


Nuclear double beta decay is a subject of the current intensive activity, both ex-
perimentally and theoretically. The neutrinoless mode of this process (280 - decay)
is related Lo physics beyond the standard model and requires the existence of the
lepton numnber violating massive Majorana neutrinos [1, 2). Up to uow, experimen-
tally only lower half life limits for 230» - decay have been reported in the literature.
Growing interest is also paid to the two-neutrino mode (2023 - decay ). It is the
rarest, process observed so far in nature. This mode being independent of the neu-
tring properties offers a sensitive test of nuclear structurce calculations. The usual
strategy has becn first to try to reproduce the observed 232+ - decay half times
in order to gain confidence in the calculated 2301 - decay nuclear matrix elements
(3. 4, 5, 6]..

In the present calculation of 242y - decay we consider only the Gamow Teller
nuclear matrix element

<OF[ALILE =< 1| A0} >
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where [0 >, 07 > and |1} > are respectively the wave functions of the initial,
final and intermediate nuclei with corresponding energics I, £y and F,. A denotes
the average energy A = %(E,‘ -~ E;). Agis the Gamow-Teller transition operator
Ap = 31T (0, k=1,2,3.

The quasiparticle random phase approximation (QRPA) is the nuclear structure
method most widely used to calculate M. However, the results are extremely sen-
sitive to the details of the nuclear hamiltonian, in particular, to factor gy, introduced
to renormalize the particle-particle interaction strength [7, 8, 9, 10]. The magnitude
gpp comsistent with the calculation of 3% decay is not broad, nevertheless the value
of Mgy calculated with g, within this interval crosses zero. The extremue sensitivity
of QRPA to g¢,, is the difliculty of making definite rate predictions. Several modifi-
cation of QRPA have been proposed that might change that behavior as e.g. higher
order RPA corrections {11], nuclear deformation [12] and particle number projection
[13, 14]. However, none of these amendments inhibits the matrix element Mgr to
pass through zero near the natural value of g,, = 1.

The goal of Lthe present paper is to analyse the 232y - decay amplitude in field
theory approach and to show that the calculation of the many body Green function
Mgr in eq.(1) corresponds to the calculation of the contributions from a class of
meson exchange current diagrams.

In the two nucleon mechanisim of the 20272 - decay process the beta decay hamil-



tonian acquires the form:
HP (z) = gi? [Er(z)Yaler{z)] Jalz} + fic.y (2)
V2

where e7,(z) and v..,(x) are operators of the left components of fields of the electron
and neutrino, respectively. The strangeness conserving free charged hadron current
takes the form:

Jul(z) = Pz 1algy + gavs)n(x), (3)

where p(x) and n(z) are operators of the field of the proton and neutron, respectively,
and gy = 1.0 and g4 = 1.25.
Clearly 2024 - decay occurs in the second order perturbation theory of the weak

interaction. For the matrix element of 202/ - decay process we have
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where

Julpr, ok k2) = /e‘“”‘*’“’“e"'(’”*k")“ X (5)
X out <Pf|T(Ju(I1)Ju(-T2))fP=’ > dzydrs.

Here, N, = {1/(20)¥*)(1/(2po)**), m and p; (k& and k) are four-momenta of
electrons (antineutrinos), p; and p; are four-momenta of the initial and final nucleus,
and the nuclear matrix element is

out < pflT(Ju(Il)JU(:r?))lpi Zin=s pflT{j#(xl )jf/(x?-)e_"I(Hll(f)-‘-ﬂhﬁ{zjndrr)ipi >, (6)

where J,(z) is the weak charged nuclear hadron current in the Heisenberg representa-
tion [15, 16]. H*(z) and H™7(x) are respectively the strong interaction hamiltonian
and the interaction hamiltonian of the electromagnetic and hadron fields. In this
way, in eq. (5) the strong and electromagnetic interaction of the nucleons is taken
into account exactly.

The matrix element in eq.{4) contains also the matrix element for two subsequent
nuclear beta decay processes. In order to separate both processes we write T" as a

product of two hadron currents as follows {17}:
T(Jz)d(z2) = Ju(@)d(2) + ez, — @10)[Jula)s Juler)]. (7)
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Then we have (henceforth the indices "in” and "out” will be omitted}

Jo(P1opas iy ks) = /e—{(fl+El)-fl o= i(Fathy)-2 « (8)
X (Iff(plo'lpZUa Eso, k20, T1, f'z) + Iiﬁ”(?lmp'zna ki, kz¢, %1, 52)) dfldi“z,
with
120 (provpao, kro ko, B4, 52) = 208(Ey — By + piy + ki) < gl L0, @) ipa > x
XQT:‘S{En = Ei +pay + kay) < pe| {0, %) |p >, (9)
anndl
0% (010, P10, Ko, kao, B4, F2) = 208(Ef — Ei + pro + kyo + pag + k) X (10)

) f PR O(t) < pyl[J,(F )y Ju(0,E)]pi > dt.

