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1 Introduction 

The· distorted wave methods ( we use this terminology for different versions of the dis­
torted wave Born appr~ximation, coupled ch,annel methods, etc.) have been very useful 
for the description aud interpret~tiou of elastic, inelastic and direct reaction experimen;; ·• 

' ,, tal data ~t low projectile euergie~. : The elastic scattering data in such methods play ' 
· in some sense an auxiliary role to establish the parameters of the optical potential. 
Further the distorted waves, calculated with the best fitted optical model pa.rame-

. ters, are incorporated for the calculations of the corresponding amplitudes for different 
processes. Therefore the .interplay between the elastic scattering and different direct 
processes in such calculations is. hidden. It is well known that the reactions depend not · 
only on the nucleus-nucleus potential which determines the relative motions, but also 
on' the reaction 'form.fact.ors. This means that the structure of amplitudes for elastic 
scattering and inelastic scattering are nonidentical. ' 

With increasing the projectile energies the theoretical treatment of strongly cou~ 
pled collective states can be simplified because the energy of the collective states is 
small as compared with the incident projectile energy. This giv~s strong arguments for 
applying_ the adiabatic approximation 'at intermediate energies .. Drozdov [lJ and Iri­
opin [2] introduced the adiabatic approximation'for the inelastic Fraunhofe:r diffractive 
scattering from strongly absorbing nucl~i within a sharp radius Ro with the quadrupole 
surface deformation or quadrupole surface vibration. Further · Blair [3J extended. this . 
method for deformations of arbitrary multipolarity and obtained his well-known phase 
rule e~ploiting the asymptotic properties of Besscl functions. The Blair phase ruie 
was exploited very successfully to·establish the parity and the angular ui~inentum for 
collective states from the experimental cross sections. At Ro0k ~ 1 one can get the 
relations between· the cross sections of the elastic and inelastic scattering data (further , 
data-to-data relations in accordance with terminology from [4]). 

Data-to-data relations have been derived for proton-nucleus scat~ering in [4J ai 
intermediate energies and for large momenta transfer starting with an eikonal expres­
sion for the amplitude and exploiting the asymptotic properties of the com;sponding 
integral and the nuclear property via the. method of stationary.· ph~e neglecting the 
Coulomb interactions. 1 

.• 

Data-to-data relations have been established [5] for the isovector giant dipole res­
onances and isoscalar giant quadrupole resonances in the Coulomb rainbow region of 
the angles and a very good agreement _with data is obtained. 

In this article we will investigate the question of validity of the data-to-data rela­
.tion between elastic and inelastic scattering ~ross sections in the Fraunhofer diffractive 
region of angles ~nd for greater angl~ in the pr~sence of nuclear "rainbow-like" ph~ 
nomena. Our aim is to investigate the problem: how the presence of the form factors 
in inelastic amplitude moclifies the corresponding cross sections. and does the presence 
of the pronounced nuclear "rainbow-like" effects in the elastic scattering ensure that 
the same effects will be observed in the inelastic scattering. 



2 General relations 
i)Here we have summarized the results obtained by Amado et al. (4] using a 

distorted wave impulse approximation with the eikonal treatment of the distortion and 
stationary_ phase method exploiting the asymptotic form of the Bessel function. Thus 
the inelastic· scattering cross section in terms of the elastic scattering one is given by 

'-' . 

O'in,L(q) =I ,\L 12 2L
4
+ l I b.t j2CL-2) exp(27ra<l>/R)(I b,t I q)2

e1d(Rq + <I>),' (1) 
'Y 7r -

vyhere b,i is the impact parameter at the stationary point given by 

b,t =I b,, I i<I = R + i7ra, (2) 

. with· R the nuclear radius and the skin thickness parameter appropriate to a Fermi 

distribution r-R 
p(r) = po[l+ exp(--}t

1
, 

- a 
(3) 

where <I>= (L-1).P+TJ and T/ = 0 for odd L ~nd 7r/2for even L. This is the general 
result of (4] as we _will sh<>W below. It relates the inelastic cross s~ction for excitation 
of a collective state of spin L at angle 0 ,to the_ cross section for elastic scattering ~t 
the angle 0 +<I>/ kR in terms of purely kinematic factors and the overall strength of the 
excitation I ,\r; 12. determined in the Tassie model [6]. In ref.[4] it has been shown that 
in the c~es of 208Pb(p,p') and 54Fe(p,p') at Ep=800 MeV da:ta:~to-data asymptotic 
formula.'! (1) ~eproduce the data shape and general magnitude except at small angles 
where the Coulomb interaction is dominated and the asymptotic approximation fails. 

