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Much attention_ has. be~n, ~aid ·last~tinie to giant resonances. (OR) ,iri- · 

m~tal~lus,ter~ <MC)arJ.dfu~U:- compari~on with GRin nuclei (see reyie:ws · 

[1-5] an(refs:, ~hel'~in). The.vibrati~g. potential model (VPM) seems 

to.be.~er:Y a~propriate for inves'tigation ofGR in both these syste~ [6- · 
'- ·-,..- ' . '. : .·. . ,· . ' 

. 10].This model is convenient foi qualitative analysis and simultaneously 
. _, . • : I 

pro'vides theRPA accuracy .. ofnumerical calculations .. The VPM is widely 

. ·, used.iri 11uclear physics[7-10] .~nd has recentlybeen modified for MC [6]: 
. . . . . . . ~ ~ 

·· Investigation of .GR js rather complicated for deformed systems. ·IIi . 
n~~lear~hysics.the(doublyfstretchedcoordiria~e method is.mied to sim-.'' 

plify the· ta:sk.in the c~e of ,qu~d~upole deformation (see, fo~ exarnple·, 

[10])._ But this •method is rather .c~niplicated fo~ MG( due to adding the 

C~ulomb ternlf[11] ~nd is ~ot, practiCally; deriv~d for.systeinsw~thother , 
• ·•• . • ' ·.·, . •. . ! \, 

kindsofdeiormation. Inthis paper, by usingthemultipole expansion.of· 

the single-P,article potentil1I and electr()n densit~ we obtai~ equations ~f 
·the VPM for' systems with any ki~d ofdeformaticin. ·· .. 

' -' ' .~, ' . . . . ' . 
. ; The VPM· equations coincide .with equations of .. the. schematic ·RPA ._, . . . '; . . ' - "' 

. with sepani.ble forces. The' strength constant·. of.residual forces·is deter- . 
•• ' ; > • ;__ :, .. • • ... • • • ' 

· mined from. th~ self-c~nsistency cond~t~on. , For, the most simple external: 

field f(r) ~ ;"YAJl whi~·- correl)ponds to a
1 
divergency 1free and irrota~ 

tioncil (rot7f(rL=:= div7f(r) = 0) 'firi~ 'wehave the.secular:(dispersion) 
equ~ti~n [6]: - . . ·· · . /. :· · ~- . . 

'' ; ·Xt := 2·~ <k/IQfic >2 (Ek + Ek:} '' ' . 
, . ' & . ( . . . = K-1 

' .. ·. , . kk' . . Ek+ Ek' )2 - wl . · 0 · 
.· (1) ~· 

wher~·· 

K-l~I vQ(r) . vf(r)no(r)dr '= 4 Q(r) 'V f(r )· vn;(r )dr .· (2) 
. ; ' •. .,__ , . -~ '< < • \ 

, is the inverse strength constant and .•. 

. 'Q(r)~·~Vo(r) ·. \7/(r):+.] vno1:~ ~f(rl)de, : ' (3). 

I 
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is the. op~rat~r of r~sidual interaction:. ·Here;., k > ~nd. Ek are the single

particJe eigenstate and eigenenergy of the static hamiltbnian with a single:- . 

particle potential Vo ( r), Wt is a· root of the equ~tion ( 1), n~ . is a: ~tatic 
groundstate density. If theseco:ri4 (Coulomb) term isneglected in• (3), 

·we obtain'th~~version o'fthe VPM~used for~des'cription of isoscal~r G.R 
in nucl~i.·Thus, equations(1}~(3) Gan:be' used to study GRin both MC 
and nuclei. , . . ·~ ·, 

Equation~ (1)-(3)take place for b6th.:.~phericaland deformed systenis:· 

But in .the deformed case they a~e t6'o general to be 'conv~nient for ·es-
- ' -. ' - . ' . . ' ' 

timatio:ris and· numerical'calculations. One 'can get· more appropriate. 

equations ~sing th~ m~lt;ipole expansion of single~·parti~.le pot~ntial , 

I 

•. vo(r) = £ :L Vl~(r)1f~(o),. 
; · ' , t r- m.=-r. , : ! • ~ •· 

-,..- J 

(4) 

and ground state density 
·. ·'· ·• ,.t,, :. '• 

!
,_. .' 

