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. 1. ' o;;.ring ihe last· two d~cades' the physics ~f riluon cat'alysi~ hii.s lfoeri. int~nsively 
studied by theory and experiment [1,21: To improve this knowledge one has ~o describe 
the kinetics of muon catalyzed fusion .. One important parameter that appears in the 
kinetics is the muon transfer rate bµ -> aµ in mesic atomic ~llisions bµ + a. -

, . There are sev.eral calculations of these values using different approaches( two~lev,eL 
. adiab~tic approximation~ variational methods, Facidev equatia'ns,·, etc;' But the: obtained 
results considerably differ from~ach ~ther. . , ' ' . . '. , ' .. · _· ,. ·> ' . 

This paper presents the multi-level adiabatic calculations of the' muon -tr~sfe/~at~s 
for all the processes involving hydrogen isotope mesic atoms in the ground state: 

, ,l '• , '- . , .' ' . 

pµ+d.;.,. dµ+p, 

. pµ + t -> tµ + p, 

dµ+t'-+tµ+d. 

{la) 
. (lb) 

(le) 

The calculations are performed in the adiabatic representation of the Coulomb three
body problem [3). The method and its implementations are extensively described in paper 
[4); it has been successfully applied to carry out the mesic atomic cross sections relevant 
for the muon catalyzed fusion kinetics [4-7). 

2. The approach is based on the decomposition of the wave function 'li'( r, R) describing· 
, the three-body system_ me,ic atom+ nucleu, (R is the·iii.ter:mcle~ coordinate and r is 

the muon_coordinate) in the adiabatic basis of states of discrete'and continuous spectrum 
of the two-center problem of quantum mechanics (the problem of an electron motion in a 
Coulomb field of two fixed nuclei) .. The result is a system of equations for the amplitudes . 
X;(R), that describe the relative motion of thli nuclei: . ' . 

- -' ' . ·, •.. : ~; :1 . .' ,' . ' ' , .,,, 

(2) 

where the coefficients U;; of the system are the.effective potentials of the three-body 
.problem in the adiabatic representation [3), e is the colliding energy, J is the angular 
momentum and M-1 = M;;1 + Mi/ is the reduced mass of the system, M,. · 2:: Mb are 
masses of nuclei. After a discretizii:tion of the continuous specti;um 

N 

~ l dk_-:+ ~~aka~~. 
j .k , j a. k=l 

, we obtain a truncated system of ordinary differential equations of a finite number N. 
In·the present calculation we have ·taken into account the effective potentials U;;(R) 

connecting all the states of the first th:ree shells of the discrete spectrum of the two-center 
problem (20 states) and U;;(Ka,R) connecting the first shell of the discrete spectrum (2 
states) with the states of the ~ontinuous sp~ctrum of quantum numbers (lm): m = O, 1;, 

I 

(H:;1-c.r, •. ,. 1• ~dull UHC'i'iU'yi t 
un~t.mi.u nu' :ir.aoBl\tmO (\ 

, · 6:1-tSltr!OTEHt\ v 
-"'-"'"" ~-



l ~ 5. After a discretization k-+ k0 = 0.1(0.1)3,0(0.5)10 (44 points for ev-"~ry state (Im)) 
we get altogether 276 for J = 0, 546 states for J = 1 and 196 states for J ~ 2. 

. . .. The cross_ sections o-21 ( e) under investigation have been calculated by the following 
formula*>: · . •· . . · 

. .. 4,r (. n, )
2

" . . (tf1)2 
• 

u2i(e)= k~ mae2 ":;)2J+l)(DJ-1)2+(tf1+tf2)2' (3) 

.. whe~e DJ= tf1tf2 --:: (tf2)2. The matrix elements t;;(e) ~e obtained from the c~mparison 
of the numerical solution of the system (2) with the asymptotics of the scattering ·problem 
as. R-+ oo (t12 := t21): 

where: 

and.·· 

, ( ) . .. , . . , . , . . 