ii)In the framework of the Drosdov-lnopin-Blair model (1, 2, 3] the inelastic scat­
tering cross section, under the condition Rok0 = Roq ~ 1 ( Ro is a strongly absorbing 
sharp radius), can be re~ritten in terms of the elastic scattering cross section: 

2L + 1 nwL 2 
O'in,L(0) = g-;- CL (Rog} e1e1(Roq + .PL}, (4) 

where ,f>L = 7r/4 {or even L and .PL= -7r/4 for odd L. 
iii)If we consider the elastic and inelastic diffra.ct.ive scat,tering from the potential 

V(r) = Vo, 
V(r) 

r < R = Ro(l + EaLMYLM)i 
LM 

V(r)=0, r>R, (5) 

in the Born approximation with plane-wave initial and final wave functions, then we 
can re-express the result.a of ref.(7] in the following way 

e1;,.L(0) =_!__EI< L'M' I <l'LM I 00 >2 (Roq)
2

rre1(Roq + cf,r;). 
I 471" M'M . - -

(6) 

We would like to stress that expressions '(1), (4) and (6) are quite similar. They are 
obtained for the strongly absorbing case except ( 1) where a more flexible model is used. · 
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All formulas show clearly the geometric origin of the elastic and inelastic scattering. 
We see the connection between cross sections of elastic and inelastic scattering and can 
understand why the use of optical potentials which accurately fit the elastic scattering 
is expected .to give good fits to inel~tic angular distributions. An accurate fit of 
elastic scattering gives accurate distorted wave functions, both in the outer region 
of the nuclear surface and at larger radii, and in these regions the wave function is 
fully determined by the T/L (SL= T/Lexp(i2c5L)) parameters of elastic scattering, r.ather . ' 
than by details of the optical potential. It is generally assumed that the Fraunhofer 
diffractive elastic scattering is not sensitive to the detailed shape of the absorption 
potential W(r) for distances smaller than the radius of strong absorption Rt>b., and 
that W(r) here is more or less arbitrary, as long as it gives the necessary absorption. 
Moreover, the period of the Fraunhofer diffractive oscillations is determined by the ' 
radius of strong absorption: 1:,.0 = 7r / kRw,. It is possible to introduce the corrections 
[8, 9] due to the Coulomb interaction and the diffuse edges of the nuclei, the latter 
correction leads to the additional factorized damping factor into the expression for the 
amplitude and makes the cross section fall more rapidly as the angle 0 increases. 

In the 'derivation of formulas (1 ), ( 4) and (6) we used q I b,t I and qJlo large. 
Therefore they might be expected not to work for forward angles. 

Amado et. al. [4] show that the asymptotic formula (1) gives an excellent descrip­
tion of the data shape and general magnitude (for the excitation of the 2.6 MeV 3-
and 3.2 MeV 5- states in 208 Pb by 800 MeV prot~ns) except in the forward direction 
as expected. The authors write that "we have also seen that data-to-data formulas 
do even better job of fitting the details of the data and remove some inadequacies in 
the sin1ple asymptotic data." We believe that tliis conclusion is true for. a wider class 
of processes, where strong absorption and refraction will concentrate the•exdtation 
mechanism on the surface. It means that it is very interesting to use the data-to-data 
formulas·for different probes in a wide region of projectile energies. 

3. Surface reactions 

In this section we will follow a Glauber-like (eikonal approximation for the distorted 
waves) approximation to analyse the excited states in heavy-ion collisions at interme­
diate energies (IOJ. In this approximation the amplitude for transition from the ground 
state I 0 > to the exdted state I LM > is given by 

Jf'f,(0) = ikh 1~i(qor)-x(b) < r,LM I UN,c(r) I r,00 > dr, (7) 
' 271" v - -

' where . kf"°. 
x(b) = iE Jo [Uc( Jb2 + z2

) + UN( Jb2 + z2))dz . (8) 

The authors of ref.(10] used the tpp approximation for the nuclear interaction and 
parametrized the nuclear densities by Gaussians 

