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To calculate elastic scattering ~f alpha-partl~les, light, and heavy ions 
in the ~uclear potential field·at energiesE ~-V, a large number of partial 
w~ves l7f _kR,_~, l,,wher~ R isthe radius of_an~cleus (or theint~rac
tion ran:ge} is· to .. be.ta.ken iilto:·account .. At.htrge scattering. ~rigles the 
cross sectiori is ~s ~ i-u:ie. e)Cpdne~ti~y- d~cre8Sing iuid. the ~olutiori of. th~ 
problem becomes rp.uch more.difficult. Indeed,_ in this case every term of 
the corresponding sign-alternating set of partial wayes:f~r the scattering 
amplitude compensates' its. neighbor. and, . as·. a result 'of su:rri~ation, we 
obtain a small value'ofthe c'cticU:latedc'ross iectiod.- s~, with the aim to 
get a reliable result it is necessary>to achieve a very large accuracy in 
nume~ical calculations,'r~quire.d in ~ather large ~omputational time. One 
way to avoid these· difficulties is to use the semiclassical approach for the 
one-;-· dimensional radial wave equation~· i Methods.· of that kind .for elastic 
.scatterin.g w~re revi~wed in_ 1~1.· A,s;t~ the,s~u¥dassi~al ~av~ .fu~ctions, 
the corresponding appro~Ch was,s~gg~sted in-J2l,.where.also the ~u~ ~ver 
partial. waves 'Vas replaced by the integral. over :collision para_meters, · sp 

·that the wave:function-was obtruned:in a. three- dimensionaHorm: 
Ho':'rever, ther~ exist other possible waysto resolve the·n~~ntioned 

problems. Indeed; the initial conditions E ~ V, kR >> 1 may be used 
themselves for d~velopingthe app;oaches .whereit is not necessary to use 
the partial wave e)q)ansion for the elastic scattering amplitude [3- 51. In 

·particular, one can develop a method ,based .on .three-' .diinensional semi-
classics;, that operates. not -with. the one-:.dimensional. partial. \V~ves .but 
directly with the three-dimensional action function 151. We use the con
dition E ~ V, which simplifies the problem and permits us to use the 

·straight- line classical trajectories in calculating the action integrals. 

~~-~;,~~r'-::. -~1 ~f ·.:. ~:.h·l;:::;~:--4: 
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Below we will apply this method to the process of elastic scattering in a 
field of the real nuclear potential V = VN, an example, that demonstrates 
the main features of that kind of calculations. In the framework of the 
High Energy Approximation (HEA) [51 we start with the elastic scattering 

. amplitude of the following form: 

J(t9) = 
4
1
7r j 'li~->*(T)'li~+>(T)U(T)dr, (1) 

where u = vVN, VN is the nuclear poteritial; and 'li(±)' the incoming and 
outgoing wave functions, respectively. The amplitude (1) is applied in 
the region of large angles{) > k~' i.~.- practically in th~e whole intere.sting 
interval of scattering angles.· -~ · ' · · · 

. Wave Fu~ctio:n~ 

When th~ condition vIE ~ lis f~lfilled; the semi~l~~sic8.1 wave f~nc-
tions as sohitions of the wave equation h~ve the following form: :'. . 

where 

,. ·~/,' ' -, ', '' • :. . •. ,• ·~ l •,' - '· "• ' . ; ' > r • '•' • 

,T,(±) ..:_ iS(~) , . (2) 
~" - e ,. ... . 

·s<±> .·~ fr ± <I>~>(rj; 
'·. ' ,, __ , .. 

· · · · :. · ·.{· V
0 

if~....: ~·.> 1_ 
VN ~ VoO(Ro- r) =. '0 'if Rr/- r <'1; 

't. 

'!•, 

(3) 

(5) 

where Vo = -IVai is the parameter ofthe potential welL Now;choosing 
the straight line trajectories of the classical motion we replace r' = jJ + z 
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(itl.: Z), where pm~ans a colli~ion p~rameter. :Bearing in mind th~t. the. 
trajectory is, _dire~tea; along~ the mom.~ntuiil: of mot~9,n,j.e. z Ti ki, we 
obtain, .with the help of (4),(5), the: phase for the i~com1ng channel: · 

' ' . . . ; . . ; . : . . . . ~ . . : ' ~ - ' 

00 ' . 1 . • 

;r..(+) .· .... 1 j· .TT c- ~k· )d'.-
~ i,N = -two . . v N r - . s s -

. ·,· . • . 0. . . . 

- • J • ~ -. •. ~ •• ; : ~ .... 
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. i. = --. e -, .. ).2 d). = -- - . - z· 
' .... ,< iVo~lj'. ,· i· ,·'·;;··2·, :- ·; .. : ·.Vo J 2 ..•. ·~ ,, ' ... 

