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1. - Introduction 

Our interest to the hydrogenlike atoms was caused by papers [1]-[3] 
where production of the Coulomb bound states of various elementary 
particles ( elementary atoms) was predii,:ted for high energy pr?ce1:1ses. 
Till now three such atoms were observed: e+ C atom from decay of 
1r0 [4]-[6]; 1rµ atom from decay of Kl [7]-[9]; 7r+1r:- atom from pTa 
interaction at 70 GeV [10]. 

Interaction of such atoms with ordinary atoms is an essential part 
of. those experi~ents. Especially for the 7r+7r- atoms whose observation 
and lifetime measurement is based on accurate calculation of the ion
ization (breaking up) probability at passing through the target where 
they are produced [3],[10]. To do so a great number of elementary atom 
cross sections for various initial states is required: 

As shown in Ref.[11],[12] elementary atom~ interact_ with ordinary 
atoms predominantly via Coulomb potential. So this interaction may · 
be treated in terms of atomic form factors. 

The general solution of the classical problem of hydrogenlike atom 
forI_U factor wl!-s found in the paper [13]. · Using the group-theoretical 
method the authors gave the exact analytic 'formulas of form factors 
for alltransitions. However those formulas have a sufficiently conipli
cate_d form, long calculation should be done for each value of a transfer 
momentum. · 
.. Here we give the simple exact formulas for the elastic form factor of 

hydrogenlike atoms in the nS-states obtained using special function al
gebra. General formulas of form factors for discrete-discrete.transitions 
should be considered later. · · 

2, Formulas 

Form factor of hydrogenlike atoms is written as 

Fn(V = J l11'n(r)l2eiq?dr, (1) 

here if is the transferred momentum and W n( r) is the atomic wave func
. tion. For the nS-states {principal quantum number n and z~ro numbers. 
I, m) the wave function is . . ,. . .. 
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1 2(oµ) 3l2 

Wn(r) = r:.= 
512 

exp(-aµr/n)L!_ 1(2aµr/n). (2) 
v47r n 

Here L!-,_1 is the Laguerre polynomial, o is the fine structure constant, 
µ is the atomic reduced mass (Ti = c = l ). Then the form factor is 
written as · 

· · 4oµ 3 Joo · · ( )2 sin qr 
Fn(q) == -

5
- exp(-2aµr/n) L!_1(2aµr/n) --r2dr. 

. : · .. n. 0 _ · . . qr . 
(3) 

For S~states form factor dose not depend o~ a choice of the quatization 
axis. Using the following substitutions 

2aµr/n = x 

one has -the expression 

A= qn/2aµ qr= Ax,-

l Joo . ( I ·c )2sinAx 2 .•· 
Fn(q) = 

2
n2 exp(-x) Ln-I x) ~x dx. 

0 ·. 

(4) 

(5) 

To evaluate the improper integral one should use the following relations 
for the Laguerre polynomials (see for instance [14]). 

(
L 1 ( ))2 = ~ ~ f(k + 1/2)f(n - k- 1/2) L2 ( 2 ) ,(6) 

n-1 X 71" f:o f(k +2)f(n - k) 2k X 

. J00 

( )L2 (. )sinAx 2d- _ cos
2
(</>/2) exp -x 2k X ~ X X - • ,i.. X 

uX Sin'I' 
0 ' i . . 

x [(k+l)sin((2k+l)</>)+(k+l/2)sin((2k+2)</>)]. (7) 

Here tan ( </>/2) = A. 
After substitution of (6) and (7) into (5) the form factor has the form. 

F. ( ) 
_ cos 2(</>/2) 

n q - X 
2n7r sin</> 

x ['f f(k + 1/2)f(n - k -1/2) sin ((2k + l)</>) + s 
k=O f(k + l)f(n-:- k) · 

+ E f(k + 3/2)f(n - k --1/2) sin ((2k + 2)</>)]. (B) 
k=o f(k + 2)f(n - k) 

Nothing is changed if one begins the second sum from -1 and then 
increases index k by .unity. After replacing the sin function by the 
exponential one has . . 
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F. ( ) 
_ cos 2(¢,/2) 

n q - X 
· 2n71" sin</> 

I [ ~ f(k + 1/2)f(n- k - 1/2) (·( 2k l),1..·).. ..-
x m f:o f(k + l)f(n - k) . exp z + 'I' + , 

+ f f{k + 1/2)f(n - k + 1/2) exp (2ik</>)]. (9) 
k=o f(k+l)f(n-k:f-1); 

The sums in (9) may by expressed via hypergeometric function 2Fi. 

F. ( ) 
- cos 2( </>/2) 

n q - X 
2n7r sin</> 

I [
f(l/2)r.(n-l/2) i<1> ,;,(l./21 _ . 31.,_ . 2i<1>) 

X m f ) C 2r1 , n, - n, e + . (n 

+ f(l/2)f(n + 1/2) -F,· (l/., _ · l/., _ . 2;"')] 
r( ) 2 1 -, n, - n, e . 

n+l . 