(x/ )-~-(sin(k1R-1r!/2)+t11cos(k1R-1rJ/2)) (
4
a) 

x~l) R-+oo (vifv2)112t21cos(k2R-1rJ/2) ' 

(
x~

2
>)-~-. -(··· · (vdv1)

1
1
2
t12cos(k1R-1rJ/2) ) ( b 

x~2
) R.:,_,oo_ sin(k2R-1rJ/2)+t22cos(k2R-1rJ/2) ' 4 ) 

: ki ~ 2M1N>(e + .a.E;), 

k 2 = 2M(N) 2 b e, 

V1 = kd_M~N), 

V2 = k2/M~N>, 

. (N) . . . -
Ma -+ Ma = Mb(Ma + mµ,)/(Ma +Mb+ mµ,), 

(N) ·... . 
Mb . -+Mb= Ma(Mb + mµ,)/(Ma +Mb+ mµ,), 

.a.EN '-> ilE as N -+ oo [4,6],: where ilE is the isotope splitting of the grourid state 
energies of the mesic atoms aµ and bµ. The .values of the channel wave numbers k; -are 
taken from the stationary solutions of Eq. (2) with finite Nin the asymptotic region where 
potential curves can be regarded as consfarit. It is worth mentioning that the boundary . 
conditions of the scattering problein ( 4) correspond to the asymptotics of the truncated 
system of equations (2) for every fixed N. 

3. The results of 01:r 'calc~atio~s of the isotopic exchange rates, 

_>. = 0-21 v2No s-1, (5) 

(No= 4.25 x 1O22~m-3 is the liquid hydrogenaensity) of the :reactions (1) aie'presented 
in Tables 1 · - 3 for sev~~al collision' energies in· comparis'on with previous calculations. 
Most of them have been· done iri the framework of th"<'; two-level approximation: adiabatic 
PSS method, Belayev et al. (BGZL) [8], Matveenko, Ponomarev and Faifman (MPF) 
[9); Faddeev equ .. tions, Brener, Zubarev (BZ) (10]; variational approach, Kobayashi et al. · 
(KIT) (11]; improved two-level approximation, Bubak and Faifman (BF) (12], Cohen and 

:Struensee (CS) (13,14]. ·The first multi-level adiabatic calculation of reaction (Le) was 

·*>. We co11sider tli,e entrance_ch~nnei of th~ r~adions (1) as 2ndand th_~ exit ch:1~nel as 
1st. ··· · ' · · · 
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done by M~le~liik'(M}(15], \;h~{e;'i;~~e~er,' a. ~o~~ limifod app~~~~ti~ri•~f the effect/e 
potentials, U;;, of the system (2) was used. The non-adiabatic coupled rearrarigment 
channel approach has been .applied to reaction (1.c) .by Kamimur·a, (K} [16]; where about 
~me,hundred:short-range trial.functions were.used. · ', .· ; ' 
, ,; '., ·•We consider our present. results the most accurate that have been obtained so far.· The 
performed i;lnalysis shows,that the tcital errors of<iur multi-level adiabatic cal~ulations due 
to the truncation-ofthe:systeni of'equations•(2) and to the numerical integration are less 

· than 10% •. , .· · .,'-: ., .. , r 

: • ,,. '.Fable' i~. A ~iiIDil!-aryof the ;e~ttlt~ i?'r th; is~tope ~~ha:nge ~~te). = 0"21V.IVo(io10s~1) 
of tlie ·reactfon pµ + d.:.... dµ + p•>~' · . . . . . . 

(" ' ', \; ' ., 

.•t:2 .. BGZL MPF· I ,P 1978 .KIT cs Present 

:c~V) 1960 .. .i'971. • BF' ~987_, 1987 . i99O. . work 

0.001 - 1.9 - 1.4 - · 1.59 . · 
0.01, - 1.9 - . 1.4 - 1.58 
0:04 ·,; .. L45 - 1.7 - 1.4 1.55 
0.1 - :: - - - - • 1.53 
O'.4 ;, - . - - - - 1.49 
1.0 ; - - - - - 1.50 

Table 2.'Jsotope exchange rate >.(1010s-1) for.the reaction pµ + t -+'tµ + p. 
t:2, ' BGZL MPF P 1978 BZ KIT cs -Present 

,, \." 

