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l. - Introduction., . . ·- ·"; , 
.. ?.:! T ~-\r,::. A. £ ·'::,\ _ _,._·-~,~-: ·!,· ~·::~\.i) :::. · .. \:::.,~. 

The present work deals with the old problem ~f a reU:~.ti\ristic description 
·.of·two interactingj>articles: The.qu!lsipotential approach ispresumably·· 
the;'inost'popular' bne: ainorig others,; ,TKi.s approa_cKcto.the two; particle 
relativistic problem.has beeri developed first by Logunov andTa~khe~ 
lidze [l).·;QuasipotentiaLequations arediff(C!ref1~ial one~.,with the struc­
ture of a one-body equ~tion, with, an lenergy-.d.eP.~nd~~~;quasipcitential, 
valid for stationary. states in the centre~of-mass '( CM)' s'ystem. In most 
applications,• •particle ·2: has,been {treated n.·;;n:relativistically .. The, first •· 
equation which avo}ded pon-relativistic e~pan.sio~s .i~)~he}l~~sipoji1l~Aal 
and which stillallmved exact solution \vasthat of Todorov [2). So, the 
Il}OSt' popular solutiori;ofth'e .tw~,b~dy. spjnless proble~ ;is given by the. 
Todorov-Komar~Droz~Vincent 1e.quation [2-4). Similar equations, for the 
two~fermiOI}· and. fermiqn;-I;>.()S<?.I1 ~.~~s.c:s,. hav;e. be~ll P~()P.O~~-d; by ;Sf-zdj~~n 
[5}. In modern works [6-7] theauthors consider theTodorove'qu~tion. as,. 
,the base one has to':c:omparewith. ;. · ...... 11 '~:.: 
· · · ·~In , the . second · ~ecti"on ·. ~f:.this 'p·ap'~r'.we.Will .·constr:uc~ .. an :~quation 
for •two. free: particles;that • keeps· full relativistic· kinematics: Then we 
wilF ihtrod~ce\the electromagnetic interaction;-! It will ibe:dblle in several 

~ ; ., ~ ' ' . - . . 
steps: a pure Coulomb pot~ntial at first, th~n a transversal(magnetic) 
contribution, and the thir.d;'.:_:J-2 contri~\tticip~.~In the third·section we 
will consider. the prpperties' of the solutions In .various limit cases: the 
inon-'relativistic case; tJ{k\c~~fio'L~q{ml ~~s's'es, :th'e ca;e: of one.pa~ticle 

_ being at rest and the ultra-relativistic ca~~. In the fourth sec~ion we '\Vill 
disCUSS the problem:of:retardation·and :make. some. conclusi<?I!S•/c::: .. ,, 

,.: .. , ... \'- .. _ \: 

.2 •. ;-.. The equatio~: .. 
. -n~-<~; !::\-: ~--,~-- -:::,·, 

Let us ,start with the Schrodinger wave. equation of the general form . 
(c.== n·=l) · · 

1 
a . :,~· .· ,, -. · · · · - .. 

· · .·, -:~Ill=. H\ll.,,: · :(1); 
. . ·. . • . , ', , yc , :. ;; '·' !JJ~' ; . ' ) ;. ; ._: . :. . . .C."' ·. . • . . .. . . ; • 

where. Ill.:.._ w(t,xt.x2 } is the wave funCtion oftw~ scalar particles~- We .·. 
, begin our consideratio1dn the'equal-ti~~ form.alis~, later9!1 .t~e.proplem 

.;f;.~::·l~~T\'C:'(_.J·;. -·j~q ~;,·L···-t •·.LI ;- ·;:.:~ i' ;·,.--~-.. -~·- -;t;,f ... ,.~>:-~;·!- ;~ .. ; _,. "~:· 

<::1' 



of the retardation will be discussed. At first we can take the Hamiltonian 
if as the sum of energies: 

~a~ = h/ft 2+ m~.+Jf~ ~~+-.1n~) ~,~·~.·, <: 
·l·UL • · 

. f' .j: / .;- ,': ';. ,J; ' ', '·- ·, j ~ j ' ,i. ~ : 'i 1'; > ~ 

(2) 
. ' ~ ~ .. 

H~refii has to beconsidere'd as an operator. We don'~know.how,to.worJ.. 
with square roots of operators; ;-so, we take the tiine.derivati~e ,on~e more 
arid obtain . :: l ' ' ·' : ;.J. · . 1 

a2\I! ' ' . ' ' . ' ·. ' ' '. i ' ', ' 

" --+ ( J Pt 2+ m~ + J P2 2 + m~ lw = 0 . 
.at2,.;:· . . ,, : .. ·'::.: ,.:,, ;. ,r .. ·. "' 

~ l . .: ~ i.dl 

,- '·. ~ ., t "\ .(:J) 
j ~ . :l,. ' .. 

; '• :There at~squareroots again:· Bitt 1WC 1 can. a.void .the :problem:if:'YC 
·chooi!etheframeofreference:\vherc· ,., ·: n :.· •• · •.• ,;.; ···1 •· ,,, . ;. 

