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1 Introduction-
·' ~ 7. ' 

One of the major o~tstanding problems i~ theoreticctl elerhentary particle 
physifs i~' the question of the origiu.ofcoilfinem{mt.-As lmig as there is 
no satisfactory solution to this problemwhich allows us to calculate the 
properties of bourid <states of coloured constituents from first principles, 
that is~as hk been nowadays genenilly accepted-quantum chromo
dynamics, one has to 'rely on somewhat more or less phenomenological 
approaches to bound states. - -' - : -

Iri thisrathe~ condensed. ~urvey we ;ould 'like to· havi{a quick 'li::iok 
at some ;aspects of th1e treaiment-of )quark-anti quark bo\irid 'st~tes from 
vaiiliri~, point~ of view .. Particular emphasi~' will be laid· on the; inter
relationship of nonrelativistic allq ( ?-t least ~emi-) relativistic approaches. 

This brief review is organized a8 follows: In Section 2 we discuss the 
significan~e of the 'de'scriptiori ofhadrons as bound states of (constituent) 
quarks by nonrelativistic potential models. To this end w~ derive;~he 
relativistic. generalization ofthe quantUIIl--;~,e~hanical virial theorem_ and 
use it to c~~~tfy th~- connection between the nonrelativistic and (semi-) 
relativistic t'reatment''o(bound States. J ' .; - •. :Hy:J " ; - i 

In Section -3 we present a .'new' approach to the fermi~m-"-antifermion 
})ound.2-sUte-~mbl~m! This~appm~ch is based- dn :'th~ constniction of an 
effective :Hamiltonian which incorporates rel~tivistickinematics as welLas 

, i t. ' • ~ ' "• . {!. o , I •: . . · .• . " 

an interaction' pofential, the perturbative· 'part of which is: derived from 
the quantum 'field theory describing the truly fundamental interaction 
-b~tween'the 1 bouiid.~state ~oristit~tehts~· -,_ •1·: - · __ . ,,__;, ~-~ 

We adopt this effective-Hamiltonian method in Section 4-for:the:de
scription of hadrons as bound states of constituent quarks. However, we 
do not intend to attempt by the: given presc~iption a satisfactory numer
ical fit of the experimentally observed hadi-on spectra. Rather, we try to 

'check the proposed procedure on a vezy basic level; namely, .by applica-
tion to some' ~electedq~estions; where,we,can-obtain:,th~ soluti~n to,the 
resulting equation_ of -motion by analytical computation. We shall- find 
that our ~ffective:H:amilto~ian m~t.hod is abl~ t'o repr~du~e some ge-neral 
features of the empirical meson spectrum. . 

Finally, in Section 5 we comment on the relationship between the 
effective-Hamiltonian metluuLand..the..B.e.th_e;;S.al}U!_ter formalism. 

;_ (1i., ·_, "' --·· •II '•-:. _ \ ~-- •.... J..n_7~r.-.t~Jtl(u RH~, .. tji-
\ ~::;--:~·~h!X nc:l.,eJlOBlUld 
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2 Reliability of Nonrelativistic Potential Models 

An amazing circumstance in. hadron spectroscopy is the description of 
hadrons as bound states of quarks by nonrehitivistic [1,21 and· (semi-) 
relativistic [3,41 potential models at an equally good level. The relativistic 
version of the quantum-mech!,lilical vi~ial'th(;orem [5;61 'm~y p~ovide a to~l 
to clarify this situation. . _ _ , _ -• . . .. . . _.-

. The static inter-qtmrk potentialV(r'); .7; ~ !xl, has to 'consist ofat · 
lea.St two p~rts: At short <iis~ances itoFiginat~~frolll one~gluon exchange 
.(which gives ~,<J,pproximatel~ Coulo~b~like_contribution), 

.' , . .. . .·4as . . >: . ·g2 
; hm V(r)"' --- · a = _!!_ . r-0 :-c-. 3 r.. ' .. s - 471"; ' 

.. 
·(1) 

where ! 'is th~.appropr,iate colour,fact,or for ~esons.;Atlarge.:distarices 
it has-to provi9-e for; confinement, V(r) ~.oo for 1·· :-+ oo:_·Lattice gauge. 
theories indicate that the rise of the potential is approximately lii1ear, · 

. . " ·•. ,- . '. • ' . ' ' ;' i.. . ~;. ' , ;' ·_,' . 

· lim V(r) ~ ar 
r-oo 

',"i:. '•. (2) 

The superposition of these two parts. is the· funnel (or CorneHY potential 

[7,8,91 < 

~' '' \ 

·V(')'";•· 4as +.. · r = --- ar (3) 
· ·;; 3 r . 

This form (Fig. 1) represents the prototype, ()fall realistic ''QCp-in~pired" 
'potential models,,, ; !,' , • 1,.,. . •.• , ... 

