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·•. lntroduct ion 
The discovery ov Berry's adiabatic phase and its generali

zations and modifications [1-3] stimulated the search for • reta- · 
. tively simple physical systems acqumng geometrical phases 

·· that might be detected experimentally (see e.g. reviews [4, 
. 5)). Clear manifestations of the :geometrical 'phases were revea

led in ' optical poladzation ., experiments [6-10], their classical 
theory [11-13] being developed long before. the seminal Berry's · 

... works .. Klyshko [14] revised the results of Refs.· rG-10] in terms 
ofc quantum optics. Geoinetrfcal phases were demonstrated to 'be 

.,-.,:_". 
present in· quadrupole [15] and magnetic [16, 17] resonance ex-
perlments. 

In recent. theoretical studies [18-21] Berry's phase was 
. predicted for a two-level atom driven by i coh~rent quasi-::

resonan t electric field of a light wave, Slow variations of 
the ,amplitude, frequency and phase of the field may be conside-
. / ' 

red · as an · adiabatic evolution of · the quasi-energy states (QES) 
: [22]. Then · the relevant geometrical phase manifests itself in 
: the phase shift of the Rabi oscillations [18, 19], · in the fre

quency shift of the Rabi_ triplet sidebands [21] or in the chan
ges of the output photon statistics for a degenerate parametric 

,.· amplifier [20]. 
, In this paper we make use of the Berry's theory and its 

.· generalization [22] ·to periodically driven systems to derive 
._·· the geometrical , phases of the QES of a general-type multi-level 

· quantum system; driven by a coherent, light wave having slowly 
varying parameters. Just .as in the ·two-leyel 0 atom [18;~ 19}, the 

. variation of the field phase is' found to be necessary for the . 
/non-trivial geometrical phase to arise. Some errors of Ref. [18l 
,are removed and the· approach exhibited there is revised and ex
tended· to include not only an arbitrary number of energy le-

li\U:.li(wril.al IIK:ilfJT \ 
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vels, but QES degeneracy as well. The non-Abelian· Wilczek-Zee 
factor is expressed in terms of the driving field phase and 
other QES parameters. The degeneracy of. QES complicates the ma_,· 
nifestation of geometrical phases in population oscillations, 
leading to the dependence of both the phase and the amplitude 
of the individual Rabi harmonics upon the phase of - the driving 
field. 

..;. 

1. Berry phase for the quasi..:.energy-states of a multi-level 
syst~m __ -

An atom in an external light field E(t) envoles in time 
according to the Sch'roedinger equatio'n 

(in8/8t + H + V(t))rJ, = HrJ, = 0, - (1) 
- . 0 . 

the potential V being taken in the dipole approximation 

. V(t) = _:_ d•E(t) = yC+>ei¢-iwt+vC->i¢+iwt (2) 

ye~> = - (d·~)E
0

, yC:->= - (d·f')E
0 

. . 

Here' the amplitude E , : frequency w and· phase <P of the light 
. 0 -

field, polarized · along ~ , are considered.· to be adiabatically 
varying in time, i.e. E =E (t), c.>=w(t), ¢=¢(t), all rates being 

. 0 0 . . - . 

of the order of e«1. To the: zeroth approximation in e the·- po-
tential is periodic> V(t)=V(t+T), T=2n/w, and hence the stan- ·· 
dard approach [23-25] based on Floquet theorem yields the· set 
of solutions of Eq. 1, known· as the quasi-energy states (QES): 

iJf=e-igatFa(t) , (3) 

where Fa and dl_satisfy.ttie eigenvalue equation 
HFa=hd1Fa :. (4) 

with periodic boundary conditions .· Fa(t)=Fa(t+ T). The eigenvalue 
problem (4) is to be solved in the exten<!_ed Hilbert space · with 

' the scalar · produ_ct 
. T 

. « I »= i. J< I > dt (5) 
·o 

Now following 
using the complete 
miltonian ·f\: 

[26] we expand Fa(t) ·in a Fourier series 
set of eigenfunctions {rpm} of the bare Ha-

Horpm=Emrpm 
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The "expansion involves a ·set of the Fourier 
·- Fa(t)=nI: I: A~N rp~e'Nw~ 

IX •. 
coefficients ANm -

(6) 
. m H 

for which the following set of ,equations is to be satisfied _ 

( . ...a. N Aa E. r, .[V c +l 19A" . V c -> -iq,Aa . ] 0 .(7) 
_wm-u·+ w) mN + K mk e k,N+l+ mk e k,N-1 = · 

Here E=E d /h is the field amplitude in frequency units, 
V~j/=-h(d;\)mk/d0,v~t=-h(d·~*>m✓d0, d

0 
being the average 

transition dipole moment. Note that since we deal with high- . 
_ freque~cy resonances, the integrals expressing A~N in terms of 
. the solution ,JJ may be extended up to the natural interval 
we(-oo,+c.o). The quasi-energies nrP by· definition are the sol~-
tions of the secular equation, corresponding to Eq. 7, .which · is · 
the .explicit matrix form of the effective eigenvalue problem 
(4). 