-;I t::, 

.··'l t f ~ • ; ' .. ' ~ ' . 

d ; ~ ·",)•; 

ni2 .... , ... -,_:.jjl--·. ' ' 
'P2- rrtt ... ,·,. · 

•,' ::.;;._,·, '•·, .. f : 

'i' :i" 

; •,(fl) 
~.-t•• ',d): 

·Then ;ali square roots ?is~ppear· and \ve obtain the following:equation 
r .; •• '. , •• ·~ : jz:· 1 .. : ~ c~~_?r-•.~ •!:J :'i"'.'t .... ,_; ;·~ ... ~·-\~,<· ; ;; .. ~ 

~ .· . I 

. . __!. + (Pt 2 + mi)(l' :t·m~.·)2 lii ·~ o' .· "1 ·.::, ·.· · (5) 
···· '·' .at2 · .· ··· ·:.-:• '"mr .. , · .. ; 

.·f· ;~"· __ .>~.·· . ·~-· !': .. : r ·,., ;f_~ . .. ;·~;='<::·-~ ~:..:.--, 

· Now:we substi~ute the variables: (p17p2, ~},x;L, _.,.(P!.fl, k, Q!:,; 
·_. k;'{: ~; p _ .... ',... ...·· .·~:... ··:.!::.;; 

-Pt+P2, ·R=· .t+x2 .. 1,,. ,. l;!•<. 

. { ~ .. I, 

·, __ . .· .. k = p;:Cf;,' •i'~x· ~ .'·•;',''u > 
,, ,,. .·. 2 2 ... Xt•'. . . . 

.. ' '''·' ',/' ! .. ,.,.. ". '' ·' ,, ' '., .. 

; '.' :" (6) l •. • • ~ . ~ t ' .' t' 

.J·" 

It is convenient; because we will consider :interactions depending on r .. 
We can now consider p1 as the differential operator 

... 2 82 
( 2mt: ;: ;')·2' ;' \' ~ 

Pt ---l- - -- .. 
' ' 8r 2 Tnt.-t 11!2 .. • 

";-;; . :~!i)i •. ~~J'i ":, '):·_ 

So, we rewrite eq. (5) in the form 

a2 \I! . ()21]1 : ' > ' ' 

.. ~-

.. ::.._8t2 -; 4
0;:2+.(mt+m2)

2
1]/=0. 

. ' ·~ .. ,,.;:.:.:l:.··;,'/ .. t,-':;;·<·~\~: . .-

,, 
'(7) 

-~ ~ '. ~- ·' ; 

"' ··\ . ' 

(8) 
~ ... ~ 

This two-partiCle equation''isana.l~gous ·to thconc-partidc Klein~G_onhin 
/one, but it can be considered only in the chosen reference frame. 

:2 

1 
.\ .. 

I 
;? 

., 

Now we will introduce an interaction. We will discuss a simplebut 
interesting example: the ~le~tromagriJi_ic inter~cti~n between two scalar. 
particles. We use the mi~im~l ~ubstituti~~; '·., .. '' · 

_.J /:~~.v /:~·:.~-:-: :·--; L-. ~::~---··J_,:-1:~~- • ~;· . t·~ ~ ~~'-_:-~( ·;;~.:~:: .. :>i •.•.• 

'· ;! I ?; ,, "'''·l '' ,£ •::··j',"; t,,j.c:, .. ,,;; v~;~ v!' -:-: eA" .... ' ' ... ,,: ~~· "1,::: ., ' ' m) 
:: :) :.:i~;~:.:·~· .... • 

·,~;" :·,j~>3 ~··! ._;'. ·~ 
.;.· · · eu · ' ·. e 

when~ 

A=·--, A0 = --;· ... ···.r =If!. ;,· 
--~·"~;-~t ~}i'~', "',:\"'/ :_:\>;f}·_.~,,~ -4"r~ {•• ,; .. ~·'(• .:· ~-7!f~tn•·~.:_:~:j -~)~ ··..-·.:._:·,'f\\~··'f,··~H'.·o;._.-.,:_:'. t~· 
Note that in •th~ r.eference fr~m~ (4) ther_ej~.an i!fiport<l:nt r~lati!->n· be-
tween the 'n!laiivistic velocities of our P<t~t~?l~_:.;,~'?".'t;;;;·~::·." · ';;:!:;~~·:·· 

,, ,., (10) 

P
... p ... ' ,:, \· 

~<;f: u:::,-~~~;--t . ..-.. ·::,.~\ 2 ~~\:::~a·:=u. 
.. ·.:· 

.(11) 1 ..;-- 2 ' 2 ..;-- 2 . ~ 2 
.. Pt + mt. . P2 . + m 
(.:-;, :·,·: ~-.~t:_~ .. : t~-·, · ~i~. ·- ;.· -;_ ·~;1-.~· t'i:t·, ·.·"·~, ~1:1i . .i ~--~·(r~;::·:·\:· ;:: ~~ . 

'It 'will 'be shown that this: property; is -the, main ·point of our approacl:J..:1 , 

·. ' ' nAt :first ~we. will.take only the· Goulomb ;potential! (without .&~,terms). 
We' ca:n 'introduce· it .by the· substitution '.::•o,·•·, i .~-:;. · . 1 

" . , , •! 
1:.ilfl).'::··: t

1
•,, .(;::)~) : j \U' . ' .. ·tfi tl~i\;! ·J:··.:;r;; :1\.>:I :.C:'!I 

. . . ,· , . .,)\ P ... ·~· !( a..<.:..·i~)' ,. ,. i &·~:ziz:z~· ,.,,, ·.:. '·(12) 
~' ''' "l \ . : ',.at ' . . at r ' ' ' ' ' 471"' ' . " " ' 1ti ·: . "'' '., ':i'! .,_t __ ).~\1. ;•\•··'-1t'1'·""'ff·"~-- :_}·~,! '~ 

1Wii~i~r;; i~~· ~~d. :z;~; a~e· the 'ch~rges• bf'oJr1 'pa~ii~~~s':;;,-~~gl~~~i~~1t~e.~2 
term, we obtain the equation :::\\ ·.,;,;·.; ,•,: ''<L;•·f;-., 

:.''E&'~ , a2'. -.. .. - : t'\ ,._. ii\ 
[-E2 + 2.-. - .. - 4~ + (mt,+ m2)

2]\I! ~ 0. 
t-~T; __ i ·!·""18r ,·~·,' · .. -;·,ql_:~.~)\! !~H~'-/tU;.;·,< ~~ 

(13) 
r ~-

'r'. IN~w talfing J{~:.~Il eigenvalue we'deriv(!'th~ followi~g:equation' ' 
.,-t, . ·~ "'' ·.\~·~·-~--'t··.f':>:l7~-_r~~--_:;~":T\,,,~:···;-· ~--: ~.-r ·~-:-::.,.·f.)':.~ ·. 