'' :·. <' · nv .. )Ro. ':.' ,P. f, .,) · -·· · nv ( R5 ' p,: : ~), (B). 

-Zi 

Then, using smallness pfRo <T ~e·expand \6) in the intrinsic region: 

<+> Vo··· • Pr 
~i:f:~::-nv(Ro 7 2R,o +zi) 

~ . • ; t _,_: :-··--
~ > • E • 

In the same way we find the phase in the ,outgoing channel: 
.,• ~ : ~~:_,_:;·~~ -~~, ,,~-:j~;~ . .-:~~~·:.: .. 

.;;..r->: .. ·' Vo.(·R,. _\'.~ PJ,.' ':·:· ')i':'" 
~ ~ -- 0---- ZJ . 

(7) 

:::· •'csr 
. f,N tw 2Ro •·. · .. , 

ode' can not~Tli~t ihe~e phasesli.a:ve·~ meiining. ~~ly.iri the. ~!'gi~~ of action 
of the corresponding potential. Then, one.c~nestablish:a.connection: 
b~t~~~h ~ a~d the radiU:~. of a ~~lli~tic c p·~·te~tial ·;:;_s, fo~ . insta:~c;~-, ~the 
Saxon-Woods potential ... ·. . . · ... •: · ' '" . •·· ' .. · .· '-. '· .... 

,"\! • · Vo' 
_:_ · r-R :, VN~·-1+exp~-; (9) 

For this aim' one shoilld compare the til.'ean squllred tcidii:oft\vo potentials 
(5)and (srt'J obtain ;}: ; "• :; ,,,,.,;;;.,, 'i .: .... ; ,, 'ii " '.<\ J ... ·~ j 

. " 7 r7rb ,: . . .. ' . ; •. .. .• . ' . ' . 
Ro .=; R r + -(-)2 · · · · · · · .. · .(1.0) 

,,_, .. ,·:·;-;··,. :..··· ·,, .. . ,_.3,R_..~ ·.·· _, __ ,:, 
In addition, we note that using the approximate expressions for phases 
(7),(8), obtained by an expansion in pf Ro, we have actually increased''t:lte' 
radius of th~ step 'potential,; so the function (7·) is. more ·,spread~d,over p . . . 
as compared withthe exact phase (6) ... This shift of the radius,can lw: 
t~~~ri, i~~</~~~6~~t iU: {7}-if ~ne"d~~ri.gt:~ Ro '6/th~ ~ffett.'i'vi'ratli~ts R,, th~it 
~·--~ • • ·.,t··-~;*\~• :: · : _: ,,__., ~"' • '· ~· .. , "-:· i· .. ·;·;~ '"'' ·'·' ~ _ .... _,. -.' ··· ·:··~ r' 

:rritist be"smallei'in' its ·value: This effective i·adihs 'can bi:(Clel'ived fr(>tii 
~;":-;-::~-"'. ·- ·\ .•,··;.• ·:- ~~·-<;'>~~~~-;.;• ~:~ ""; :_..;
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the condition of an identity of the positions of a semislope of functions. 

{6) a~d (7), which gives us the relation Re = [fRi Inserting here the 
expression (10), we obtain the effective radius. to be used instead of Ro 
in the approximate phases (7) H (8): 

·. /3 :7 ib . 
Ro - Re = R\ 4[1 + 3( R )2

] (11) 

The scattering amplitude (1) contains the product of semiclassical wave 
functions, that can be pres~nted wit~,1'the help of (2),(7),(8) in the fol-
lowing way: · 

W~-)*w~+) = eilfi+i<l>N = €i<f1, ( 12) 
' where 

· (+) (-) ·.• :· a1,N- ·ai,N .. .. 2 .. 2 
ibN= ibi,N + ibf,N = 2ao,N+ kqr + ¥((k;TJ + (ktTJ), (13) 

~ t ' ' 

and q=·k;- kj, q =·2ksin ~·is,the transfe; ~~m~htum depend~nt on the'' 
scattering angle {} and k = k; = k 1. Here we also have: 

Vil r 2 · Vo · Vo 1 · · 
aoN = --1i (Re- 2R ), . a1N = --1i , a2N = --1i 2R. (14) 

' · V e· '. · V . ' · . V e · ·. 

To calculate the scalar products in (13), we select the' coordinate system 
with axes.oz ii q and ox ljJ{ = k; +k/. The'n, · ' 

k;r= kr(aJ.L+ V1-a2V1--:J.L2cos<p), (15) 

k/i= kr( _:aJL+ (h- a2vf1- JL2.cos<p), (16) 

where a = sin~. and ii and_ <p are the ~gle~ that -determine the position 
of vector r in a spheric coordinate system. Inserting; (15);(16) into (13) 
and (12), we obtain the whole phas~ . . . 

