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vthat ‘might be detected rexperimentally - (see ~e.g.  reviews . [4,

penments
predlcted for ‘a two-level “atom ‘driven by a coherent quasi:.
oL the amp]ltude, frequency ‘and  phase of the field may be. conside-

[22]. Then - the relevant geometrical phase manlfests itself

-amplifier [20].
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- The discovery ov Berry’s adiabatic phase and its gfenerali?s
’f zatrons and ' modifications [1-3] strmu]ated the = search- for. .rela- -
tlvely simple  physical systems acquiring geometrlcal phases - -~

270 - In - recent, theoretlcal studles [18—21] V_Berry’s‘ phase was L
o resonant electric field ~of a light wave, Slow  variations of e
red as an ' adiabatic evolution of the quasi-energy . states. (QES)-

‘the phase shift of the Rabi oscillations -[18, 19], in the’fre';,‘f"

quency ‘shift of the Rabi triplet sidebands [21] or ‘in the. chan—;‘ .
“"ges of ~the output photon- statlstlcs for a degenerate parametrlc

- 5]).- Clear - mamfestatrons of the: geometrlca] phases  were . revea~ =~ .
led in " optical po]arlzatlonvexpenments [6-10],. . their classical p
;theory [11-13] - being developed long before the semlnal Berrys N fj-
[WOrks ‘Klyshko [14] revised the results of Refs f6—10] in terms. '
of - quantum optics. Geometrlcal phases were. demonstrated tobe
present in - quadrupole [15] and magnetlc [16 17] resonance ex—.

“ In this paper we make use of the Berrys theory and its
~ generalization [22] -to periodically driven systems to derive -
~-the - geometrical | phases of the QES of a general-type multi-level . °
""quantum system driven by a coherent light wave having slowly'
- varying parameters. Just as in the two—level -atom . [18“19]- the
varration of the field phase . is found to be necessary for the .
non-trivial geometrical phase to arise. Some errors of . Ref. [18] L
~are_removed and the approach exhibited there is rev1sed and - ex—,ﬂ :
tended- to include not only an arbitrary number of energy le- =




‘vels, but QES degeneracy as well. The non-Abelian  Wilczek-Zee

. factor ‘is expressed " in . terms  of the. driving ~ field - phase and -

other QES parameters. The degeneracy of - QES 'complicates ‘the ma=:

gmfestatlon of geometrical phases in population oscmatlons

:]eadmg to the dependence of both the phase and the amplltudei*"

o of the individual Rabi harmomcs upon the phase of . the dn\ung_"
,fleld :

L Berry phase -‘for - ‘the qua5| energy -states of a» multi‘—leve] '

- system ; : ~ - : :
: -+ An - atom in" an externa] llght fleld "E(t) envoles in' time -
- accordlng to the Schroedlnger equatlon : :

o (ma/at + H + V(t))lﬂ Hy = 0 L "'('1)' o
e A.the potent1a1 \'A bemg taken in the drpole apprommatlon o N

V(t) - d E(t) = V("‘) l¢ lwt V( ) l¢+lwt (2)
v = @8E, V& = (@-8E, /

: ,Here the amp]rtude E frequency w and phase ¢ of ‘the llght
lfgleld polar|zed along ’é , - are considered - to  be ad|abat|ca11y"“ Ty
. varying in time, ie. E =E (1), w=a(t), ¢=¢(t), all rates -being
-of the order-of e«1. To- the zeroth approximation in & the po- = .
tentlal is "~ periodic. V(t) V(t+T) T=2n/w, and - hence the stané
‘dard approach [23-25] based .on  Floquet theorem:. yields the set

of solutions of - Eq.1, ‘known as the quasr energy states (QES)

DRSPS ol (P
: where F and Qa _satisfy the elgenvalue equatlon
o CHF%=RQPF® o ' O

“with penod|c boundary conditions - F*(1)=F%(t+T). The Velgenvalue c
- problem (4) is to be so]ved in the extended Hilbert - space ‘with ' !
. the scalar product ' * e TR N

o« = ——_r< | > dt ‘ - ,"(5)"“ o

T

Now followmg [26] we * expand Fa(t) -in a -Fourier serles". ;
~using ‘the - complete set of elgenfunctlons {qp ¥ of the bare Ha~ PR R

