of this tr1nslational n~ninvari~?cc'is tha~, a~ opp~s~~ to t~e rel;tivist_ic:~yste1~,' ihere · 

. ar~ no travdlin9 ~-ortices here. Ali' vortices are "frozen" at their positions. 
/' . . . . . ... ' ' . , ... ,... ., . ' '. . .. 

' 'lj,c arwrnalous' commutation relation (5.G) deser'ves .a special comment: A similar noncommut-

ativity of t~anslat.ioa o~crators ·- "spontaneous: alg'c;,ra'breaking" -, w,,; ob~~rve<l by Cl1eH

0 

et ~/\ 
- . ' .. -~-. .. ',· - . < .. / .. ·. (_. ' : :- ·-; . ·, ~-...:., : ' .. : ' ~ 

in· the scr,c,111J-·q,ia11tiscd .. dcscrintion of the anyon gas in a constant external magnetic field [19]. 
-- . ' ;, ,_ • \' - ""' • • J . ~' • ' . /' • 

;-;rl,,,';,lgebrn)s rc?torcd 'after the gauge fid,Lh{~ 
0

bee1(rnade dynamical.-(E:or a gerieralisatiop. to 
. . . .. . . ·.. ' ' .. ·., ·.· ' ,· /'" ·. '. ' . 

CS-l\laxweli sys_~c\ms and •.for the, analy_sis: on_ a torus .see. [20) and [21), respectively.)·.· J3,1nerjee, 

1,,;,w,wir, ~all/tl1i;sc ·conclusions "naive and· ill four1<led" on tl,e ·grounds that 'even "a.proper ·can-
. . - " ' ,~ - . . ; ., . ' . . . . : . . . 

did ate for the trai,slation generat~r is unavailabl~''.. and ;:it is•difficult to give a prope'r definition 

f~r ti;;; rnorr1<~nturn operator" [22].. . . ·t' ., 

. · 'in scc:v we have'rJ°e~onstrat~d how can the "proper" rnorrientum.be 'defined iri'the model with·· 

the background charge deri;ity .. -The_)nomentum we dcfine:is functionally diffei-entiabl~ and gaug~

:irivariant; it cornmutcs·wiU1 ti~ Ilarn1ltonian '.and generates .transla:tions on ~auge-inv~riant fields. , , . 
_;_ - -~ • ,·, -- - • - . ,_ • ,.. - -- ' • • : - t . ' "· 

Although this defii,ition is· not unique, "the relation 
' \ - . , \ . ' ,., , .\ 

;-,.,,. 
_Jv~,1,21 ~ ·21rpo~ (7.1) 

;;,ill hold true fo(. a11y "pr.oper" choice of P'. , .. ' . . . . . -

✓! ,-

The source of the noncomrriutativity\s ~le~rly the tetm ep~xKB(x) in ilie momeilfom density . 

'(5A): Physic'ii.lly, thi~-t~rni i; rel~ted to the mom~ntiull. acqlii~ed by thech~rged backgrou~d inthe 
• • - • < • •• : • ;:: ·.- • ~ .- -: • - / • •• ..,"' - ~. • • 

magnetic field_ oft~e vortex; B(:x} /• 

If the Lagra:ngian of o~r-]Iiodel. comprises th~ Ch~rn-Simo~ termi 
0

it c.;_n be .. ref~rmulated' as a 

... theory i~ the ~~ternal ma'gnetic field JJ•~t = ep~/~,-The el~ct~ic'cha~ge of th~ ~o~figuratfon ;ith 

. th:etopologic.;_l chrge ii is 0given by·eq. (6.3fQ = -2iknie .. Elimin:ating p0 and n fr~m (7.i), we. 
~btain. · .. ·. ' . >., :· ._·> ·· .. ·.• .. :_:~ . ·. '. -:'>:. . . ·· .... ;,- . 

•{J>1, p2}~-~-QB~t ,· ·: 

which i~ exactly the q;ant~m mechani~.;_l ~esult ()r'cii'~~ et,~, [19j . 
·, 

·.· / 
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FIG. 1. Th~ n = 1 self-dual vortex; l; ..:id lhc~rrespond t~ b~th theM~well-Ch~in-Sim~ns (1< = 2mµ)' 
• l • ' -, ' ' • • ~ " " •, ' •, • - • •' <.. • •., 

::.-c', and_ the pure-Chem-Simons.(µ= 0) case. Fig. la shows the solution of the Liouville-like equation (6.22a) 

while ot1 lb.the co~es~onding magnetic field is plotted·;·eq. (6.22h).· Fig. le show; the el~tric fie)~ caQied 
'. - . ·. ,_ , ~ .. - - ; ~ ·- . .. ,_ . ' . . . -. ' 

by the vortex in the p~e CS case, E =· -.VAo with Ao= '....(e/2m1<)(p,-Po), (In th~ Maxwell-Cherii~Simons. .. ·, ' ·. .· .- ' - . . .. 
case the· vo~tex came~ no electric. field.) 
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of attraction; [J_ = ..:_(e2 /2mt<)(p - ;o)2 .; la.. Vorti~ity-free 

. solution. · 1b. : Solutia~ \vith ~· ~egative: vorticity ... -
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