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l;' Introduction 

Heavy quarkonium physics stays e.g. the. problem of non-leptonic decays of mesons. 
Th.is includes the descripti~n of qq-bound states and the evaluation of decay rates., In 
papers [l]- [5] the bil~cal meson theory was constructed including the ~onrelativistic 
nonlocal description of heavy quarkonia and th~ chiral Lagrangian for light mesons in 
the bilocal limit [3]- [5]. fo paper [5] we discussed the descripti~n of mesonic <;>rbital 
excitation in the bilocal theory. · · · 

This paper is devoted to the calculation of meson decay constants and of amplitudes 
of non-leptonic decays of D and B mesons; 

2. Relativistic bound states ii~ QCD 

Iii.' this section we shortly repeat some statements concerning th~ construction ol 
relativistic bound states in QCD. Bound states played a fundamental r~le in the devel­
op~ent of quanttJm theory. The description of the atomic spectrum by E:Schrodi11ge1' 
signified the formation of quantum mechanics as a consistent theory, and the descrip~ 
tion of the Lamb shift of spectral lines by H.Bethe started the creation of QED ,arid 
qua~tum field theory. . •. . . 

Tog'et some insight into the description of relativistic bound states in gauge theory, 
let hs first consider the well~ known example of an atom in its rest frame (with the 
momentum 'Pi,1 = (MA, 0, 0, 0). In lowest order with respect to radiative corrections 
the atom spectrurn is described by the action . , 

: ' . 

W = j d4 x'l/i(x)(if)- m0)ip(x) + ~ j d4 xd4 yip(y)t/J(x)K.(x,y)ip(x)ifa(y) (1) 

where K, is the Coulomb kernel 

K. = h'o) · Vo(z) · ('Yo) «S(xo) , 

z" = x" - Yi, is the relative space-time. Now the question arises how to describe a. 
moving atom .. The wave function of a relativistic atom is constructed by the usual 
b.oost operation : 

":'here 'P~ i.s the,total mom,enturil .'P~ ~cJi32 +M1,'P # _0) = M~ · 1]~- ' 

This relativistic ,atom ,.b}locaLfield is .described by action (1) with the moving 
Coulomb. kernel 

. K.(x,~r~. K.(zlX) ~ t/ · Vo(zl.) · t,' «S(z · 11'L. (3) 

This means that we choose the new radiative gauge depending on the arbitrary .unit,' 
time- like vector ,((that· one' calls the time~ axis of quantization) and this veclqr has 
been chosen parallel to the total momentum of atoms (171 ~ P'). 

•.'.LLt:'.!~tftii-iilI!l h'li~ t 
:·.Jt:.·r.ma:s occ:ieao1auoil . 
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It is easy to see that the bilocal field (2) satisfies theYukawa co;ndition[6] 

a 
,, z~ ax '.P(zlX) = 0 
', ' I'' ' . 

(4) 

whicli' means that the bilocal field is an irreducible 'representation of the Lorentz' groi1p 
(Le.' it has the mass P 2 = M] and spin). ' 

•: As a result, we obtain the action(l)with the kernel (3); where the time- axi_s 1(is· 
the· uriit eigerivecfor of the bound state total momentum operator , . 

11:q\(zlX) ~ ·at,, f(zl~). · (5) 

These prescriptions lead to a new relativistic potential model [l]- [5] which u11ifies 
the potential model for the heavy- quarkouia spectroscdpy a.u·d the oilocal ge1.1crnJi,m- . 
tion ,of .the chiral Lagrangian for light quarkonia. It is important to, underline. that t.he 
instantane~us bound.state phy~ics (4) not only depends on the gauge but this depen-. 
den~e is :n~c'ess~ry for the r~lativisti~ cov~{-iance of physical observables (in particular, 
the ~ass spectrum). In this case, the po,tehtial model (1 ),(3) becom~s U~e relativistic 
one· [1]. . , ~ , , , · · , ' . . .· • . , . · · . , , · : ·, , , , : , , , · , ; 

