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•· Pac~MOTpeH c.ne.riy10u:iHH H3BeCTHhl~ riapaAoi<Lc OAHOH CTOJ)OHhl, AJISI BCSI-:' 
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KOH, KBaHTOBOH . CHCTeMbl C .· rrepHOAHqecKH . 3aBHCSl~HM OT . BpeMeHH 
raMHJihTOHmiHoM . cymecTBy10T pemeHHSI ypaB.HeH11S1 IIIpeAHHrepa; . srnmi:-

· ... :~mHeCSI. rrepHO~lfqecirnMH . q>y~icll,HSIMH. BpeMCHH, !MOAYJIHPOBaHHhIMH 
·. MHO%HTeJieM e-:-itf ~h; c ~pyroH CTOp~Hhl; · aMIIJIHTy~a i<oJie6ai!Hii rapMO;~qec.: -
KOro OCU:HJIJISITOpa, Ha KOTOl)blH B03ACHCT:syeT rrepHO'AHlICCKaSIBO BpeMeHH CHJia. 
C peaoHaHCHOH qacroroii, HeorpamJ1IeltHO B03pacTaeT co BJ)CMeIIeM rrpH JII06hlx. 
HaqaJibHhIX YCJIOBHSIX:IlapaAOKC.paapcmeH rryTeM TOqHoro pemeHHSICOOTBeT- .. 
CTBy10~ero ypaBHellH~ IIIpeAHHrepa. IloKaaaHo, 
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qfo. rrapaAOKC B03HHKaei, · 
ecini He rrpHHSITb IJO BHHMaHHe rrepecTpOHKY crreKTpa KBa3H3HepmH H 6a3HCa: 
KBa3H3HepreTHqecKHX COCTOSIHHH B TOqKe pe30HaHca... . · 

. ". , .. __ . . ,. --.""' - . '. - - ' 

· Pa6oTa BhlrrOJIHeHa B Jia6opaT~pHH. HeHTpoH~oH ¢H3HKH HM .. ·If.M.cDpattKa 
Olf.sIIf: .. .. . . . .. . . . . . ' . - · , 

I , • • . 
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Skoblin A;A'. 
Resonance Phentimenon as a Transmutation 
'of the Quasi energy Spectmm 

The following well-known paradox' is co·risidered. On one hand; for each 
. quantum system with a time.:periodic Hamiltonian, solutions of the Schrodinger 
equation exist'which are time-periodic Junctions modulated. by the· fa'ct~r .. 

-~-UE('!!. On the other hand,.the ampli;ude of a llarmonk:oscill~tor, acted up~~ 
•by_a time~periodicforce witha r·esonant _frequency, increases.with time for any, -
;initial condition: The paradox is resolved with the help. of the exact solution of 
the corresponding Schrodinger equation. his shown that the paradox arises, if 

:one does no,t take into account the transmutation of the quasienergy spectrum 
and ofthe steady s_tates (qu.asienergy states) basis in.a reson~nt point. 

• ... - -

. . The investigation has ·beeri performed at· ihe Frank Laboratory of N eut~on: 
Physics,JINR: . . . . . . . . 

. Preprint of the Joint_ Institute for· NuclearResea~ch. Dubna, .1994 



J;.Jntroduction 
1' 

''' 'The following f~t is generally known in h~th classical and quantum mechanics. 
If a. harmonic.oscillator with

1

a self-frequency w0· is act'ed upon by an_ e'xtemal time: 
, periodic force with a frequency 11, and 11 ¥ w0/n, where n is an integer, then a 

st~ady oscillation ~egim~ e~ists for. the oscillator/ This,steady regime amplitude 
' increases when n """:-" wo/n. When n = wo/n, an ex,act resonance sets in.:.:_ the 

oscillation amplitude increases with time at any initial conditio.n. . · ' . ·• . 
At the sa~e time the considered 6sciUator is .a system with a time-periodic · 

~,: Hamiltonian: It" i~ known' that each solution of the Schrodinger, equation' with 
· a_;time-periodic.Hamiltonian~can be presented as,~ linearcombination o(some 
· · special solutions: · · · · · ' , 

\, -

-, ' , lt/J(t)>= LCae-itB~l"l'Pa(t) >; lef,:(t) >= l'i'a(t +~T) >,, • (1)' 
I . . . • Cl " . • .· . ~:.: . .- ' . ·, ', - • / . ' . • . - _,,.. 

