


A way for studying relativistic aspects of the Coulomb three-body
problent by analyzing the bound states of muonic molecules { two hy-
drogen nuclei bound by a negative muon ) has been suggested in (1] and
cottsiderable progress has been achieved in this approach since that time
2. The first perturbative calculations of the relativistic corrections to
the energy levels used the non-relativistic three-body wave functionctions
obtained in the adiabatic representation ( also refered to as the “method
of Perturbed Stationary States ( PSS )" [3]. ); later the more r~fined
variational wave functions were used instead [4],[5]. At present, thanks
to significant progress in the non-relativistic calculations all the lead-
ing relativistic. QED and nuclear electromagnetic structure corrections
A:754 10 the bound states of muonic molecules have been evaluated. The
refativistic description has been tested in muon catalyzed fusion exper-
iments by the measurement of the binding energies €5 + Aef) of the
weakly bound states J = ¢ = | of the ddu and dtg molecules with an
accuracy of the order of 0.1meV for ddp and ImeV for dtu respectively
[6). Theoretical evaluations give the following values: &), + Ael$(ddp) =
— 19748 + 9.6V and gy, + Aeji(dip) = —660.2 + 28.4meV [6).

Analysis of the continuous spectrum of the muonic three-body sys-
tem apu — b ( muonic atom - nucleus ) is not as well advanced as for the
bound states aby. although some results have recently been obtained by
applying the multilevel PSS approach to the problem of slow collisions
in the system of three Coulomb particles ag — § [7]. Using this approach.
an Atlas of the cross sections for muonic atom scattering in mixtures
of hydrogen isotopes has been calculated with controlled accuracy [8].
This has permitted an application of Monte Carlo analysis to the experi-
ments for muonic hydrogen diffusion[9] with the cross sections calculated
by solving the non-relativistic Schrodinger equation for the scattering
states ap — a. Corrections due to the molecular and screening effects
are important at low energies, and have also been taken into account
[10]. Since the analysis has shown quite strong sensitivity of the exper-
imental data to the scattering cross sections, the question has arisen of
possible corrections due to relativistic aspects of the problem. In this
paper we estimate for the first time the manifestation in the low-energy
muonic atom scattering of the VP correction to the Coulomb interaction
in the three-body system ay — b with comparable masses M,, M, and m,,.
Muonic systems are much more sensitive than normal electronic ones to



the VP alteration of the Coulomb interaction at short distances. hecause
the Bohr radius of the muonic atom a,, = k*/m e? ~ 2.5.10" e is close
to the Compton electron wavelength A, = &/m.c ~ 3.9- 10~ em. More-
over, it has been found that VP corrections to the energy levels of the
muonic molecules are dominant among relativistic and other short-range
corrections [2},[4],[5].

We first turn to the analysis of the bound states already performed
to obtain a rough estimate of the magnitude of the VP-effect in scatter-
ing, and the peculiarities in the Coulomb three-body amplitude which
may amplify the VP-effect. The relative VP-shifts AeV” /e to the nou-
relativistic binding energies €5 of the muonic molecules are presented
in Table 1. The shifts AcY} have been evaluated in the frameworks of
the two-level PSS [1] and variational [5] approaches with a perturbation
VP-potential

AVVP = ZZ,‘ZJ‘V(T,J‘) (l)
t#3
was the sum of binary Uehling potentials [11]

Virj)=a- 31rr._, ./ 1+ 2z 2) e 200 d,
describing an effective interaction between Coulomb charges z; and z,
due to the virtual production and annihilation of a single e*¢™ pair, o =
e?/hc ~ =. Table 1. demonstrates the rather surprising fact that the
simple two-level PSS evaluation already gives a quite close approximation
of Ae"” to results obtained by advanced varialtional calculations using a
large number ( 400—1200 ) of trial functions. The only exceptions are the
P-states of the strongly asymmetric molecules pdp and ptp ( M, # M),
and a loosely bound state J = # = 1 in the dtg-molecule.

For the analysis of the VP effects in muonic atom S-wave scattering,
we use here the "improved” two-level PSS approximation [12], which
provides correct thresholds and momenta in the scattering channels ap +6
and bg +a, and as a result more accurate scattering amplitudes for both
symmetric and asymmetric collisions then the standard t{wo-level PSS

[7],18]. In this approach the three-body wave function is expressed as an



Table 1: The relative VP-shifts AcVFP/e x 100 (in percent) to the non-

relativistic binding energies €y of the muonic molecules.