· Just this recipe should be taken into account for hadron description .. As we. have. 
seen, the relativistic covariant formulation of instantaneous interaction is 'the maiu 
ingredi~nt' to d~sqib~ b,~un<l'states. N~w the questiCJ~ arises:, How to' get this picture 
in the fi~ld the~ry ~f inte~acting qua~ks and gluons. The answer was found by the 
qu~ntization p~oced~re of the gauge the~ry which includes the.explicit soluti~nof the. 
classical equation for the time- component of gauge field Ao = (11 • A) ( we 'called this 

· quantization the "minimal approach" [7]). , . . , , , .• . ' ,. . 
In this minimal q~antization. of 'QCD the gluon exchange interaction ·between 

quarks is naturally divided into two parts: the insta.ntaneous. an.d the .. retardation 
contributions. If we define any hadron bound state by"for~ula~· (2), ai1d ( 4) as an 

· irreducible nonlocal representation of the Poincare group, it, is easy to understand that 
the covariant instantaneous gluo~ interaction ~ o(q · z) at the point of existence of 
bound states 77 •.z·= 0 is greater than: the remaining retarded· part of this interad.ioi1 in 
QCD: This minimal approach allows one to formulate the hadron pe1"turbati611 th~ory 
[l], the lowest order of which is the-11ew relativistic potential model.'·On·the recent 
l~vel of QCD we can choose .the _quark- ~ntiquark potential in the form of the sum or 
thci rising and Coulomb, ones. . . ' , . 

The criterion of the validity. of our approae:h is _the description of the light meson 
physics (spectroscopy and decay constants) in terms of the 'parameter of the rising 
potential defined from the quarkonium spectroscopy. . . . . . , . , 

The instantan'eouf singularities; .formhig the .bound statd~,··c~rin'~t'b~ 'rep1:od~ice~r 
by a'relativistic gauge where all gauge field propagators have sillgula.i·ities ·011ly on th~. 
light cone. All modern QCD approaches, including the lattice calculatioi11s;,"do' ilot' 
tii.ke into account these peculiarities of the problem of bo_und states. Finally, we note 
that in the minimal scheme of quantization it can· be showri by the explicit solution 
of. constraints, (7, 8,. 9]. that this )Ilethod contains additional physicn~ infonnati<)u :- tho· 
topologi_cal ~egenc::ra~iof. q1e,.colpur physical state, as .the mechanism of confi nemeuL , 

';~\.• 
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1) 

} 

:.. [(:' '' '-~ I ~ I . : . , !.,' .' ·L~,:,~: ' . ·•3. ·M·estn{dl:!ca:y const~nts-' 
• ,_;· \· •; i '-.': .. i.: q,·. ,- : ; ' ... ,:. :- ~~..:: 

The quadratic part of effective action over bilocal field M has the form 
i·.._:~J,_._ ... ,_; '·· •. · ~- -- ·: i,·1 ~-:! ... '' ~- ,,:·, ;l./• -,~ ·;· 

(6)" W c2J. ._ ••.NcT (G M)2 
eff = -i? r E , 

,,· ' : ' ·,' I• ; ,,_,, ; I : ,"~I• .:, ,j':t.:·" .i ·; ·' .~ ,.t \ '.'.; ! .•• ..:, 

Here GE is the Green function Gi/ = ii)- E, E satisfies the Schwinger- Dyson equation 
and the symbol Tr means both the integration and the trace over discrete indices. 

The '1:iilocal fi~ld M; can\ be exparttl~d dv~r 'crei\.tion ( ati) ahd··~ri'nlhilation ( aH) ' 
,operators 

. ' . . 

. + y ' ; ' ', dPH 
.M(x,y)' = ·M(~ - YIT) =:~ (21r)3/2,/2w,j * 

'' .. i~i '•,.,,· . '·~ 1· .. ~ : .. -~ ' .. :~·. "• -~:+ : ,~'.:" '.·\\, 
* ·j ~e•q(x Yl{e•'PL, la'Jifli + e ,'P(qitlaHfii} '. 