•• wh~re ; is time; T = 21r/n is th~ H'amiltonian peri6c'.i a11d n, is Planck'~ c~nstant . 
. ' . ' ' ' ' . ' ' . '',,. ' ' ··\ ' ' . ,, 

· The time:,periodic ket-vectors lef>a(t). >, _which are the analogues of the Bloch func-
. tio~s for the time-periodic case, were introd_uced in [1, 2ras quasienergy states and,. 
\ in [3]as steady stat~a. The Ea value, the.analogue ofa quasimomentum, is called · 

' . . :~·-.,.. . • . J ,: . . .-. . ' '. '• , 

:: quasienergy .. 
. . '/The.following orthogonality .and completeness relations,are proved for· the 

ste~y-states·by'the most general case:· . . . 
/' . --- . . -' ,, 

, ·. . .. , I • . . . 

• I , < ef>,.(t)lef>p(t) >= Cap ; L l<Pa_(t) >< cp~(t)I =J' 
I . . . · ... Q . 

(2) 

'' I, , / , ' . ' , 

, . ,, .where Iis the unit operator in the ·corresponding Hilbert sp~e, c is the Kronecker 
· .· symbol if a and fJ are'discrete parameters, and c'is the Dirac delta-function if a ·· -

. and fJ are continuous parameters [4]. These relations mean [5] that we can describe 
· the cvoluti.on of each vector lt/l(t) > u.9ing.its representation on the}pa(t) >basis:· 
'•, . 

If we choose one of the steady states as aii initial conditio~ for the corresponding 
' Schrodin.ger equation: lt/i(t ,;; O)>= lef>ao (t /= 0) >, the solution.has the form: . 

· lt/J(t) >~-~-itB~ol~j<,6ao (t): > • . .. (4)' 

.· The question arises: .h~w can we combine, in the res~n~nt ,case, the time
peribdic cfouacter of solution (4) ·and t~e oscillation amplitude increasing ~ith . 
. time at any initial condition? ·.•-/ '. . .. ·, ·, . . 

This para.!1ox is the simP,iest rep;esentative of a circle of similar difficulties. The . 
· very interesting example connected with a para.metrical resonance is discussed in 
,/ - , ,' , . - '_ .... \ '· . ' . 

_Ck. ·.•ottdr;-..·1t't;3;rxry;.· · ii!.··.·· 
, ~~!'~. 3tt.Jel~..liln0 \ ·_ 
f_,i1Snt1ST_§M_ · • : 
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/ 

), 

[6j. In that modd ~he o~cillator energy incr~ases _with __ tin;~ ~t anr~nitial condition, · -··· l 
· if the external a.ctmi:drequency belongs to the mterval surroundmg the resonant . 

point,'· ' . _ 
.. Ya;B. Zeldovich, one of the founde~s ·of the time-.periodic systems theory, con-

cl~ded after co~sidering" _these 'para.cloxe~, that the steady states _(the quasiene-. 
rgy states, ns he wrote) cannot b~' introduced for every quantum systE:m· He 
recommended the use· of the quasienergy method· iir the discrete specGuni case 
only, when siniilar paradoxes do_ not arise [7]. H. Samble in his paper [3], where 
he introduced the ~teady staf.es; also preferred to. con~ider only ~ectors with finite 
norms, in o;der to avoid any difficulties. · · · · · · 

But it is generally known that ·ev~n in the simplest case ~f the time-independent 
Hamiltonian, for-free paiticles,"the Hamiltonian eigenvectors are· Un-normalizable. 
Sow~ have to use ~~-normalizable steady states if we want to get a gene;ai theor.)' 
for time-p~riodic systems: 'J'he or_thogonality arid complete11ess rnlations (2) are 
the mathematical base of such ge~eral theory. In'. order to get m~t only MI abstract 
theory, but. a real calculation method; we have to learn how to construct the steady-~ 

