


1 Introduction

The odd- -even staggering (OES) of sepa.ratlon energies and 1omzat10n po- -
tentials (IP) observed in metal clusters (see, for example,[l 9]) is an un-
explained experlmental fact that can reveal new 1nforma.t10n about the
electron correla.tlons in metal clusters not obtaana,ble from experlments '
on bulk metals. The most complete experlmental data for IP in sodium
clusters [9] show that the strong OES takes place for the distinct reglons
N = 21 - 38,43 — 51,59 — 68 a.nd 95-108, where N is the number of
atoms in a cluster (for sodium clusters N =N, where N, is ‘the number
of valence electrons). The value of OES is about 0.2 eV for small clusters
and 0.1 eV for lager clusters (N = 59 — 68 a,nd 95-108). On the other
hand, there are reglons (for example, N = 51 — 58 and 71- 92) where the
OES is practrcally absent. The OES is also observed in sma,ll llthlum [8],
potassium (2,10}, silver [11] and aluminum (12] clusters.

Possible ways of expla.natlon of the OES are now 1ntens1vely dlscussed
[13 21]. It has been shown [14,15] that the quadrupole deforma,tlon of
metal clusters with open shells leads to strong ﬂuctua,tlons in the IP and
can explaln toa la.rge extent, the behavior of the IP in s1ze reglons w1th
N = 4 — 20,34 —"40 and 59-68. Deforma,tlons effects seem to be most
1mportant for the descrlptlon of the IP. However, a very regula.r cha.ra,c—
ter of the OES in some size regions initiates consideration of addrtlona.l
physrcal effects which could be responsrble for the OES. In this sense,
the pairing between valence electrons (creation of Cooper pairs of va-
. lence electrons with moment L= 0) as a possible orlgln of a regula.r OES
seems to be ra,ther a,ttra,ctlve This point is based on the a.na.logy with
atomic nuclei where just pairing of nucleons (which can be considered
as counterpa,rts of valence electrons in metal clusters) is responslble for
the regular OES in binding energies of nuclei (22]. The pairing and some.
other effects w1th similar. consequences have been investigated for metal
clusters in pa,pers [13 16- 19]. In [16] the "pairing” OES term (— l)Nf(N)
in the IP of sodium clusters, caused by spin degrees of freedom, was
considered in the framework of the simple electron gas model and the
electron spin-density functional model in the spherical jelliumfa,pproxi—
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mation. The comparison with experimental data [9] shows that this term

'underestlmates considerably the OES eflects and does not explain the
absence of the OES in N = 51 — 58 and N = 71 — 92 sizc regions. In
'[17] the pairing in aluminum and sodium clusters was considered within
the BCS method For sodium clusters, the typical value 0.2 eV of the
OES was proposed However, as is shown in the present ‘paper below,

only a weak pairing 1s reasona,ble for sodium clusters and, as a result, the
use of the BCS is not correct. A pairing origin of the OES in potassium
clusters was studled in the framework of the seniority scheme in [18]. The
calculatlons are in agreement with experunental data but i in this paper
on]y a group of small clusters was con51dered where the OES is rather
strong. Other cluster reglons where the OES i is small or absent were not
studied. The OES was also discussed in [13] (schematlc model, influence
of temperature) and in [19] (shell—model calculations for small sodium
clusters) It should be noted that in [13, 16-19] an 1mportant influence of
quadrupole deformatlon on the OES was not taken into account while,

vice versa, in [14, 15] the pairing effects were omitted.

The studles mentioned above prov1de a valuable information about fea-
tures of the OES in metal ‘clusters. However, as has been shown above,
these studies are not sufficiént to be sure that we redlly need the pairing
for the description of the [P. A comprehensive study of thls problem for
sodium clusters is the aim of the present paper. As compa.red to the
previous investigations [13- 19] our study has three lmporta.nt features:

- 1) Both deformation and pairing effects are taken into account simulta-
neously. Particularly, competition between deformation and pairing (well
known in atomic nuclei [22]) is taken into account. Calculations of clus-
ter deformation are performed within the shell correction method [23,24]
firstly developed in nuclear phy31cs and adapted recently to a,lkah clusters
[21,25]. :
~ 2) It is unknown from the very beginning how strong pairing could be
in clusters. Moreover, as is shown below, in sodium clusters only a weak
pairing can exist. This'makes the use of the BCS for the description of
pairing in clusters to be very doubtful. Indeed, it is well known that the
BCS gap equation has no solutions if the pairing strength constant, is'less
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than some critical value [22].7 The BCS does not conserve the particle
number N, which leads to the appearance of AN fluctuations. The BCS
accuracy is of an order of AN/N ~ /N that is not enough for small
systems. So, the BCS has serious shortcomings which do not take place
for a bulk but are crucial for the description of pairing in small clusters
with a limited number of valence electrons. To overcome this trouble,
we use here the parncle number projecting method, the so-called FBCS,
which provides a good accuracy of calculations irrespective of the mag-
nitude of pairing qtrength It worth noting that this method is of quite
general character and can be used for different metal clusters including
the clusters that are superconductors in a bulk

- 3) A wide region 20 < N < 80 of sodium clusters is considered, which
covers groups of clusters both with and without the OES.

Bulk sodium is not the superconductor. In this sense, the clusters
of metals which are superconducting in a bulk {for example, aluminum)
seemn to be more promising to look for the pairing. Nevertheless, we
investigate here the sodium clusters since just for these clusters there are
most complete experimental data on the IP [9] and most wide calculations
of the shape deformations [21,25]. Sodium clusters seem to be the best
polygon to check the method proposed here for calculation of the IP.

We will not consider here a possible orlgln of electron pairing in sodium ‘
clusters. Since bulk sodium is not superconducting, the poasxble pairing
in sodium clusters could have a specific origin connected, maybe with a
small size of a system (some surface effects, etc.). Residual correlations
between valence electrons in clusters can include an attractive short-range
component which, in turn, can lead to effects like pairing. In the present
paper, the existence of electron pairing in sodium clusters is taken as
sonie ansatz. ! _ .

Temperature effects are neglected in the present calculations. The
typical ternperature of sodium clusters is 300-500 K which corresponds
to the thermal- energy 0.03-0.05 eV. This thermal energy is much smaller
than the deformation energy and the pairing correlation energy (see Sec.

3) and, as a result, should not influence noticeably the results obtained.



2 Method of calculations

2.1 BCS and FBCS methods

We start f:om the model Hamiltonian of the form

H= Ze,(aja, +afa;) — GZajaga;at. (1)

The first term in (1) is the energy of an electron system in the inde-
pendent particle model (IPM) This fern is written as a sum of single-

particle energleq of noninteracting valence electrons moving in some mean
field. The second term represents a constant pairing interaction between
valence electrons. We will consider a singlet pairing which couples elec-
trons occupied single-particle states s and 3 (time reversal counterpart
of state s) to the Cooper pair with zero total moment. In (1), af and a,
are the creation and annihilation operators of the single-particle state s
with the energy e,, G is the strength constant of the pairing interaction.

It is well known that in the BCS the gap equation has sblutioné only
in the case of sufficiently strong pairing when the strength constant G
is much larger than G, the critical value corresponding to the phase
transition from the superfluid state to the norma.l state [22]. The closer
the value G to G.,, the worse the accuracy of the BCS ~ AN/N In

this sense, the ratio G/ ('C, can serve as a measure of the validity of the -

BCS. Usually, we have G/G. < 1 when a single particle spectrum is
rarefied in the vicinity of the Fermi-level or single particle states contain
one or several unpaired particles (the blocking effect). Both these cases
take place here. Indeed, the rough estimation [13] of the pairing energy
gap A gives A ~ 1/N eV that is smaller than a typical value of energy
spacmg between single-particle levels in the vicinity of the Fermi-level
in sodium clusters with open shells. As a result, the electron pairing
in sodium clusters is expected to be weak. This is especially the case
for odd-N clusters where the blocking effect takes place due to the odd
electron. So, for investigation of pairing in sodium clusters, one needs a
more correct method than the BCS. We will use for this aim the FBCS
method where the BCS wave functions are projected onto states with the
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fixed particle number. In contrast with the BCS, the FBCS leads to the
energy gain at any, even very small, value of G.