Here |p,, > is an eigenvector of the intermediate nucleus with energy £, and we used
[16].

< pslu(z ) (z)lpi >= Y
> < gl T8, 1) pa > < pal (0, ) Ip; > (B ERITi0 iEn Bz,
The symbol ¥ means summation over the discrete states and integration over the
continuum states of the intermediate nucleus. It includes the complete set of these
states.

iIrom the two delta functions in eq. (9), which have the meaning of energy law
conservation, we see that the first term in the rh.s. of eq. (8) corresponds to the
two subsequent nuclear beta decay processes. This process is drawn in Fig.1a. For
most of the nuclei in which the double beta decay is experimentally studied such
transitions are energetically forbidden. For E, > E; the argument of the second
delta function in the r.h.s. of eq. (9) is always positive and this term is equal to
ZEro.

The second term in the r.h.s. of eq. (8) corresponds to 2028 - decay process. We
see that the 2028 - decay amplitude contains the nuclear matrix element of the non-
equal-time commutator of the two hadron currents. We note that the commutator
is non zero because the currents are in the Heisenberg representation. In the case of
free hadron currents with the use of the anticommutation relations of the operators

plx) and n(xr) (see eq.(3)) we have
[ (2), 5uly)] = 0. (12)
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The presence of the commutator of two currents in the 2123 - decay amplitude
is telling us that the two single beta decays in the nucleus have to be correlated.
The only possible correlations are of the type of meson and 7 - exchanges which
have their origin in the strong interaction hamiltonian #*(z) and in the interaction
hamiltonian of the electromagnetic and hadron fields H™"{x) (see eq. (6)). I we
consider the Heisenberg current operator J,(z) in an approximative way 1 which
H"(z) is replaced by the pseudoscalar coupling pion-nucleon interaction hamiltonian
[18], we just obtain the one pion exchange diagram of Fig.1b. (From the above
discussion it follows that it is possible to start with an appropriate S-matrix and
deduce the most important meson and ~ - exchange contributions to 250y - decay
amplitude. We maintain that the S- matrix approach is an alternative way for the
caleulation of the 228 - decay amplitude, which does nol. need Lhe construction
of the intermediate nuclear states. It is only necessary to kpow the nuclear wave
functions of the initial and final nucleus and to derive two body operators from the
corresponding exchange diagrams. We shall discuss possible exchange mechanlsms
later. First, we shall show in a different way that nuelear exchange currents dominate
the 242w - amplitude in eq.(4)

To calculate the commutator in eq. {10) one can use first the weli-known formula
(e.g. [19]). The result is,

k  limes
. R o 1 YK e s,
L7 = e H I 0,5 =) Q;,l H[H-H, 400,801, (1)
k=0 )

where H is the nuclear hamiltonian. This formula has been first used in the Operator
Expansion Method (OEM) in [20, 21, 22]. The summation on the right hand side of
eq.(13) was evaluated by neglecting the kinetic energy part of nuclear hamiltonian
and by considering only the ceniral part of the effective nucleon-nucleon interaction.
We note that OEM has been derived also in a different way by expanding the de
nominator of the many body Green function 1n eq.(1) into a Taylor series and by
using the same approximations (23, 24, 25]. However, some guestions arise about
the convergence of such a power series expansion. By working in the time integral
representation there are no such problems. Nevertheless the OEM is still a matter of
contradicting discussions as there are more open questions. Starting with the form
of the Green function in eq.(1) the assumption that the kinetic encrgy operator T
can be ignored has been criticized recently [26]. In another paper hy using the sec-
ond quantization langnage it was argued thal the single particle tern of the nuclear

hamiltonian plays an important role [27]. We shall prove the opposite. We shall
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show expiicit that if we approximate the nuclear hamiltonian H by a single particle
hamiltonian 47 the 242 - amplitude is equal to zero.