(21r)4 

(7) 

,, >~; 

PH, WH ail the total momentum and energy, of the ,bound state with quantum numberfi' 
· .. H, respecti~ely: Th~ ;eHex functions TH satisfy the Bethe- Salp~t~r equation 

rH = -iKll(GErJIGE) • 
I . 
~ \ ;:, .- ,, '~· , " ' ' -

where }('1 1is 'the instantaneous 'interaction' kernel with the definite'. time axis·17,, 

JC'I = 1W(xL)o(x · 17)fl 

2 , ,,, .• ,• t:'ivi) i 
(77 = l,77,, = P,,/vP-, · 

Now we consider the inclusion of weak interactions into the effective action (6): 
The effecti:v(l, Lagrangian of weak interaction has the form . 

,, ·, ' ·' \' . ' ' ' ' . . . \·:.;; . ,•, ' ,,, j,·. 

G{ - - } G{ - } 
£eff = ./2. "'.~(Q;?,.q;l,(lOµv1)_ th .. ~ . . ~ ,/2 V;;(QiO,.q;F,. + h.c. . (8) 

; . 1'." ' J ,· ·• •. ,• ,.,,•' I J. ,l,' • 

G = 10-5 / m! is the Fermi constant, 9 denotes the column of ( u, c, t) quarks and q 
denotes the column of ( d, s, b) quarks, V is ~he Kobayashi~ Maskawa mixing matrix, 
o,, = 1µ(1 + ,s), I,,= To,.v,, l = e,µ,+·; v, = v.,v,.,vT. 

For the definition of the rnes~n decay ,constants we wi,ll introduce in the bilocal 
action (6) the local leptonk, weak cu~r~~t 1 by' the.'sub~tit~tion ' . 

• .M(:f;y)' -4 .i½(x,y)+>L(x,v)\ (9) 

where 

L(i/y)2= -~S(x ~ 'i/)i~iPL<,~>· ; ,; ': ., .,c;·• ,; , (10) 

i = Oµlµ and PL is the total momentum of the leptonic pair. 

3 



Inserting (9), (10) i~ (6), we get the following form for the effe~tive action, which 
corresponds to weak interaction 

.· 2 • G 
Tr(Gi:M) -+ 2Tr(GMGL) = 2 J2V;;O,..(GMG);;l,.. ( l l) 

and. the matrix element for the decay of a pseudoscalar meson M into a leptonic pair 
reads 

< lvlWefflM > 
1 G , 

= (211-}4ic5('PH - 'PL)-=== 1o< < lvll,..IO >) * 
✓(2,r)32wH v2 

J·dq { 'P- 'P} * . (21r)4 tr V;;O,..G;(q- 2 )r;;G;(q+ 2 ) . 

'< 12) 

The whole dependence on the mesonic properties of this matrix elements is included 
into the integral term. Usirig the relations for Green functions [11 

with· 

'P) -G;(q- 2 -

. 'P 
G;(q + 2) 

( 
Af/ Afl ) 

qo-(E;++MJ:--ie) + q0 -(-E;+MJ:-+ie) .. 11 

( 
. "fi.'1 · "fi.'1 ) 

f, qo - (Ei _+ MJ:- -fr) + qo - (-:-Ei-= MJ:-+ if) . 

1 · 1 
A~) = s;1(p)AlS11(P) = 2(1 ± s;2 (p),o) = 2(1± ,oS;(p)) 

A~> = S11(p)A~s;1 (p) = ½<1 ± S;(pho) = ½c1 ± ,0S;2 (p)) 

S;2 (p) = sin1P11(P) ± pcos1P11(P) = exp(±2pv11(p)) 

• • • Pi •2 l 
p = Pili ' Pi = IP;I ' p = -

- IP ( ) m11 . IP ( ) IPI sm II p = E
11
(p) ., cos II p = E

11
(p) 

1 ' ,,r ✓ 
V11(P) = 2(-cp11(P) + 2) ; E11(P) = p 2 + m~ ; 

Al = ½(1 ±,o) , 

and the definition of the w~ve function of bound states 

·J dqo - , .. -
i 

2
,r (G;f;iG;) = Ill;; 

4 

(13) 

(14) 

i 
: :/ 

· d) 

l 

.) 

►: 

we can write 

dq { . . •. 'P _· . .• p;·} ... 
J (

2
1r)4 tr V;;O,..G;(q- 2 )f;;G;(q+~) 

= -if (-t~
3
-tr(V;,o~ w ;i) . 