;· l • 

'· ,· . • •. I .·. . : : . .· 

no(r) d: L L n1~(r)Y[~(O). 
' . 

,:- .. (5)' 
I ·m=-1: 

. . . . . • ... . . i ·. . •,. . . / . . : 

where }/~(0).= Yrm(n)A- d,· ~t(O) .and the exte~nal'field'is w~itten as 
' . 

\ lf11 (r) = rAYA~(O);' ' (6) 

If d = +1 an1 ~1, the functi~n:s (4)-(6) .are hermitiarr'a~dantih~rmitiari, 
·respectively~. A~ a 'resul(the hermiticity of the H~miltonian is assured .. 

~ ' . . ' ~ ': . ' . . . . . '.. z > ~ ~ ' 
It ,is. clear that any. ~ingle:..particle · potential.and den_sity ·distribution are 

f • ! ' ·. • l ' < '·"- • 'i I • ' . \• •. \' 

covered by ~xpressions (4)~(5) .. ,So,thegener~lity o~the. model' is not.lost.,\ 

Omitting tedious· ~athe~atical transformations'w~ pres~nt the final.· 
. ' . ~ ' , .· ' . , , \ • , I . 

expressions for the operator (3) a~d 'strength constant (2) (for
1
ion distr~~ · 

bution the jelliui:n approximatio~ jsused): ·· · :, \ · . · .. ., . · ·. 

.Q<d>c )' ~'t, .. (~) ".c .. c~LM . . d( •1· )llc.LM ···)·(·Q·<v) ·.·( ·)· · ·Q<c>. ·(-.)--)' 
' AJl r = L I.LM ~~ . L 'lmAJl + . - lmA-p ALim r +. >.Lim r 

LM lm . · : '. . ...... 

(7) . 
. ' 

' 2 

. - I ' \\ 

,\ 
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where /' 

(vr · · 
Q>.Lim(r) = (2>. +1) .\(2.\ ,..-,!) . [Jvf(1) dV/m~A-1 _ 1\£1~/V/mrA-2], (8) 

411'(2L + 1) . . ALl dr · l · i, .· > . 

J 
. . . . . ·;· >.(2>. - 1) ·.. 47r ) 

Qiclim(r) = (2>.+ 1)\ 47r(2L+l) ·.(-2£+ 1 :· 
' 
. r .. ex:> , ~ - - , 

", . (3) -(L+l) !: · · i+L . (4) . L j· ' . · •1 A-£:..1 " · ·. 
·[M_wr . . n1m(rt)1·1 .·. dr-1 + lv!ALir, n1m(rt)r1 ;,- drt}. (9).

1 

• ·. 0 · r . -

~e;e: C{;/;{11 is the 'cleb;~h~Gordan coe$cient; e~pressions for ~I121 \are 

givenin, the Appendix:! In th~,atomic 1mclei case mil§ te~m (8) should be 
considered; 

' . ' ' ' 

. _. Inpd~ciple, thestrength constan:t K).;d can becalculatedwithin-nieth:' 

ods ofn:~~IH:irical integrating by usirig expressions (2),· (4)-:{9): .But for 
. . . .. ·. /. . ·• .. I . . .. . .. . . 

qualitative ~sti!llations the analytical expressionJor K>._;d c'an ,be usefuL 
This expression.has th~·form · 

···, 

. . .. . . "_.·- .... :. . . . . ;: . .. .. . . '; . . . 
:...1 .. '- .· "~ ~( • l)M eLM -. (eL-M d( 1)/lc·L.,..M') "'AJld -·-LL·L - .. ' lmAJ• · lniAt• + -. ·· lrnA.:..Jl 

- . . ' ,\ ' ·" . lm_ ·I'm' LM 

. ' 
· ·(Llml'm'(v)

1 
-t-Liml'm'(c)) 

... AL . , . , AL .... (io) 
wh'er~ 

I 

,. ~ , ·. .. . . . oo-·,; . ., 

· .. Llml'm'(v) =.>.(2X:.._ 1)(2>.+ 1)2·1·. dn·~~-2 
· n ·. 2ir(2L+1) .. · . 

