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1. Introduction 

The present consideration is initiated by the interesting pa.per•/1/ that has 
recently been published in this Journal. Its authors have dealt with the removal 
of divergences from the vacuum charge density of a. hydrogen (H)-like a.tom. 
These divergences a.rise from the electrons tha.t fill the Dirac sea. (DS) states. 
Regretfully, no concrete :figures ·concerning level shifts were obtained in /1/. 
Here we conside_r the nonrela.tivistic (NR) one-electron a.toms with the self­
interaction (SI ). The latter is ta.ken into account in the. framework of the theory 
developed by A.O.Ba.rut a.nd his colleagues /2/ ... We ~t ourselves to the NR 
version of this theory. Its a.pplica.bility is justified by the small velocities of 
a.tomic electrons a.nd by the fa.ct tha.t the original NR Bethe calculations /3/ of 
the Lamb shift a.re almost exactly reproduced by the more refined .relativistic 
ones /4/. There is no DS levels in this case a.nd no divergences a.ppea.r. The 
pla.ri of onr exposition is as follows. In §2 the ma.in facts a.nd Eqs. concerning SI 
a.re presented. The. positions of the lowest energy levels a.nd the corresponding 
wave functions (WF) a.re evaluated in §3. The short disrusion of the results 
obtained is given in §4. 

2. Main Facts Concerning the Self-Interaction 

In the relativistic case, the following Lagrangian describes the interaction of 
the electromagnetic :field with electrons /5/: 

- 1 
L(z) = ,P(z)(iV - eA(z) - m)IP(z) - 4F"11(z)F ",,(z), (2.1) 

A=A"-y", 

A"= (+,A), 

8 
V = -y" 8z"' 

'1 = (~a ~) I 

i(z) = W~(z)7o, 

o (1 0 ) 7 =· 0 -1 ' 

By varying L(z) wrt 'ii a.nd A we get the following coupled system of equations: 

(iV - m)'.P = eA9, 
8F" 11

. -

8zll = e'17"'1. 

When considering the electron motion in the external field one should a.dd it to 
the radiation :field. Then: 

(iV - m)9 = e(A + Aextli', 

cA" = -et'7"i', 
8A" 

· 8z" = 0. 

1 

. · (2.2) 

(2.3) 
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Ba.rut et al./ 2/ proposed to find A from (2.3), substitute it into (2.2) and to 
solve thus obtained highly nonlinear equation. The WF l}i satisfying (2.2) ma.y 
be developed into the Coulomb eigenfunctions Ilic of the Hamiltonian without SI. 
The complete set of these states consists of scattering states ( E > mr? ), bound 
states (-mr? < E < mr?) and DS states (E < -mr?). The latter ones should 
be completely filled /6/(in order to prevent the particle penetration into DS 
states and their subsequent transition to the infinit~ negative energy states). 
DS states give divergent contribution to the charge a.nd current densities. It 
was the main goal ofref./1/ to remove these divergences. Usually /7/ SI effects 
a.re ta.ken into. account in the framework of the perturbation theory (PT). The 
divergent integrals a.rising in it a.re handled by the suitable cut-off procedure. 
An alternative approach to take into account SI interaction without using the 
PT ha.a been suggested by A.O.B.a.rut a.nd his colleagues /2/. The present 
treatment may be viewed as a practical realization of their idea.a. To escape 
the infinite contribution of DS states we consider the NR electron with SI. The 
corresponding La.gra.ngia.n is given by /8/ 

L =Le+ L1,Le = 'l!*(in.ft - e~)\J - :~ (V + fc"A)'I!*(V - :fe A)lli, 

L1 = (E2 -H2)/8ir, • 
E=-V•-A/e, H = rot A. 