. ... E& 'a2 , 
"I .,.,,, )o'· '• ·,' !{k'2 +' ' ]•T•- 0· .. "'' .. , (14) r\ r·•.J!,.r~ I·;•• ,l!.1f! 7Jf". '.1~!,. I~.--:-·--, ·'·a-

2 
'J.', -.· ~· :·"'··:'f.~ i ·t.'•-_.tl:,··,· •"· . ' . 2r ' ' r ' .. '." ·. " .... ' '' " '"'' ... ' ' ' '· 

• " - 1 ' _\ !~ ! ;: ~ •' :-,;f) 

E- the sum of the energies of the particles (see (2)). Note that in our 
approach for tha't' i~terictioh: w'e have:no rea:son:it~1 go of(the mass shelL 

The form.of this.equation is just th~·~am~''as the one of the Schrodin-
_:.,r:, · ·.:~· ~: tt·~~},! ~.~··: .. _.·! :.:•''t·. -;~' ·' ·:· · .--. L·1 ~·::·.;.~· .. ,r,~~.s ~,. ··i• . ·.-..- •• ~ -.-

, g€:r ~g,uab()~ fo! t~e h.Y.~~ogen !t~~m .. The .d1ff~r~ce ts ·only, m defimttons 
' ,.- I"! , ; , ,f, ' ' •• · t ', ' • f ~ ,j - j! i _, ' t J > ~ ; I ' \ '1' I'" I 0 '_! •' • , "> .,. ' ! • - • ,,_ '' '" 0 '1) ' { ~- ;.., ,f • ' • "r 

of parameters and in the choice of a reference frame: The exact solution 
. ofan equation like that is well-known·(see for example [9]);· For a parti_a.I 

wave we have the radial equation: ~ ·, . ·.·· . h~;t .. . ' '' . 

,·,[1 a2 ; 2TJ .• h'l+l)];'·· ·.:·-:--·····. ~· 
{. ''a 2 P+}~.-:-'··- 7'"· ·' 2 . , ft.,(p) ~.0 .. 
, :~:,/ ;,;~;·.·.;:P r) '/.,· !'"~j .. ,;~y-· -{\ 

i 

(15) 

;.a 



·,;, .~/F,. , ~.~;,~:_.:~:-:;.;,.. -~- :n·;- tr 

.. ,: , a._,,; .,4lkl . . (k--~ 
1J = -, •v =:--, p =, r 1, "' 

v "!. :E , . ; :···· .. : •·.;• · :i 
1J -the Sommerfeld parameter for electromagnetic interactions. We can 
call v a generalized relative velocity, in the'non:.relativistic limit v is the 
common relative vel~city. Iri·a. relaiivistic' case, as we see, v depends ~ri 
the way of the introduction of an interaction. So, in the solution we have 

. . . . . . ' '\. . . 
two main parameters: v and a; . . . . .. . 

·. Now we will try to complete the minimal sub~titution. We will take 
into ac~ount the transversal' ( magn~ticfinteractiori; Equa.tion (5Y cari' be 
rewritten in a symmetricalform:'·· · :c · :' · · ' ' : J •• : · • 1 

{)
2,Tr '.· · 
,.,.,.. [.( ... ; ... )2 ( . )2] ,y, 0 ( 6) ' 

{)t2 .+ ~1 --: P2 ·. + m1 -t;,m2 .· . .,.,.. = . 1 

We can make this transformation 'due to' the correlation between mo­
m~rita (4). There is:a se~io~s:problem: ·we;have to'avoidthe "double 
counting~\ It would arise 'if .we put the interaction. twice: the. action of 
the first particle on the second one and.the other.way round.: Note that 
we do not meet with this problem for the. Coulomb potential, while we 
have only· one time.~ariable for two particle~;' The sa'lution is well-known 
in the conventiona.L~lectrodynamics. __c_ we have to put in the Hamilto­
nian the half ofthe total interaction. So·, let us try to put the minimaL 
substituti~ri ~~ly iilto .Pt: . . ., < <: ,. . ' ,,, .. 

L ~; 1 ·' A-.... . .... OU2' 1 .... .... 

