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i Int'rodci~tio:ll 

One ofthe perspective directions of investigation~ i~ particie physics is the. study ~f 
weak decay processes with help oLa new.dass-of experimental techniques;;}<llown as 
c --,-;r:resp. B -.factories (see, e;g., recent proposals, concerning this topics [1]).; 

: The .aim of: this activities is to answer .alot of principal questionsj>artly, beyond 
the standard model [2] and, to perform spectroscopic~! i11vestig~~i~ns .in ,c~~r~~nium 
and B-meson physics on a level, of accuracy that ~s to a marked degree in excess oft~e 
·accuracy of corivention'al approaches.Besides others, this requires theoreticalowork in 
following directions: · . J • , ; , ; :. : ,, :. • • · • ; 

; ... description of mesons;·resp.,quarkonia, in this energy region with ·maximum degree 
of sophistication,inciudii:tg, e.g., the dependence of the potential .sh"ape a:;a ~n,the 
•angular momentum structure; • :. , . . . . . . . ; •. · . 

the analysis ofleptonic and noncleptonic decay processes,includingthe weak_ mixing . ~ . . "' , .. 

·processes of the different quark generations; . , ; 
the evaluation ofhigher order;l~op,diagrams . 
We have performed a cycle of investigations in this direction, and represent our 

results in a series of publications. The first result included int~ this paper con~erns the 
derivation of bound state waye Junctions for given angular momentum in the bilocal 
approach.lt includes the derivation of the SchwingercDyson. equation; of the Bethe
Salpeter equation as well as the detailed d.escription of the angular momentum structure 
of Bethe-Salpeter equatio11s for the case of pseudoscalar mesons. 

2 Bound states wave functions. for given. angular 
momentum in bilocal approach 

2.1 Schwinger- Dyson' ~quatio11 

' . ' . .. :' •. ' .... ? ' - t. ,. 1 • • 

As denoted in the introduction we have to formulate the theory of hadrons as relativistic 
''bound states in QCD.< ' '· ·~ ·· ··~ : .,, • · . 

One ~f the· best way~ to get this theory of hadfons is the>generaliiation of the 
. approach~uggest~~l by Heisenbe.rg·and; Pauli in their papers' [3]' devoted to the first 
·quantiz~tion of el;;ctrodynami~: . The main 'idea' of these papers'is to qtiantize only 
·the physical degrees of freedoirdtwotransversal fields);· According to this approach; 
the Coulomb potential in QED or the Jftf; potential in QCD are relativistic covariant 
and depend on the time- axis (771') parallel to the eigenvector of the bound state total 
momentum operator (in other words the fields are always moving together with the 
bound s~ates formed by the fields). , : . . . . . . : . . . . . . , ... ·.• 

In this case, it is possible to prove that bilocal fields of atoms or hadr6ns 'are the 
'. . ' .. : ~ .-''. ' ' . ; ' : ' . : -
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irreducible representations of the Poincare group arid one. c~~- describe yery-subtle 
effects of chiral symmetry breaking [4). . _ .. 

In papers [4, 5),it was shown that by this way we get the nonlocal hadronization of 
QCD with therising Jft/J- potential which contains both the local chiral Lagrangian 
for light quarkonia and the n6nrelativistic potential spectroscopy for heavy qmirkonia, 
so that this model represents the bilocal generalization of chiral theory. 

It is ~videly believed thaT the potential models are related only to the nonrelativistic: 
approximation; This opi~iOn; however, is based on the -experience of solving scattering 
and dissociation problems in QED; where the Coulomb propagator corresponding to 
transversal''photon 'exchange, converts into the relativistic invariant Feynman prop
agato'r up to th€dongitudinal part vanishing on the mass shell. Such a "relativistic 
method" of the potential model is incorrect for the description of bound states where 
'elein~ri~ary part ide~ are off their mass: shells and the longitudinal part of the propagator' 
differs from zero: t' ... '. <. ' ; . .· " ' : - ... ;~- ', " . t •. ' ' 

From the experience of the description of atoms in QED one knows that the bound 
stat~ is formed by. an' ·iris'tantarieous interaction: (Coulomb ) potential ( with a singu
larity on the time axis ) whereas the transversal'photon exchange:plays the role ofa 
correction and the relativistic description of the spectrum of a moving atom is done by 
mearis of the Coulomb" potential moving together with:the atom.~ 

Generalizing this appr~ach•one gets[4, 5) : · · ·-' 
,:, ; 'i ., . ' 

WefJ·[~;'~] ''.~ ·' I~x[~(7)(ifJ- m0 )t/J,(x)t' " 

+ ··~f dy(;-p(y)~(x))K:<"l(zl. j X)(t/J(x)~(~j)J.-. (1) . 