:,,,,."· 

,. I (15)' 

This compact form is very usef~i because· ttie whole description of relativistic bound 
states may represented in the language of the functions ~ii· Let us expand the wave 
function of bound state ovei- the Lorentz matri~es. By help of (14) we can write Ill as 

0 -' 

the "dressed" wave function Ill 

Ill= w(-P) 
\ ·. 0 i_ ' ' 

= s;1 w· ( - P)S';l 
0 

' '· ,q, ('P) 
0 

w(-:P) 

, 0 0 I• 

= '(w/1 + 11w/h1 

o · · ' \o : ', i~ 

= (W1 1-1)W2 1)-/. 
( 

( 16) 

.•·''o··, -o-·.o. ," 
In these relations 11 = {,5 , 1',1}, q, / = {L i,N ;°,Ei} (i = 1,2) correspond to 
pseudoscalar, vector and scalar mesons, respectively. For pseudoscalar mesons we have 

1
1 = 1 5 and •. , , , .. 

!· • • i 
O . , 0 0 S 
W {-'P) = (L1 -,..f, ·foh •; ,(17) 

,, 
:f," 

0 0 
The functions £ 1 and £ 2 satisfy the set of two equations [51 

o o J dq . u ML(D (~) = ELG) (p) - (
2

1r)
3 

V(p - q)[c"'(p)c"'(q) - (s"'(p)s"'(q)] ~W (q); 

• 
1 

, ·, ·. , ,_ ;- . ' · , '· ., ·•. ' • , > , ' . . ·· · · ' .'', ,· -' : . . ' · ' · , .. · · <'. : ': . . · .' : , , · .. ( l S) 

where·, ·: ·":,, ! ~ ,· 

:,.., .·-

i".''r; 

c±(p) 
'~7(p) 

: ; ' . ; '' ; _ ' ''± ', : 
Ci (p)c;(p) :f :S;(p)s ;(P) · =; C,;; (p) 

.- . s;(p)c;(p) ± ~j(p)c;(p)_-=o s)](p) 

.,,.r: 
s;,; = sin( v;,;) , 

c;;J == cos(i(,i) ·; 

'J• l 

',.. '_·; ·,~ ; ·~ ' ' . 
,!':! 

·~ l , , ~ ! , 

( = (p • q); v;,; are defined in (14), i,j are th~ flavours of quarks, which forin the bound 

:~t,a~ei'.'~. ':, . , . .· ' ' ' ' . . ' ' ' ' ' ' 
, We:obtaiI). the ~xpressi.on for the:dec~y- constaqt of the meson with 'quantum lilllll· 

bers H using the standard definitions.for th~- decay constant of the meson 
;::>•,, ;j•·:;,•,4}../' ,',~,.,·•,, .-•·, I; 

., .. ;F~ ~ M; J ,(~~3 \L<Jncos(r/Jn? 
'; .• ~ • . '' .. , ' ': . ,.1: .... ' .. ' ~- • 

(19) 

.,;\•: "\ 
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Here cos( cf>H). = cos( cf,;;) = cos( v;+v;) and i, j denote the quarks in this meso11.Specifying · 
these combinations we have 

4Nc 1 dq o 
F.,, = M,, (21r)3(L2).-cos(vd + vu) ; 

4Nc J dq o 
Fl(= MK (21r)3(L2)Kcos(v. + vd) ; 

4Nc I dq O 
Fv = Mv (21r)3 (L2)vcos(vc + vu) ; 

4N0 J dq o 
Fv. = Mv. (21r)/L2)v.cos(vc + vd) ; 

4N0 1 dq o 
FB, = MB. (21r)3(L2)B,cos(vb + Ve) ; 

4N0 J. dq o . · 
FB. = MB. (21r)3(L2)B.cos(vb + v .. ) . 

-'.'· Nonleptonic transitions D and B mesons 

For the description of nonleptonic decays of D and_ B mesons we shall start from 
the effective action which has the form 

(GM)2 -+ 

(20) 

+t . ~½Vikv,;{ [O,.(GkMk1G1)0,.](G;M;;G;) + (GkMk1G,)[O,.G;M;;G;O,,]} . 