The FBCS was firstly suggested in [26,27] and since that time many
versions of this method have appeared. In this work, we use the ver-
sion which was elaborated in [28] and presented in detail in [29]. This
version has the advantage that it allows one to represent quantities un-
der computation in the form of series of small values 3, = vp/u, < 1

‘or ;' = up/vp < 1 (where p and h label single-particle states above

(p > F(N.)) and below (h < F(N.)) the Fermi level F(N;)) and thus to
avoid time consuming calculations. The Bogoliubov coefficients %; and v;
are determined for each state i by the variational method (variation after
projection) when the total energy of a system is mJnlmlzed usmg these
coefficients as variable parameters. ‘ g

Following [28,29], the projected BCS wave function of the ground state
of N.-even cluster can be written as a superposition of particle-hole ex-
citations:

!w(N»—{T(N)] ‘/22 Z{P(Nm [ONIHTo(N))  (2)

(kY)
where

P(N )+ = Z ﬁpa a' Q(Ne) = Z ﬁh_laﬁaha
p>F(N.) h<F(N,)
ay and aj, are the operators of creation and annihilation of the particle
in the state s (in the spherical basis |s)=|nljm)); n = Y} n, = N/2 is
the number of pairs where n, runs from zero up to §2,; €, is the pair
degeneracy of the level s. In spherical clusters, Q,=2l+1. In axially
deformed clusters, 2, = 1 and 2 for A = 0 and A # 0, respectively.
|¥o(N.)) is the ground state of the system without pairing, i.e., in the
framework of the IPM. In this approximation, electrons occupy all the
levels up to F(Ne)). The norﬁlaljza,tion factor T(Né) in (2) has the form

T(Ne)—‘1+ZPk(N)Qk(N), ]

k=1
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where P(N,) and Q(N,) are symmetric polynomials:

Pk(Ne) = Z 131 132 zu

» F(N.)<p1<p2..<p:

Q(N)= Y BB
, : : hy<hj..<he <F(N.) -

Expression (2) corresponds to the case when the last occupied level is
completely filled (n, = Q,). If the last level is partly filled (n, < Q,), the
foregoing completely filled level should be used as F(N,). In this case,
the ground state FBCS wave function is written as.

. -7,

[U(Ne)) = [TV S k—,(TJer),[P(Ne)*]"[Q(Ne)]"”'I*Fo(Ne))-
k=0 ' 87t .
‘ (5)

States containing unpaired electrons are created by acting by appropriate
al - or a, - operators on a ground state wave function. .

Expression for the binding energy of the even-N, systeni is

G .
E(N.)=2) (e, - 5N = 2]s = G ) 2Quv,um [N, — 2, (6)
) s#t :
where the correcting functions
((‘I](Ne - Z)JI\II(Ne - 2)3)
T(N.)

[N, -2, =

and
(N, — 2y = LY WNe = 2o U(Ne = 2),e)
e st T(Ne) ‘ N

arise due to the particle-number projecting. |¥(N, — 2),) and |U(N, — 2)st)

(s # t) are the wave functions with N, — 2 paired and two unpaired elec-
trons. The lower indices indicate energy levels occupied by ‘unpaired
electrons. : : :

The wave function of the odd-(N, + 1) system with one ﬁnpajred elec-
tron on the single-particle level f is written as a}"I\II(Ne)). The expression
for the binding energy of a such system has the form

6

Ef(N.+1)=ef +2(2 — esvf[N. — 2y +2 > (e, — E)Q,UZ[NQ -2,
Y '

(7)

-G Z Q,Qtusv,utl!t[Ne — 2};_,1 — ZG(Qf — l)ufvf ZQ,‘U;’U;[Ne - 2],‘/
ststE] . : Yy
Without the particle-number, the correcting factors in (6) and (7) are
absent and these expressions have the same form as in the BCS.
The gain in the total energy of the system due to the pairing interaction
is determined by the pairing correlation energy:

AEr:urr =E(NL)G=0)—E(N6;("¢0) (8)

where E(N.;G # 0) and E(N,; G = 0) are energies of the system (see
exps. (6) and (7)) with and without pairing, :

2.2 Equilibrium deformations and pairing

Single-particle energies were calculated with the Woods-Saxon potential
with the parameters or radius, depth and diffuseness from ref. {30]. Pa-
rameters of axial deformations «a, a3 a4 as and ag were found for each

sodium cluster by the shell correction method [21,25]. As our calculations

show, the shapes of singly charged (z = +1) and neutral clusters with
the same number of atoms coincide with good accuracy. This can be
explained by the fact that single-particle potentials of charged (z = +1)
and neutral clusters differ from each other mainly by their depth (the
depth of the potential wall of a charged cluster is lé.rger [31,32]). On the
other hand, the shell corrections determining the shape of cluster are not
very sensitive to the potential depth. o

It is known that pairing tends to couple particles in pairs with the total
angular momentum / = 0. Such a coupling proves to be more effective
in spherical systems than in deformed ones. As a result, pairing forces
tend to restore the spherical symmetry, thus decreasing the deformation
of clusters with oper shells. One can estimate the value of G under which
the deformation of a cluster dies out. This effect is demonstrated in Fig.1
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where the total energy of a system, calculated within the shell correction
method taking into account pairing, is presented. Qur calculations show
that pamng destroys deformation of sodium clusters at go > 1.4 eV but
does not change the values of equilibrium deformation parameters at
go = 0.8 and 1.0 eV used in the present work. This is not surprising: as is
seen from Fig.2, the pairing correlation energy (8) at g, = 1.0 eV is much
smaller than the deformation energy Fy.f(N.) = E(Nc, {a})— E(Ne, {a=
0}) (see also discussion in Sect.3).

2.3 Ionization potential
TIonization potential is defined as

- IP(N.) = E(N.—1,Ryx)*' — E(N,, Ry) (9)

where E(N., Rxy) is the binding energy of N, valence electrons in the

cluster with N atoms; Ry = rsN/3, rg is the Wignér—Seitz radius, the
upper index in (9) labels the charge of the cluster.

We calculated the binding energy of the charged cluster (z = +1)
a sum of binding energy of the ncutral cluster with the same N, and N
and of the Coulomb term . '

E(N,~1,Ry)*' = E(Ne = 1, Ry) + Eeout (10)

where the charge z = +1 is assumed to be uniformly distributed over the
surface of the cluster [33] '

Foour = 2A+1)

Expression (10) is based on the assumption that single-particle levels

of the ionized cluster differ from the single-particle levels of the corre-

sponding neutral cluster by nearly constant energy shift, Our analysis of

single-particle schemes {31] calculated within the Kohn- Sha,m prescrlptlon

supports this assumptlon '
To simplify the calculations, it is convenient to rewrite exp (9) as

follows:
IP(N.) = IPrpm(N,) + 6Ew"(Ne) - (12)

8

W43 =5) |l .
T arw Z } u (11)»

where I Pipp(N.) is calculated within the IPM (without the pairing but,
with the Coulomb contrlbutlon) The pairing contribution § Ecopr (N ) ha.s

the form: ‘
6Ecorr(Ne) = Ecarr(Ne - 1) - carr(N) ) (13)

where E.,..(N) is given by exp. (8). Due to the blocklng effect & Ew,,(N ) >
0 or < 0 for even or odd N,, respectively. '

3 Results of calculations and dispuSsion

The results of our calculations are presented in Figs. 1-3. In the calcula-
tions the pairing strength constant G = g, /N with o= 0.8, 1.0 and 1.4
eV was used.