Pt---+ Pt + -, P2 --+·P2 
, , ·- .: . .. r , , . . . '• ... .. . :.( . • " ... ~ i 

We obtain the following modification of eq. {14) 

{17) 

·. [;;:2 ..:._ E2a + :{)8~2 ~·a ~(ni~· -f m2)] q, ·;,· 0. (18) 
r r r. 1 -:- u 2 

This equation differs from th~ Coulo~b· one'(i4) by the substitution in 
the quasi potential: . . ' 

. : , , ; ~ . ·u2 " ~ ; ; =~J , , {} 

, . .· :E,~ E + \fl-"U2(m1 + m2) =E.+ b..E, . .. 1 2 . . .. . . 
~.·· • :,•) ! ' : '.• ,_.,.- ~' ~ : • !., • I ,' '"> C :0 ~ ' .: 

where u is a. function of the eigenvalue E. ·The form of the equation 
!ema.ins unchanged .. V!Je have only a shitt in the value ofthe parameter 

. - •· . . .'! • c ' -· ·' • ••• ;, 

v: ., 

v = 4lkl - vc 
E + b..E- l+vb/4 

:I 

=. 2 
s- {mt+ m2)2 (

1 
+ s -·{mi + m;)

2)-t 
s- (mt - m 2)2 s- (mt - m2)2 

(19) 

·4· 

(I 

I 
l 

,',} 

•., 

- wher_e .vc - the val~e.ofyur genez:alized r~lative-yelocity, in ,the, case. of; a 
-pu~e:Cp~lo~~~pqt.~~\~~1;';- ·;:·.,~ .·• ·,~ ·,:,~._' ~:,/;:~·_.~;·:·.:;::: ~-;~ ~:c'·-··: ;: ,,:)C~i 
, .·There aresome good fe£1htres.of.theres'ult obtained.~,At.firs~fwe: note 

.... th-~t 'we \v~~ld. obtaiii'j~s·~ t~~- ~s;;~e- yalue,.or~· if, ~v~: in~k~' ,the"niinimal 
>. ~~'bstit~tio~ <>hiY!for"ff2.' 'se~oridl)r; ;\ve-.·see th-~t'tli¢'.1-esult' i~ ~i~~etrical. 
1 'titid~r· the. per~utati·~~ ~(m-~sses: (~-t··~ tA';; 1m2 ~ _mt) ... This con'diHon 
· '.i's:·:·,;~!Y. · i?J!p~rta;nt . f9~. th~·,'d~~criptiox;t. ~f.· ~II_ 'possible' _re~~tion~ :b'~hv{!6n 
,, -~¥4 • .,1 .•... ' ·1.· -. " .... ~l~· ·-~~- "·I- ... ··- "''· . ''· •) •• ,.~ ,_,;' .... ~ ... '•.i. 

; ~h,~ :masses, And: it. is .. easy,, to ,show th~t if! we. t,ry ,t,o.put,:t~~.rnag~etic 
. irite~a~ti~n' in both th~· molnenta \ve 'viould ~otain a result \vhhout'; this 

, , . .': ··~ ··:.: ;;(: .. _;~!<. ~u~:·· ·."'••,· .. ·.":_·.::. ~-; 
symmetry. · · · · · · ·· · · · · · " · · 
. ·There is .an additional·inte~esting feati.in! of the result: 'the meaniilg 

'of· a relative vdocity is restm:ed ir{e.q/(19):'' No\v. v'is.just the relativistic 
relative velocity of two particles'. It is tlie 'relativistic sum of i11 arid i12 
(note that i11 and il2 are collinear): · 1 • :)::'£'.>. ':, . · :. 

., . ... +' i1 . _. . Ut ... 2 .. ; 
v = - , ... )'~ · • · . 1 + (utU2 ·· 

··-~ $ f ;;; : ~·~. : ·:'.'~: (20) 
'·' 

'!'Onec~n see that'vc g~es to'2\vitli;the'grmvtli ofs;:but'·v . ...:.:.:.'"~rily tci'1 
,,:(inthe\inits':ofthelightveiocity) ... : ".:;:t)·',,i . · ..•• ~ ::.~0 

' . If \ve: take no\v·irito account) th~: &2 tei·ms from.'! the c~u'lomb 'and· the 
magnetic parts of. the interaction, we. obt~in . ari;:addi'tio'nal 'term in 'eq. 
'(1,5)., ' .. ·;_,,,. .. i ' ):•, , .. , '. I :• 
~ : ·:J ",.-' ,., . ,,_ ' 

' -, -~,·.t'fi2- '·.~:,.'i.. 2·.: . ::--·~ 

- 2 (:-1+ uJ, . 47· .. , ....... . 
.. (21) 

\ ,... - ' ' \ 

• :\vhere "-1" comes ·from the C<?ulomb~ par~ .and u2 - from the magnetic 
. . . )· . . . 

one. The effect can be considcred_as'a shift of the quantum number 1: 

.,;>, ,, 

Z(l + 1) .. a? · '? ·. :·z,(i'4: tf· :-· 
·- -.-(-1 +u2

) =;_;_-=-~ 

l' = 

- 4r~ , - ... - \ · r 2 v ' 

1 ... &2 ·-· . ,/ :.· .-· '1 
(l + -.:)2- -(1!- u2) - -

2. 4 : . 2 

",, .:·: 1; 

(22) 

• " •::\~. cL~~;:':f._~· '. t· :.!~ ~ ;;~·} ~, ~···· ..t -~'J· 
The breaking point at &;,. = ( 1 - u 2)-1 _:_ con:esponds to ihe "ct:itical 
~charge". ·Our value for.it;differ_s,'.fr9m the T~dorov one (6-cr: ~ 1/2) . 
The a2 terms cause some''ot}ier pf,oblems like ·a_· singularity ofa.\\;~v~ 

· functiqn at the point r = 0. These probleins'are'~ow beyond the scope 
. of our consideration: Not~'orilrtllit'iri'tllci·~lati~;isti~ cas'e (u ~: 1;)1 ah 

' • ' ' •• -:: _}" .. ' ••.• • - \ ~ ' .• ~ ..1 .• ' ' ~ • • ' ; '' • ·~ ., '>•. "~. . •• . '1" : · .. ~ problems 1dtsappear. ·' " ..... ........ .. ... · · • · - • '· •· r~· •·. · .. - .,, :.:" •. r 
·. ::: , {).:~~-~ · :_.:;_::.·.:·c.··tt. ,.ii:·· C'i uoL~ >L) :_.~·:1_li1j 

·' 5 



3.- The limits 
. . 