In this formula V;; are the matrix elements of Kobayashi- Maskawa matrix, G; denotes 
the Green function of the quarks (u,c,t) and G; are the Green functions of quarks 
(d, s, b). The diagrams for the weak transitions M ~ .M are listed in Fig.I and the 
corresponding combinations of the matrix elements of Kobayashi-; Maskawa matrix are 
given in Tabl.1-3. j 

The matrix elements for these transitions can be written in the form 

.< M(P)IWefflM(P') >= 

= i(21r)4c(P- P'). Ne.. I . I . £. ~·1 _±!_J dk J'Jl) 
. . . 2 J(21r)32wy . J(21r)32wy, 0 2 (21r)3 (21r) -

{ tr[O,. V;k IV kt( q + k)V,JO,. IV;;( q)] + tr[O,.V;k IV kl( q)V,JO,. IV;;( q + k)]} . 

After using techniques similar to those applied in section 3.3 the expressions in the 
brace 'brackets for different weak transitions have the form 

6 

~ I ' 

' 
:_,,·, 

,' 

f ' 

P~P. 

- , J dp { [! dk o ) + ] + o Tr(IVO,.IVO,.) = 8(PP). (21r)3 . (21r)3 L2 (k + p Ck1(k + p) C;;(P) k2 (p) + 

P~V 

o . + [/ dk · + o ] } + L2 (p)ck1(p) (
2
1r)3c;;(k + p) k 2 (k + p) + 

·1 dp { [1 dk o _ . ] _; . o + (21r)3 (21r)3 Lt (k + p)sk1(k + p) s;;(p) kt (p) + . 

o [J dk . o ]} + Lt (p)s;,(p) (~1r)3s;(k + p) kt (k + p) 

! 
I 

(22) 

- J. J dp { [! dk o + ] o . Tr(IVO,.IVO,.) = 8('1v) · . (21r)3 . (21r)3 L2 (k + p)ck1(k + p) c;(p) Vt v(p) + 

o + [! dk - o ·] }. + L2 ~p)ck1(p) (21r)3 c;(k + p) Vt "(k + p) + 
(23) · 

1 dp { [1 dk o _ ) + o + (2,r)3 (21r)J Lt (k + p)sk1(k + p) s;;~P) V2 v(p) + 

+ Lt (p)s;,(p)[j (:~ 3 sf;(k+p)_V2 v(k+p)]} , . 

P~.S 

- . , 1 dp · { [1 dk o · + · . ] + o Tr(\JIO,. '11011 ) = -8(PP) (2,r)J (
2

1r)3 Ll(k + p)ck1(k + p) c;;(P) E2 (p) + . 

· + L (p)ct,(p) [1 (~3 cft(k + p) E2 (k + p)]} + 

(24) 

+ -1 ~ { [! dk o . _ ] · o (21r)3 (21r)3 Lt (k + p)ski(k + p) s;(p) Et (p) + 

7 



o [!· dk . o ] } + Li (p)s;1(p) (
2

1r)3sii(k + p) E1 (k + p) , 

P~A ~ \ ; 

'' . ~-

Tr{'11O,.i1'O,,) 
, ·. J.' ·· dp • . dk, -· o . 1 · · ·. . .. , o : ' { ·" ' ·' ' 

= -8(,,,J j (
2

1r)~ [! (21r)~- L:i (k ::h p)ct,(k"+'p)] cii(p) A1 "(p) + 

. o .+ [f dk _ . . o ., ·. ] } 
,.,+..:Lr(P),?(~P) , ... (21r)3cj;(~,+p):-~1\ (f~~~·. -,+ . 