Consider now_ the slow time evolution · equation correspon-:: 
ding to the Hamiltonian H: 

_ ieh8t;(t;r)/8t=Ht;(t;r). _ (8) 
According to the well-known adiabatic hypothesis [1] the in
stantaneous : eigenvectors F11(R(T), t) of H depending upon T via 
the parameters .. {£,w,¢}=Re1R3 ·interpreted as cylindrical coordi..:. · 
nates p,z,ef,, differ only by a phase· fact~r from the exact solu
tion t;a(t,T) of Eq.8, provided that the initial condition is 

t;tl(t, T=0)=F11(R(O), t) . . 
_ To , evaluate this factor Berry's approach .. [1] has been applied 

[22] to : Eq.8, t being considered as an additional coordinate 
· and T as the evolution time. The corresponding adiabatic solu

. - ,Hon of Eq.1 may be easily recovered from t;a(t,T) by equating 
T/e and t in the final expressions: 

1/f(t)=~(t,et) , (9) 
which yields [22]: 

. . - . t - - . 
..... ' i/f(t)=F11(R(t), t)exp{-iJdt[ga(R)+twagtl /8w]+i7a(t)},, (10) 

. 0 . ·. ' . 

The geometrical phase ,tl(t) is given by the expression 
·. · R(tct R(t) ·· 
. 111(t)=J A (R)•d.R:::-lmJ d.R•<Fa(R) IVRF11(R):s> · . (11) 

· R(O) R (0) . 

. which . is a sraightforward generalization · of the original 
.Berry's •formula [1]. A more sophisticated approach is shown • to 
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be _ necessary [22] to derive the correct expression for the· dy:.. 
_namical phase in Eq.10. The. term proportional to tw arises due 
to the change of the Fourier basis itself resulting from the 
adiabatic variation of w. 

The first-kind gauge transformation · 
. Fa ➔ Faexp(iµ.a(R)) (12) 
allowed by the eigenvalue equation (4), generates the second.,. .. ·· 
kind gauge transformation 

_ Aa ➔ Aa.-:'ilrfa.(RJ (13) 
of the "connection form" or "vector potential" Aa., defined by 
Eq.(11). The arbitrary phase µ.a.(R) of the instantaneous eigen- · 
state is to be a single-valued function of R. 

Making use of the Fourier decomposition (6) and the defini
tion (11), one easily gets 

'a. a.* a. . A a 2 
A (RJ=-lml: AnN"rlnN-(n/w)e l: IAnN I N , (14) 

nN . , nN 
~ being the_ unit vector of __ the w axis in the parameter space 
IR3

. For th~ cyclic evolution through a closed loop C (n- iR3 the 
global. phase is 

. ra.(C)=-<f Aa.~dR ~J(rotAa.· dS) . (15) 
C S . 

the gauge phase iP(RJ being unrelevant herein. 
For loops lying in the. (w,£) plane the exterior derivative 

of. Aa in Eq.(15) vanishes identically. Thus, similar -to the . . 

two-level. case, the variation of ,the field phase. ¢ remains to 
be ·a necessary. condition for the non-trivial geometrical phase 
to. arise;_ . 

Now let t'he' phase ¢ be the only variable parameter .. By 
•mean~ of a simple unitary transformation, -

Aa. ➔ Aa. e-iN¢ (16) -
nN nN . 

. ¢ may be remo_ved from Eq.(7), thus making them to be indepen-
dent of the adiabatic evolution time. ·From Eq.(14). it immedia- · 
tely follows that, · 

ra(t}=[¢(t_)--:¢(0)]}:E ~ IA~N 12-:[µ.a(tf-µ.a.(O)] , (17) 
· ·. · .· nN · · · . . · 

where the co_efficients A~N are the sol~tions of Eq. 7 with ¢ set 
to 15e zero.· Arbitrary· phases µ.a. . are. included into 0a. ··to make 
ou·r results comparable with those of. Ref.18. For the cyclic 
evolution ¢(t~f..¢(0)=2n, µa(lcl· µa(0)"'-0, and the final expres-

,1-. 

l ,, 
i l ~ 

j( 

J\ 
i 
1 

;I;, 

i 
l 
j 
! 