,i NOW ~e: will• discuss . th~ ;pr~peitie~ ·•or 'the ( sol~tioli} There are . several 
points wher(! _we have td comp<~;re, the.res~lts "wifkthe previous on~s.~· 

- c :•' At' firit we· can con~ider the ri~n~relativistic limiL'Iri this case we have 
. to' 'compa~~ the res'ults of the equ~tioli with the;spect~a of hydrogeri~like 
<!.toms. VIe can' easily ~brain 'conditio~s ·on b6ilnd states in' an analogy 

• • ~ • -· ~ 1-' • ' • •• " • ' : ', ~--, •• ... • • • .·.: • ' - - -~ •• ;,; ' ., -,. 

'with'the Schrodinger equation. From·our'equation·we·havethe_·bound 
; ~ • • . < • • • ' - ! . " ' . ~ .· ' I { . . '"> • ~ - • :- ' - • • •• f ·< • > • 

''state energy in reference frame ( 4). It is not 'difficult to make a relativistic 
'transfo~matio~ int~ the c:M ~y~tem: 'In1the first'~rder in a 2 the relativized 
Bahner'forniul~.is repro•duced: '- . 

, , ~· , ~ LJ . ::..; Q~ i 

. . . EcM·= m1.+ 1'112 7":i -2 2J.L' 
•;,~... ._ , . ·. ·.· n 

m1m2 
J1. = mt +m2 

j • H • •; 1 '•• j ~.: i, !<i; 'l l .. • 

J1. - the reduced mass: The next approximatio~,reads 

-!· 

(23) 

. &2 . &4 (. _ ~~mf _ 8J1.n ) .• (24) 
:cEcM = mt + m2 :-: 2n2Jl. :t Sri4, ?~ (m1 + m2)3 . (21+ 1),, ,, . . .-:_ ' ' ' 

In. the last formula .we take .into :account the Coulomb potential as well 
. ··as. the magnetic.inte~action ~nd. the &2,:te~ms.· But .we have ,omitted ·in 
:~eq.,, {14)and.in·eq;~ (18)Jerms arising:fromcommutators ofE and 1/r . 
. This remains to be our P:.:9blem.,,.· , , .. . , • ,,., .<"r · :."·.,,. , 
' The equal-mass limit turns out to be important in our c~nsiderati~n. 
For the case m1 = m2 = m the Todorov equation gives · 
' t '-•. . ~-

•\ ', ~
,.;.:s 

:. . 
'vx'= 2 . . • ·l·~(s :-;-,2m2) , 

•', ' ."' ' 

:·· (25} ,•t 

the Schrodinger,equation gives 
" .' ' • " ~ • ' c 

'< 
" i • _, 

2p Js-_-:-:4m. 2 Js· 
VSch = - = 2 -:--- -, 

m .' . ,;s .. 2m P = ICv2 - fft)/21; (26} 
. ' 

' 

and,_fi_nally, our equation (the pure Coulomb potential)-. . . ' 

~ ~ ;"_} ' 1 ' ! . : ~ 

• ';.'· f , :, r·. ,l·'}' .. : ;v,d ~:.2:Vs ~.;:n2 .. ': d .,;,', . , ',.. ·. (27) 

'<(t:'\:~:-: .,:~ :-- [""-'' -·· __ ,.'!. i~'~ .·,, .. ,!iii"' ; _,.;i·"· : ' __ , ~ 

rTh~ n:~~.:r~l~ti~isti~·li~it~ ~~ci -~qu'a.l·f~~ all th~se values.· ., . , '. ,, 
' Here we ~an inv'ol~~- ~~ -~ddition:~l ch~~k. In. the ,p-aper 'by' ":Baier and 

~adin [11) the correction due: to the Coulomb inter~ction of t~o -~harged 
,, 

··:.:6 

1 
1 
·j, 

l.'l' 
l' 

{ 

; final (or initial} particles tothe cross section of a process is considered. In 
~ the t:il.Se of equal_mas~es the infinit~ sum of ladder diagrams 'is calCulated 
in [11);'ciinittirig' the'diagrani~ with'cross~d photon li~es::It means taking 
into account only the Coulomb part of the interaction. The correction 

· llas the s·ame form as t~at ()fie obtai~edbySakharov [12] froht the non-
relativistic Schrodingei- equation: ·. • ·· : - ·· 

.,·_· '•,' 
'.I 

' 
'··. ;•I: ~ 

·· 21ra(v: .·.' '·· . 
c ~':;:: l'~ex.p(~2Trajv) · '·;..,·" ~.) :.: (~8) 

·,·, .,L; '!" ' ," t. '• ~ • • ' A • " 

.~ :~' ~('' 

. Hei~ 1we'see our'parallieter v.' Sakharov receives v 'as the non'-relativistic 
velocity, Baier and Fadin----' just·(27}. Wesuggest:that the comparison 
with the result of the 'summation of the infinite l~dder diagram series 
'provides us with a good check iri' the eqtiai-rri;iss 1limit .. '' '.. . 