( .) · 2/2 p • (r) = p~e-• a,, (9) 
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'which are sufficiently good for our purpose. We can now rewrite the result of (101 

slightly modifying the notation (using (<f • r) ~ (<f • 6) = qbcos<f>): 

!N(O) = ikBL dbbJM(qb)e-x(b) dzrL __ d p(r)PLM(O)i-M, (10) 1
00 1°" Id 

o -oo r r 

where BL is the excitation strength and pis the effective nuclear density obtained in 

the folding procedure . 3 3 , 
p(r) = 27r3/20t10t2 pg>pg>e-•'Ja', (11) 

0!3 

0!2 = O!i + Cl!~, (12) 

x(b) = -yt(b) = 'Y 1:p(✓b2 + z2)dz. (13} 

We may conclude that.the transition amplitude (10) has the same form as in ref. 
[4] except that we used the Gaussians (9) for the nuclear densities while the authors 
in [4] used the Fermi distribution (3). Therefore all conclusions of [4]. are, also correct 
for data-to-data relations in our case provided that R - Reb,t and 1ra --> Jmb,t, For 
the.case of a i:- state _we obtain an extremely simple result exactly as in (4}: 

a,,. 1-(q) =I Al r.1 ~lae1(q), 
' 'Y 471" 

(14) 

· We do not expect the eilconal approximation to be correct for the description of the 
nuclear rainbow scattering where the conditions of applicability -of this approximation 
do not fulfill. Nevertheless we can use the eikonal approximation for qualitative es­

, timations to establish the data~to-data relations in the nuclear rainbow region at the 
angles where the far-side amplitude is dominated over the near-side one. It is ea.'!y to 

get formulas similar to (1). · 
It is very interesting to stress that the data-to-data relations for the excitations of 

isovector giant dipole and isoscalar giant quadrupole resonances have been established 

in the Coulomb rainbow region of angles. 
Therefore we can expect that for a wide class of surface reactions, if the transition 

densities can be approximated by the Tassie-like form, the data-to-data relations will 
fulfill in a wide region of angles except the angles involving the strong Coulomb-nuclear 
interferences. 'We will bdow restrict ourselves to the consideration of the cases when 
nuclear rainbow-like phenomena are present in the elastic and inelastic scattering. 

4 Test of data-to-data relations from experimental 

data 
In Fig.I the cross sections of dastic and inelastic scattering 

12
0 +12 

0 at different 
projectile energies (the experimental data are taken at E=240 MeV from (11] and at 
E=360, 1016 and 1449 MeV from (12]) are shown. The angular distributions of the 

4 

.l 

elastic and inelaiitic scattering have similar features: a diffraction structure at small 
angles, followed by an exponential fall-off with increasing slopes when the projectile 
energy increase. It is interesting f.o note that the.se slopes are different for elastic and 
inelastic scattering: the exponential fall-off is faster for the elastic scattering than for 
the inelastic one. In the diffraction region the data satisfy the well known Blair phase 
rule. In our recent analy~is of elastic and inelastic scattering of 3 He on rzo at E/ A~ 
25 MeV / A [13, 14] we have shown that the behaviour of the cross section at angles 
beyond the diffraction oscillations corresponds to rainbow scattering (this question will 
be discussed below). 

The data were analyzed by DWBA and the best fit parameters to the elastic scat­
tering are given in table 1. The analysis has been carried out by using a six-parameter , 
Wood-Saxon potential including volume real and imagiI)ary parts. The inelastic form 
factors for the 2+ state were chosen proportional to derivatives of the optical potential, 
the coefficient of the proportionality being equal to the deformation parameter fJ2'+ 
taken as a free parameter (see table 1). The calculations reproduce 'both elastic and 
elastic scattering very well. 

Table 1. Parameters for Woods-Saxon type optical potentials used for describing 
,the elastic and inelastic scattering data 120 +12 0. 