By varying it over Iii, 4>, A we arrive at the following coupled system of equation~: 

( . 8 ) h2 ( ie A)2 ,It- - eel> Iii + - V - - IP = 0, at 2m he (2.4) 

1 •• 
A 4> - c2 4> = -4,r P, 

1 •• 4,r 
AA - c2A = -7J. (2.5) 

The Lorentz gauge condition div A+ ~/e = 0 was used in deriving (2.5). NR 
charge and current densities entering into (2.5) are 

• Fi, 2 

P = e I Ill 1
2,J = -

2
'
8 

(\ll*Vl}i -Vl}i*'1f)- !_A I tr 12• 
m me 

We limit ourselves to the static potentials~, A. In this case the time dependence 
may be separated from l}i: '1f = exp(iEt/h)U(r). Then 

t,,2 ie 
--(V - ~A)2U + e~U = EU, 2m nc . 

A~= -4,rp, AA=_ 4.,,. J 
e I divA = o. 

(2.6) 

Consider now a particular case when A = 0 , while the scalar potential ~ is 
spherically symmetric : · 

~ 2 --AU+ e~U = EU, A~= -4,rp, P = e I l}i I • 
2m 

2 

i ;,.\' . 

f I 
t • 
'i < f 

1 
'7 

i'l 

u 

We realize that disregarding solutions with A ,f,O we lose the major pa.rt of 
physically interesting effects (Lamb shift, etc .. ). However, the solution found here 
( as far a.a we know ) is the first nonperturba.tive one. Further, we limit ourselves 
to the states with zero angular momentum, Le'., to the s states (U = R(r)) 

t,? c/.2 R 2 dR 
--(-+--) + e~R = ER, (2.7) 

2m dr2 . r dr 

d2~ 2d~' -+-- = -4ireR2
• (2.8) 

. . dr2 ·r dr 
We a.re interested iri studying the SI infl.uence on the electron in the field of the 

·. fixed Coulomb center. For this we should a.dd its energy into the rhs of Eq.(2. 7). · 
This gives·. 

t,,2 d2R 2 dR Ze2 

_;__( -d 2 + --d) - -R + e~R = ER. (2.9) 
2m r r r r 

· Following the idea suggested by A.O.Barut a.nd his colleagues/2/ we find ~ 
• from (2.8) : ' . 

' 

f;,e(~1• dr'R2(r')r12 + J,00

ar'R2(r')r') (2.10) 

· and substitute it into (2.9).As 'a result we obtain the nonlinear Ha.rtree-Fock 
type equation (2.9) with· .. ~ given by (2.10). It is convenient to express 'the 
radial coordinate rand energy E in the dimensionless variables: X = Zr/ao, f.= 

li.2 E/Z2me4 • · 

Here a0 = t,,2 /me2 is Bohr's radius. In these units the energies and eigenfunc­
tions of the H -like atoms without SI are the same for any Z. Pa.rticularly,;for 
the treated s states they a.re 

c~ = -I/2ni, Ir:,,= (2/n3l 2
) 1 F1(1 - n, 2, 2x/n) exp(-x/n). (2.11) 

These functions a.re orthonormal: 

100 

dz~(x)Ir:,_,(x)x2 = 6,,.,,.,. 

3. Numerical Results 

The solutions of the nonlinear Eq.(2.9) were obtained as follows. The starting 
.· point is the eigenfunction (2.11) corresponding to the particular ( ns) state of 

the H -like a~om without SI. We substitute ~ into 4> and solve Eq(2.9) with 
s~ch a 4> . ~t· ;~i) a.nl R~1

) be the solutions of (2.9).' We· repeat this procedure 

by substituting R~t) into 4> and solving a.gainEq.(2.9); This process stops when 
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two successive iterations give practically the same energy.and WF. Three lowest 
absolute values of the energy levels are collected in the Table . 

,... 