(eV). 1960 1971 BF 1987 1988 . 1987 1990 work• 
0.001., 0.92 - ,p.56-O.5O ', 0.58 - 0.717 · 
0.0F - 0.91 - 0.56-0.49 0.58' -· . 0.713, 

' 0.04. 0.64 - 0.75 - - 0.55 0.707 . 
0.1. ,- - - . 0.55-0.49 ·, - - ; 0.702; 
0.4. ' - - - - .. - - , 0.709 
1:0 - - - 0.54-0.47' - - 0.761 

k°i;1e 3. Isotope exch~e rate ic1010s..:1) f~r;the, ~e~dion dµ +.t ~ ~µ+d .. 

~2· ; 1 · BGZL I· MPF 1·, p l9!8 I KIT I 'K I cs· 1 Present 
(eVL · ·1960 1971 . BF 1987 1987 '1987 1990 ·. work 
0.001 
'(foi 
0.04 
0.1 
.0.4 

I 1.0 .. 

'_.: ;-~,.' 

'0.49 
:-

0.65 
0.65" 

1.9 

·-

2.7 .· 
'i.6. 

2.7 - 2.26 
2.7. - . '2.3i 
2.9 3.5 2.46' 
3.2 - 2.78. 
5.0 - 4.58 
8.9 - 8.69 

In Figures 1-3 the results 6f our calculitionsfor partial rat~s >.J ( e) asfor .total rat~s . · 

.*)·BF.only calculated the•cross·sections and we have estimated>. from Eq.(5). BGZL 
did not calculate the energy dependenc~ of >.. 
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A(e) = LJAJ(e) are presented as functions of the colliding energy in the :enter-of-mass 
system. . · . 

\ 

4. In experiments the muon transfer reactions {1) take place in the collisions of mesic 
atoms with hydrogen molecules. To compare the experimental data with the calculated· 
rates it is necessary to estimate electron screening corrections. The influence of molecular 
binding on the considered rates is negligible since. the energy rele~ed during t_he muon 
exchange is much greater . than .the energy of. molecular binding. Screening corrections 
are significant for the mesic atom elastic sc~ttering on hydrogen ·molecules at collision 
energies below 0.leV. The method of calculation of these corrections has been presented 
i'n Refs.[17,18]*>. The calculated cross sections for symmeti:i~ hydrogen· molecules are given 
in Table 4. 

Table 4. Cross sections of processes pµ +D2 --. dµ + HD,pµ+ T2--> tµ + HT and 
dµ + T2 --. tµ + DT versus mesic atom energy in the laboratory cyctem. ·. Cross se~tions 

· are given in 10-20cm2 • 

e(eV) pµ+d pµ+D2 pµ+t pµ+T2 dµ+t dµ+T2 
0.001 828.7 984.1 384.4 461.3 15.8 . 20.9 
0.002 649.9 762.4 292.8 346.2 12.7 16.2 
0.004 453.0 519.8 203.9. 235.0 8.90 10.9 
0.010. 283.7 311.8 128.0 · '140.5 5.64 6.33 
0.040. 140.7 144.7 .63.6 65.2 2.94 3.02 

. 0.100 · 87.4 88.2 39.9 40.2 2.00 2.01 
0.200 61.0 61.2 28.1 28.2' 1.59 1:60 
0.500 37.9 '38.0 18.0 18.0 1.37 1.37 · 
1.000 26.6 .26.6 13.2 13.2 1.43 1.43 · 
2.000 . 19.3 19.3 10.2 , 10.2 f.76 1.76 . 
3.000 16.2 16.2 9.15 9.15 2.12 2.12. 
4.000 ', 14.6 14.6 8.55 8.55 2.49 2.49 . 
5.000 .. 13.4 13.4 8.17 8.17 2.87 2.87 

The respective screening 'correi:ti'ons for asymmetric molecules (e.g. the processes 
dµ+DT,dµ+HT etc.) are·practically the same:· · -

The screening corrections for the muon exchange reactions are not so high as for the 
elastic scattering [18]. Nevertheless, they are conside~able at very low collision energies. 