Fig.3 shows the IP, as measured by Persson [9], compared to the FBCS
and IPM results. Both the FBSC and IPM calculations take into account
the cluster axial deformations with the parameters «;, a3 oy a5 and ag
[21,25]. It is seen that the average value of the IP is described rather
well though some underestimation of the IP takes place. The IPM re-
sults demonstrate fluctuations in the IP, caused purely by deformation
effects. ‘For most sizes regions these fluctuations do not reproduce a
regular character of the experimental OES. Moreaver, the IPM results
exhibit the so-called quartets ( the upsloping straight lines cons:stmg of
four points) which are absent in the experimental data. Until recently,
these quartets were thought to be connected with fourfold degeneracy of
the single-particle levels with A “# 0 (see, e.g., discussion in [21]). The
fourfold degeneracy should be destroyed in clusters with triaxial defor-
mation. However, recent calculations [34,35] have shown that triaxiality

does not remove quartets. So, other physical reasons should be looked

for to destroy the quartets and, as is shown below, pairing could be one
of them. ' '

The FBCS results; where both pairing and deformation effects are
taken into account, are presented at g; = 0.8 and 10 eV. The value
go = 0.8 eV seems to be most a.pproprlate Then, in accordance with
experimental data, the FBCS prov:des the regular OES of the reasonable
amplitude in the size regions N = 23 = 26, 35-38, 47-50 and 58-72 and
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destroys the quartets in large extent. On the other hand, the pairing leads
to the OES in the size regions where the staggering is not observed at all
(N = 38 — 40,51 — 58). The results with go = 1.0 eV, breseuted in the
same figure, show that even rather moderate increasing of pairing leads
to considerable overestimation of the OES. However, if the temperature
of clusters is taken into account, the calculated OES will be smoothed
and the value gy = 1.0 eV can be quite reasonable.

Let us show now that the BCS cannot be used at g, = 0.8 — 1.0
eV. Following our calculations, G/G,., is about 1 for go = 1.0 eV and
considerably smaller than 1 for g, = 0.8 eV. That means that the pairing
is. too weak for using the BCS. Indeed, at gy = 0.8 — 1.0 eV, for the
overwhelming majority of clusters we have E,..(BCS) = 0, i.e. the BCS
does not provide any energy gain. At the same time, Eeorr (FBCS) is, on
the average, 0.2-0.3 eV, i.e., only the FBCS can be used for consideration
of such a small pairing.

Our calculations show that the BCS becomes valid only at go > 1.4€¢V.
But at such a strong pairing we have the drastic overestimation of the
experimental OES. Moreover, the comparison of the pairing correlation
energy with the deformation energy clearly demonstrates that the strong
pairing (go = 1.4 eV) destroys the deformation for the most of the clusters
(see Fig.2), which is in drastic contradiction with the generally acéepted
picture. Vice versa, the FBCS pairing correlations obtained at g =
0.8—1.0 eV do not destroy the deformation (except for the clusters where
the deformation is very small). So, we again come to the conclusion that
in sodium clusters only weak pairing is possible and, as a result, the use
of the BCS is not correct.

4 Conclusions

For the first time, the IP in sodium clusters with 20 gv N < 80 is investi-
gated with both deformation and pairing effects to be taken into account
simultaneously. The calculations have shown that only the weak pairing
is appropriate (G' = gy/N, gy < 1.0 eV). Then, the competition between
pairing and deformation effects is negligible and pairing does not change
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the equilibrium deformations. The BCS cannot be applied to such a smalt
pairing. Only the particle-number projecting methods, like the FBSC,
can be used. The strong pairing results in the drastic contradiction with
the available experimental data: strong overestimation of the OES and
aliost total destruction of cluster’s deformation. In general, including of
pairing at gy = 0.8 eV leads to quite a satisfactory description of the IP.
The calculations reproduce the regular behaviar of the OES and resuit in
removing the quartets. On the other hand, the pairing causes the OES
even in the size regions where this effect was not. observed.

The FBCS method used here for calculation of pairing in sodium clus-
ters is of a quite general character and can be used for investigation of
pairing in other .metal,clugtérs, like aluminum and etc..