~ = iF+ ibN = 2ao,N + f3nJL -f:" ntJL2 + n2(1 - J.L2) cos2 ii, (17) . 

where 

f3n = 2(k + a1,N )ar; n1 = 2a2,Na2r 2; n2 = 2a2,N(1 -- a 2)r2. . (18) 

Thus, the integrand (1) contains a product of semiClassical wave func- . 
tions of the form exp i~ with the phase (17) having the typical linear 
dependence on the variables of integration r and J.L = cos ii . . 
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The Scattering Amplitude 

We will GOnsider the potential U(T) in the amplitude (1) as a spheri
cally sYffimetrical funCtion. Then, keeping in mind that dr ~ -r2drdJ.Ldcp, 

. we fust integrate in (1) over dJ.L by parts. Here weshould take into ac
count thesemiclassical· conditions, which mean in particular /3n ~ L 
Then, 8~f8p~f3n ~ kR ~ 1 and therefore we can write 

. 1 . '.. . 

· I = j dj.Lei<l1(r,p,tj>) = 
. -1 . 

.- . i<l182 <11 • . .- . . . . •. : • 

e•<l> .·. j e p e•<l> . 1 
=. ia<l11~t +i · .. (a41)P2 dJ.i = -:-i 8~/8 l~t+ O((kR)2)' (19) 

.· 8p . 8p J.L .. 

where the second term h<l,S ~ higherorder of smallness in (kR):..._1
_ and can 

be neglected .. As a result, we ha~e: · . . · . 
. . ' . . - . . . . . 

I= -ie2iao,N[I(+):.:..J(-)]; {20) 

where 
. e±i(.B~±~t) . 

I(±),= f3'f1 ± 2n1 =t= 2n2 cos2 <P 
(21) 

· The inte~ation in {20) over d<p can be performed with the help of the 
table integral: 

2:11' 

· !A2 ,+(B2~A2)cos~<p= 1~· (22). 
0 

This lets us to obtain the scattering amplitude (1) in a form of the one
dimensional integral: 

J(O) =- i;: ]>dre2iao:N+intVN[Ii'{:.)-·F{!);~ ' (23) . 

where 
. e±~ . . . . p,N - .. . . 

·. (±)- 2ar.J.(k ± 2a2,Nar)(k =t= 2(a2,N/a)r) 
(24) 
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The root singtiliarities ill the delloininator 'are situ.;ted far from the radius 
· ME . 

of interaction ,R, }lamely, at rs =. -:w-Ro, where M is the ~ass of a 
scattered part-icle in'thej>roton mass m::iits,' ana E, Its energy in MeV.' At 
these distance~ tlie 'potential. y N in the' itit~~and is dJc!rea.Sing' veryfa;,t;· 
and th~ pre~i~usly sugg~st~d appr~ximati~hs for'calc~latim:ls' ()f phases; do . 
n~t work. Thi~~- forces u~ ia· i~trod~~~ a i>re~c~iptioll 'when thej~tegratioii • 
in (23) should be ~ut :~ff a:t' distances less' than the point 'rs(that is 'to: 
exclude theincreaseofan integrand due to the nonphysical singuliarities. 
In this way one can suggest .the method;of calculating the integral (23) · 
by using the properties of the potenti~l-(9) on the complex r-plane, One 
can easily see that .it has simple poles at r£,k .. = R + ie:Jrb(2l + 1), where 
e .7' .±1, and 1 = 0, 1, 2,, .. It is possible\to''show that, the integration 
cbntour for'£:-~ + f~liould \b~ drawn in tlie first q~ad~ant; of:.th~ comple~ 

. . . . \.: .. .' . ':>"' . ··,. <, .•. 

plane an~ go~s along t~!:! ·imaginary axis and· then over the circles of an 
infinite ·radius.·. The same 'contour\· but · i~ :the fotirflii qu~drant, must •. be 
used in the case of ( E;= -:- i ). Thus, the restflt• is eicpr~ssed thrbugh :a sum; 
of the corresponding residues at the above-mentioned poles. However, 
in practice it is enough tci t4e intri :~c~o~rit ohly the couple of poles ru 
and r _11 nearest to the real axis, one in the fitst and the otheri~ t_h,~ .. 
fo}lrth quadrant, because. eath next' pair contributes approximately an 
orde~ smaller than tb_e pte.;io11s·on~/: '- ·::. · ·' ~- . 