3 mlltonlan H

g whlch ylelds [22]
L - FER(t), Dexp(- crdtm“<m+twan“/aw]+w (W, (10)
b The geometrlcal phase ra(t) is glven by the expressron o

‘, The expan5|on mvolves a set of the Fourler coefﬂments ANm f, e

Fa(t) hE z A lN&?t‘ e o (6)

m‘wm

‘_'for Wthh the fol]owmg set of equatlons is to be satlsfled ‘
(@ -n“+Nw)AmN + E E[v‘ DelPag L VR AR 10 . (U}

Here E—E d /h is the fleld amplitude in frequency units,:

v‘*’——h(d %) k/ mk -—h(d 4% Jmk’de 4 being the ayerage Sy 5

mKk

transrtlon dipole moment Note that since -we deal with high--
e frequency resonances, the integrals expressing - A“N ~in. terms :of
 the solution ¢ may  be extended up to the natural interval

we(-w,+x). The quasi-energies hQ* by  definition are the solu—"{
tions of the- secular equation,; corresponding to  Eq.7, which’

BRI :the‘ ,exp]icit matrix form of the .effective elgenvalue problem‘
Consnder now the slow tlme evolutlon equatlon correspon— ERRaa
j «d|ng to the Haml]tonlan H: '

tah&&(t r)/at He(t,7) . (8)“

rf_Accordlng to the well-known adlabatlc hypothesns [} the in- S

stantaneous” elgenvectors F“(R(r) t) of H depending ‘upon . T via

the parameters - {E,»,¢)=ReR® 1nterpreted .as- cylindrical coordn—”;_} : ,' '
_ J'nates p,z,¢ dlffer only by a ‘phase factor from the exact so]u—
o tlon F, (t 1:) of Eq.8, provided that the initial . condltron is

§%(t,7=0)=F*(R(0),1) .

: To evaluate* this - factor Berry's approach [1] has been applled
. [22) to- Eq.8,  t being considered as an additional coordlnate e
‘and T as the evolution time. The corresponding'adiabatic“solu—' L
‘tion" of - qu may be -easily recovered from g% (t, 1:) by equatlngf'

. r/e and tin the final expressrons ' : LT o

Fo-tey "’(9)_5

v (t) -4 A&(R) dR-—ImJ" dR «F“(R)IV F“(R)» (11)

, .’whlch "a sralghtforward generalrzatlon of } the-‘ orlgmal e
P ,Berrys ‘formu]a [1] ~A more sophlstlcated approach - is shown . to-
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e tely follows that

be necessary [22] to derlve the correct expressron for the dy—
namlcal phase in Eq.10. The. term proportlonal to tw arises due - )
to -the: change of the Fourier basls itself resuftlng from ‘the .

~adiabatic variation of w.
The flrst kind gauge transformatlon :
F% > FlexplivR) (12)

a]lowed by - the -eigenvalue equation  (4), generates the second- j

kll’ld gauge transformation L -
A% > A% VRu"‘(R) ' (13)

,_‘Of.- the “connection form” or “vector potential” A% defined by
Eq. (11) The - arbitrary phase u.(R) of the lnstantaneous elgen—

state is to be a single-valued function of R

Making use of the Fourier decomposntlon (6) and the defrnl— L

tlon n,. one easily gets ‘ z

A‘I(R)=~lm2: AN :N (n/w)@ Z lAnN' - i (14) :

és bemg the unit. vector of the w axrs in the. parameter space:
R’ For the cycllc evolutlon through a closed loop C in [R“ theA

~ global phase is
e 7 C)= <§ A“ -dR —J’(rotAa dS) ,, o s)
the gauge phase u (R) being unrelevant herein. L

Eor_ loops lying in the (wE‘) plane ‘the exterlor derlvatlve '
of . A -in -~ Eq.(15) vanishes - identically. Thus, similar -to the "'~
, two level “case,  the variation of -.the field phase- ¢ remains to gl L
t:s ‘a necessary condltron -for’ the non- trlv1a1 geometrical phase : G

“to. arise: : , ' e

Now let the phase ¢ be the only varlable parameter By .

lmeans of a snm[&le unitary tl\ransformatlon
@ o .
A%\ A% e N o (8) -

# may be removed fl'Om Eq.(7), thus making them to be mdepen— |
1mmedla— '<

dent of the adiabatic evolutlon tlme From Eq (14)