He~e' /),:;; 8~''"(~'/ A:;('ll~is the· kernel· i" .,,f•' 

. ."'.;, -, '"" ' r ..... "'"' ,..""<, ,l ~ -·' 4- ~-·'" •• i: r ,•:' 
x:<"l(zl.tX(d nV(zl.)o(z: ~)ri;'(n = TJ~'--fJ), · ·' · (2) 

where z and X are the relative and total coordinates defined, respectively, as 

z = x- y·~c.x· ::.::..c.x,+ y. ' -·--2' 
2 ' 

. ~ ' ·' -(3) .. ' 

and :V ( zf-) is. the potenti_aL dep~nding on.the transy~rsalJ\VJtP',rssp~cUo, ~he ti~e; a;xis 
1J) component of the relative coordinate, z/; = z~' -TJ~'(z ·TJ) ( a_ c:;pnsis~en_~ S<>.~str~~tion 

·.of the gauge.theories·with·su<;:h;properties has be~n p~op'?s~drecent_lyj6]), •.. 
, The,next question is: ho'l'{ to choose:the time- axis. in (1) for <Jescribing the bound 

-:state. ·It ;has~ been ~uggested in ~ef . ..(9] to_ :take i.~ th!~. c~se. as a ti~e \<;t~i~ ·.the. ~·nit· 
vector, which is proport!onal; to the eigen':~~tor. ()f :th!!' boun~ ,s~at.<: total momentum 

. operator,.i._~~.-:,.: ~ .. <~·>J-- ;," i:":Z .. !'·(({., .,:\! ;., ·.·: -,.,- •. ~:_:;:\ ,:;:·._,~ ."·; ,
1

: 

' .... ~ ... ~ :.._' . 
't, ",.TJ~--::.P~',. ,, .(1) . 

When this requirement is satisfied the _bound stat~ wave functions automatically I:Jdong 
to the irreducible repn)sent~ti~ri ofthe Poincare group [9). The expression. (1) with 
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the kernel(2) and with the time- axisdefined by (4) represents a relativistic covari<mt 
actio~, '' · · •. · , , ,_ . . ·· . · · . . , . 

The next task is to introduce a bilocal meson field.ln a path integral formulation 
this is achieved by means of the Legendre transformation [5),[9) - [11) 

1 - --- -2 I dxdy(tfJ(y)t/J(x))K(x,y)(tfJ(x)tfJ(y)) = 
1 ~ ' ' ' . ' . ' . ' . .. ' ,: (5) 
2. J dxdyM(x,y)K_"".1(x,-y)M(;r,y) + 

) /;_ 

+ I dxdy(t/J(x)t/J(y))M(x,y) 

where x:-1 is the inverse of the ker~~l (2). Foll~~ing refs. [8], flOJ- [11-) we int'roduce 
the short - hand notation . , · .. 

j dxt/l(x)(i~ ~-m0)t/J(x) 

j dxdy(t/J(~)t/J(y))M(x,y) 

Then, from action ( 1) we get 

jdxdy~(; )·~( x )( i~ :__ 11t0 )b(;c -y) 

(t/Jt/1;-(J_(jl); 

= (~1/J,M): 
lq:; 

.r 

,- -1 :· : •. · 1 ;,.·;.·c;, -1 

WeJJ[M] = _(t/Jt/J, ( -G0 + M))- 2(M,K M). ' (6) 

Aft~i: l~tegration o~er N~ fe~rnion fields and normal ordering, this action takes the form 

WeJJ[M] ~· .-'~Nc(~,K-1 M),.,- iNc f ;<I>n .. 
n=l 

(7) 

. Here <I> = G0 M, <1>
2

, <1>
3 et~ .. mean the foJ.lowing expressions 

<I>(x,y) = jd~G~(x,;)~(z,y)·,, _. 

<1>
2 = jd~dy<I>(x,y)<l>(y,x), .. 

• : -, '"1 '~ ' 

' .. : ~ 
' '(8) 

<1>
3 = jdxdydz_<I>(~,,y)<I>(y,z),~(z,x) ,etc 

~ ,., .. ' --· ". ""}'"-\ 

Only the contributions with inner fermionic lines ( but no scattering and dissociation 
channel contribution rare:iriclud~d in the effective action' since we are interested only 

·in the bound states description. . 
. The requirementfor the choice of the time~ axis in bilocaldynamicsis now equiv-

alent to the condition [9] ·. . .. ·.· , .. . ·· . 
! ~. 

; ~ 

-';, . ~ {-,'. 

z,.. ~ (9) 
~ ~ : 

.• ~v,here ~,. ~nl'X,..are-relative,aD.d tota! coordinat(!s ... , 
'·, -· .. -··- - y ' ' '"" ~ 

::' , .. 
:r 



~0 p~rform th~ path\~te~ial ~ver the rri~son field we apply th~ kaddle point method 
determining the minimuJ? of the action (7) . · 

N
-t 6Wo(M).== ~K-1M·~;~'a (MG·)~·= ~·;___ 1 M. + ·-. i =0. (10) 
c J: ~, ~ o o - "" . a-' . , 

!' :n=l 0 

We denote the corresponding classical solution for the bilocal field by E(x- y). It 
depends only on the differenc~ X - y becaus~ of translatio~ invariance of vacuum solu-
tions. · -, 

The next step is the expansion of the action (1) around the point of minimum 
M=~:E+M',·' . ::: ;..~ 

· W0 (E+M') Wo(E)+ Nc[-~M'IC-1 M'- i_(G1:M')2].~ 
·' • ·. . 2 . 2 . .. 