. states and the quasienergy. specti~in fo'r the difficult·cases like the orie d~sc:ribed 
above, ·we also have to underst'ana'"the physical cause.•of. the difficulties .which. 
arise t~- know wheri it is· necessary to be careful. _ _ . _. _ . _ . . . · . 
.. , In_ the pres~nt papei" a resolution of theTor~ulated paradox is given. In Section 
If the detailed qualitative analysis is carried out, and the ph5'sical essence of the 

. phen~menon is expose.a:' In Sect_ion Iii a simple mathematic~ model, reproducing 
the main features of the phenomenon, is soived ·exactly. In S~ction IV 'the use of. 
the ste~y states .conception i~ the case -of ihe continuous quasienergy spectrum 
is discussed. . . . . . . . . \ . ·• . 

/ -~,· 

•IL. The ·g11alitative A~alysis "-

, The problem, ~f coristructing qtiasienergy'a.nd st~ady'"states fo/ th~ oscillator 
acted upon by a. time-periodic force was solved exactly by the auther .11ot fong ago --

-, · [8]. -The f~llowirig facts were ~btained:. . . . .. . . ·. . .•.. , . 
(I) If n :/- w0 /n, where n is any integer, the quasienergy spectrum is discrete· 

and equidistant. The steady st~tes h~ve a finite nonn: . . . 
.· (II)H n '7 wo/n, the _quasienergy spectrum is continuous. The steady states 

satisfy the orth~gonalityand completeness relations (2) with the continuous pa~ 
.rameters :X,f Therefore, the steady states arc uri-:;10rmalizable, and therefore, 

. they do not belong to the corresponding.Hilbert space._ . . .. · .. . 
... Som~ important ·qualitative conclusions foHow this mathelllati~ai result'. We 
considedhem below., ' . . . - : . . ; . . - . 

· 1t is well-know'n' th'at 'hi the.case of the tinic-sind~pencieni H~miltonian the
dis~~t~ energy spectrum and normaliz~ble Hamiltonian eigerivectors c~rrcspond 

•• • • • • •• ' • • • - - •• , • C , •'• • > 

2 ,.. - _. 
·,. 
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,.--( ,-, 

I 
\' in 

\ ·, 
:,, 
·, 

' 

~ -... 

. '~ 
lil 
ill l;J 
( 
I 

' 
to the finite n1otion . of a pa_rticle; the continuous energy .. spectrum.· and . u_n- , 
normalizable Hamiltonian eigenvectors corresp'ond to theinfi~ite motion of a par
ticle [9]. Jn·the_ case of the time-p~riodic Hamiltonian quasiE:nergy takes the place 
of eriergy 'and _the steady states take place of the H~milt~nian eigenvectors [1, 2, 3]. 
It is easy to sec that'the behaviour of the steady states an~ thequasiencrgy ~pec
trum, .described above, corresponds to a situ~tion a~al;gous to th'e·one in_ the_ 
'time-independent case: · . . . _ . . 

Indeed, if the external fo~cc frequency is not a resonant one, the oscillator . 
motion.is finite; if~ quasienergy ~pectrum is dis~rete and its ~teady ·states are 
normalizable. If the extem~l fo;ce frequency is resonant, the ~scillator motion is . 
infinite (the amplit~de increases with time); its quasienergy spectrum is co~ti~uous 