. We have also to consider thi!limit'\Vhen one of the particles is at rest. 
. Todorov [2] suggested· that any qtiasipotimtial equation in .~he case m1 

"'(bini2)''...::..t o6'has to give the'sam(;iesults as the Klein-Gordor(equaiion 
. with1 the,Coulomb interadioii::;This means\ that ·the:pa'rameter, v in this 
11c~e'has' to be; equal to the relativistic veloCity' ofthe:~light"':partkle: 

. ·''' 1 ~\ i \(f9} 

We suggest a more general condition _: ·an' equation' in fthe 'reference 
frame where one' of the. particles is at· rest has to: reproduce .the value 

; : (29). For the CouloiJ.lb potential~~'havee'xpr~ssio~\(27). It is written in 
the form which is suitable to make any choiee'of 'a reference frame: We 
take s in the' case 'p1 == 0: ' · : 

~ '_( ~.:\ .. n: '< ~". ·.0 0 t2 ;-\{,.~~·.· .... ;:_.··2 · ' 

s = (Pt + P2) = (Pt + P2) · - (Pt +p2) = '' 
.·;:: ....... , .... V' .· , .... 'J 

. 'm2 -t'ni2 +2m.'.- 2'+m2''' _,, . t .. _, .. _ .. 2,- .: .,. t P2,;,, .. ,.2.'.: 
. r:• 

:n~<;(30) 
') 

and obtain 
, .

1
. .. _ ........ ~ .. '~--.. -2IP21 

vc ·. ,_, ~;::=======-:-p _~o\7·' ·;- 2 2 ·· • · ; ~ :· v P2 + m2 + m2 · 

tt!r} 
(31) 

' ·,.,-·_·· .• :{! ::; '~. -_ . .;:' .:.i··::-· ~--,~~·:.- . .-.~ ._ .... 4/_ < >' ~·-

' TJ:li~ !~suJt'<l()es.no~ coinCi~e~ith (~9)i~.~}~lativ~.sti~ c~~~ ~~t·~e ha~e 
')! to remember that there.are also magnetiC interactions and tlley' are really 
''i;npo~tant: :Note th~t th~reis ~~ magrieti~t~irii i~~th:~ rra:rrie'ori~r~rence 

'· \..· · ~ ' ' i. '' , 1-. ,; ·· I. t' ; •. I t I' • i ·, ~-.,, '~ ~ ·' _ .. < , ·"", \ \ ~ ~ • 

where one particle is at rest, because it is proportional to the product 
. of two velocities~ When we, choose another reference frame, we have to 
J,;:') -.··----·- '"" :~;-.; f, ~~\ ·~ /~--'- '';} ·.·; < h 

7 
~ : .,_ 



; .::·~---,;•~ti':?:;•:~,.>:J~/f· <{-:;:',':;:'~·;"'~:\ ·:·,·.. "" . ~'j'} ;,,:·; ; ~~~>/~Jr.~".-·< ( ··!:,i:i~ -~~·: f;;tft-:~ 
, make a fuU.relativistiC transformation of interactions starting from full 
equatio~ (18)!in tht: ref~ren~~-frame (4). _so, ,'fe us~_(l9) aiui o.ri;~i~'~;;. 

• ·1 . , _ . ·'··!• tr:-· ·-~.:,_(JS!H . :•.>\: ,.'' ·'i' ''' ·1 t;g i/'' IP'2J ' ... r,: (32) 
. . ... ,.,, :ci; ····vi.,'·L= . . .· ·,::: .... - 2. ·····' ." ..... 

. :., •· ",. ·'··. ·· ·.~· ·• -· P'1=0 1 + vb/4 VP2? :+m2,·. 1 ' ,; .·: . . - . ~.,. '. ·. ' ~ 

Our approach allows us to desc~ibe also the ultra-relativistic case. In 
:this case we can compare ourre~uits with the ohes of the corresponding 

- •• - \. -~ • : ,, ': .. 1 . . . 

Feynman diagram. Let us taktdwo·~calar·particles scattering on each 
:other by exchanging with a photon .. We .can consider the case ofarbitr,~~y 
masses. In the ultra~rel~tivistic case we. have; ., . ·. ". . . . , i>r+f·i 

·<;; l:' !<>:~ •._:,J;r;:·h~:.. .,,, ·; 1' L.,, · ~t·~, ~ ·· ~. ; 'H: , ... ,_-, , • ·r 1•-· 

Hmi•.lfd,lk;l?,>rrt;,lt/1~,··;· .·: · _,..: •'·' ·._,,J~3) . 
. ;:·. ;~ ~ '·> "' .fll·p? ~ IP'd ~ k?-~~·lk;l,· )r i.= f, 2 .. , , .,~_;:' , :.1 (34) 
: .'." .. '~'.: - ·, ,.f • ' ; ; ' •.. ! • .. '': > ~ ' :,\ ~ \.; -~. } _'.<~ .: • .. ; '.; < '·. f' • I ' ' •• t.·, 0 ' ~ ' 

.:.Here k?; k; and p?1 p; are, respectively, the ~herg~e~ arid,momenta, o(tre 
/initial and fi~al·particle~s.:tfis the transf~nJ10IIl.entum... :· ,;t' i' ::.-;c, 

;·_. 1·The,differeritial:cross section of the process can be written in the forin 
' I . . ' < ·' ;, • " " ., • ' "• -. " ~ ' <. '"' • .) 1,,< ,; \.• •, .j ~ ,_.-: .. ·, • /1 

- ~-~ l'4k!koiM.I22~~~~)32 ~~~2)~(~~)484(k1 + k2- ~.1- p;): 
u1 u2 1 2 · ·- P1 .1r P2 7r · · 

. . ; . ; . (35) 

(~:·du = 

,. M is.the matrix.element of the pmce~s, , , , .... 