00 1 : 
iNc L -(G1:M't, (G1; = (G01

- E)-1
), 

n=3 n . 
(ll) 

and the representation of the small fluctuations M' as a sum ov~r the complete set of 
classical soiutions r, -

. 82Wo(E + M') IM'=o 0 r ::::: 0: 
· 8M 2 

(12) 

Using the definitions (8) and (ll) we obtain the standar.dJorm of equations (10) and 
(12) : . ·.. ' . . . 

E(x ·_;'y) ,;·m08(4l(~ ;_ y)+ iK:(x, y)G1:(x- y), (13) 

r = -iJC(x,;y)J dz,1dz2G-1:(x- z:)r(;t,~~)G~(z2 :_·y) 
' ,. "" \ . ', ' . ~ 

. (14) 

.. ' ' ~ ~ ' '. i > 

which are, respectively, the Schwinger - Dyson (SD) arid Bethe- Salpeter (BS) equa-

'tions. • 1.~ 
. ~ l . 

In moi?entum space 

E<~f ~f JdxE(~)eik~. ' 

,r(klP) ~-- J dxdye;o/; ei(x~¥lkr(;,y). 
~ . '. ·~: L.. 

'j:" 

i. 

we obtain forthe ma:5s op~~ator E(k) and the vertex function f(kiP) 
;. } ;,!; 

E(k) = m
0 + i f(2d:)~ V(~7,~ q~)fiGE(q)~, (15) 

: ·' 

f(k, P) = -i J ~V(k.l- qi_)tJ[Gi;(q + P
2
._)f(qJP)Gi:(q _rP2 )]tJ 

. . (211" )4 
(16) 
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whereGE(q) ·=· (t :- E(q));-1 , V(k~) means the Fourier transform ofthe potential, 
k'/; = k,..- q,..(k · 17) is the transversal with~espect toq,.. rel~tive momen'tu!ll, 1?,..is the 
total momentum. : . - · 
\··We may·integr~te in (15):and ;(16) over the-longitudinal'm~mentum qo ~ (q · 17) 

using the· represent.itiop. ' · - · · ' , \ · · 

E~(q) = ;L + Ea(qL)S;2(qL) 
~: ·; . ' . _::•(1'1): 

:_I ~ 

·~: ... 

for the self .:-·energy:with---:-.. i ·. ~: - -
I - ; ' :. "•, ~~ ! >:; -. 

- •L . . 
S;,2(qL) = exp{-j 2t)a(qL)}, q; ~ q!fJqLJ (18) 

' I:>·-·· ····:-·.-.~: -'"~;-~-\~~~---C- -: t - _ .. _ :..~ -··--·-·· ·--·-· ·-~--- --~~ i ' : ... --..: ··--· -· ~ 

·where Sa is--the Foldy '.: ·Wouthuysen type transformation 'matrix with the parameter 

1.ia• ~.~, ·.,- J ;dr:i.~i~-.t;.- ·~h¥ ,, 
~ .'I ·. ;_.~j ... ~~~1 _:,-; ?./i< ._-, 

Then one has 
·'~, {'t",i.J.:.~ ._;' 

A(f/) ( L) A(J'I)· ( L) 
GE := ( (+)a q, .. + (-)a q . ]tJ 

.~i. 'qo-E~(qL)+u: qo+Ea(q~)+.,u: 
(19) 

where 

A~~Ja(q.L) = Sa(qL)A~~/o)S;1 (qL); A~~l(~) = (1 ± fJ)/2 (20) 

are the operators projecting,on states with positive ( +Ea )·'and neg~tiv~ ( _:_Jia") 
energies. • i; . .. ., . 

,, ... Asa result, we,<?btain the following equatio11s for the one- particle energy E and 

th~ a:~gie v : · ':·,' ;";' . ' ·-~ · •: · " :• • · •. ;.1;u,:,;~. "I "' .'~,.J:.::-

Ea(k.L) cos ~v(k~) ~·~~~+J/ ~:~3 V(.k\- ~r{~~s2v(qr). ·(21) 

Ea(kL) sin 2v(kL) =· lk.LI + ~ j ~:;v(~-~ ~; ~L)l.kL · q.LI sin 2v(qL) (22) 
. . · L i-· . . · ; ~. ·. ·~:~ f -· 

\2.2 Bethe - Salpete~ equ~tion, ·:.\·· ;:·, 

The Bethe - Sal peter equation has the fo~m. 

c;.\'d •·' f(qJ'P) =:~i j(
2
d:)4 V(q "7P)fJ;Gl(P;{~)f(pJ'J')G2(P ~ ~M-:1 ~. ~· (23) 

The quantity P is _the total ~om~ntum of the boull.d state, and P = (P0 , P); Po = 
. En= J.P2 + MJr 'jhefa:ctor tJ appe~ring in this e~~ati~n.fo~ the effe~tive interaction 

in the case of moving bound states p =1: 0 h~ been evaluated in accordance with (4) 
by taking 11 inthe direction of P: .,.,,.. = P~/VPi ' , \ .' :': .. 
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·. in t4e'restfra:me tlie'Bethe- Salpeter equation itUhe 'terms off (vertex functions)· 
· iias. the forni ;,·· ::-. :. · ·' ··". ,, " ... . ·' . ; ~~- :/ .. ··'•' ... _,·'. ""' .: ·. 

1 
d .. · · . M . M ;;.::•:~·-<,•;:;·! •· ·.,. 