E(MeV) -V rv av -W rw aw 
240 260 1.012 1.016 29.00 2.060 0.753 

~ 
,1,,e_,4 

272 
360 170 1.333 0.836 29.57 2.058 0.663 245 
1016 130 1.368 0.889 49.34 1.767 0.692 208 
1449 100 1.221 1.171 59.99 1.757 0.639 176 

E(MeV) ~(o+)/~(2+) /32 0t2 c5q 
240 4.2/13.0 0.4 0.3 0.307 
360 3.0/2.9 0.4 0.3 0.327 
1016 1.3/3.7 0.4 0.5 0.381 
1449 3.7 /7.8 0.45 1.25 0.455 

*)R. = r,Arl/3, re = 1.9 

_2Jy_ 
APA 
111 
108 
122 
142 

Let us return to the data-to-data relations and rewrite formula (1) in the simple 
notation 

O'in,L(q) = 0tLiae1(q + Oq), (15) 

in which the quantities C¥L and 5q will be extracted from comparison of the experimental 
data for elastic and inelastic scattering ( see table 1 ). The results of these manipulations 
are shown in Fig.2 where the full lines correspond to the genuine inelastic scattering 
data with excitation of the 2+ state; and the bullets, to the calculated ones from 
(15) by using the elastic scattering experimental data (the elastic cross sections were 
multiplied by a normalization factor 0t2 and shifted to c5q, see table 1). One can see 
that the genuine inelastic cros; sections and calculated ones from (15) (we will further 
call the calculated elastic cross sections according to (15) as modified ones) coincide 
very well with each other. 

Therefore the above-mentioned facts tell us that the form factors of the 2+ state 
in 120 have the surface character and are equal to derivatives of the optical potential. 

,5 



This means that the mechanism of excitation of the 2+ state is the same as for elastic 
scattering, the presence of form factors in the amplitude of inelastic scattering brings 
an additional factor q multiplied by the strength of 2+ excitation. 

The decomposition of the elastic and inelastic cross sections into the near- and far­
side cross sections is shown in Figs.3-4, The solid curves correspond to the inelastic 
scattering cross sections, the short dashed curves in Figs.3a, 3c, 4a, 4c, to the elastic 
scattering cross sections multiplied by the normalization coefficient a 2; and the long 
dashed ones in Figs.3b, 3d; 4b, 4d, to elastic scattering cross sections shifted to Sq, 
multiplied by C'l

2
q2. One can see that the near- and far-side cross sections for elastic 

and inelastic scattering are very different while the corresponding decomposed cross 
sections for the inelastic and modified ones are very close except at small angles. These 
differences at small angles are due to the Coulomb+nuclear interference effects. 

The results of the same calculations are shown in Figs.5~6 for the case 
6 
Li +

12 
C at, 

E=210 [15] and 318 MeV (16].' The parameters of optical potentials were taken from 
(15, 16] (see table 2). One can see that we can make the same conclusions as for the 

case 120 +12 0. . 
Table 2. Parameters for Woods-Saxon type optical potentials used for describing 

the elastic and inelastic scattering data 
6 
Li +12 

C. 
E(MeV) ~v rv av -W rw 

210 113.5 1.305 0.793 ,34.2 1.682" 
318 122.5 1.144 0.902 27.6. 1.706 

E(MeV) 17(0+) /32 C'l2 oq 
210 3.9 0.34 0.2 0.45 
318 2.7 0.5 0.4 0.45 

aw 
0.784 
0.914 

...J.:L_ 
~ 
298 
280 

2iiL 
~ 
160 
148 

*)R. = r,AT113
, re = 1.9 

The results for the case 3He +12 C at E=72 MeV are pictured in Fig.7. The 
parameters of the optical potential were taken from (17] (see table 3). This case is 
·extreme in the sense that data-to-data relations are hardly applicable (>.=2.4 fm), 
. nevertheless, the datarto-data formula gives reasonable corresponderice between elastic 
and inelastic scattering at the rainbow angles. It is desirable tq study collisions of this 

system at highet energies. 
Table 3. Parameters for Woods-Saxon type ,optical potentials used for describing 

the elastic a.nd inelastic scattering data 3 He +
12 

C at E=72 Me V. 