'5; • • . (;~_:;;~:b. --~2' ·.. . JJ . < . . . :: 
. .~ ~~vl~l =7·2 (k2 +P2) (k1 +.1~dl:',. ~; ' ;t ·· .. '! .,. ·, ·! .: '(36) 

"·~. t .z.: "i' ' :! ' 9· . ' ' ' . ···~ .l ~;_, ~-
'lf:J, •;i ·. '• •), 

, q2 = (k2 - p~)2 ~ ::-4P2 2 sin2(02/2), (37) 
. ' ~~~ .t';I} -- .. , ' · .. -~)) · :;" .. r\.' ~/~ . 

. ,where 0 2 is the scattering angle of the second particle. For the differential 
c~oss sections deperi<l.ing ~n 'th'e· p\ar~met.efs ·6f the second particle we 
obtain: 

du , .. .. a-2 1 
dfli_.=·:4 sin~~( 0 2j2)p2 2·· 

It has the form of th~ Ruthe~ford;i~i~ul~ [8]. 
.. :Frciiri·oiir ~q~~tion ·~g ]{a.~~ ~ii e~abf.:solu.tiori!for tlie;~iive· func'ti~n. 
·:·"' \; .. ,_. . • . " .·: , • ·l. '"'.' '.- "' . ' ··""· • t t .... _; _.,.. , ' : . •. ' i ' - . $ - _,. , ~ '' .,. - ' c • 

It ha.S the.usual foriri:'arid'the:asymptotks is.well~knowii (see for'exarriple 
.. [lO])~ s~·,-~ecari'~ri'te''~t''~ric~·f;~;rie'q;. (18('' ·.•,: Oj·,;: ;,,,,. ':nnr 

.'' , ' . "/!·:· ~ '~i.: .· ' y ":. ·.~_;·:. -·~ -" __ .~;~-· :;.~ [}{1,(, 't ... _~-~-~-2~. 

"~ ' . ' i'J:. jf 

: 1,, (38) 

-·a ... : '(. ·' .... 2· ....•. )· 2 . i')!· 

d~ ~ (E+4E)v2f; :: · .. ,,:,~,, 
~1~ ' ' ·, • :' 

(39} 
·_,' ~ 

8 

but. this result:is written for an effective parti~le with the. momentum k 
.(see (6)). We have to return now to the pa~ameters of real particles: 

' • > ~ • ' ' ~ • 

P2 2 = f 2 ( 2m2 )2, 02 = 0 m1 + m2' n2 = n mt + m2 
m1 + m2 . 2m2 . . 2m2 . . 

"·'c}' • '! ' ·' • «:·•_, . ;> : .. :. ·.:c· :· .. ,, ,;:·.:;'/ · .. ,, . , "'(40) 

(Note that in the ultr~-relativistic case \ve ha.Je to consider small scat~ 
ieiing'anglesjiThen',veobt~in the·result coinciding·,vith(38).· ': :: ) 

. .. ~here is.'an: interesqll!fp.oint 'here. '•We take now intb'accounVboth 
the· Cmilomb ·· inferactior1' arid·· th~ .. m:agm!tic one;. •But' if \ve ·took· only the 
Qoulomb cin'e (use eq;~~:(14)),C \ve would1obtain for the differential' cross 
s'edion there'sultbeing~four timds as srriall 'as (38); \Ve can :see this al~o 
fr~in the diagram itself.' The matrix' t!lemerit' (36) has two parts in :the 
prodiict;'ofthe four-mom~iita: 1 (kr+ p~)(k~ +pgr and'(k1 + P'i)(ki+J32). 
The fir~t; p~rt' corresponds "tci'tlie C~ulornb interaction and the ~econd __:_ 
to the magnetiC one. Arid in ·the ultra-relativistic 'ca.se they give equal 

contributions.~,' . ' .. . . . . . ' ' 
So, we can .conclude that ;in an ultra~ielativistic''case for arbitrary 

i:nasses' the' ~quatidn'gi\fgs a/g~od description 'of charged partide~ scat­
terini:t Note th~t · iri; this ''case spihs o(the partich!s' ·a:re noUimportimt, 
the calculation' ofth(d<'eynman diagram for;two spinors gives also (38) .. 

{ J : ·,_! t \ 
'. ~ , 1 :• I;' ( 

' ~.:: . 
,1..-·; .• 

4~:..-- The discussion and conclusions 
1:~-' ! ;·! '-:'( ~ i'.(l' ': ... ~·:,' !i·:< '- ~··· :·:.,:;J: ;i_i l ! ; .. ;.· 

.Now w'~ h~ve to cla~ify the i·ea~ons 'f~r ciur· use of, tlle ·equal-time formal­
i~~- At 'first;·\\,.e not~ thattli~ -~orrect. ultra~relati~istic limit ine~uis that 
the retardation~ was taken intp account' in'a(:ertain way: ' (A; Feyn'man 
. diagram" kno~s ail"- ~b'ou't ·the: ret~rdation) .' Let' us ltiok at the· retarded 
poteritiald·~ ''· · r · ' , .:· · ·' :"'' 

)' '~ 

•'. 

::r, ',7\· 

, ., ,.r .. ;-1-Z2e:_;· 
·A~ , ~. ·- 411T~' 

') r; . i ,.. .: ~-~ ~ ~- ;:' ··-, 

z eii2 "" _. '' '\1~ 2_._' 

ih = -::;-;,47rrL ...... 

r~ ~ r(l +'lu21);' ,,;, · ... ,i 
~ ~ :. : : ' ;· ~ ; y. : • ~ 

The second particle acts o.n the first one via this potential. We see that 
only in the frame of reference we have chosen (see ( 11)) the retardation 
factors are equal for both actions 1 -t 2 and 2 -t 1. Then we can say 
that in an equation like eq. ( 14) when we put ·a retardation in the form 

': ~. ~-- ·,:.<~~ .. -:,•' -,;:- _..,, ., .. 

