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1. In work [1] a method to construct a class of soliton: type potentials and their 
eigenfunction; (E.F.) was developed for the linear time-dependentSchrodinger 

,equation 
(i8t + 8; + U(x, t))'lji(x, t, k) = O. 

· / In what follows we extend this method to include the equation 

(-i8t + 8; + iU(x, t)8.,)'lji(x, t, k) = L'lji(x, t, k) = 0 

· .and obtain some soliton-like potentials U(:c,. t) and E.F. 'lji(:c, t, k). . ' 

Consider for that the function 
I 

'lji( :c, t, k) = PN exp ik( x + kt) 

with 

(1) 

(3) 

(4) 

the set:of N complex numbers K; (poles) and complex NxN constant ma_trix b;;. 

The following theorem takes place:, if the function 'lji(:c, t, k) defined by [3] and 
[4] is subject to the conditi~ns - .. 

N 

1P(R-;) = - °E b;;1P(K;), i,j = 1,, · ·, N (5) 
j=l 

and 
U(x,t) ~ 2i8.,lnaN (6) 

then 'lji(:c, t, k) is a solution of eq.(2). The proof nearly does not differ from that 
for eq.(1). Indeed, eqs. (5) can be rewritten in the form 

N 

·I: A;;a; = B; 
i=1 

(7) 



/' 

with 

N 

A;; = , Rf + 'I:, b;p,f exp i( 81 - 8;), 
l=l 

, B; = - (1 + f b;;expi(B1 - 8;)), 
'l=l 

i,j=l,··•,N,, (8) 

B; = ',,-;;(ii:+ ";t). 

So we have a system of N linear equations for the N unknown functions a;(x, t). 
Suppose detA =f- 0, then (7) define unequely these fu11;ctions: 

ai = ai. (9) 

We show the function (3) under (9) to be, the E.F. of (2) with the potential, 
defined by (6). By acting with the operator Lon eq.(5) we have · 

N 

L'f(;:;,;) + 'f:,b;;L'f(,,-;;) = O · 
. j=l 

in which 

'L•'•(-) i8·(-N+1- +~N- +' +--'·) 'I' ".i = e • "; aN+1 "; aN · .,. 1';a1 

and due to (3) the coefficient iiN+l vanishes, therefore 

N N 
''°'A. - '"(-I i8· +b I i8·)- O 
L., ;1a1 = L., ";e ' ii";e 1 a1 = , i= 1,N. 
l=l j,1=1 

We come to the homogeneous linear system with the same matrix A;;, hence all 
the a; = o a~d , · , · · , , 

, L'f = PN+1eik(:z:+kt) = (ciN+1kN+l + · • · + ci1k)eik(;+kt) = 0 

Q.E.D., 
' . 

· The representation (3) of the E.F. is called polinomial. We introduce now a ne~ 
one 

• . · PNeik(:z:+kt) { N } 
'11 = TI~ (k - ,,-;·)=an 1 + L r;(x,t) eik(:z:+kt) 

1 • ' j=l k - 1'j 

(10) 

2 

,j 
1 

' 
'.h 
·i\ ';} ! 
·:! 

~1 

., \.'\ 

·which can be,called a pole-type representation (normalization). Each of the 
representations will be of use below. It is easy to see that for, the function 

'11( x, t, k) i~stead of ( 5) one can get 

N N 
\J!( x, t, R;) = - L, c;;resk="; \J!(x, i, k) = _;. 'I:, c;;\J! ;(x, t) 

j=l j=l, 

where 
resk=";\J!(x,t,k) ~ aN(x,t)r;(x,t)i"i("'+";t) 

Via dividing eq.(11) by aN(x, t) we comet? the equation 

N 

'11(x,t,K;) = -·Ec;;'11;(x,t) 
j=l 

'with· 

'11(x,t,k) = \J!(x, t, k) = {i + t r_;(,x, t.~--} eik(~+kt) 
aN(x,t), i=lk~,,-;, : 

Tif:11(,,-;; - t.1)b· 
Cij = N ( ij 

.. .Til=l Fi,; -, 1'!) 

