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It was as long ago as 1958 that Chew proposed to use 
the analyticity of the differential c ross section for getting 
information on the strength of the neares t singularity in 
the z = cos0 complex plane by continuing the c ross s ec ­
tion into the nonphysical region' 'Л In the improvement 
of this technique an important step was the introduction 
of the optimal conformal mapping x = xU) . By mapping 
the known singulari t ies on the boundary of the ellipse 
with i ts focii on the edge of the physical region (at x - ; 1 ) 
it minimizes the number of pa ramete r s required for a 
polynomial approximation to represen t the c ro s s section 
with a given a c c u r a c y / 2 - 3 / . This made it possible 
to apply successfully the technique of analytic continuation 
in nuclear physics - 4,s, 11 / _ 

In this paper we propose to use rational fraction ap­
proximations instead of polynomial ones. In a phenomeno-
logical way they take into account additional information 
on the singulari t ies located on the nonphysical sheets of the 
c ross section and, as a resul t , a considerable improvement 
in the performance of the continuation procedure is achiev­
ed. 

It is well-known that the Feynman graphs representing 
various direct reaction mechanisms have singulari t ies 
in the z=costf v a r i a b l e ' 6 ' . The graph describing the 
transfer p rocess of a bound nucleus has a pole, while 
other tr iangular and more complicated graphs have branch 
points. All of these singulari t ies lie on the rea l axis of 
the L plane. For large n the deviation of the best poly­
nomial approximation P n (z ) is determined by the sum 
of the semiaxis « of that ell ipse ("ellipse of convergence") 
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which has its focii on the edge of the physical region at 
z = ± 1, , and which has the neares t singularity on its 
boundary / 2 ' 3 > 8 / : : 

max | f (z ) - P ( z ) | = a~n . 

If we map an additional region of analyticity into the in­
ter ior of the convergence ell ipse, then a inc reases , i.e., 
the convergence is accelerated. In par t icular , the optimal 
conformal m a p p i n g / 2 ' 3 / maps the upper and lower 
boundaries of the left- and right-hand cuts in the z plane 
on the boundary of the convergence ell ipse. In a number 
of cases , however, one can find only a small number of 
singulari t ies on the boundary of the ellipse, and large 
regions of analyticity remain unexploited. To improve 
further the convergence of polynomial approximations, 
one has to study the s t ruc ture of the nonphysical sheets 
in the z р1апй, and using this information, to map the 
possible largest region into the interior of the convergence 
ell ipse. In pract ice this procedure is strongly hindered 
by the lack of information on the analytic s t ruc ture of the 
nonphysical sheets . 

We want to call attention to the existence of such 
functions which a r e able, at least in principle, to take 
into account information on the analyticity s t ruc ture of the 
function to be approximated in a phenomenological way, 
and thus to make the convergence faster, a s compared 
to the polynomial approximations. Several functions of 
this kind a r e listed in ref. / 8 / - We have chosen the 
rational fractions R n n, (x) = P n (x ) /Q m (x ) , where Pn(x) 
and Q m(x) a r e polynomials. For large n the deviation 
of the best rational fraction approximation is determin­
ed by the sum of the semiaxes fi of that ellipse of 
convergence which would have been received by mapping 
the ent ire region of analyticity into its interior / 8 / : 

max|f(x) - R n n ( x ) | = / 3 ~ П . 

This estimate is given for the physical region, but it is 
clear that a s imi lar estimate is valid in the neighbour­
hood of it, too. It is not suitable tc describe the known ana-
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lyticity s t ructure of the physical sheet in a phenomenolo-
gical way, i .e. , by effective poles. Therefore it is always 
useful to employ the optimal conformal mapping, but if 
it gives only a small number of physically important 
singularit ies on the boundary of the convergence ell ipse, 
then one hopes that rational fraction approximations give 
better resul ts than polynomial ones. Of course , one can 
use not only rational fractions, but other functions with 
s imilar proper t ies , a s we l l / 8 / . 

To demonstrate the advantage of rational fraction ap ­
proximations we analysed p-d elastic scattering at F. = 

6.78 MeV, where impressively accurate experimental 
data a r e available.The analyticity s t ruc ture of the diffe­
rential c ro s s section was studied,for instance.in r e f . / i ; . 
The nuclear branch points a r e located at zt=3.8 andz =J7.l. 
The neutron exchange pole is at z p =-1 .62 , , while the 
elastic Coulomb branch point is at z = + 1 . Using the 
conformal mapping as proposed in ref. ' г ' , one can 
descr ibe the experimental data on the function ( x -x ) 2d«/dfi 
(x = x(z) is the variable received by the mapping, 
x ^ x U ) is the location of the pole) by a polynomial 

of degree of eigth P 8 ( x ) . T h e continuation of this appro­
ximation to the pole gives the following est imate for the 
vertex constant of the virtual decay d ->p+ n : G = Gj = 
- 0.231 ± 0.014 f e r m i 2 (our determination of the vertex 
constant and its connection with the differential c ross 
section can be found in ref. / 7 / ). 

This est imate significantly differs from the known value 
of the deuteron vertex constant GJ = 0.43f(G = 0.185f2/7^and 
it has an unexpectedly large s ta t is t ical e r r o r . This indi­
cates that in the given case the polynomial approximations 
a re not effective enough. The rational fraction approxi­
mations R 3 3 (x) , R K W and R 5 ] ( x ) gavethefol lo-
wing resul ts : G = 0 . 1 6 1 + 0.002, 0.161+ 0.003 and 
0.155+0.002 f 2. If one takes into account the absolute 
normalization e r r o r of the experimental data, then the 
average is G =0.159± 0.005 f 2 . A smal ler number of 
fitting pa ramete r s and a smal ler s tat is t ical e r r o r of 
the resul t points out the advantage of the application of 
rational fraction approximations. 
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A detailed study of the location of the poles and zeros 
of the approximating rational fractions is to be published 
later . We note only, that the poles can be given a 
physical interpretation. The effective pole describing 
the Coulomb singularity i s , however, too near to the 
physical region. Though the result we have got is diffe­
rent from the standard value, nevertheless it does not 
mean that rational fractions gave a wrong value. A more 
sophisticated analysis with polynomial approximation, 
when the Coulomb singularity is suppressed by a factor 
of (1 - msO)2 , ca r r ied out at 7 values of the bombarding 
energy in the interval E =3-46 MeV, gives G = 
= 0.159+0.004 f 2 , too l 0 / 
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