. sion for the Berry's phase takes the form 
·l\t)=27l~NNIA~Nl

2
. - (18). 

This is a multi-level generalization of the formula derived in 
Ref.18. More details concerning the two-level system in the· 
rotating-wave approximation will be "discussed in Sec.2. ·-

Since the phase and the frequency of the field are not 
independent, one can formally derive Eq.(18) from the dynamical 
part of the adiabatic phase (see also Berry [30]). For example, -
the adiabatic variation of the field phase. may be attributed to 

a frequency shift Aw(t): 
t • 

¢(1)--,-¢(0)=-J[llc,;(t)+Aw(t)t]dt. (19) 
. 0 

In the adiabatic limit llw must tend to zero , the evolution· 
time t being infinitely long.· The corrected set of instantane.:.. 

ous eigenvalue equations 

[wm-if+N(w+.t\w)]A~N + E ~ [V ~j/AtN+1+ V ~1/ AtN-l]=O . (20) 

,may be solved using the perturbation_ theory. _The_ first-order· 

correct ion to the quasi energy rf. is · · · · a · 2 (21) _ 
. · . - Aif=llwf,NN IAnN I . 
. n 
Since the perturbation is diagonai, the iirst-order correction 
:to the coefficients A~N is zero. From Eqs.(10), (19) and (21) 
it· follows that the dynamical phase .may be expressed as · 

_ ~ £<lt(if~bif +tlli.uAif/aAw)=-ift+[,p(t):_1p(O)]~NN fA~N I 
2 

: (22) · 

in which the first term is a common dynamical phase· and· the 
reproduces the . Berry phase· (18) in · case . of the cyclic· 

evo1L1tion, when [,t,(t)-¢(0)]=2n .. 
Now we' make use of . Eqs.(6), ·· (11) to evaluate ·l1.. The 

frequencies of the Fourier harmonics in Eq.(6) and . the -avera
ging 'period fn Eq.(11) are aff_ected · by t.w; ·.but· the coefficients 
A~N are. fl(J)-inde~ndent up to the first order·. of ,approximation. 
Hence both. __ the derivative? and· the integral in Eq.(11) may be 

expressed explicitly: 

·a-a~-~m{in~NN IA~N 12~.M1:NA~~A~MM/(M-:N)}l~ l(~A~t))/(Cc>+t.Ct>(O)) 1- . 
In the adiab":tic limit. llw. ➔ 0 and- a-a tends to zero. .. . . _ .... 
· , Although the additional phase is now derived in .. a "dynami--,-

, • 4 ' • ' • • ' 
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· cal" manner, it does not ~eally. depend · upon the. evolution rate 
and is determined only by the contour passed by the effective 
Hamiltonian in the parameter space. 

2. Population oscillations )n a multi-level· system 

Consider an atom prepared in an eigensta_te qin of -its own 
Hamiltonian H . At t=0 the· periodical field· is suddenly 'swiched 

0 • ' , 

on, H ➔ H +V, giving rise to the new basic set of states 
0 0 . . · 

(10). The general solution of· the Schroedinger equation (1) is 
a linear combination of these states 

r/1(, t )= rr:,'1-,JP( t) (23) 

• ~he coefficients eta being time-independent in the adiabatic li-
mit. To satisfy the initial. co_ndition iJ,(t=0)=qin the · coeffici-

.. en ts C~ must be chosen such that 
.. ~a ~Aa o . 

·· ·· ... Li'·"n Nm = nm • -. a . 
(24) 

. which follows immediately from Eqs.(10) and (6). 
The probability_ for the atom to be found in its initial 

state qin':'ij,(0) at the t-ime t, or the population of the n'th . 
energy level, is expressed via the scalar product 

Wn=l<q,nliJ,(t)>l 2 (25) 
Let the field · phase ,J, be slowly varying, the other parameters 
of the field being fixed .. Eqs.(23), (10) and_ (6) make it p<>s
sible to express Wn in terms of the solutions of the eigenvalue 
problem (7): .. 