J9 |00 01 10 |1 20 ]300 ]
ppu | 0117 0.062 Ref.[1]
0.1125 0.0472 Ref.[5
symmetric | ddp | 0.122 | 0.087 | 0.100 -0.41 | 0.019 Ref |1
systems 0.1268 | 0.109 | 0.09979 | -0.44 Ref.[5
ttp | 0.132 [0.123 [ 0.116 0.082 [ 0.0770 | 0.088 | Ref.[1
I 0.1323 { 0.119 | 0.1148 | 0.0754 Ref.[5]
pdu | 0.138 0.105 Ref.[1]
0.1058 0.0220 Ref.[5
asymmetric | ptp | 0.157 0.130 Ref.[1
systems 0.1040 0.0212 Ref.[5
dtp {0.137 [0.18 0.117 -0.5 0.064 Ref.(1
0.1261 | 0.0807 { 0.1005 |-2.51 Ref.[5]

For each bound state the results of the two-level PSS calculation by
Melezhik and Ponomarev [1] (first lines) and of the variational one by
Assing and Monkhorst (5] (second lines) are presented. The table is com-
piled on the basis of the data of papers (1], [5] for VP-shifts Ae%f and
papers [6] for non-relativistic binding energies € g.



expansion
U (7, R) = ¢a(7; B) - X5(R) + @u(75 R) - x§(R) (2)

over the eigenfunctions ;0,200 (7; R) of the two-center problem ( a muon
in the field of two Coulomb centers separated by R ). Where ¢, =
;};(tpl,, + p350) are the symmetrized "muon™ wave functions and "nu-
clear” functions x,s(R) represent in an asymptotic region R — oo two
possible asymptotic states au + b and bu + @ of the system au — b. Here-
after only symmetrization formulas for the asymmetric case are used; an
extension to the more complicated ( due to including the spins ) sym-
metric case can be found in [12],[8]. The initial three-body Shrédinger
equation is reduced by averaging over muon coordinates 7 to a system of
two ordinary differential equations:

1
Gpamt
—{Was(R) + AVEP(R)}xs(R) =

(g o + €= WilR) — AV P(R)} ()

~{Wie(R) + AV,P(R)}xa(R) = 0, (3)

€ — Wa(R) — AV,YP(R)}xa(R)

where

Wes(R) = 3(Buso(R) + Bopo (R)) + 5 + - Hos(R),

Wassa(R) = 3(Brue(R) — Bogo((R) + 53 Horsa( R),

and E),;2p0(R) are the eigenvalues of the two-center problem, 1/M =
m,/(M, +m,) +m,/M, . In this representation the V P-interaction (1)
is transformed to the effective potentials AVVFP(R) by averaging with
functions ¢, (7 R). The problem may be simplified further by omitting
the non-adiabatic terms H(R)/2M ~ 107! in Eq. (3) ( the effective
potentials of the three-body problems [3] ) to two uncoupled equations
for the amplitudes x1s, and x2p0, i.e. to the Born-Oppenheimer (BO)
approximation broadly applied in atomic calculations. Recently an ap-
plication of this approach to the muonic three-body system has been



analyzed by J.D. Jackson [13] both for bound and scattering states and
compared with existing data [8]. He showed that despite increasing the
non-adiabatic parameter 1/2M ~ 107! of the muonic system by a fac-
tor m,/m, = 200 as compared to a normal one. the BO approximation
still gives a quite good description of the muonic system ( especially the
S-states ), “containing all the essential phyvsics™. We use the usual BO
picture of the quantmm dynamics of a particle in the effective potential
well W(R) as a clarifving illustration of our analysis ( see Fig.1 ). In [14]
it has been shown that the presence in the field W(R) of a resonance
( bound) state with an anomausly small energy | gy |— 0 leads to an
amplification of the eigenfunction amplitude (R — 0) ~ A, for an
cigenstate in the region | ¢ |~] £5 |. This leads in turn to increase of the
VI-shift AL of the Conlomb binding encrgy of the state =5 — 0:
% a, ,