L8 (t) [#(t)- ¢(0)]22 NIA I ~[u* (t) p (0)] (17)

,where the coefflclents A%N are the solutlons of Eq7 w1th ¢ set

toﬂ ‘be . zero." Arbitrary - phases p% . are included into 2% “to make
~our results - comparable with' those of . Ref.18.  For  the cyelic

u“(tc).-u‘»x(O):O, and the  final expres—

- evolution - ¢(t.)-¢(0)- 2,

i N

A
SN L

ous eigenvalue equatlons

3 [w —n“+N(w+Aw)]A N+ E yz [v Ak N+]+ v
. may be solved using . the, perturbatlon theory.(.'::The first- order' :
s correctlon to. the quasnenergy & is '

'Smce the perturbatlon ’i

B ;'-‘s1on tor the Berry s phase takes the form 7

2= 2n2NNIAnNt R RUR

ThlS is 'a multi-level generallzatlon of the formula derlved

- Ref 18. More details- concerning the  two-level system in- the- ',
rotating-wave approximation will be’ dlscussed in Sec:2. < S

Since the phase and the frequency . of the field are not

: l‘ndependent one can’ formally derive Eq.(18) from “the dynamical
"part of the adiabatic ‘phase - (see- also - Berry [30)). For. example,:
- the adlabatlc variation- of the  field phase. may “be attrlbuted to

a frequency shift. Aw(t): _
#(1)-9(0)= I[Aw(t)ﬂ\uxt)t]dt a9

“In . the adlabatlc hmlt Aw must tend to ero ,’ the evolution’l'

tlme t being 1nf|n1tely long The corrected set of mstantanei.

Aﬁ.N~ﬂ=d @

it “follows that the dynamical phase’'may be expressed as:

—_rdt(o“+An“+tAwaAn“/aAw)—-n“t+[¢(t) ¢(0)]z N |AnN| (22)

‘i “in: whlch the first term is a common dynamlcal phase and the second
o reproduces ‘the Berry- phase (18) - o
+ evolution; when [#(t)- -¢(0)]=27.. S

case, of the cychc

Now we' make use of - Eqs(6), (11) o evaluate"y E Théh

frequencles of the Founer ‘harmonics - in ‘Eq.(6) ‘and’'the avera~f"7'
‘glng perlod in Eq (1) are affected ‘by ‘Aw;--but “the - “coefficients

AZ are Aw—mdependent up fo the - flrst ‘order:: of approx1matlon

Hence both_ the derlvatlves and the 1ntegral in’ Eq (fl) may be,’f "

expressed exphcrtly S BHE Y v .

B lm(mz NIAZ! nt&*NA nMM/(M N)}1n|(w+Aw(t))/(w+Aw(0))|

ln the adrabatlc hmlt Aw » 0 and ara tends to zZero.

Although the additional phase is now derlved -a f’dyn\ami?;_

3

dlagonal ~thea Ilrst order . correctlon 'f :
“‘to. the coefficients AmN is  zero.. From- Eqs.(10), - (19) and (21)»»,’ B



“cal” manner,

, " Hamiltonian H

o Hon, H-» H+V giving rise to- the new basic set ,

(10). The general solutlon of * the Schroedinger equatlon (l) is_‘
a linear combination of these states : :

| Llet the field - phase ¢ be slowly varying,

_nic of the driving field [26-28].
: rotatlng—wave approxrmatlon (RWA) is widely used - [26 27
thls approximation makes - it possible ~-
‘ to attribute a single Fourier ‘harmonic exp(tN 01 to each state - -
Hence - the reduced notatlon.f'"*w

- applied to: QES formalism,

Hamlltonlan in ‘the parameter space

’V 2. Population oscillations in a multi—level system

Gonslder an ‘atom prepared in an elgenstate 2
At t=0 - the - periodical fleld is suddenly sw1ched
of states

W)= ZCadv"(t) - (3

the coefflclents Ca being t1me~mdependent in the adlabatlc ll—.

et whlch follows 1mmed1ately from Egs. (10) and (6). R M T
The probability for the atom to- be found in its initial
the n'th -

of the field being fixed.  Eqgs. (23).