Table . The lowest energy levels of H -like atoms with SI 

n\Z 2 4 6 8 10 82 
1 0.232 0.354 0.400 0.424 0.439 0.492 0.500 
2 0.057 0.089 0.101 0.107 0.110 0.123 0.125 
3 0.026 0.039 0.044 0.047 0.048 0.05475 0.055 

In the last column of this table .we present the energies of the H_-like a.toms 
without SI (I ~ I= l/2n2). One may wonder why this Table does not contaln 
the energy levels of the hydrogen a.tom( Z = 1 ). The reason is that SI in this 
case turns out to be so strong that it pushes out hydrogen bound states into 
the continuum. This is also confirm~ by the nalve application of the PT. In 
fa.ct, averaging the SI term over the unperturbed ground state WF (given by 
Eq(2.11) with n = 1 in it) we obtaln for the energy shift ~c1 = 5/4Z. Adding 
it to the nonperturba.tive energy of the ea.me state ( f:i = -1/2) we find that the 
total energy falls for Z = .1 into the continuum. It does not follow from this 
Table that deviations of E,. from~ are sma.llerfor large values of Z. With 
the account of factor Z 2 in the definition of c,. they are in fa.ct larger. The 
WF corresponding to the energy levels of the Table are shown in· Figs.1-3. The 
point~like curves are related to the WF without SL For eta.tee with n = 2 and 
3 there are shown WF only with the lowest values of Z (the WF with higher Z 
cannot be discriminated on these Figs.). To make the effective potential energy 
more visualable we present ~ in the form 

Ze2 

•=--Yeff, r 
1 1• I.co Yeff = 1 - -( dr' R2(r')rn + r dr' R2 (r')r'). 
Z O r · 
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Fig.1: The wave functions of la states 
with self interaction (full and broken curves ) 
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Figs.4-6 show Vejf for different Z and different eigenfunctions. The deviation of 
Veff from unity measures the power of SI. 

0.4 ~....,....,... ....... ....., ............ ~...--,-,-,---,--, 

0.3 

,......, 0.2 
X '--'. 
a:: 

. 0.1 

3S 

I \ _,,,,.,,,,... I 0.0 , > 

-0.1 '--'-~~ .......... - ............. ~-~~ 
0 , 10 

X 
Fig.3. The ea.me a.a in Fig:1, 
but for 3a eta.tee. 

~··~ 
~o.a Z=6 ..... 
Ql · 2=4 
> 

0.6. 2S 
z-2 

15 

0.4 [ I 1101 I 1111 

0 :Z 4 8 !I 10 

X 

Fig.5. The ea.me a.a in Fig.4, 
but for 2, eta.tee. . 
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Fig.4. The effective potential energy 
for la states. 
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Fig.6. The ea.me a.a in Fig.4, 
but for 3s states. 

4. ·Discussion and Conclusion 

It follows from the previous section that SI should destroy an a.tom a.a a. -
bound system. But such an a.tom exists in Na.ture with its energies not very 
far from those of the H a.tom without SL However, one cannot simply dis­
card SI te~ a.a they a.re responsible for such well established e:fFects a.a Lamb 
shift, anomalous magnetic.moment of the electron, ra.dia.tive corrections to the 
Coulomb scattering, etc.(see, e.g., /7/). Usua.lly, it is believed (Cf. /2,4,5,7/) • 
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that a. static SI considered here .does not lead to the .observable effects ( it renor­
malizes the atomic levels a.nd does not ·contribute to the ra.dia.tive corrections 
mentioned a.hove). Hwe adopt this viewpoint, then the Table gives the values of 
these renonnaliza.tions. Usually, they a.re evaluated by means of PT which is not 
free from divergences. The special subtraction a.nd cut-off procedures a.re used 
to get rid off them .. We have succe~ded in obtaining the finite renormalizatione 
of atomic levels without using PT. · 

· To the end, using ideas of A.O.Ba.rut a.nd hie colleagues we have evaluated 
nonperturbative renormalizations of atomic levels a.nd wave functions of the 
hydrogen-like atoms with self-interaction. This raises one's hope that more 
realistic observable effects· (Lamb shift, etc.)· ca.n be obtained without using 
perturbation theory. 
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