"'f(q)~ -i' (2:)'4 V(q :::_,PJtoGx(P + 2H;)f(p)G2(p -.: :t):r~ :·' · •::··;:,,·' (24) 
I , • J •.-.~-~~ ~ :/(_ •" ~ ' :' 

·p~e Green functions are given by, 
" - f > ' ·.._ ~' •'• ~ t' l 

· MH ·· A+ · · .. A~ .· ). . : 
G (p + -) = ( E . + (M f?) + .. E. . . lo,' . x 2 Po+ (MH/2)- x + Zf Po+ H - . x·-U" .. · .. 

(25) 
'; MH ,--~:;~:;.-' :,·: i~ :->_,., .;- ·.;t::· .· 

, .: . :~h~P~-:;it :2;J ;f,:tl?;(Po ._.__(MH/2).-:-7 E2·:Hf +·Poc;(f1H/,~).,+J!!t ;;:if~,/ ,,,,rw 
where E; are the solutions of the equations (21 )-(22). Integrating the Bethe ~·Sal peter 
equation over Po we obtain '~'· ~· ': n:) •: :: ' .. 

:;. ,. 
f ;:_) ;·.':.--- .· .1 J:~J~ 

f(q) = ,f~(::);~(q ~,Pho,{ E~+~:-~- n~-~~:ho 

II A<x> r -(2) 
±'f ,= ± lo :Yo~=F .. · 

-.~ · · .. ,,'\lV\ 
. In.the rest frame f ha.f! the form 

' • .;,~: ' • r ~ • L~-~->: 1.;;,_"1 : 

r, = 1. s, + 15. rr + li. r;i + li. fli 

' . - ··, t l 
''q 

~ 1 ·:: i .) ·:_:,) 

(26) 

(27) 

(28) 
11...: 

--: .. .._i__:·{:~'L_;:.~·.; <-:: ~'(..'~ "'~.~:'.1".<;~.1 _,.-; '.• ···~ ,.,,;_,,..l,t .:,> ,,'_ .- "'!'"• -"''_.. • 

where 1• = 1, IP = 15 , 1i = li, If = ,Yn5 fof'scalar, 'pseu'doscalar: vector and axial 
l' ,._ i '!"{' .,..,' 

- vector (s,p, v, a) bound states, respectively (l = 1, 2; i = 1, 2, 3). · · ·.;··' "'·' 

: ,F~r what follo~s, ~~Js fa~~~~abl~e.,t~ :~~i-ter~, i~: t~~ .sumform 

r = ~)rf+'lof~)l1 
. ~ 

(29) 
I 

I ··= s,p,·v,-a, 
k. ': ' { ·- :. ',_ ·,· ~ J ·-.·· ~ -· '' ~ ' ~ -

The expression (Joflo) in (26) is eq~al to";; · \_ ;:: 
·. ·~ .l > 

. ' 
l' ;·t; ..... 

boflo) ~ [IJ.2)rfc+iof~)l1:, ~<· i ~···o:':J :~(30) 

I 

lol
1 = [lh

1
7o. '"; ~ ".f. c:n 

[J] = (1, -1, -:-1', 1) for (s,p,v,a), respectively. . .. ,: . ·, . _ 
We can express II±:f'given in'f~rlfmla(26) by:the opei:a:tor S, introduced \vith help of 
(18) '. 

,-; ., 1 . - .•;- 'J. ' . ' . - .· ·' .. . . ,-_ '- '·:·: . ' ' •. '1 ~ i : . ' . 
. . . rr±'f ·. =, 4[J]{[ffbl.-:- [IJS}21Is~~~ ~ ~~-(~12/ :-· [IJ_~~s~2).):. 

';•. ,., ;., .. - ·. ' -: . .( :: ; ';. _:,_ ' ' ' . ·.' .. - ... '(31) 
± r[ri(s2

1
I_[J]J!s-2)±ri(1I_[J]s21Is-2)Jj ... : ···' ;1' 

0 X X 2' .· 2 . ,· X •, 2 . . ~ ;1 ,,; ./"; ·: 
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Multiplying theBethe- ·Salpeter.equation step by.step by .:y[<:= (1,15,')'i,li/5) and 
'YKio and taking'thet~-ac~shaving in mi~d that, .. ·. · .. ; ; ;;,·.-- <~. : , , .. , . . _ 

.!.t (-K I) - cKI- {' (1; 1, C;j,Cij) for. (s,p,v;a.r:-f·; . 
r I I -v - · , 

4 .. ·· 0 ' ,](,_=Jl 
'' \. -' :.· . ':-- ;... ·~ i ~. ·.: ' '• . .... ~~ . ::-· : 

we obtain the expressions for traces 

·. ~tr(.:YK S}21 1 S22) i -~: ~~is2 ~t~(.:Y~~ 1)+ c~c2~tr(.:YKfr/fJ) 
L K2'I 2·''-'.··.1 ·Kr 1 (·K·I· 
4tr(.:Y Sxl s:; ) = sxs2-tr(.:Y I )_- CxC24tr .:y PIp) 

4 ... ' ' ... . . :: 

.!_tr(.:YKPI1P) = [ti]· cKI 
4 

with the definitions 
•• ~ J .~ • ..- ., _: i: "1' 