.:9 
: ~ L 

! l: 

i' e ~ 

. ..., J 1-' 
·d. J . 

__ d 



.~., """ . i 
' ~ ·:7),; ·;: t ,. ' ~ .. . we.have.to·put also ,>;,t 

'I 
:: •·• j 

"J .. ''•f :. 1 ) ... ,,, ~ .. } . ; .. : I '· ' .. - . ~ . < ' • 

82 82 
"~: .. ) 

--~--

~' -- __ fJ._f .. 2 :__ . ar"' 2; ;. ; \ 1' -~ •. ; \ 

It inea~~·-th~t th~ variable ~~~lso acquir~s a "gen~~alizati~n". whe~ \~e 
~onsider anyrelativ.istic interaction!. . . ·;, ;J~·; .. "• '·'' . / 1 • 

We note also· that the relation. between. the .velocities allows. us to .take 
I ' '. • \"' ' • '· ~ • ' ' ,•' ' "}" ' • ' ' ' ' • 0 ~ ) ~ ~ '. J < • • • • •• ' 

into; account-. the .magn~tic. part.of thein~.eractip~ ~sy,xn~etricaJiy .. ,;; . 
:We .have also to :discuss. relativistic. prop·e~ties of our equation. ·It 1is 

seen that i we cannot make ;a i r~lativistic. t~~~~f~~~;tj~~ {n it 1 G \'{~ .. ~.a.np:9~ 
choose: another ,referer:c<:! frame), . It is. bec<m~e .<?f:;the. ~ql}alctime fo~~~.\~ 
ism, that·we choose, and of; the problem,pf square,rp()ts,ofop~ratq~~·; But 
.wf} cim say~thatJhe eq~a~ion ,is\ ~he re~~~iXi~!:~s,one .ip, ,a "'Y~~,k\ ~~~.~e.", 
This !Ileans that .we. can make any relativistic transformation in the, solu~ 

. . . ' . . . ' . . .. . ' . .. . • ' . ' -. ·' • ' "' ,, ' ' - . \ '' .. ·' . ' l . . '~ ' ' 

,tiop of· tl}e .equation! Th~s.e ,tr~nsforma~iOJ?:S ·1Y.<?~.ld _not: cpange th(!. fo~I? 
of the solution. That change of reference frames has been made above in 

. • . • ' ' • '; J ~--· ,; 

the limit case o,fone:p.arti~,le,being at·r~st.":.;:. ';• .,1. ,; · '· :. 

. . ., .We. could-;teturn. ~o ;th~. first:steps: of ,th~ deriva~i911, 9f1 ,~h~;_(;!qU,i1tion 
· and)avoid,the equaHime formalism .. We can take. two .time variables: .. ,, 

1

,t)')}:l.~.'i-;-~;;i·:f:~'!,/J•',;'i-,-,,~:.:", . ; __ ··~:.: .. ;:. ~·~·" ,~ .. ,. ...... !·1.:!_.~,_·,_·:-~ ... ~;··. ,~· '"'"""' 

· (~ 88 + ~ 8
8 

)w(t1,t2,i1,x2) ~ ilw(tl!t2,xbi~) :·· 
z tl ' z t2 ' ... •. . 

(41) 

· ~~;:JL.!~~.~i ,IJ ;~_,4r_l:/~ . .r4> JJ:r:~r: }},~.-~;~;.~~ -~~->·.:.t;. ·-:- ;:/·~--~ ·~· .. ~-;-. 
Then we would repeat all the steps of the derivation. There would appear 
the. problem of t,he .. dP.uble coimting·ifor .the, Coulomb. P9~e.nt,ial. It W.O.t!1~ 
be solved!in;j~~.tJhe same, W:~Y,:~~:for,.the,rnagnetic, op.~. 1 ?_o,)f;~e~F~l 
,worked in.o~r {~arne of refez;ence·,::W(!·Wgulq: ol>~?:il1.d\ls:t .th~ ~<,~:r,ne Fesul~s. 
; . L So, our,equation has re~lly ,r~latiY,istic,properti(;!s:·li~. keeps ~Xfl:~ .. ~l¥ {P,~ 
relativistic kinematics and. the relativistic properties of the electroinag-. . -.;·... . . . . . ........ .-,.,,, .. ·'· 

netic interaction. The reference frame, .that we have chosen, appears to 
be more suitable forrelativist,ic.-interac~io~w of tw~'p~rticle~wi~~ different 
masses than the centre-of-mass ·system. ':· · 

J •;.• ·-. ~ ")f. ··;j ~~;, ) 

• r • ~ L . : .~. l··,t ... .... !.:,r;· 

•. .,::~ t f· ·~ ·· .. ; ,, ~, r -~- ' 

' . ! ·:. . 'l :· ~ 't : ' . • ' : -~ • ; } J ' t' ·, '": 

'. ~ I ; j 

•·f:~~t ·~-;j' ~~}l 

"'· •;• 

: ' ~ ~ ''-/J l / • 1 

- i.} ~- ' ·: • ·, ' . . ·, •· ) --: '~. J. 

... . : !", ~~ j : ~; / ; " .• 

:~ ~ ·:_·~~-'p'~ ~:: _; ~ ..... ~'; 0 i 

;; , · t ~. ~ •• ft: F}; :·:.: • 

The author expresses sinceregratitud,e to B.A. Arbuzov, A.T. Filip­
pov, S.B. Gerasimov and L.L. Nemenov f9r valuable discussions. 
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