•• " < ,' •• ' ' ' 0 . 
i 

.. (1) dnt,;,., dV/,;.. 2• - ·. · (2) . 'dV/m (3) 
·[LALli'~ dr_ r +Ln~l,ni'"!'Trr ~ LALII'nl'm'Vlm], (11}' 

• . . - . ,. ·oo 

\ Llml'm'(c)= 2.\(2.\-1)(2>.+1)
2 

• .. J.·;drl·A· 
AL ··(2L+ 1)2 . . ~--· ... 

,. . 0 

. .. . r . 

·[Li~w~l'm'(r)~lm(r)rA +'Li
5
2n,nl:m'(7·) · r~(L-tl)jnlm(rt) · rt+Ldr1 .· 

. . 0 i . 

J 
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+L(6) · ( ). 'L:j (. ,) .\-L-l·d 1 ... . ) .\LII'nl'm' r • r .. n1m ~1 · r 1 .. r1 ... , . .• (12) 

'·,_, r 

The coefficie~ts Lrlw0~regiveuin the. Appe~dix. . .· .. · 

For the spherical.case (l = m =· 0, L ~ .\), expressions (7) arid {10) 
- ' ~ ' 

are very simplified: 

. .· . . · .. · ,·.. r :. . · .. 1 

. Ql~(r) = -X/~[Y,~(O)+d:lf!(O)J~l~r.\~1 ~471T.~(.\+1,> /no(rt)rr.\dr1] . 

. . .. ' ·. . ' '· . ,· 0 . . ' ,' 

/ \ I (13) 
and . ·~ ·.' 

; ; ' : 2\ '; ' ' ~ ·: 00 ·, / • I J :' ~ 
.. _ 1 • .\ d ... · : ·j dn0 dVo . 2

1 ·· 2.\ 
"-.\pd =- 27r (1+ o,.,o) ,[ dr. dr: + 47rno(~)]r. dr. (i4) 

... . . .· i . • 0 . : .. ; .•.. · . '· ·. '·: 
For systems with a large number of particles. the direct solving of the. 

RPA equations t~kes·· ~~ considerahie' comp~ter tir:U~ .. This is,esp~cially • 

. true for deforuied s~stems. For investigation ofGR in such syst~m~ th~ . 
•strength ·fun~tio~-method. is very ~~eful. · Within this method. we can . 

avoidflnding roots ofth~ secular equ~tion (1) and' get information ~bout ' 
GRthrough th~·~trength:fu~ction [12]· . ·, . ·' ·. · :(( 

'. .·· ' ' i'. ·.. .· .· 'J 

b(~.\l()v) ~. £B,(E.Xp,,'gr- ~~wt)~(w _:_ Wt}. · (15) 
. . ' 't . . . 

with th~ weight' fJriction . ' ~. 

. '' ,. ' 1' ', ... ,0. ; ' ' '' .• 

p(w.- Wt~,=21r; {w- wt)2 +(~/2)2'. ·. . .. · (16) '[ .: 

Here, B(E.\p,,gr ;~ lJt)i~ .the red~ced pr~bability ~f E.\~ tmnsiti~n 
. from the ground state .to th~'one~phonon state with exCitation energy wt, 
. · determined froni the secular:eqriati6n (1): <The quantity~- is ail ave~agi~g 

• • ' • ,·. • \ • ! ' 

paramet~r. Following t~~ pre~cription'[12],, where th~ strength function 

for atomic nuclei is considered in detail, for MC ~eobtain , ·. · .fi(:· · :(·. · · Xf(z) . _):· . , . . ' 
b(E.\p,,w) = -~ Im . . 1 . . · 

_ .•. · _r. -. Xt(z) -:-_"-.\pd z=w+ill/2 

i 

'· ' 

l . r! 