[ti] = ( -1, 1, 3, - 3) for (s,p,v,a) 

Using the 1;elations · 

· · . 1 ] mx · [ m2 
1 =f [J]sxs2 - [J][ti]cxc2 , =. E {(m1 ,=F [J m2)( Ei ,~ J]E

2
) + 

+ (1 -_ [J][t.I])P2(~~+ L n ; . 
1 =f[/]sxs2 + [J][tiJcxc2 :::; ~{(mx =f [J]m2)(~: =f [J]i:) + 

t. (\+)1][t~])p2~~x + ~)l 

which contain the current quark masses m; (for the heavy quarkonia m; = m? [4, 5]), 
~we obtain the Bethe - Sal peter equation for the vertex functions r{.2 

. 

rf(q) 
1 J dp · 1 mx m2 2 (21r)3 V(q- p){E2 -;- M 2 . [_(mx- [J]m2)( Ex ,- E2) + 

' .. 1' ,--- 1 '' ... :: :: . . 
+ (1- [I)[ti])P2( Ex + E2 )]f{(p) + ':.-· 

•. ,!; 
M mx m2 I.- , 

_:+ - E 2 ~ M2 ( E
1 

-[I)E2 )f'l(p)} 

(32) 
'}~ :-

~~·-

1 
1 J -. dp M mx ~~'·I . · 

f 2(q) ,= 2 (21r)3 V(q-p){E2 __:.M2(Ex -[J]Ei)f~(p)+-

.:. ~ · . ~~ I'~=~-· [(hix-- '!/jin2)( ~: j ~: )1 f . L . 

,_ 

1 1 . 
", -:r (1 + [J][ti])P

2
( Ex 7 E2)lf,~~p)~. ~ 

' ' . ·. 

7 



scimeti;nes iris fi~our~ble'n:of'f~- \v<>~k:with the vertex funaiorirb'tit ~ith tli~ B~the 
~ Sal peter wave function \ll. In the rest' fr~me both these qu'antities ire conneCted with 
each other by the relati~n . . .·. -. · , 

' ' ~ ' "-: , r ! . '· ' . ' J • 

-
f(q) ~'.Jt(~3 V(q- ~)t~-\ll(p)t~ . '.'. (33) 

~:·""~-~-J.:~ "i"":'·i ;·-~- ~ :-n!.t <f:_, :~h· "':1 

suCh that liT is defined as 
· ··. · .. , · II '· ,:_' ·II ·· ·- ··· \ll( ) . { + . +" . . 

.. p = E-M t-E;M}. ·. 
:. l 

(34) 

Now the quantities IT±=F may be expressed as 
. \ 

IT A<1> r· A-<2> ±=F = ± /o /o 'F = . 
·:•-,-..,. 

0 
I . . ! . .: ; f ~ ~ • j • :. ' : ' ' 

= S}1 A~S1{Jof/o)S2A~S21 , = S}1 .IT±=F S;1 ~ 
! ~ ~ '· 

- s-1A0 s-1r s-1 A0 s-1 - -s-1A0 (s-1rs-1)A0 s-1 - 1 ± /o 1 /o 1 /o 'F 2 - 1 ± 1 2 . 'F , 2 
_;.•• •"·!r; :. 

. . 1 . . .. 
Ao -' (1 .. .1.-...., ) . -Ao"' _ ±Ao "'Ao, _ ±Ao ". : .:f: - 2 ; -7"' ,o ' . ± ,o -:- . ± ' .. ,o . ±.-;- . ±··:: 

By help of these formulae W(:! can .write \ll(p), II±=F as 
t··· . 

.,. 

and 
,' 

where 

"'' 1 0 . \ll(p)~ ;=:= . Sj:. (p) \ll.(p)S21(p). 

. , .. :·: ,· o•, . 
IT . . ... ·s-1( ) s-1( ) · ±=F = . 1 P IT±=F 2 P 

0 .· 0 0 
IT±=F= A±T A~ , 

0 -1 -1 . 0 r= S1 r S2 , r = s1 r s2 

~ J ~~ 7 

,. l• 

'•!<· "' 

By help of the last relation we get 

S2(p) r (p)S2(P) =- j (:~3 V(~- q)~~S}i(q) ·; (~)Si1 (q)to 
and '.. :-;~ 

r ~ .. ·~ J (;£, V(p ~ q)( ~· (P ),,s~'( .~ '~ '!SPc :~,,s\' (p)) ·~ 
. ·' 

- -J (:~3 V(p - ~)S~ ; s~ . -·: 

8 G~..,..., 

• 

. (35) 

(36) 

(37) 

(38) 
·, 

(39) 

' 

;' 

~ 
r 
'j 
r 

) 

..• , 

and we obtain for the expres~ions on the r.h.s. 
'{ .. :;,·: \.; 

! \~ ! < ~ 0 'J' . d : 0 . 
II±=F = A~ •• ~ (2~3 V(p~ q)(~~ ,liT S~)A~ _ (40) 

and :./',? ·::~.·.:~": .1c .;y;J*:-;h: .:: !·tf:.r'; 

... : : ._ ·' .. ·)" TI: .. _ -(: TI:..::~·-:c~:J . 
···;(p)={~~M+E+M}. (41) 

,;. . 1'",(~ ·,'.' 