'· anlits steady states are Un-normalizable. . ·. . . . ' , .. . . ; ·. ' • 
. ' The peculiarity orthe situa'tion consis'ts in. thefact thaUhe character of the 
oscillator m~tion; as a function of the external force frequency, changes abruptly '\ 
·-' from finite to infinite ahd back --:::- ~hen the freq~ency crosses the resonant 
_point. · · . · ; , •· -· ·_ 
. I• The paradox under ;cmsid;ratimi connects with _this quasienergy spe~trum 
, trans~nutation .. Indeed, .when. one poirits o~t that the oscillation amplitude in-
creases with time a( ~ny initial condition, the .. additional suggestion, that the 
initial function belongs to the corresponding 'Hilbert space (i.e., that it bas the, 
finite' norm), is_·used .. I tis nat~ral for _'the _oscillator that. is not acted upon_ by ari 
external force, because if the wav.e function of such 'oscillator does not· decrease fast . 
enough with the distan~e;-its potentiii,l ~nergy i~ infinit;, B_ut the H~miltonian of 
th_; oscillator acted up~n by a reso.nant force is an absolutely clifferent operator., It 
looks like• the free particle Hamiltoniai1. Jts st_eady states, peri~dically depending. 
on time (except the factor e-:---•t8I"), do

1 

not .v~nish anywhere in the whole ~pace: 
Thus, the consider~d paradox connects with the fa.ct. that the initial conditions for 
the oscillator acted upon by a resona'nt force, are takenin the foim that is natural! 

· for an absolutely different'systcm ...:._ f~r the free oscillato;. . · . , .•• •· : J 
, In the e~d · of o~~ qualitative analysis l;t us note the f~ll~wirig fact; The fun~-·· -

. tions describing the initial conditions with finite ~orms ~annot really be the steady ""' ' -- ,••-- . . , 

states of the resonant·perturbated oscillator. They are tlie linear combinations of 
the steady st'ates only. So, their evolution is described by relation (3). The fact 
that the increasing with time function can be presented as a linear combination 
of the periodic.functions and oscill~ting factors like' (3), is illustrated by th~ well-
known representation of the linear function by. the Fourier_ integral:·· . , 

·,· ' . ' . ' . - .. 

• .. · . ·1:·•00 d. d_S(w) -it.; t=-• w--e . 
. · · -oo · ,.;_ dw . . , (5) 

,_... ·, __ 
., \ 

' 
~ '~ 

"/ 
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II( Mathe~atical Mod~l . 
/ 

' Let u·s demonstrate the oscillator properties described above; using; a simple. 
model with the following HaJ:Diltonia_n: ; . 

, n,(t)·= }!0 ,>+- ae;ma·+ ~e-:~t~~: , H0 ,c ~ hw0 (a+a + ½}; (6) 

where a, a+ are annihil~tion and creation operators, respecti~ely, and a-'is a real 
number describing an external action. Iri the more gen~ral mod~l the Hamiltonian -

· has the following f~rm: H~.~ +/(t)a :r./(t)a_+~:where J(t)= 'j(t -t-21r/O) (the 
,, overline means the complex conjugation). The Hamiltonian (6) is usually'named -
-.as the resonant appro~imation to the ex~t orie. _ Model ( 6) has only one resonant 
frequency n = wo, In' other resp~cts .this model reprnduces_ ail the qu~litative 
featur~ of the oscillator 'H~iltoni~n~with any· tirne-periodic exter~aHoice:; All 
solutions formodd(6)_have a~ery simple form arid-~re conveni~mt f~r qualitative 
analysis. At the same time; the ni6del (~) is ;irtuallr exact wheri n ~ Wo, i:e., 

, . near the resonance, which is the most interestiiig c~eof our, consideration -(8]. 
- The steady states 14'(t) > and quasieriergy E are the solutions to the followin·g 

_ - eigenvalue problem [i, 3]: - . -, , . . -~- · , - -

- - -- -- - - a' ._. ·- - - -_, - - __ .. , " - - ·,· , ~-:'• 

__ ·{H/t)_~_ih8t J1,p(~)>:Jr1~(tf >) -j,p(tr>~:,¢(_t + T) >: :- ._ - __ (7) 

In o~;der;t6 's~l;e equation (7), i} is co~v~ni~nt in /om caie tri use·~ complex rep- C 

resent~tion (10]. ff z is a complex number and lz'> is the corresp~nding CC)herent 
state,- then for each ket~vector l'P :> the· function <> , . - -- . -

. > ,p(i) ~ exp'{ lzl2 /2 }< ;1¢ > __ 
l ::·- ~.-,. : , ._- , -: > '·.--_. -- ·,:: .:·:: ,:,. . . " ... < . ·, :-- . , -. . . --·" ., _, 
is the analitical function· ofz in the whole_ complexplane. In tlie complex rep re-

-sentation, the eigen~lu~ problem (7) fo~-tlie Hamilto'i°iia~ (6) has _the form:· 
'. :.. ' '-._ -- - . -· -.. i •-• '.' ~ '"'' • -(--. • ' .' . , ' . : . ,,- - . ' . 