'' 

' i' ' 

i: 

l} 

·' :,I 
\i 

+ll I: P~~~( <;, ~ < ~. +•: n' + < t.f2J' ~ ( w + < ~.+ .! n' + <"' 12 l')) l:<k' . . . .. 

(17) 
.w:here 

\ .. ' ' ' ' "' . 

. X = 2""' < k'IQik > Pk~,(Ei, + €1:') 
· t · ~ •' (~:k+E~:,)2.- w[ 

(18}- .. 
. ' . • l:kl ' '• . \ '. . I -·· 

rui.d p~~~ is the single-particle element for the oper~tor.~f E.\ transition. 

If all ~oilective strength is assumed to b~ concentrated in one peak 
(one-pole approximation), we can ~et the estin{ation :- '. . . .. ' . 

' I \ f ... ', ' ! 

: w2 ~('~<o)? + . J(\1Q.\11(r))
2 

• no(r)~r . (19) 
' _>-,. ; .\p .... (J Q(r).\,. V,f(r). vno(r)dr) . 'j 

~here· w.\11 and· wi~ ;are· the, en~~gy:1 of the· cbllective ·peak and i_ts unp~r
turbed.value, resp~ctivelY:: Using

1
a spherical jeilium ~ppr?ximation for 

jlectron I density,: the osc!llatorform_ for. single-p~ticle. potential 

\ • 1 , · ••• ·' ; . ~ro(r) = 1/2 · w~r2 . ~ . 

. i. 

(20) 

and the estimation; ~iO) = ~~0 f?~ u~perturbed e~~rgy,' we o_btain th~ 
simple expressiorr for excitation energy of EX GR i!l spherical MC: 

• "«' l 

W,\ ~ J2A~ 1~~ +w5~(A ~·1) ..•. ·· (21), 
·. \• -

,wherewp is the plasma frequency. This expression exactlyreproduces the-· 
. . ' . / --· . . \ - ·_ . 

· estimations for frequencies of E1- and E2 GR, 'obtained within the sum 

:rule approach [6,i3];but the . .\ depende~~e in the 'second-term of (21) is i~ . 

, contradiction with the i--. (2.\+1)(.\-1) dependence in [13,14] (in [13] also· . 

the spherical jelllum ap·p~oxim~tion for electron de~sitywas used) .. This . 

. discrepancy could be caused by the use for.the statiC potential in (21) of 

the os<:illator form which is not' consistent .with the ground state electron. 

density distribution .. · This could mean' that the oscillator p~tential can 

·not be appropriate for description of GR with ·large ~ultipolarity. 
.. . ' ' . '• : · .. 



j 

Within thesame approximatiori.sthe;estiination [6] for t_he.splitting ~f -

E1 'GRin sph-er~idal Me' ~ith a'quadrup~l~ defon~a~ion 8 is,reprod~c~d:-
z In . . 2 ' 

WA=l = WpjV 3 · (1- -8) · 
- ' - ·- ' 5 ·- ' 

' . . 
. - - . ·_· 1 - -
w):=1 = w~/v'3, (1+ -8)~ -

--' - . 5 ' 
(23) 

(22) 
. -I 

' 

Finally, the equations of: the VPM [6]' are derived to make them suit

~ble for des~ri~tion of GRin systems·(Mdand at~n:rli~ nuClei) with any< 
- .· I - •" •. - • . ' . 