As a result we have the following two relations, which are similar to Schrodinger equa-
tions . · · ;< · · ~- .·; , ~· -·- ·.·' :· ~ 

J, ~-

1' 0 • . 
o o Ao = .... ---.IT+- '··· .,. A+ \ll , - '·, j E-M .. 
,.., ' ,. ·.- 1 ·;.._-~ 0 ~ t~' _, r.'~, ,l." 'A~~~A~ = E+M.IT-+ 

i 
.. h!?j :; 'i .:ir:·· )·; J, ~-;\ ; : ~~; .f.·~' ' ~-· 

We can rewrite this equations in the form· 
;,. . ! :·.;.·:·. . : ...... 

(E- M)A~ wAD_= IT+-

. . .. 0 ' . 

(E+ M)AD_ \ll A~·= IT.:.'.f. : 

(42) 
li,.._ 

Let us introduce. the wave function of bound states containing particles a' and b, with 
help of the definitio~· :,- . ;,-.. "'. <.;: . : ~ l ' - · 
, .. : 

0 0 0 

\ll=\ll1 +1o· W2 . (43) 
'0 . . •, ' . ' ,. '• ,·.,;.. . . 

Expanding w1,2 over the full system /s,e"(p),p 
' .. ~ 

3 .. . : .. ; 
0 . ""' 0 I 0 .. I I 
\ll= L)\ll1 + lo· W2 h (44) 

I=1 

'..' ,, ; i :. ' f .. 0 . . . . .· ·. ' 
we obtain systems of coupled equations for W1.2 I : In this relation 

oi_o oi_oa 
IIT2 -L; , . W2 -N; 

0 I o . 
W2 =E , (z = 1,2) , , . ' .: (45) 

1 ~ ... i ~- , ·, , o ·o · . o · -·-- ~ '. · -- . . , · -·,- ' · .;j, '~' ":- • 

the· quantities L;/N; ", E correspond to pseudoscalar; vector arid scalar particles, re-
. spectively. Let us multiply the expressions for the wave functions by ~K and take the 
trace 

,, 0 I 1 K I 0 I 1 K I • j dq I.' : . ~.l K~ 0 ;· 

. .. M W2 · 4tr.~1'_ 1) ';F E \ll_1 .. · 4tr(1, :y) ;j, ;'(21r)3l{~~-~q~T12 . W1 ; 
' . ' ' ( ·; ' t ( 46) 

0 
I 1 K I .· · .. , 

0 
I 1 K I J· dq ( ) KJ 

0 
J M W1 · 4tr(t /;·) ··=:= ... ~:KW2: · 4~r(t_, 1.)-: . (21r)3 ~ I! -:-;q T12 W1 · , 
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e,; 

where. 

J(~J: ~ ~tr( ~K S~~:',S~~ .. {47) 

After calculation of traces we· get 

T~J = c~Kc~Jtr(-l,7K)- s~Ks~Jtr(-li'Kpq) {48) 

where 
L:,'l. • ;?< 

c±"'K = C2Ct =f OJ(S2Sl 

S±aK = StC2 ± OJ(S2Cl , r .J 

s1,2 = sin{ </>1,2) , 'cl-,2 = cos( </>1,2)' ~ · ' 
OK = {-1,-1,1) for 7K = (15 ,e~{p),p) , respectively. 

~ ; >. ' 
As a result we obtain the systems for the wave functions of bound states : 

~ 5;; i:' 

1. Pseudoscalar particles 

"{K = 1 5 
j OJ(.= -I; ~J = 1{/J =. /

5
) 

\ ~-

M 12. = r;~ L ~j ~:~3 v(p'~ q~(c;c;;·~ ~s;·s;) t 
{49) 

0 - 0 f' dq ' + + + + 0 
MLt - E L2- {

2
1r)3 V(p- q)(cp cq _-:- €sP sq) L2. 

2.Vector particles 

/K = e"'(p) j OK=; ~1 j OJ= l{IJ = q) and OJ= -l{IJ = eb(q)) 

0 " -M N2 -
0 

ENt "'+. ·; 

J 
~ ob o · 

.· (27r)3 V(p_-_q){(c;c;Q."b- ,s;s;,~rb€ ~ 11"·!ln N1 +(77~c;~n.p~)_ 
·.·1 .··;:.; ,:_··(50) 

·,; . ~. .+ 

0 0 
M Nt" = E N2 "+ . 

~'',I' C;~!~{!(~- q){(ct~~Q..;b ~ s;s~(~db€ ~ 11"il.b); N;.:;(17aci6;) f2} 

;; 
:' a ,. ,.J; ' '~ a · -·· ,. :--_,.a : ' ab .. :"'a ,.b ~ / ., ·. 77 = q;e; (P), , ; 77 = p;e; (q) , Q = e; (q)e;(P) . · 

10 

, · 3. Scalar particles · · . .., ';;: ',. 

r r 
~~: 

,. """; ·l \ \) 

t~:."":/K ·~-, •. , ·~r: ~i.r , "~ .._· ~ ~iJ ··':;.· . ~ '',,~ ·\~ ..... : • .{,.,.~ .. )- .... b"" 

/.t'::;;=,P.;,i;OKt=l j :OJ ;=,~("YJ,=,q) :il:n~ ~JJ==:' "T1(1'J,=.~.(q)) 
. 1 ~.~ j_,,f 1, ... ~'---~v'~-1 r .• '-' . • ·' ,;. ' . ' ,.: ~ • 

' ' ;7")~:·f'·f:'1 :,..-;;i . ... :r .: .' . . :J: ~- - ~,-: ... -<' ~ •· '.! l ~ " . ·--, f 

0• 
M :E2 = 

-+ 

. . 0 ,. 