Hone knows the collision energy distribution of the mesic atoms one can calculate the 
averag~d rates. Assuming that the mesic atoms are thermalized in the hydrogen molecular 
target we have obtained the following averaged val~es for the moleci4ar rates: . 

AcfT,(T = 30K) = 2.7 · 108s-1
, AdT,(T = 300K) = 2.5 • 108s-1

, 

Apv,(T = 30K) = 1.7; 1010s-1
, Apv,(T = 300K) = 1.6 · 1010s-1

, 

Apr,(T =_30K) = ~.:8 · rn10s-1
, ApT,(T = 300K) = 0.7 · 1010s-'1 • 

....... -. 
•> The influence of screening effects on the exchange rates for the mesic hydrogen scat

tering on hydrogen atoms has been estimated in Ref.[14] 

4 

,/ 

:~ 
f 

t 

( 

--t, 

')"_: 
' . . ,, 

I; , f 
if 

I, 

'' 'i• 

A ( 109 s -t) 
32 

28 

24 

20 7 ,,, 

16 -1 / 

12 

8 

4-

0 
0 

/ 

--

10 

--

/\ ( 109 s -l) 
· 22.5 

pµ +·d ➔ p 

Total 

J 

20 :30 

Fig. I 

+ dµ 

:.-

40 

E 

----

J = 3 

50 

(eV) 

pµ + t ➔ p + lf..l 

--- -' 

,JI-,_" 

_,.,,.· 

.20.0, 

17.5 

15,0 

12.5 

·10.0 

Total_ --
<...,...ii. ... 

.-' 
~,::r:~-· ,-17' ---,,e;!:'..::~~ 

7.5 
5.0 

/ 

I 

/ 

/ 

/ 

/ 

J 0 . J = 

2:51/ ~ J=T[ 
0.0 . I 

0 10 20 
Fig.2 

5 

30 40 50. 
E (eV) · 



(109 s-'._ 1
) _. . dµ + f ➔ d + tµ 

201:1 · ... '··,;· - . I: .. ---'- .. - ! ___ :__I 
' ' 

I\ 

---.\ ,,.. 
Total·-/.· 

151 // J = 2 
I 

, .. 

10: 

5;. 
-

= 1 

"" ,. ·-~ q,_ G I , . I -===; I .., V ' I 
10 20 :30 -!-0 50 

Fig.3 E (eV) 

W~ would like. to ~ention the good agreement of our results with the 'experimental 
. data obtained for the· dµ --i tµ reaction: Adt = {2.8 ± 0.5)108s-1 [19], Adt -~ {2:8 ± 

0.4)108;-i [20) and_Adt = {2.8 ± 0.4 and 3.5 ± 0.5)108s-1 [21]*>. For the otheueactions 
-i,;'l_.,.._,..the'"exjierimeiital · data are not yet conclusi~ei for example in the case pµ --+ "dµ· three 

independent experiments [22-24) gave Ai,d = (0.95 + 0.34, -0.25)1010s-1 [22) in liquid 
hydrogen.and Apd = {L43±0.13)1010s-1 [23) and Apa= {0.84±0.13)1010s-1 [24] in gaseus 

.,,,., .... · hydrogen at room temperature. Let us note that for the molecular rates we :use, the same_ 
·"·"·::--· ·normalization as-for the nuclear ones,-namely_N0 = 4.25 x 1022cm-3 is the_density of 

hydrogen ·nuclei. . · . : .. 
. , , . I •.•. 

·. We hope that a new set of experiments performed at PSI [25] will clarify tlie ejcperia. 
mental situation. .. : , 
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