I\''" 

. . . 
''. i; ,t:; '· .. tt ·; ,- '-. -~ ·"·,. J ·: .-.::· ; ·• ·.- • _.._. :· 

•. · Gondusion · -·~· 
~·. ; ~ l ' • ,.• ~ 'c ~I '. I 

The final expressionfor the scattering amplitud~.(23) in terms of poles 
of the Saxon-Woods p6£ential·h~ufthe • following typical form: 

' ' •• • • < • ' • .' > '· • -· •• - : .: ~ - •. 

' · J(-a) -2orbksin!!. ' (2kR · {) X(·R· ':b k' {)).) · , · (2. 5) · ;··· ,_ .. · ·;, · ·u ,'"-'.e.' . • ~. ·.~ 2 .COS . e•Sln2+' · ei., ;, · ~ .·.:~ :•;· .. : · .' 

. • ~- :,~ j .--~~ ._.~ ::·~. ~- _:_:..: __ ~;- :;_:-_~ i :., ( ·:i: r_. 
where X is a known function of the mentioned parameters. One can 
see that the arriplitlJde, ~n~ ~r:oss sectio,n\fa.ll \iown ~xp<;>pe!ltially at large 
angles. Herewith the "diffuseness" parameter of·:a. potential b determines 
a slope of the exponent, and a radius R regulates ,; oscillations" of..tp~, 
amplitude, like in diffraction models of scattering. At the same time. the 
X-function shift~'~~~--. ~~~(itli~s'jjj'~8~:-~oscillaii9~~-: · To;'~nderstand the 
influence of the scattering phase <[)~) on th~ behaviour of the scattering 

G6 

I I J' 

·., 

do 
dJl. 

2,0 .. 

'• 

'2,4: ·' 2,8 

\ .. ~. 

~.:...:· 
\ / : .. '~\ ' 

l\~. 
r 

3,2 3,b _;' 4,0 4,4 

q.· {fm-l) 
-,: 

'Fig.l. Differential crosssection (in arbitrary units) as a function of the 
transfer momentu~ q = .2ksin ~; Dotted line is the Born approximation, 
solid line is a calculation with semiclassical functions. Parameters: l'O = 
-50M3B, k = 3/m-1

, R = .4/m, b = 0.7 f~n. 
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·.amplitude, ·~ne can' compare the result 'vith that obtained in the Born 
approximation. In this case one should put <I> N = 0, and the result is as 
follows: 

_.:.:· ...... -
2m 1rbRVo 1 ' · 1rb . -

fB(iJ) = 2 • h( b )_[c_os(qR)-- R Sill(qR) coth(1rbq)] - {26) 
- fi _q __ Sill 1rq . . . 
. • I'J 

where q = 2k Sill 2· . .· . 
Here one can observe all the above-mentioned-features of the amplitude 

except that it has zeroes at momenta qo,rwhen 'the· e~pressidn in brackets 
in (26) becomes to zero. :. /:-_c·; ·,, :. ,/ . \. 

Calculations of differential 'cross s.ection~· with the help of potential 
· (9) are presented in Fig.l._.'J:'he d6tte& ll~e corresponds t~ the Born 
approximation, tli'e~solid-line shows the effect of distortions, taken into 
account by:. our method .. The picture illustr~tes all the mentioned featti~es 
of scattering.< .. · ;-., : . '·;: ' . 

. . In . coll~htsion; . we. shbuld ·.note that· the .imaginary. pai:t of_ the;optical 
potentiiu was uot·inclu4ed into cdnsider~tion~ Also, for the practical 
applications . one needs to take, into account :the·. Coulomb interaCtion. . 

• J . ·' ·. . . . : -· 

·However/ there are no principal difficulties to generalize the suggested 
method to the case of this realistic potential. ' : · · ' · ·: .· · · ' '· 
,_. ' •. ·' . ' 
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JiyKbsrHoB B.K., rp~eB K.A., EM6y.naeB A 
KBa3HKJiaccH'IecKoe pacce.snme· SIAepHhiX 'Ia( 
Ha OOJibWHe yrnH . 

IlPHJCnOBHSIX kR > :> 1 H E > > v 
pacceSIHWI SIAepmliX 'laCTHD; UO.l( 6oJibiiiHMH y 

HOii KBa3HKJiaCCHKH c npsrMOJIHHeiiHhiMH TJlCi 

Pa6ara BhlnOJIHeHa B Jia6opaTopHH Teo}l 

llpenpHHT O!Ybe~aaeaaoro HHCTHT)'Ta ~~~ep• 

Lukyanov V.K., Gridnev K.A., Embulaev A . 
Quasiclassical Description of the Nuclear Pa 
at Large Angles 

In terms of the three-dimensional semic: 
trajectories, a new method is developed for c 

. 1 
particles scattered at large angles iJ > kR" 1 

conditions kR > >1 and E > > V. 

The investigation has been performed 
Physics, JINR .• 

Preprint of the Joint Institute for Nucl~ 