Wn=I.E C~ A~Nexp(-irft+i;ra+iNwt)l 2 ,- (26) 
a,N a 

where the geometrical phase 'l is given by Eq.(17) with ttie 
arbitrary phase µ.a. set to be zero. 

In non-linear spectroscopy H is common to treat atoms and 
molecules as having only a finite. number of energy levels, each' 
transition frequency being nearly resonant to· a certain_ harmo
nic of the driving field [26-28]. In such systems: the so.:..citled · 
rotating-wave approximation (RWA) is widely used [26,27]. Being 
applied to. QES formalism, this approximation makes it possible ' 
to attribute a single Fourier harmonic exp(iN wt) to each state· . m . 
cpmin the decomposition (6) [26,28]. Hence the reduced notation ' 

6 
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:l 
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'' 

Aa =Aa· 
mNm. m 

IT!ay be introduced, and Eq.(26) takes the simplified form: 

Wn=.EIA~ 14+2,E IA~ 12 IA~ l2cos[~t-7al3(t)] 
a . a<{3. . . . 

, 

rf-/3-rf-_rf,. - , (27) 

;ral3=;ra_,,(3= .E Nm( IA~ 12- IA~ 12)(,p(t)-¢{0)) . 
m . , . 

Here we made use of Eq.(24) and of the orthonormality relations 

following from the 
Hamiltonian. 

·a• a. 
.E An Am=0nm 
a 

Hermitian . properties _ of 

(28). 

the effective 

Eqs:(27) show that the population of the initial energy 
level . exhibits a complex oscillation which )s a superposition 
of harmonics. Each of these harmonics has the frequency rfXf3 ·· of 

'a transiHon between two QES. Since in a two-level atom rf1 is 
a · generalized . Rabi frequency, it is natural to · call them Rabi 
harmonics .. The Berry's phase contributes to the phase shift of 
each Rabi harmonic, proportional to the driving field phase in-· 

• ~rement 0¢. The proportionality coefficients between o,J, and the -~ ( . - -

Berry's · phase .. depend upon the amplitude and . the frequency oi · 
the field, the _strengths and the frequencies of atomic transi-
t ions. 

To compare our results with those of Ref .18, let us 
· consider a two-level atom. In the- RWA one may choose Nl=0, 

N
2
=-1 [26] so that Eqs.(7) take the form . . 

( w _01.2)A1,2 +EV<->A1,2 =0 . 
1 1 12 2 ' 

EV<•> A1·2+(w -w-Q1•2)A1•2=0 21 1 2 2 . 
.. 

-~ The solutions of (29) are [26].: 

. -· (29}' -

) 
,! . , 01

• 
2 =CA\-o/2±QR/2 ; (30) .. 

;:. A!=c~stJe111-1; A~=-sintJe111-1; A~=sint>e 1~; ~=eo~tJei~ , (31) 
ii • where o=w--w21 is the. freJuency _ detuning ; o~ ._- is assumed for. 

·_,_!_] u. nambi~it•. y; . ~=(o
2
+4V

2
).
1 2 

is the. gen.er~ized Rabi frequency; 
':il · V= IEV~2> I is the Rabi frequency; tan21':=2V/o; _ 0~n/4. Now from 

·_-
1
[( - · ,Eqs. (17),(31) the expression of ;ra immediately follows: 

. f' 
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. ;r1(t)=-:-S i n21}(¢(t)-¢(0))-(µ1(t)-µ1(0)); 
;r2(t)='--COS 2-B( <p(t)-¢(0))-(µ2

( t)~µ2(0)}. . (
32

) 

The· second of these expressions differs from the corresponding 
- expression of Ref.18, in which +sin2-0 stands for · -cos

2
-0. The 

error. of Ref.18 is that <f, is included in to the arbitrary phase 
µ2 of the second eigenvector. This is forbidden by the condi
tion that µ'I.· must· be a single-valued function of R, since <f, is· 

· a cyclic coordinate ·in IR3
: 

. This error, however, does · not affect the final expression 

for the initial energy level population: 
w 1 (t)=cos4-&+si n 4-0+2cos2-0Si n 2-0Cos[~ t :::'cos2-B( <ti( t)-¢(0))]. (33) . 