Bearing in mind that PN(k-+ 0) = 1 one has 

(-l)N 1 
aN = -N-- ---. N r-

' . TI;=1 "i ,l - E,·=1 ·;/: 
,< ,.,. , 

or by denoting '¥o =. '11(x, t, k = 0) = 1 -Z ~ 

, . ·nN (_:_1), 1 ._detA.1 , 
.aN= . -, - -=_..,....,, 

._
1 

·,_,: '110 detA ,_ 
J- : . ' . 

,a1:1,d .. ,,· 

U = -2;8.,ln '110 

lll(i, t, k>'=JI (--~,~-) '~'l!(x, t, k) 
,. . , '., J=l 1'j '1fo, 

From (17) it follows that U = [J when' 
. . . I., 

,e ' r- '. ' .. ·, · • ·; 11 -''L 21 == const,'.,' 
. tij 

(11) 

(12) 

(13) 

· . (14) 

. (15) 

: (16) 

(17) 

(18) 

(19) 

: We would st~ess that eq.(13) has 'the s~me form' as in paper [1] dealing with 

.eq.(1). 
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2. To demostrate how the above technique works we use the example of one pole 
case: N = 1, K = a+ i/3, b = b1 + i52. Here we have one equation 

a=(~l) l+bei(8-UJ 
,,, 1 + b~ei(8-iiJ 

I< ' 

In order to the potential U(x, t) be real it is necessary lal=const or 

bK = bK 

or 
b1/3 + b2a = O 

· By differentiating In a (20) we arrive at 

V = 
8lal/32 sgna 

4a2 cosh2 7/ + f32e-2'1, 
b1 = e-2/Jxo > 0 

u = 
8lal/32 sgn/3 

4a2 sinh2 7/ + 132e-2,,,' 
b1 = -e-2/3:i:o < 0 

7J = '/3(x + 2~t + xo) 

also we have 

\JI = 1 - - -~--- e•k(:i:+kt) 
· ( k 1 + be-2(,,,-/'lzo) )- . 

if, 1 + be-2(,,,+/'l:i:o) · .. . 

If one sets k = if, then 

q, = 2i A/Jiu 
2a cosh 7/ + if3e-'1' 

0. = iax + i(a2 
- f3 2 )t . 

Fixing k = K we come to the same expression up to the constant factor. 

(20) 

(21) 

(22) 

_(23) 

(24) 

(25) 

(26) 

(27) 

It should be pointed out. that a general form for the E.F. of time dependent 
· eq;(2) is that of (26) with' arbitrary complex number k, so the solution is a five 
real parameter ( a, /3 .b1, k1, k2) function. 

3: We now utilize the solutions found in order to obtain such for the Ishim'ori-II 
model 

st(x, y, t) ts" (s,,~ t sw) + cp,,Sy+,cpy§., = o 
· · · cp,,.,·- 'Pini +2scs., "'sy) = o 

where S = (S.,, S11 , S,), §2 = 1 and cp(x, t) is a real function: 

(28) 

(29) 

To treat eqs.(28),(29) we shall use the results of w.ork [2] where solutions of the 
· problem was reduced to solutions of tw~ li~ear equations of type (2), namely 

iXt(t t) + !xee + iU2(e, t)Xe .= O 
\ 2 . '-' 

iYi(71,t) + ~Y'l'I - iU1(71,t)Y;, = 0 

4 

(30) 

(3°1) 

) 

rt) j I 

'!) [; 

I 
\ 

\ 

.~ 

1 

with e = ½( X + y ), 7J = ½(y - X) and real potentials: U; = U;. 
The special class of solutions of (26) related to degenerate spectral data (factor
ized) are given by the formulas [2]: (N=l) 

S; + iSy 

S3 

cp(e, 7/, t) 

a 

b 

1 +ab -
= 2XYl1-abl2' s_ = S+ 

-(l+ 2(a+a)(b+b)) 
11 - abl 2 

' 

2iln(det~) + wz1 U2(f I t)+ w;;1 U1(7J1
, t) L: dyY(y, t)8yY(y, t) 

le -
- _

00 

d,,X(x,y)8,,X(x,t) 

1-ab ~=--
1 + ab 

One can easily see from (30),(31) that 

Y(x, t) = X(x, -t) . 