[ the second quantization formalism we have

0.9 E < pmg| L0, §Ylnm,, > (pmp AN (14}
Py,
s,
H - § Cpf pm,, I’?Hp + Z O nmm Crney, - (15)
]”H " Ny

Here. "':;m and ¢, (pm,, and o, ) are ereation (annihiiation) operators of proton
and neutron, respectively and €, and ¢, are single particle energies of proton and
neutron states. Using eq.(12) we obtain

pttHoF J,,(O,gf)t‘—'tw "= Z < oy LA0, §) |, my, > eilermenlt t Coon,, (16}

prp
o

EHI(]

[ T 0. )5 0.8)] = 0. (17)

We have used ouly the anticommnutation relations of the creation and annihilation
operators of proton aud neutron. We note that 2024 - decay is always equal to zero,
il we approximate the nuclear current J, (t.€) by a one body operator. In general
],,{! E) is a sum of one- two- and more-body operators. Therefore, the comimul ator
of two nuclear currents [/, (¢, 7). A0, 7] should be understood as a meson exchange
current operator, the exchanges being induced by the residual two body interaction
part of the nuclear hamiltonian. It proves that the single particle part of the nuclear
hanultonian plays a less important role.

We integrate over the time variable in ¢q. (10) using the standard procedure of

the adiabatic switch-off of the interaction as ¢ — oo, i.c..

o i o0 3
exp™ " dl = lim exp T gy — iy, (18)
0 r—0 0 =0 g — ?t

We assume that the nuclear states and their corresponding energies can be considered

as the cigenstates and eigenvalues of the nuclear hamiltonian H,
Hip; >= Eilpi >, Hlpy »>= Eflps >, Hlpy >= E.lp, > . (19

Then with the help of (11) we get

10 (Pros pavy Koy Koo,y 71, 73) = r8(foy = B+ pry + hyy + pay + k)i Z (20)
{< Pfl‘]u(oyfz)lpn > PnIJu(O’fl)lpi > + < P_.’l']p(oyfl)lpn >< pn]Ju(Ov:E?)lpi >}
Eﬂ. - Ei + Mo + kll] ,fll - Ef + P2, + k'lo




We futher assume the nou-relativistic impulse approximation for the hadronic cur-
rent J,(0.7) and neglect the contribution from the vector currents to 221 - decay
amplitude. We also restrict our consideration to syp-wave states of the emitted
leptons and consider only the energetically most favoured 07 iar = OF. nuclear

transition. We suppose pyo 4 ko = po + koo = (Fi — E;}/2. Then we have,
Lol pry pasbrs k2 = 278 (Ef — Ei + pry + kyg + oy + kg diMardundoe. k=12 3421

where Mer is defined in eq.(1). ;jFrom the above derivatiou it follows thal in calew
lations using the form My of eq.(1) the mesou exchanges are taken into account Dy
the summation over the intermediate nuclear states 17, which are construeted, e.g.
by an RPA diagonalization.

We show that these calculations are sensitive to the truncation of the puelear
hamiltonian violating the condition of eq.(19). Following rel. [27] we express Moy

in the integral representation:
™ R I
Moy = / < Uj{‘/lfJ_HTAu”W(}fr > e 2 dr. {22)
Y

If we rewrite the denominater of eq.(1) as £, — £y — A we have
Magr = / < {JﬂeH’fi(:_"hAmT > D7 dr. (23)
I

The equivalence of both forms of My in eq.(22) and in eq.(23) is evident and it can
he proved with help of e 77|0f »= =570} > and rt”’|0} >=eE7|07 >, Within
the approximation H ~ H,, we obtain from eq.(22)

< 07 |e},

Piitp

€5 — €4 + A

+ +
Cnm.‘ CT;’",& Cf‘emﬁ |0. >

or = Z Z < priglAglnim, >< ping| Al >
pn P
Mpmp MpMa
(24)
However using eq.(23) the result is (— M/ ). The relation MY = — MG requires
M:E = 0, which cannot be fullfiled numericaly. The two different results come as
a consequence of the violation of the assumption of eq.(19). This exaruple shows
how erroneous can become the use of the Green function in eq.{1} in respect to the
approximation of the nuclear hamiltonian.
The quasiparticle nuclear hamiltonian used in QRPA calculations neither repro-
duces well the absolute values of the ground state energy of initial and final nucleus

nor their relative values. In addition, it is the problem of the two vacua and two



independent normalizations, which have to be performed using two different repre-
sentations of the nuclear hamiltonian. This can be hardly considered as a consistent
development of meson exchange current matrix elements. To do that, one should
start with the appropriate S-matrix and deduce the most iimportant MEC eontribu-
tions. Such an analysis however is rather involved.