Similar expression follows from our Eqs.(27),(30)-(32). · 

3. Witczek-Zee factors for degenerate QES 

The degeneracy of QES may be accidental as well as caused
by th·e residual degeneracy of Hie original energy levels· of the 
bare at~m. In. any ·of these cases an additional quantum number a 

appears; so that 
·· HFaa=ndXFaa. (34) 

Now the .vector potential· (14) -· must be replaced by the gauge 
. . . . -

Wilczek-Zee potential [2,4] _ 

A~b=-lm}: A~~* VRA~~ -(n/w)~ I: NA~~* A~~ (35) 
nN nN 

Lin-ear transformation of the instantaneous eigenvectors 

(A-~~)'=rabA~~-. (36) 

_ generates a gauge transformation of the second kind 

(AC(· ''=(MO.A-:1) +((V A)A- 1
) (37) 

al>' ab R . ab 

_ According- to [2,4] : the relation between the adiabatically 
evolving - state and the corresponding instantaneous eigenvector 

now may _ be expressed as· _ -, · 

........ · .. ,'/"'( t )a r~bFCW(R( t)'. t )exp{-i!j t[d'(~• t"'1if' /a~]) .. (38) . 

In. this. generalization. of Eq.(10) the dynamical phase . is not 
affected by ~he degeneracy' since it · depends 

3
only upon dX ·and 

its derivative.· .. Berry's phase factor;. cxp(ir"(t}) iS now ' - .',-.'. 

u. 

replace_d by the non-Abelian Wilczek-Zee_ factor U~b• whi;h obeys 
the equation 

·a. a a -1.· 
Uab=tEUacAcb' I(. • 

C 
(39) 

If ,£ and- w are constant, the field phase <f, may be treated in __ 
the same way as in the non-degenerate case. The explicit 
differentiation with respect fo <f, in Eq.(35) brings Eq.(39} · to 

/ the form 

(dldcP}U~b=iEU~cB~b ; 
C . 

Ba -~ 'Aab• ac 
cb-=L.. N nN AnN 

nN -

(40} 

' (41) 

As· _in Sec.1, the coefficients A~~ · are the sol~tions of Eqs.(7) 
t with ¢ set to be zero, corresponding . to an eigenvalue dX, which 

is, however, degenerate in the present consideration. 
By means 9f the Euler substitution 

u~b~ybexp(iicocP), ocP=¢Ct}-cP(O} . (42) 
Eqs.(40) are reduced to the eigenvalue problem 

a• a · · 
D:Bbc-ic0bc)Y c=O (43}. 
C . 

· Denote the eigenvalues of the matrix Ba* and its eigenvector 
components by ~d and y~d ' resp~ctively. The general solution 
of Eqs.(40} is a superposition of- the basic solutions: 

(44} ~~b= -~ Cd Ybd exp(iicd o<f,} . . 

_ Making use of the initial condi_tion U~b(O)=oab · one finally. 
gets 

ua r. a* a a ~b=d Yad Ybd .exp(iicd 0¢}. (45} 

If, due · to the favorable choice of the basis, the matrix Ba 

appears' to be diagonal, its normalized eigenvectors . being a . . 
Yad =oad , then 

U~b=o abexp(ix:~ocP}; 

X:a=E N IAaa 12 , 
a nN nN 

i.e. · each a:::..componen_t of the degenerate QES acquires its own 
Berry's phase ... In genera,, Bais non:_diagonal · and we are to. 

. deal with the non-Abelian phase factor (45}. 
The calculation ~f the level population · is analogous to 

that of Sec.2. Comparemerit - of Eqs.{10) - and (38) shows that 
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Eq,(26) is to be replaced by 

· ~n= I l: · l: ·c~au~bA~~ exp(-in'lt+iNwt) 1
2 

· (46) 
· a,N a,baa 

where the coefficients en satisfy the equations 
~ aa aa · 
'-' en J. AmN =0nm • (47.) 

a,a 1'J · 
which follow from the initial conditions 

,Xt=O}=l: c~aitfa(t=0}=rpn ; U~b(t=0)=oab 
a,a 

Now · we restrict ourselves by . considering a finite · number of _ 
resonant energy levels in the RWA (see co'mments to the transition 
from · Eq.(26} to Eq.(27) in Sec.2). Being transformed to a sum 

of real harmonics, Eq.(46) yields , . 
W n(t)=W n

0
(¢(t))+2 L w~/3(¢(t))cos[d1f3t+t~l3(¢(t))] , (48) 

a</3 
where Wn

0
(t)=Ll:(Dnaa)2+2L t . DanllDanbcos[(x:aa-:x:i)o¢(t)] ; (49) 

aa ·· a a<b. · · 

~/3(¢(t))={ 1. Daao/3boaco/3dcos[(x:a -~b/3 _x:a +x:f3d)o¢(t)J}
1

~ (50) 
n . a,o,c,d n n n . n a . C . . . 

l: D~aD~bsin[(x:~-K~)o<P(t)] 
~a(3(¢(t))=atan a,b · · . . ; (51) 

n l: Daaoa6cos[(ica-,c'3)o¢(t)] · 
a,b n ~ .. a b _ 

0 aa=>. Aab•y· a• ya Aac=0aa• · ·- (52) 
n_ o,c n ba ca n n · · ... 