sible to €xpress W

problem (7)
_|zN ct AaNexp( tﬂ“twa +¢Nwt)l o (28)

where “the geometrlcal phase 7
arbltrary phase u% set to be zero. ‘ :
~In non-llnear spectroscopy 1t 1s common to treat atoms and

molecules as - having only a finite. number of energy levels, each‘*

transition frequency .being . nearly resonant to - a certaln harmo—A

mil ‘the decomposrtron (6) [26,28]

“,_6-

» Uit does not”really ‘depend' "u'pon' the e\iolutlton' rate
‘and is determlned only by the contour passed by the effectlve‘ =

the other parameters
(10) and (6) make it pos- e
in terms of the solutlons of’ the elgenvalues' R

-is given by Eq. (17) w1th the

‘In such systems: the so called *
Being

of -its own . .

~ mit. -To satisfy the initial condition ¥(t=0)=¢, the - coefflcl—'_
_ents Cy must be chosen such that ‘ S
§C §ANm am oo @28 f

fstate rpnlw(O) at the time t, or the populatlon of
energy' level, - is . expressed  via - the = scalar product B B
: Wp=l<g, 19t | @) - T i

DL i

R T
. eo—

jg\level _exhibits a complex oscillation which
'_”of harmonlcs Each of these harmonics has the frequency P8 of»‘
oia transrtlon between two QES. Since in a two—level atom 921
_a generalized .Rabi frequency, it

- harmonics.: The Berry's phase - contributes to the .
proportional to the driving field phase 1n—i«.l" |
‘.;gcrement 8¢. The proportionality coefficients between &8¢ and the - . -
fBerrys phase depend upon the amplltude and the frequency of =7 ¢
the strengths and the frequencnes of atomic transn—;g

‘“‘feach Rabi harmonic,

L the field,
;tlons L

f»jconsrder a two-level atom.

kg,t\'vThe solutlons of (29) are [26] :

L where a—w—wz '

e

.“may be lntroduced and Eq. (26) takes the s:mpllfled form

-2|A“|4+2z SRR 1B Zcosi Bt w“ﬁ(m e

Q"‘B—n“—:ﬁ : (27) .
“B—wa-arﬁ—z N mCIAR 2 IABI x¢(t) 90)) .

Here we made use of Eq: (24) and of the orthonormalrty relatlons

| | | L AL Apdim s
. following  from -the Hermltlan propertles .of  the effectlve"
- 'Hamiltonian. « . . U
"Eqs.(27) show that the popUlation of the initial

is a’ superposrtlon

to call ’
phase shift  of

is natural

To,compare' our - results with "those of

-—1 [26] so that Eqs.(7) take the form .
Ev‘*’Al 2+(w - 2)A1 2. @

G 020 -8/2t0 /2 5 (30)
A1~cosﬂe‘”1 Al——smﬂe‘”l Az—sln'be‘"'z Az—cosﬁe‘"'z , (31)

1mmed1ate1y follows

energy’, i

them Rabn"_ o

Ref.18, ‘let us .
In the- ' RWA one may choose N,=0, '~

is the fre uency ~detuning ; 820 .-is assumed forf o
" unambi ity; nﬂ~(62+4V2) 2 is. the. generalrzed Rabi frequency;

o V-IEV(" | is the Rabi. frequency, tan20=2V/3; Os%n/‘t Now from ‘

: ,-Eqs (17) (31) the expression of o ,



@ of the second ergenvector |
‘ tlon that u “must be a.single- valued functron of R, .since- ¢ is

o generate> a gauge transformatron of the second kind

q (t)*~51n ﬂui’(t) ¢(0)) (u (t)- L~ (0))
¥ (t)—~COS 'b‘(¢(t) -$(0)- (W2(1)-#2(0)).

jfexpressron of Ref. 18, in which +sm219 stands for
’error of Ref.18 is that ¢ is included into the arbitrary phase- ‘
This -is forbidden by -the condi-.