E:Etd+; c.·U, .~:~,1(\:~i,:,-' •. ~ .:.-,·.~\ 

I q . + +' + + 0 .·I - + . 0 b 

' (27r)3 Y.;;~~.,~.{}J~~f! G~ ~-:~ sq?, ~~:;::_<!0,~~'~q~t~11L~ l, " !_;•; .·, 
{51) ,,, 

E E2 + :_~ ~. t"~._ \ ~r, ! ~ .. ~~~ ~itl ~- qf 

J 
dq 0 o'' o b 

. , ~ ,, . {21r)3,:(~ .. :- q~.{(~~;~_;.:__-:: s;:.;J).:E2 +.~!4ctc;) N2 } 
' • '< ~ '• • ~ t "• ">\"') • f :, r • • :: ,...,.;:,. -·• 

': -~··· '.• -~·: 

0 

M :Et = 

€ = Pi · q; , 11 = P• · e~ . -b • 

These relations have a·~eriic~mpact ~o;rm.for bound,st~t~:~ave fuActiohs~ 
1 • <' ' ; ' < ;. \' - - '~" :.,, ~} t! ' '. 

2:3·: J\:rig'ulktr; mtlmentufustructure"of'Bethe-Salpeter ··· 
:· ~'"" \,. · .~, du~-'~r-~t 

equations 
. . .· ;: .. ~: :\·l .,•$' Y --~~ --:. ';:,\ r~ :~' ""r: .:-·;~ .· ;- ,' t..o !~r,·:~·{-

A£ter deri~ing the sets of equations ( 49)-( 51) we will. consiael: their'angular momen-
tum structure. · · . · · . 

At beginning, let us fix the shape of the potential, appearing in equations {4!.!h{51). 
It is interesting to note that the simple polynomial ansatz ·· . ' . · ' 

'~ ·) , .';'\ ~- ~.rc:,/{ 1 ·~· ! ·" , 

V{p- q) = £jp- qjn , '•. {52) 

~h~re .£-'is. a, ~tr~~.gth P.a~aiJletrr;, is. quite ust!M: Reapy~ 1 t~t Pf~a.~~-~~~~<~;tion (52) 
1ncludes the followmg potential shapes [12]: ·. · '" · · · ( · · · · · i 

Coulom? potential: V(r) 
4_ a.·; :·:;:,~.,~t:XI_;:·;:;·:,". I.,.! .4'•·, r41r~ .. 

-3 · 7'' a,= 41r =:::} l'(p) = -3a&: p2 

,. 
4 

£· = -{47r)-o ·. n = -2 · 
;·-- . ...,_ 

.._ f . 3 ~II '1" ·~........, .• ~·' 1 

i : v }. .r ~ ... ji·t._.- ·.~:.:;, ·;,l 
~"'-· 

Linear potential: V(r) = a·r a - parameter , 
t;;"' 

===:-. v(p) = _ {s1r)a 
. ···~· ~;p-~i r:L ··J·: ~ ~~.;, ' .. , 

(5.3) £ = -(81r)a , n =:=.-4 ; . 
"":"'. i: \ J..;_ ~ i ~ f ~. . \ : :_ 1. 

"l ':! 

~. 

1',; 

Delta-potential: V(r) = b·c5(r), b-par,ameter, =:::} V(p) = b 
' ·. • _·,:.c- - b · -·o .. · · · · ;::·.~ ,._-.c...t- ,-tn- ., . .,. - ~ 

.. :.. ~ ' • ~ ' J \o' ~"' }~; 

11 
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However, for the oscillator potential we have the:form 

V(r) = -Vor2 , Vo..:.. parameter ,-;-'==;':V·(-~) = Vo(27r)3~pc5{p), (54) 

which is different from (52). Now we discuss the model with the potential (52). The 
bound state wa~~ 'ftirictioris 'fof'the ciscillator potehtial are discussed in. (13].' 

Let us expand the wave functions in (49) over .sph~rical harmonics: 

LG)~P) = !(NG)(P))ItYI1m 1 (p) ; i / . 

\ . ' .•. ! .; ,. . ! .• . . p •' ; ' 
and use for the decomposition of V(p - q) the expression I 
1 ;, f .,., 

(55) 

IP :... ql" ~· :t al\(p, q) 21~: 1 (J),, . Yl') = ;. 
· . I'=O' . · 

.;;, I m'=/~ . 
4 

• . I ; : , , . r ' 
~- L. L, 21': 1 ~-;{(;,-~)(Y,~m.(~)::y,.;,.;(p)) · 

1'=0 m'=-1'. . 