· E (MeV) -V. 
72 112.8 

rv•J · av -W rw a~ 
1.103 0.831 4.58 2.17 0.98 

- -

Vso. rso aso 
0.39 1.264 0;107 

_k_ 
~ 
437 

-2Jy_ 
A~ 
161 

*(o+)/~(2+) 
. 6.416,3 ' 

Wv rv av 
9.9 1.268 0.55 

th C'l2 oq 
0.56 0.3 0.391 

*)R. = r,AT1!3
, re = 1.25 

We hope that the datarto-data relations between elastic and the direct reactions a 
surface nature will be held too. In Fig.8 the results of calculations by using the data­
to-data formula for the _expe_rimental data of charge-exch~nge reactions 

14
0(3 He, t)

14 
N 

6 

T 

,\) 
'· ' I 

II ·• I· 

(o+, 2.31MeV), HC(3 He, t)14 N(l+, 3.95MeV) and elastic scattering are shown (Cl=0.012 ir! 

and oq=0.493}. The correspondence between the elastic cross section and charge- ii1 

exchange one.a is again reasonable at the rainbow angles (the similarity between the 
elastic scattering and charge-exchange reactions was considered in [13]). If this cor­
respondence is not accidental, then it gives good chances to extract the information · 
about the form factors of charge-exchange reactions at ,intermediate e~ergies. 

5 Conclusion 

Elastic scattering of 3 He, 6 Li and 12C on 12C and corresponding inelastic scattering of 
these systems with excitation of a. low-lying 2+ state of 12G have been studied in a wide 
region of angles and energies. Our results seem to provide the following information. 

We demonstrate that the strong absorption and refraction will concentrate - the 
excitation mechanism of 2+ on the surface, and due _to this_ surface nature of the 
excitation, these' phenomena should be geometric in nature, therefore it gives arguments 
for establishing the data-to-data relations between elastic and inela.stic scattering cross 
sections containing the inelastic coupling strengths, some geometrical factors. The 
presence of form factors in the inelastic amplitude brings an additional factor for the 
inelastic cross section which is equal to q2 = (-Zksin(l/20))2. This explains why the . 
slopes of exponential fall-off for q > 1 are smaller for the inelastic cross sections than 
for the elastic ones. , · · · · 

Impressive success of the data-to-data relations for q > l in the description of · 
inelastic scattering confirms the well-known sensitivity of inelastic scattering to the 
surface and tail of the form factor. This gives additional criteria to establish the 
presence of rainbow phenomena in the surface-dominated inela.stic scattering. If the 
rainbow criteria are fulfilled for elastic scattering (see [17] for a detailed description 
of these criteria), then the rainbow-like phenomenon has to be observed for inelastic 
scattering with the excitation of collective states. We suspect that this conclusion 
will be t,rue for direct surface reactions too. At lea.st, one example of charge-exchange 
reactions seems to support this expectation. We come to the conclusion that the 
inelastic scattering and direct surface reactions data at intermediate energies will give 
further evidences for discriminating some ambiguities of optical potentials and the 
corresponding form factors. 

The data-to-data relations were obtained within the eikonal a.pproximation while 
the analysis was carried out at sufficiently low energies (E/A ~20 MeV /A) by using the 
DWBA approximation and existing experimental data. It seems that either the eikonal 
approximation has a wider range of applicability, or the data-to-data relations could 
be obtained from more general approximations for the surface-nature direct reactions. 
The impressive success of the data-to-data relations clearly shows the usefulness of this 
type of relations. Further application to other systems is in progress. 

The authors are grateful to profs. M. Buenerd and H. Bohlen for providing 'exper­
imental data. 
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fapeeB <l>.A. HAP, E4-92-113 
COOTHOWeHlUI Me~y CetJ:eHHRMH ynpyroro H ueynpyroro 
paccesrnm1· B o6nacrn yrJIOB R~epuoii paAym · 

· noKa3auo, •1To npn onpeAeneuublx yCJIOBHRX ceqeune ueynpyroro pacce11-
mrn MO)KeT 6h1Tb Bhlpa)KCHO qepe3 ceqeune ynpyroro pacceRHHR. 

Pa6oTa Bblil()JIHeHa B J1~6opaTOpHH 1'eopen1tJ:eCKOH (pH3HKH OIHIH. 

Ilpenp1111r O!h.eJ111Hem1oro 1111crnryra !IJ1ep11b1x 11ccneJ1osa1111i1. )fy611a 1992 
< : • ' 

·-._c 

Gareev F;A. et al. 
Data-to~Data Relations Between Elastic and Inelastic 
Scattering in Nuclear Rainbow Region of Angles 

E4-92.:.ll3 

It is shown that inelastic scattering cross sections, under suitable 
approxima!ions, can be re-expressed in terms of the elastic. scattering cross 
section. 

The investigation has been performed at the Laboratory of Theoretical 
Physics,JINR . -
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