'a cychc coordinate in RY: o

» This - error, however does - not

for the initial energy level populatron

e Wl(t) cos4ﬂ+srn419+2coszﬂslnz'&cocmﬂt Zcos28(¢(t)-¢(0N]- (33)
Slmrtar expressron fol[ows from our Eqs (27) (30) (32)

affect the frnal

: 3 Wrtczek Zee factors for degenerate QES

The degeneracy of QES may be accidental as well as- caused~ o
,A" by the resrdual degeneracy of the original * energy-- levels of the
T bare atom In” any of these cases an addltlonal quantUm number @

appears, 'S0 that

HF%¢- hn"‘F“a (34)

v Now ‘the’ vector potentral (14) must be - replaced by the gauge

’ erczek~Zee potentra] [2 4]

* b* . R
A%, =-ImY AR v -(n/w)@ I NAGEI ARG . (35)

Lmear transformatlon of the mstantaneous ergenvectors

S OR Thab AN (36) -

(A% A _(AAPATY) b+((v MY - GD

Accordlng to - [2, 4] the . relation -

evolvrng state “and - the correspondmg
now may be expressed as’

w"‘“(t) EU“ F“”(R(t) t)exp(—:jdt[Qa(R)+tuﬁﬂ“/aw]} (38)

between
1nstantaneousl

‘ In thls generahzatron of Eq (10) the dynamncal phase s not
it” depends “only upon Q“ and» :
now :

aftected by . the’ degeneracy since

Cits derrvatrve_' Berrys phase “factor cxp(qa(l)) rq

5

~(3k2') = '— o

o

expresston»

the  adiabatically
ergenvector ‘

P

x‘wrth ¢ set to be zero,

repIaced by the non- Abehan erczek—Zee tactor Uab'r whrch obeys_"“
the equatlon ) : :

| ab_:):u R (39) ¢
i ,E and.- w are constant, the freld phase )] may be treated m_

:_'_t_he same way as in the -non-degenerate: case.  The- explicit
differentiation with

respect fo ¢ in Eq.(35) brings Eq.(39) to =
the form. - .
| | (d/d¢)UGb"EUachb ; o (40)
o :'): {\Agfl\)}‘AnN S (41) |
As rn' Sect ‘the "~ coefflcrents AaN are ‘the solutions of Eqs(7)‘~«,

correspondrng to an ergenvalue Qa whrch :
rs however degenerate in the present consideration.
By means of the Euler substrtutron

| | Ugyyfexplixsd), S¢=#(h-4(0). - (42) g
EQS (40) -are reduced to-the ergenvalue problem RN B RO
| - UBpe- K%ayc T P )

“Denote‘ the ergenvalues of the matnx Ba and

components by rcd and ycd , respectrve]y The . general: solution : '
of Eqs (40) is a- superposrtron of- the basic so]utlons
b , i Ua 5 Cd ybd exp(ucd 6¢) (44)
Makmg use of the

e initial condltron ab(o) 6ab one. fmally
gets - :

| . | ‘ ab 5 yad ybd eXp(le 6¢) (45)
. If, due to “the favorable choice of ‘the  basis, the matrix B% -

appears to be dragonal its normahzed‘ ~eigenvectors  being =
. yad ’aad ; then . ST TR

e : , Uab—éabexp(uc 3¢);

%=L NJAZE |2
ke each @ COmponent of the degenerate QES acqu1res _its ,ownﬂ't

Berrys phase ~In general _ Bars non- dragonal
deal wrth the non- Abelran phase factor (45)..

’ - The _calculation of the level
that of Sec_2 Comparement -of

and we are ‘to.

pulatron Vis
Egs.(10) - and’ (38)

‘analogous' to.
shows that ,‘

9

its exgenvector,



: Eq (26) 1s to be replaced by ,

| J W=l z T C“?UabAnN exp(- tﬂatﬂNwt)I o (46);
f'where the coeffrcrents C‘m satisfy the equatrons T :
s c"‘ag AnN =%m - . 4D

’ a,
_whlch fol]ow from the initial condltrons g
Wi=0-F =09, Ugb(t=01-34y

‘Now we restrlct ourselves by considering a finite -number of s 5
‘ ~resonant ‘energy levels in the RWA (see comments to the transition - "I

/ from Eq.(26) to Eq.(27) in Sec.2). Berng transformed to a sum‘
o of real harmonics, Eq.(46) yields