(56) 

In this relation , ,, · 

a":::;;; {:-:-~)I :' • (pq)' · . F(~- ~ L~ ~ ~. . ~. (~ 2 
I (t)1 (p2+q2)1-;-j- 2 4'2 4+2,l+2'p2+'q2)) 

(57) 

and F denotes· tlie oorresponding. hypergeometric functions~.· Similarly, for, the param-
eter e. entering formula (49),, we obtain . . . . . . ··'- . '' ' . 

p.=1 . 4 p.=1 ' . . ' 

e =:.:;(Y1·.YI) =:=.
4
; 'LY;p.(P) ·Y1p.W =,.; b Y:I'W: Y111(p) 

p.=-1 p.=-1 
" (58) 

By 'using the relations -. · 

J d!1q~/~m'(q)Yl2.~2'(4) = _6/'126m:m2, ; 
r' 

·. jdri~'Jr.~.(ti>Ybti)Y,2m,<ti>··~f dnq(~1 >m' <~1t_Y.,·-~·(ti)~1~~~ ti)Y,~m~ <tit= 

,_ •(':2: 1 )m~(.c.. 1 jl' (21' + 1)3(212 + 1) .( I' 1 12 ) ( 1' 
1 

1 12 ) ; 
· ,, ·· . · .. · 471', , 0 0 0 -m , -p. m2 .· 

(21'+1)3 ·;- ('11
• 1 1) ( 1' 1 1) m Y1•m•Y1 11 = y 

4
71' L v'21 + 1 O O O m' J.l m ( -1) Y1-m 

l,m 
. we obtain fro~ equation (49) 

M[nm(p)]1 = E[n{D(p)J,-
(59) 

2~~1 j(i~~~ {(c;'c;)aj(~,q)[nm(q}J, ~
1

(s;'s;):Fil. 
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where 

m=l 1 

:r; = 2:: 2::: 2::: 2: (21 + lh/(212 * 1)(21 +1)(-ir+m'+m''<:-l>''+l+h . 
m=-ll',m' l2,m2 m"=-1 

( 
1' . 1 12 )· ( 1' 1 1 ) ( 1' 1 '12 . ') __ .. ( . l' . ·1 
0 0 · 0 0 0 0 m' m" -m2 . . m' m" -~). 

aj,(p,, q)[nm(q)]t, 

As a result we have the equations for given angular momentum 

[E=-o: I 

M[nG)(p)]o = E[nm(p)]o-
I ., 

.' J qdq {.( 'F 'f).n( ) . 1( 'f 'f)"(.)}[ . (. )] ~ '47rp (27r )3 cp cq ao p, q - 3 sp sq a1 p_, q nm q 0 

flJ=l: I ''-
;, 

~ ~· ; 

(60) 

~ '..: i ~ 

M[nG)(P~h .~ E_[~G)(p))t - . 
' ···.,_ .• ·' '·"-';. ,, . ' ' ''!' . :. ' . (61) 

· 4;P J (~~~3'{(c;'c;)a~(;,q)-(s;'s;)(3~i(p,q)'~~a~(p;q)}[nG·)'(q))t. 

[E=2: I Jj .r._;j" 

., 
•' '~f./ ~-h ... 

A,f[~G)(P)h ~ ~[nG)(P)h-:- •.· 'n1 

(62) 

4~p f (~~~3 {( c;'~~~E;(~,,~)- (~i~;)C125 ~~(p, q) :r':5~;(p,'q)}[nd)<~-~h 
• • • • • , • ' : ..:< ' • , _< • : • • ' ' ' ' ) • .). • " : .~, •• : ! '. j ..... ~ • • j ; 

' -ti" .. f; ,J· -. 

The coefficients af-in these f~r~~l~~;are . 

;1t·i !"·:· 

' -:: fl': 
'/ ,. 
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'.)~- ... ~ ·--:. fi:_,.. ·'-·J_·.':i.'' 

'< ... • ~~- i: 

~ r 



,, 

an 
I Coulomb potential Linear potential 

,, 

an 
0 

1 Fe 1·3·z2) 
' (p2+q2) : 2• , 2• 

1 F(1 3. 3. z2) 
(p2+q2)2 • , 2• 2• 

' 

an 
1 

2 ~ F{1 3· 5 ·z2) • (p>+q2)2 • , 2• 2• 4 ~ Fe 2· 5 ·z2) • (p>+q2)3. 2• •2• 

8 ~ F(3 2. 7.z2) 
..J 

8 ~ F{2 s.7. 2) an 2 3 . '(p2+q2)3 • 2• '2• • (p2+q2)' • , 2• 2• z 

an 3 
8 ~ F(2 s.9.z2) 
5"(v2+q2)•· •2•2• 

64 ~ F(s 3.9. 2) 5. (p>+q2)5 • 2• , 2• z 

an 
4 

64 ~ F(s 3. 11. 2) 
3s · (p>+q•)s • 2• '2•z 

1os ~ F(3 1. 11. 2) 7 . (p2+q2)6 •• , 2• 2• z 

and z = (2pq)f(p2 + q2
). 

3 Conclusion 

ln;the paper relativistic covariant equations for quarkonia in the bilocal approach 
are obtained. These equations can be used to find the solutions for the bound state 
functions for any given angular momentum. For example, we considered the expressions 
f()r pseudoscalar mesons. . --
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