After using the following relation for the Legendre polynomial 
' ' . ' ' 

n ( ,1..) _ f(n + 1/2) · -int/> F, ( /') • 
1

-·. • .. · . 'zit/>) 
.rn cos'I' -T(l/2)f(n'+l/ 2 1 1 :--,-n,1 2-n,e , 

one has the expression 

COS 2( </>/2) [ -int/> . • . -int/> • · ] 
Fn(q) = 2nsin</> Im e Pn(cos</>) + e , . Pn-i(cos</>) . 

(10) 

(11) 

(12) 

Then one replaces back the expon~ntial by the sin function. Finally for 
the elastic form factor of the hydrogenlike atoms in nS-states one has 

: :F. ( ) _:, cos
2
(</>/2)sin,i¢, rn·( ,/..). n ( ,/..)]· 

n q -,- ') . _ . ,1.. .rn cos'I' + .rn-1 cos'I' . 
-11 · Sill 'I'. . 

(13) 

Or it may be expressed via the Jacobi polynomial P~~;> 
F. ( )·. _ cos 4 { </>/2) sin n</> (o,i) ) 

n q - -:-;:- Pn-I (cos</>. 
n sm'I' 

(14) 

For computation one may use well-known recurrence relations for 
the Jacobi polynomial or for the Legendre polynomials in (13) (see for 
instance [15]). Using obtained formulas one can investigate n depen
dence of total cross sections for S-states_ofthe hydrogenlike atoms.· 

The authors would.like to thank L.L. Nemenov for encouragment of 
the work and A.V. Kuptsov for helpful remarks. 

3 



l . 

References 

[1} Nemenov L.L. et al., Yad. Fiz. 15 (1972) 1047 
[Sov. J. Nucl. Phys. 15 (1972) 582j. 

[2} Nemenov L.L. et al., Yad. Fiz. 16 (1972) 125 
[Sov. J. Nucl. Phys. 16 (1973) 67}. 

[3} Nemenov L.L. et al., Yad.-Fiz. 41 (1985) 980 
[Sov. J. Nucl. Phys. 41 (1985) 629]. 

[4] Alekseev G.D. et al., Yad. Fiz. 40 (1984) 139 
[Sov. J. Nucl. Phys. 40 (1984) 87]. 

[5] Afanasyev L.G. et al., Yad. Fiz. 50 (1989) 7 
[Sovi J. Nucl. Phys. 50 (1985) 4]. 

[6] Afanasyev L..G. et al., Phys. Lett. 236B (1990) 116. 
, , . ' 

[7] Coombes R. et al., Phys. Rev. Lett. 37 (1976) 249. 

[8] Aronson S.H. et al., Phys. Rev; Lett. 48 (1982) 1078. 

[9] Aronson S.H. et al., Phys. Rev. D33 (1986) 
0

3180. 

[10] Afanasyev L.G. et al.; Phys. Lett. 308B (1993) 200. 

[ll] Mr6wczynski S., Phys. Rev. D36 (1987) 1520. 

[12] Denisenko K.G. and Mr6wczynski S., Phys. Rev. D36 (1987) 1529. 

[13] Barut A.O. and Wilson R., Phys. Rev. D40 (1989) 1340. 

[14} Prudniko~ A.P., Brychkov Yu.A., Marichev O.I., Integrals and Se
ries. Special Functions., (Nauka Puhl., Moscow, 1983). 

[15] Abram?witz M. and Stegun I.A.; Handbook of Mathematical Func
tions, (National Bureau of Standards, Applied Mathematics Series 
55, 1964) 

Received by Publishing Department 
. ·'onJuly28,'1993: 

4 

I 
:11· 

AcpaHaCbeB JI.r., TapacoB A.B. 
Ynpyrne cpopMcpaKTOphl BO,ll:Opo)l:OITO)l:OOHhIX aTOMOB 
B nS-COCTO.sJHH.sJX -

E4..:.93-293 

Ilony11eHhl ITpocThle TOIIHhle cpopMyJihl ynpyrnx cpopMcpaKTOpoB )l:JI.sJ nS-co-
CTO.sJHHH BOJl:Opo)l:ono)l:o6Hhlx aToMoB. · · 

. 

Pa6oTa BhIITOJIHeHa B Jla6opaTopHH 51AepHhIX npo6neM OM~M • 

IIpenpHHT O(n.e~irneHHOro HHCTHT)'Ta 51~epHblX H~CJie~oaamlil:. ,lfy6Ha, 1993 
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The exact analytic formula for elastic form factors of the hydrogenlike 
atoms i_n the nS-states is given. The formula has a quite simple form. 

The investigation · has been performed at the Laboratory of Nuclear 
Problems, JINR. · 
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