. deformation~' Any single::.'par,ticle po-tentials and 'eh~ctron · ( nucleo~) -densi-

ties for which; the c~effiCie~ts' of the:!Jlultipole e'~pansion a~e kiiow~ ca~ 
be used within this model. The. RPA calculations within this ve~~ion of ' 

• >. • J • ':; \.; • • ' • ' - ... ~-

the :VPM_are now in progress. 
~-· ,. 
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-. Appelldix_ _; 

The coefficients:used above have.the'foll~wing form:· 
. : ... . . ' . !. • _ _,: ·-

· ... 
,, 

(1) .. ' -- .; 

MALl:===. AALl- BALl, 
'i (2) ' . . ,· 

_ , :: . ,M_ALr=_ ~ ·AALl-:- (1+ 1)· BALl, __ 
( ) I I . , 

. - ·MAtl ::f (1 +.A +L+l)· :AAL1+(1..::.;X- L)·BAtl; 

-. ·-M12r~ (l+ ~ .:..Ly. AALr'~ (1 ~.A -fL +-,t{· B;~l '. 
. ' ,. - ' ,/ . ·, , -· . ' ' . . ~ ' 

where' 
.·\ .'\ 

. . _ '-'· .-(1+1 .A~l 'L)· · • 
· A ALl ::: y (l + 1 )(21 +'3) '. -,\ · - __ · l '_- / l _ · (?fiui~-10~ 
. . -. - . - --~----(.- l-1· .A~ 1._ L). . . · -. -

'BALl= Jl(2l-1) .. - -.· -- ·- . • . - . celOA--,10• 
;. .A. . l _ 1 

.-
6 

'-" 

'I: 

lit 

\' 
- \ . 

FUrther, 
, (1) · . (1) ; (I) 
- LALli' = MALl' . MALl• 

(2) - .(1). (2)-- (2) ·. (1) 
LALli'- Mn1·-·MALl- MALl'· MALl• · 

'(3):·. _· ' (1). (2)'-- (2) 
LALli'= ((2.A-1)1\1AL1' + MALi•) ·MAw 
- (4)' :_ ' . (1) - (2) (3) 
LALli'- ((L- .A)MALl'- MALl'). MAW 

(5) . . . - ( (;) . ·> : (2) .• ' ' (4) 
-LALli' =,((.A+ L + 1)MALI'+ MALl'). MALl• 

' (6) ~ (1) ( (3) . . (4)) ·_ 
LALli' -:-}vfALl' ·- MALl - MALl ·. 

For: sph~rical systems we 'have l = m ~ 0, 'L = ; and 
' -· - .· 

' '. - (2) -· ·. (4) 
Buo -IMAAo- MAAO -. / ~ . 

. (2) '. (J) ' ' (4) ' _· .. ' (5) . •. . 
= Luoo ~ Luoo = Luoo = Luoo = 0, 

.A , . (1) ' . ·.. ., 
Mu0 = A~~o = 

; (2.A - 1 )(~.A+ 1 r 
.•· - (3) • 
' Mu0 = AA.\o(2.A+ 1) = 

.A(2.A + l) ' 
(2,\ .:..1).' 

., 

- . I 
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HecrepeHKo B.O. 
MoAe.ru. BH6pupyrom;ero nOTe~a AJHli 

peaoHaHcoB B Aeci>OPMHpoBaHHhiX MeraJIJII 
aTOMHhiX .H):ij)ax 

B paMKax MOAeJIH BH6pupyiOm;ero n01 
OnHcaHml mraHTCKHX. pe30HaHCOB B Mer 
.H):ij)aX C npoH3BOJibHOH Ae<l>opMa~eii (BK. 
CHCTeMbi). B MOAeJIH MOryT 6HTb HCllOJib30 
~aJI.bl H nJIOTHOCTH SJieKTpoHOB (HYKJ!OHC 
.u;ueHTH MY JI&THnOJI&Horo pa3JIO)KeHml: 

Pa6oTa BHnOJIHeHa B Jia6opaTopHH Te 

IJpenpHHT 06J.e~HHeHHOt'O HHCTHT}'T8 ll~! 

Nesterenko V.O. 
Vibrating Potential Model for Giant ResoJ 
Metal Clusters and Nuclei 

· The equations of the vibrating potenti 
of giant resonances in metal clusters and • 
(including the spherical form of a system) 
electron (nucleon) densities for which 
expansion are known can be used within tl 

The investigation· has been pedorme 
Physics, JINR. 
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