Nevertheless, we shall advance some speculative arguments. We note that the
energy release for these processes is very small, and this allows us to study meson
exchange diagrams in the static limit. We can suppose that the dominant contri-
butions to the 2v28 - decay amplitude come from the pion exchange diagrams as
mi << ) (m, is the mass of the pion, m, the mass of the rho-meson). In the
case of pion exchanges we have smaller denominators in the amplitude. However,
the pion exchange mechanisms in Fig.1b are expected to be strongly suppressed in
comparison with another exchange mechanisms suggested by Ericson and Vergados
[28] (see e.g. Fig.1c) because of the big masses of the virtual off-shell nucleons. The
nucleon propagator can be approximated by 1/m,(m,) (m, and m,, is the mass of
proton and neutron, respectively). Ericson and Vergados constructed the effective
two body operators from their exchange diagrams by using PCAC and soft pion
theorems. If we suppose that their exchange diagrams give the main contribution
lo 2v23 - decay amplitude, we can deduce, from ref. [28], for the 2023 - decay half
life of **C'a the value 1.5 x 10?5 years. The size of this value is independent of the
mnclear structure of a given nucleus and a similar strong suppression of the value of .
20283 - decay half time is also cxpected for other nuclei, with values about 10%4-%
years. However, such results are in strong contradiction with the existing experi-
mental data. We can hardly suppose that the difference of four - five orders from the
experimental half lives have origin in the inaccuracy of the method. The S-matrix
approach has been applied successful to study meson and gamma. exchange effects
in different nuclear processes, e.g. electron scattering [29) and compton scatiering
[30]. We note that values of the half lifes about 10?* — 10%® years do not contradict
the QRPA calculations which give only lower limits on the value of the 2028 - decay
half life [8, 9, 10]. It could mean that the mechanism considered at present is not
dominant for the 2123 - decay process.

It s this motivation that stimulated us to study the electron-gamma exchange
mechanism for 2801 - decay drawn in Fig.1d [31]. We note that in the two nucleon
280v - decay mechanism studied at present only the electromagnetic interaction
between electron and nucleon and between two nucleons has been included. The

first interaction leads to a distortion of the electron wave function, which is taken
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Figure 1: The Feynmann diagrams for the two subsequent nuclear beta de-
cay processes and for the two neutrino nuclear double beta decay process.
(a) The Feynmann diagram for two subsequent nuclear heta decays within
the impulse approximation. (b) The Feynmann diagrams of the two neu-
trino double beta decay process of the two nucleon mechanisim considered at,
present. (¢) The pion exchange mechanism of the two neutrino double beta
decay process of Ericson and Vergados. (d) The electron-gamma exchange
mechanism of the two neutrino double beta decay process.



into account through the Coulomb distortion factor F(Z. E) of the 5172 electron
wave functions. If we include in the interaction hamiltonian of this process also the

interaction haniiltonian of the electron e(r) and the electromagnetic A, {z) fields
HY ) = ted(o)ye(r)Aq(r), {25)

we obtain the mechanisin of Fig. 1d. We see that we have two additional electromag-
netic vertices, which can acconnt for the suppression of the 2300 - decay amplitude
by the {actor ¢f = 4z ~ 0.1. On the other hand there are some arguments which
favoured this mechanism. First, the nuclear currents can be approximated by one
body operators ( the first trem on the r.hes. of eq.(7) do contribute to 230v - decay
amplitude). Seconed, the exchange potential for this mechanism is favoured by the
small denominator of the order £, in comparison with the denominator of the pion
exchange potential containiug the mass of the pion my, ((£,/m )¢ ~ 102 — 10%).
Third. the corresponding Green lunetion for this mechanism shall contain all possi-
bie intermediate states [JF > (not only 1] > states) in the same way as in the case
of the neatrinoless double beta decay. The calenlations concerning this mechanism
arc 111 progress,

tn suminmary, we have showu that the two mieleon mechanism considered at
present can be described with a class of meson exchange current diagrams. [t allows
us to study this process in the S-natrix approach, It is only necessarv to know
the nuclear wave functions of the initial and final nuelens and to derive two body
operators froni Lhe corresponding 2v24 - decay exchange diagrams. A simple analysis
of the pion exchange diagrams indicates that this mechanism is not the dominant one
for two neatrino double beta decay process. Therefore, an alternative electro-weak
exchange mechanism is introduced.

The author is grateful to S.M.Bilenky, A Faessler, S.B.Gerasimov, and G.Pantis
for valuable discussions.
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