\ ~ . . :. -, 

+ I (;:); { [/ ,::;,L; 'ck'+ p)s;,(f +' p) j,;t(p) A, "(p) + 

+ Li (p)s;,(p) [! (::)3 st(k + p) A2 "(k + p)]} 

(25) 

p ~ 1 
:,_, 

li ,•, ,1'-'·. ..). .'.!_(; ·,. .' ,' 

l 
,1'_( 

f._ 

Tr{'11O,,'11Oi,.) = 
\,' 

{ 
: ! , !' dp:'. o. - . '':{ ·dp . : o' } = 16e (77~_.;f:): (21rP[L2(P)ct,l+j,(21r)3(p;-•'Ernt1(P)S;;,J , 

S we 
-,-+ 'Y ·, 

>, d 

f":,{\:,', .J' </~~'·.~;_~";_ . .;~:.\,::,::::";\ 1 , .. \ ~·.~,,;:1 ~\ t·.-:--;~i 
Tr(wO,,'11O,,) = . . .· . 

{ 
'..*'J•4P, o,. ·~·-·:f.· \dp, .1;,,·* b' +} = -16e (77.,tEi,) (

2
1r)3[E2(p)cd;f-:,(21r)3(p.,'•E.,)[E1(P)sk1J 

V~'Y 

Tr('11O,,WO,,) = 

(26) 

{27) 

- ' ·* µ ' - " ' • ·,•', .L \ .L µ + .. ' . · ,· { J dp o . ,., J ·dp . , o } 
'. ·:7, ·T)~e~., ' ''(21r)3[V1, (p),c~rt \ __ (~rl~\(}~;1•\+ 77,,p.,).[V2 (z,)~,H] /: Pl?l 

A~'Y .: ·\: ;.~? .-:.:, 
· .. _,, i.·,: 

Tr(wO,,'11O,,) = 
_ *'{! dp [o "( ) +j j .dp; ( '\ .l . ., ,;·· .L)[·o "( ) -i} ) 
- -16eE., : : (2'11')3 A1 ., p Ckl +, , (2i)~ ,1l"P(1: 77~t~'. 12 P Ski • (29 
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Transitions ·V;k V,j ji kl 

B~--+ D0 Vub~d bd cu 

B~ - jjO VcbV:d bd UC 

B~--+Ti Vub\1,d bd tu· 

B~--+ ti Vib vud bd ut 

BJ --+ '1~ Vcb V,d bd tc 

B~--+t~ Vib~d bd ct 

Table 1. 

0 0 0 
For these transitions (I~.;) corresponds to (k;)B~ and (L;) corresponds to wave 

functions in the final state. 

Transitions Vik V,J ji kl 

B2--+ no Vub V,d bs cu 

B2--+ jjO \l;,b v:d bs UC 

B2--+ T2 v.,bv,d bs tu 

B~--+ ~ VibV.,*,l bs ut 

B2--+ ~ Vcb v;d bs tc 

B2--+ ~ VibV,d bs ct 

Table 2. 

~ C , 0, Q, Q 

For these-transitions (k;} correspoudfl to~(.fu)a1 ~nd (L;) corre:;po11ds to wave 
functions in the final :;taLe. 

\I 



5. Conclusion 

In this paper general expressions for decay constants of quarkonia (D and B mesons) 
and the weak transition matrix:elements for mesonic transitions in bilocal frame are 
obtained. ' · · · ' 1 · 

The numerical calculations using some kind of "realistic" potentials (may be one 
should examine the simple Co.ulomh-pius-linea~·potential at first) will be considered 
in the next papers. We think th;t even a nonrelativispc 'limit is good enough for a 
test of the perspectives of 

I 
this appioach. We have the' opinion that they are quite 

good. First numerical investigations based on the proposed framework supported this 
conclusion [IO]. · ' · · ·· · • ·' .' · 

Transitions Vik\1tj ji kl 
. . . 

'n9 ..:.+ J(O v,,. V.,*d; 1

Uc
1

' sd 

,no-+ J(O Vcdv,,:, uc, .ds 
' i ' ' ~ 

no-+ Bo . d " VcbVud, UC pd 

nf!-+ BJ ,VcdV,.i,. UC db 

n°-+ B~ 
'. _v ... ~b UC. bs 

n°-+ B~ JI,,. V,.i, UC ,sh .. ' 

. Table 3 .. 
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For these transitions (b) corresponds t_o (b)vo and (L;) corresponds to wave 
functions in· the final state . 
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Figure I. 

The diagrams of weak transitiohs.M ~ M in the bilocal approach. 
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