>{hw0-z :~ f aeitn: i ae-itn;~-ih !},p(z, t),~1!4i.(z: t) , 
.. ,,. z , . z ', ' , , , , 

,p(i, t) = ,p(z;'t + T) . · . : (9), 
•· , '--- ' - . 

' , If we use the ~omplex variabl~ u = ze:-im inste·ad o(z, the pi~bleih (9) hO:S the 
'f~rm: . , . , , , ' ·, , , , 

- . {h(;o ~ n)u :~ +·a:u +_au~ iti!}~(u,_t) d Ei(~, t) -.•--
-- - '. ,p(ii,-t-=+-T) =,p(u;i). _, __ < . (10) 

As the variabl~ "~ and t in equation (10) ·are sep~rated, the.solutions· ca~ be simply 
-found. So we write the results using the variable 'z a.gain. - -

;~---

} 
i:f 

_:.,·-

··i 

·.-t 

:· _--~-.. .,-/ ,t 
, ·, 

·- In. tlie 'nonresonant. cas~; V.:hen n -f:- w0, the quasie;ergies, E,. and -the steady 
: states ~,.(z, t) are given by: __ - -. ' -

. . . . . 

_ ! E,.:~-h(wo:~~)n-4:h;o/2+1ia2/(n--wo) 
. , - '.>' ,_, , - · ·, ,, . itn - , ,, 2 .·. 

'~~(z;t) = (n~t1/_2 [ze~itn - ((J~~J~ exp{(~~w:)-c- 2(11: ~0)2}• .· (1~}: 

:where n = O, 1, 2 :.'.·one can see from (11) that when 11 _; w0 j,he~quasienergy 
spedruin almost degenerates.'.' , • , : i ' , _,_. , -·, , ,·, ... , ,· : , . , 

·. ' ' .• As the quasienergy defin.ed modulo qhO only, where q is il.ny' fnteger, one can 
~~e an equivalent representation' for: the quasienergy ~d the steady ~tates [1, ·2, af 

,' , . " . " . I • . 

J?,. = hw0(n + 1/2) +ha2 /(n - w~) ; :_ ¢~(z, t) ~- ;itnn,p:(;, t) ; (12) 
. · . - - ' ' - - ' 

· One can see th~t·the q~asienergy spectrum (12) 'is equivalent to the unpertui:ba.ted • 
' oscillator energy spectrum' ( e~cept the ground state ene~gy LSo we can say that th~ 
-rionperturbatcd· oscillator and __ the -non.resonant perturbated -~cillator. a.re-, similar 
·systenis. , , ·:,, - _ · _ ,. ·• · -- - _ - . 

One can represent the steady states (11) in~a simpleform in the following wi.y. - --
L~t us introduce_the complex function of time O(t) by the rule:' , , _ . 

' - • • - ., ~ ,. • , • < - ,- ' 

O(t) =: ~e-itnJcd~wo) :'. (13). -~ " ' 

Let IO(t) > be its·~orresponding 'coherent state. ·Let'us also introduce operators 
a(t), a+(t) by the.rule: , "' · . · - ' , ·. . -

~ ~, _;. . '' -; . . . ~. - . - ' '· .,:: -- ·' 

-- a(t) = a;-i,n _: a/(11 :_ ~0) _; . df(t) .;. ~+~itn __ .;;/(f2 --'w;) ~ ., , -l14) '.-