Co_nsider the case b1 > 0, k = K. • Then 

eio1z+i(/'lf-ant 

X = 2a1 coshz1 + i/31 e '' , 
'(/3' •it e-ia2y+i 2 -a2 

Y = X(y, -t) ~ 2a2 coshz2 - if32e ••' 

z1 =·/31(~ - 2a1t + xo) 

z2 = /32(y + 2a2t + Yo) 

1 1- i!!.2.(1 + e2
' 2

) 

a= - /32 
2 4ai cosh2 z2 + f3~e-2•o 

1 1 - i!!.1.(1 + e2'') 
b= -- /3, 

2 4ai cosh2 z1 + /3? e-2,, 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

. The solution (32)-( 41) is a one soliton solution which moves with the velocity 
v = (2ai, -2a2). One can proceed to the moving coodinate frame to obtain the 
solution at rest. 

More detailed study of such solutions along with those for N = 2 are supposed 
to present elsewhere. 
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MaxaHhKOB B.r. E4-92-208 
' \ 

COJilfTOHHblC pemeHlf.11 O.Zl;HOro JIHHeHHOro . 
uecTau,uouapuoro ypaeuettm1 
u CBsl3aHHOii c HUM MO.Zl;CJilf 11wnMopn 

,-O6o6~eH MeTO.ZI;, pa3BlfTblH pattee B pa6oTe B . .ll.y6poeuua, ·11.Kput1eeepa, 
-:T.Ma.naHIOKa ll aBTOpa, .Zl;Jl.11 IICCJie,ZJ;OBaHH.11 pcweHlf~ HeCTa[.\lfOHapHOI"O ypae:. 
Hettn.11 lllpe,ZJ;uttrepa ua CJJyt1aii uecTal.\HOHapuoro ,ZJ;epneanrnm:iro ypaettettn.11 
lllpe,ZJ;nurepa n cesl3attttoiic HHM JJ;ByMepHoii cnnttoeoii M0JJ;CJIH. 11wnMopn~ Ha 
npuMepe O.Zl;HOCOJilfTOHHblX COCTOSIHHH HCCJie,ZJ;yeTC.11 CJiytiaH rpaHHtIHblX yCJIO-: 
BHII, 3aBlfC.ll~HX OT BpeMeHn:' . . . 

Pa6orn BhlnOJiucua ~ Jla6opaTopnn B~l!HCJIHTCJihHOH Tex~nKn n aeToMa-
nrna[.\HH 0115111. · · 

: : Co.06u1em1c 06,,eJ1H1tCIIIIOi:o IIIICHITYTa '11,r1ep11b1X IICCJJCJ108311IIH, ,Uy611a 1992 

. ~ . .. . . . . . . 

' IlepeBO.ZI; aeTOpa . 

.Makhankov V.G. . . . . E4-92-208' 
On Soliton Type Solutions of One Linear 
' . . ' . 
Time-Dependent Equation and the Ishimori-11 Model . · 
with Time Dependent Boundary Conditions , ·. , 

. . ' -

The method of work ( I ) is extended to obtain soliton type solutions toHnear 
tim·e-dependent derivative S~hrt5dinger equation 

(-iat + a; + iU(x, t)ax)l/J(x, t, k) = 0 

and thereby a class of solutions to the lshimori-11 model. A new class of ~uch 
•. '.solutions is given. . 

/ 
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Techniques and Automation,JINR. . . . 

•,•. 

' ' <, , 

Communication of the Joint Institute for Nuclear Research. Dubna 1992 . . . 