W (0= Wy ()2 zﬁw“‘*mtncosrn“ﬁtm“ﬁw(t))] (48) e

. where no(t) mo“a +2z z DaaDabcos[(xa—xg)dcp(t)] ; (49) a

" ,w“3(¢(t)){ § DaaDBbDacDBdcos[(na ncB~ &5)6¢(t)]} ,(50)
b DﬁQngsin[(ngx bl |

o S‘?aB t))=atan &2 ‘ o (51) ‘
o T e

,The main conc]usron whrch may be drawn from Eqgs.(48)- (52) 1s
~_that in the degenerate case not only- the . phases, but also the; ;

amphtudes “of the .mdrvrdua] -Rabi harmomcs appear't - be

" dependent " upon the ‘field phase 6¢(t) This is an observable;‘

“rmamfestatron of the non—Abellan~ Wilczek-Zee phase ,faetors.
~ Such amplltude mamfestatlons of the geometrlcal pha.:ses.:were

S prevrously mentioned * as typlcal “for degenerate systems" by,"
‘Segert [31] in connectron with the problem of the 70ptica1t~

.’ pumping of -atoms in an external magnetlc freld

" Our next - studies are to -deal ‘with the geometrical phasea

in damped ‘driven multi-level systems For a  two-level damped

driven - atom successfu] approaches to this problem - were reahzedr‘

" in Refs. 19 32. More compllcated paths in_ the parameter space

'mvolvmg srmultaneous .variations of the frequency, hase and'7~

’ ‘amphtude of the fleld are also to be considered.

The authors are gratefu] to SKPotapov for the long—tlme,;h,;;
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-~ collaboration " in theoretical 'stu‘dres of QES and- - to ‘professor-'*
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Repbos B.Ml., Mapkoscku B.JT., Bummukwi C.M. . . E4-92-127
. FeomeTpuueckue daas ANA KB33NIHEPT €THUECKUX : ‘ '

_COCTORHHM MHorproBHEBHX KB3HTOBHX cucreu ’

“-Teopua beppu. u ee 0606meHun npuMeHnnTcn Ann onucanun aAuaSaruqecxou :

. 3BONOUUK KBA3MIHEPreTUUECKMUX COCTOAHMM (KSC) MuoroyDoaHeeou KBaHTOBOM

cuctems obuyero 8uAa, . BSaHHOAEMCTBmeeM C WHTEHCUBHHM NONEM H3ﬂyquHﬂ

. KOreDeHTHOM CBeTOBOH BONHW ' ¢ _MefgneHHo MeHHanMMCH napaMeTpaMM ﬂna Bbi~

‘powaeHHsx KIAC HeaGenepuwii oaxrop Bunpueka-3u BUpaxeH 8 TepMiuHax ass HH="

. _TeHcuaHoro B8036yxaanuero nona u Apyrux napaMeTpoB K3C . Bupoxgenue K3C

06ecnequaaer nPoABfieHne reoMeTpuueckux 9as 8 OCUMNNAUMAX  3aceneHHOCTEN ,
npueognmee K 3aBUCHMMOCTM KaK a3, Tak v aunnuryn MHAHBMAyaanNX rapMo-
HMK Pa6u ot daau aosGymAanmero nonAa, o : :

PaGOTa BunonHeHa B: ﬂaGopaTopuu TeopeTuqecxou musnxu OHHH

i

’ Lo o 8 ' [

- nwmjum O6beAMHEHHONO HHCTHTYTA SICPHEX Hct‘.1e;lbn‘;|uui‘|,"'ﬂy6}'{a~>1992 ;

"adlabatic evolution of - the quasi-energy states (QES

“Derbov V.L., Markovski B.L., Vinitsky S.I. G Eheg2-127

. Geometrical Phases for Quasi ~Energy States S

in HultI-Level -Quantum Systems h

' The Berry"s theory -andits generaltzatlon are ap lled to describe an.
g of a general~type’
.multi-level quantum system driven-by a coherent .light -wave having 'slow

: ~4 varying parameters. For degenerate QES the non-Abelian Wilczek-Zee fac-

‘tor is expressed in terms of the driving field phase and other QES pa- '
‘rameters,-The degeneracy of QES:provides the manlfestatnon of .geometri-

+ cal phases. in population oscillations, leading to the .dependence of
+ both the phases and amplitude of the individual Rabl harmonics upon the

phase of the driving field. -

The investigation has been performed at the Laboratory of Theoretl-”’
-cal: Physics, JINR . ) . : .
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