: Th~n the operator~ ~( t), a+(t) ~atisfy, the 'canonical ~omm~~at,io~ relations,. anl 
_the_ vector IO(t) > is.the vacuum'vect6r for them;_as a(t)IO(t) >=_O: Using the. 
ope_ratoi~ i_ntro_duc~d, ~:me ~an represent the k~fvectors l'P,\(t) >, ;C<>rresponding to 

, t~e functions cp,.(z, t), in the following form: · · , · 
~ ., _.. ~ . . ; .. '"', • ' _. _', ~ .: ' .-.,. • • •- ; . ' ' .'o l · :_" \ n, ' ' . , '' ~ " • ' . ' ' 

lcfan(t)>~ (n!}--:112{a+(t)}IO(tf> , , . ',· '/ ''(15) 

• So, for_e~ch, n: ,the. v~ctor 1~;.(t) > i~ tl1~ nth-qwmtum excitation or'tiie VIU!UUm 
- vectorlO(t)>; --.- · -- · ;_• -•- --- . : -•- -· : • > --·. __ . . i -_-

.' . _- Let us return to th~ eigenvalue equation (10) and c~nsider the resonant case, 
~hen n = wo: The quasienergy spectrum is ~ontin'uous in this"case: .:-oo < E < oo. 

, The ste~y,states are giv~ by the formula:· · .· _. - , - · '· 

• . f •< z, ,; a, ( 2TA' ;)~''' ..;{--( E -f 012) \ zec•O,r-' All) '\'"" r (1~) 
_ _ .. _ _ ', _ ,' 2 a _ . a . _ , - _ r 



> 

·. It .i~. ~~y to show ·by . the ~lementary. integrals c~lculation .. t.hat ~he steady states,, 
(16) sat~y the following relations at any t: . . 

. .' .· . . 

; jdid'ie.;.lzP~~(z, t)~~;(z, t) ·= §(E ~. ;,) 

. L: dE~~(;, t)if>E(z', t) = ezz' (17) . 

These relations mean. [11], · that t.he corresponding k~t~ and bra-vectors satisfy 
orthogonality and completeness relations like-(2): 

j 
<ifaB(t)lcfoE~~~:r; 8(E ~e·) • .> 1-: dElif>E(t)>< ¢>B(t)1 ~I_. (18) 

So' the compl~te orthogonal steady states basis exists in the resonant case as weli as". 
in 'the nonresonant one', )3uUhese steady st~tes do not belong to the Hilbert space 
becaus~ of they are un-normalizable. It is easy ,to ;how by the calculation of the 
c~rrespond~g eiell\entary integ~als ihat tlie energy of each stea.dy·state is infinite. 
However, as the completeness relation (18) is.fulfilled, each vector bel~nging to 

· the Hilbert space 1can be pre~ented as a linear combination of the st~a.dy 'states 
. (16). S?; we have proven all the statements us~d in our· qualitati~e a~alysis in the 

section II.. · · 

IV. Discussion '· 

' • The r~oluti~n of the conci-efe paradox, in~de in. the p~e~ent paper I is intere~ting 
in itseH .. But I ·suppose that a niuch more important subject needs to. be broached . 

. The founders.of the quasienergy method used it to solve "the pi<.>hlems.~ith a 
. . . ,, . , . ' . .. .. . . ·, 

· discrete spectrum, when the steady states norms are finite [3, 7] .. The opinion was 
even expressed thatthequasienergy metholis useless in the continuous spectrum 

.. c~e [7). . ·· . .- , ·. · · ·-. . .~ · · · 
In essence, the. ability- to appiy the quasienergy method in the rather diflV~ 

cult concrete case ~f the ctmtimious quasienergy spectrum is demonst~ated in the 
present paper. . . . . . 

... As the general orthogonality and complet(!ness relations,(2) are fulfilled,I s.~~ -
pose that expansion on .the steady states basis is as universal a method in the 

" time-periodic case a.s the ~xpansioil on the Hamiltonian eigenvectors baiiis is in 
. _the. time-indepen~nt case. One can find mo~e difficult e~a~ples co~firming this· 
·~pinion in [8, 12). · · : , , · ·. ".· ·· ·. · ·•. ~ . . · 
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