· The main conclusion which may be drawn from Eqs.(48)-(52) is 
. that in the degenerate case not only the phases, but also. the 

amplitudes · of the i~dividual Rabi . harmonics appear · to · be 
dependent upon the field phase ~¢Ct). This is an observable 
manifestation · of the non...:Abelian· Wilczek-Zee phase factors. 
Such · amplitude manifestations · of the geometrical phases. were 
previously mentioned as typical · for degenerate systems · by 
Segert (31] in connection with the problem of the optical 

· pumping of atoms in an external magnetic field. 
Our next studies are to deal with the geometrical phases 

'in damped driven multi-level systems. For a two-level damped 
driven_ atom successful approaches to this problem were realized 
in -• Refs.19,32. More complicated paths _in_ the paran1eter space, 
involving simultaneous variations of the frequency, · phase and 
amplitude of the field, are also to be considered. 

The authors are grateful to S.K:Potapov for the long-time 
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collaboration in theoretical studies of QES and to professor 
D. N. Klyshko for the fruitful discussion . 
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. reOMeTpH4eCKHe ¢a3bl AnA KBa3H3HepreTH4eCKHX 

.COCTOAHHH MHoroypOBHeBblX KDaHTOBblX CHCTeM 

Eli-92-127 . 

TeopHA 6eppH H ee. o606111eHHA 'nPHMeHAKJTCA AnA onHCaHHA aAHa6aTH4eCKOH 
:rnornOI\HH KBa3H3HepreTH4eCKHX COCTOAHHH (K3C) MHoroypoeHeBoH KBaHTOBOH · 
cHcTeMbl 06111ero BHAa, e3aHMOAei1cTBYIOUlei1 c HHTeHCHBHblM noneM H3ny4eHHA 
KorepeHTHOH ceeToeoH eonHbl c MeAneHHo MeHAIJUIHMHcA·napaMeTpaMH.' tlnA Bbl
P0>1<AeHHblX_K3C Hea6eneBblH <!)aKTOp BHnb4eKa-3H Bblpa>KeH B TepM11Hax ¢a3bl HH
TeHCHBHoro B036Y>1<Aa10U1ero nonA H APYrHX napaMeTpoe' K3C. Bb!PO>KAeHHe K3C 
06ecne4HeaeT npoAeneHHe reoMeTpH4eCKHx ¢a3 a oc11HnnAI\HAX 3aceneHHocTei1, 
npHBOAAlllee K 3aBHCHMOCTH KaK ¢a3, TaK H aMnnHTYA HHAHBHAYanbHblX rapMo-
HHK Pa6H OT ¢a3bl e,o36Y>KAa1001ero nonA. · · . 

Pa6oTa BblnOnHeHa a fla6opaTOPHH TeopeTH4eCKOH ¢H3HKH OHRH • 

npenpHHT 00bC)lHHeHHOro HHCTilTYTa llllCPHblX HCC.1e.'.IOBaHHil.'_D.y6Ha' 1992 

'oerbov V.L., Mar,ovski B.L:, Vlnltsky S.I. Eli-92-127 
Geometrical Phases for Quasi-Energy States 
in Multl~Level Quantum Systems 

I_ ·' 

The Berry's theory and Its generalization are applied to describe an 
adiabatic evolu~ion of the quasi-energy states (QES} of a general-type 

.multi-level quantum system driven-by a coherent light wave having slow 
varying parameters: ~or degenerate QES the non-Abel Ian Wi Jezek-Zee fac
tor Is expressed In terms of the driving field phase and other QES pa
rameters, The degeneracy of QES"provldes the manifestation of geometri
cal phases In population oscillations, leading to the dependence of 
both the phases and amplitude of the individual Rabi harmonics upon the 
phase of the driving field. . 

The Invest I gat Ion has been pe~formed at· the Laboratory of Theoret l'-
ca J. Physics; JINR. · 
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