Our results do not allow one to make final conclusions about the need
for pairing for the ‘descri‘}‘)tiorl of the OES in sodium clusters. Pairing in
these clusters remains to be rather questionahle. Most probably, that the
OES in sodium clusters is mainly a consequence of spin and deformation
effects. To clarify this point, the calculations in the framework of the
electron spin-density functional approach are very urgent. Nevertheless,
we suppose that the hypothesm on pairing in metal clusters cannot be
cast aside and needs additional investigation. First of all, for metals
which are superconductors in a bulk. For this aim, the calculations with
state dependent (not constant) pairing are very desirable. In principle,
we cannot exclude the situation that this type of pairing will result in
a strong dependence of the OES magnitude on the size region and thus
lead to improvement of the IP description. Second, the temperature
effects should be incorporated. The discovery of pairing in metal clusters
would be a fundamental result with very important consequences for high
temperature superconductivity and other fields of modern physics.
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Bclxbex'm cnapnuanunuuarpnenbtx xnac-repax L S el L

Paccmarpmaaercn BO3MOXHOCTh onncuelmn HEYETHO- lleTHle (bnyxryauuu HUD) B NOTeH- :
nMane uormaaumt (ITN) naTpueBbIX xnacrepon c20= N =80 kax npossieHHs CMAPUBAHUS .

MEXIY Banerm{smn aJeKTpoHaMu. Briepesie u cnapm;arme, “ ned)opMaumr macrepos YUHTBIBA-

10TCS B pacqerax omtonpememxo B cpejHeM - NOTYueHO I0CTATOMHO Herwoxoe onucanue TIH. Tlo-

-X23aHO, 4TO B HATPUEBBIX KJIACTEPAX BOZMOXKHO TOJILKO cna6oe CrapuBaHue: Hcnonbaosanue Me-rona :
'Bapnnna—Kynepa—IHpnd)cbepa (BKIII) B 1aHHOM CITyuae HENpaBoOMEepHO. Heo6xommo T0MIB30-

BaTbCS METORAMM NPOEKTHPOBAHUS 110 YMCJTY HACTHL- TToxa3aHo, uT0 xonxypenunn MEXITY Criapu-
BaHUEM M ned;opmauuonubmn addexTamu Mana U He PUBOIUT K MIMEHERMIO pABHOBECHOM fAechop-~
Maluu. Cnapunanue BBISBIBAET. peryspHbie OTYETIMBbIC HY® 1 paspymaer 1aKk HadbiBaeMble
KBapTEThI B 1. Ilnn ommx Tpymm KJ1acTepoB 310 npuuonwr K 3ame'm0My ynquenmo coriacus C.
sxcnepumenrom, Ans APYTUX rpynn (B nepBy10 oqepem,, Tam, rae HU®D Ha sxcnepnmenre HE o6na— .

.pyx(eno) —K yxymuemno onuca}mn IT1. B uenom, cytuecrnonanue cnapunanun B HanPleBblx .
x.nacrepax npencraunne'rcn nouonbno l’lp06J'leMaTHllelM BT

. {

e Pa6ora BLIHOJIHeHa B JIa6opa'ropym -reopemqecxon zbnamm MM H H Boromo6oua OPISIH

i
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| Kuzmenko N.K.etal, =0 f S
_'PamngEffectsmSodlum Clusters L : e

NE quesnonable

TR

8 The pamng between valence electrons is constdered as a possxble ongln of the odd-even

:ysta‘ggertng (OES) in the ionization potentlals (IP) of sodlum clusters with 20 < N <'80. For the first-

time, both ", effects- of  pairing and. shape’ deformation are- taken ' into "account slmultaneously

On the average, quite a reasonable description of the IP is achieved. Itis shown thatin sodlum clusters
only ‘a weak pairing can exist (if the pairing exists at all). In this case, it is not correct to use
the Bardln-—Cooper—Shnffer (BCS) method. Only the partxcle -number pro_lecung methods canbe

applied. It is shown that competition between pairing and deformation effects is small and does not :| -

‘change the equthbnum deformations. Pairing leads to systematic and pronounced OES and destroys °

| the so- called quartets in the IP. This unproves the agreement with experimental data in some size" f O
reglons On the other hand, the pairing worsens the agreement in the size regions where the OES has - |~

not been observed at all. Finally, the exxstence of the pamng in sodlum clusters seems to be very

’t

The 1nvesngatlon has been performed at the Bogoltubov Laboratory of Theorencal Physlcs J INR 1
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