AN~ [J W PAVYE (R P d R ~ AR /0 " Ayt "(h‘)dl_t‘. (1)
according to the short-range character of the effective VP-interaction
AVYP(R). Table | demonstrates this effect in the case of loosely bound
states J = 9 = | of ddp and dig muonic molecules with the anomalously
small Coudomnb binding energies &y (ddp) = —1.975¢V and &y, (dty) =
~0.660¢V. { The binding energies of all other bound states are in the
neighborhood of 50c¢V <] £ |< 350cV . quite far from the border ¢ = 0
) It is natural 1o expect an analogous amplification of the VP-effect
in the scattering amplitude ASFR () frede) =~ dopfle)/ (o) =
{ofh — opin)/(2044) as well for positive energy & ~| 25 |. There it
was found [14] that there is resonance amplification of the wave function
amplitude A >~ x (R — 0) for pu + p low-energy S-wave scattering. 'The
amplification of Ac(pu + p) reaches a factor ~ 10 as compared to other
muonic systems at £ — 0 ( see Eq. (17) in [14] ) . and is a consequence
of the near-zero virtual state in pu(f' = 1)+ p scattering ( IF is a g-atom
spin ). Rough estimation by the formula coté(c) = —/es/e with the
phase shifts 6(¢) from [8] gives the estimate €9 ~ 10cV for the state. In
FFig. 2 the relative amplification of the elastic scattering ( /' = F' ) and
spin-flip ( ¥ # I’ ) cross sections in pu + p collisions is demonstrated
by comparison with the usual case of du + d without. singnlarities in the
scattering. It is interesting to note that the VP-effect in scatiering and in
bound states has the same order of magnitude, ~ 0.1%. if the positions



of the resonant and bound states arc far cnough from the boundary of
the continuum. The presence of a near-threshold singularity either in
scattering or bound states produces noticeable amplification of the effeet.

It is also interesting to check the VP-effect in the regions where the
pure Coulomb scattering amplitude is rather small . Two such cases
are demonstrated in Figs. 3 and 1, where the VP-scattering amplitudes
become comparable to pure Coulomb amplitudes in the regions of anoma-
lously weak clastic low-energy tp(# = 0) +1 scattering, and in the region
of Ramsauer-Townsend (RT) minimum in the du + p clastic scattering.
The same effect is in Lz + p collisions where the RT minimum is shifted
to Zpin 2.5¢V [8]

We have shown that muonic atom scattering is sensitive to the short-
range VP correction of the Coulomb interaction in the three-body nmuonic
system au — b. That circumstance becomes important in connection with
experimental analysis of muonic atom scattering at a few eV [9].[15]. We
have analyzed qualitatively the physics of this effect. but for more accu-
rate quantitative consideration some additional problems remain. Ifirst it
is necessary to increase the accuracy of calculation of the pure Coulomb
muonic three-body problem ep — 6. This may be realized by further
improvement of the multilevel PSS {7},(8] or by other [16] approaches
being currently investigated in muonic threc-body problems. It is also
necessary to take into consideration nuclear finite-size corrections having
similar magnitude to the VP for some bound states of muonic molecules
[4]).[5). An additional important problem is the separation of the elec-
tron screening and molecular effects which become dominant in muonic
atoin scattering as € — 0. This problem may he solved by using the
strong angular dependence of screening effects in this region[17] as com-
pared with isotropic -u-atom scattering by bare nuclei. The rapid de-
velopment of experimental possibilities in investigating the muonic atom
scattering[9],[15] may stimulate solution of the above-mentioned prob-
lems.
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Fig. 1: Born-Oppenheimer potential energy curve W(
three-iody system aby with effective VP-correction AVVP(R) = AV, 7(R).
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Fig. 2: The VP effects in du(F) + d — du(F') + d scattering with-
out singularities in Coulomb scattering amplitude ( dashed curves) and
in the case of resonance amplification by the threshold singularity in
p(F) + p — pu(F') + p scattering ( solid curves ). Here AE" (du) =
E\(F = 3/2) — Ei,(F = 1/2) = 0.049¢V and AEM (pp) = E\(F =
1) — Eyo(F = 0) = 0.182eV are the hyperfine splitings of the ground
states of dp and pp atoms.
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Fig. 3: The VP effect in low energy 1p{F = 0) + 1 scattering.
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