.. · Let us try,to g~tanidea of the ~rder,.ofm~gnit~de o(tl:i~ pa~ameters 
a~· and a enteritigin the abov~ p~t@ti~L~Our.main:as~~thJ>ti~~willbe 
.that light quarks feel predo~inantly the linea; P<Lrt ~f tl_J.e'pot~ntial,i.e., 
Veff='=ar. ··,,-• . ;; .· . . ... · ·' 

From the scaling behaviour of the ;Schrodinger eqtiati_on one. obtains 
for-the energy levels of _the bound state1 . . . • · · · .. '·" 

: ~ 

. '; ·,;.'2 ~ 

E,;~ (;,J ·En for ·v=ar . . ")- ~ 

' ; ' < ( 4) 

where p. is the reduced mass of the two-particle system and. -En are 
the zercis' ~f the Airy function, El = 2.34,E2 ::::·4.09, ... ; Thusthe mass 
• ?· ' .•• .,. 

1For !l- brief introduction to the scaled Sch,~odi~ger'~quation_ se~, for instance, Ref. [2] . 
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. ' Figure 1: Funnel'p~tential 

:; ::\,~ <: ._1·~- .. ~:-·": .·~-~~~ . ,11 ., -~~ ,•;." 

difference betweeri'gr~und'~tate'and first radial e;ccitatiori is given by•··) 

. . . . '(a2)·l;·.:r'·.'·.• ··· .. :.:·._:, .. '('a2)·!. r ·'·'·:.' 
M'- M.= 2p.. . {E2- Ei) = 1:75 2p. . (5) 

:- ' ' • : -,.·:. ; "r •. • •• • i_,i'/.( 
With the constituent quark masses mu = md .. = 0.34 GeV one finds frorri 
M;(1300) - M1I" and Mp(I7oo) - Mp for:th~ slope of t~e linear potential 

a·= 0.27 GeV2
• . . ' . · • • . . . :, ., 

_From the spin-spin interacticm ent~ring in .. the generalized Breit-Fermi 
Hamiltonian one· obbi.ins under. the above a1sruription for the uiass: 
squared difference between correspo~ding' spin-singlet and spin-triplet. ' 
states2 • · · .;.,, . .;,, 

.· 2 2 c,._;'32 . ) 
~--~-~~~~ . ~ 

From MP2 - M11"2 and M}c __: MJ/ i:me 'gets a~'~ 0:6 for the strong' fine 
structure· constant at an energy scale corresponding tolight hadrons. 

-----"-----'---·-..:...:.. !' t'' -

2For a brief introduction to the Breit-Fermi Hamiltonian see, for instance, Ref. [2) . 
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In order to derive the virial theo~em [10] we make use of the g~nerator 

D=e~(lnA)(px+xf) (7) 

of the dilatations . . 

D -v-1 ·. L. . n-n-1 '-p = ~p , · X · = AX 

,. 
(8) 

. The virial theorem may. be phrased in .the way that the expectation val
ues of the cqmmutator oLD and the Ha~iltonian H of the system un
der consideration, taken . with respect to normalized· energy. eigenstates 

Hl1f) = El1f), (1fl1f) = 1, vanish: · 
1.-< 1f-:-::I[D-,-H-=-11 ~--,-) -=--,0 I (9) 

since 
(1fiDHI1f) = E(1fiD11f} -~ ~1flH Dl1f} _(10) 

Let us assume that the Hamiltonian H for a two-p-article; system may 
be split into a kinetic part T and a potentiaLV(x); H ~ T + V(x). 
Nori.relativistically the kinetic term reads 

... p2 
T=_--, (11). 

;. 2jL -

where fL.= m1m2j(m1 +m2) denotes the reduced mass of the bound-state 
constituent~ with;masses m1_ and ?:n2 ,'x:~spestively, Un.d.er ,the dilatation~--
(8) the nonrelativistic Hamiltonian behav~s like · 

· .. ; . 1 . . . i - . 

.' DHD-J~ -,{[: + V(Ax). . A . ,,_,,_ " 
(12) 

With the expansions in powers of ln .X 
:; .· . . !T :, ·o ;.,· ; t-:\ ,,\;: .... 

-
2 
~-L- 2lnX A . 

·_t·., 

?, t-'· (13) 

and 
, . V(Ax)~V(x)+5(lnX)x•VV(x)'·· _ ._· ... '(14) 

·. ~~·c6iu~ute the first derivativ~ ~f.(1flHDI1f} = o\~ith.-~espectto·l~Aa!l'd' 
obtain <-" - .• ,; . . ·:.· ' • ... . • ' ' .... - •'-" •. 

1 . 
li~ ln A (1fi(DH n-1 

- H)DI1f} 

· ., ' , = lim(1fi[.,..2T+ x · VY(x)]DI1f} 
.X-1 . - -

\ t,j : .. ~:(T/JI[~2T+'i· vv(x)]lt/1} = o _· (15) 
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\vhich is the nonrelativistic virial theorem: 
:_!.:._~ • ·_< ~' :: ~ ' 1 ; ·· .. ·. . 2.:. ./ i ~ ~ ;. ~: ~:._~-

.·;;. <,;·~.: ;·:· {tklf,l1f) =:= 2<tPixG;Y.f(x)lt/l} · 
~.: : ; ~r;.;l:··.;:_;:>G>'. ~~- .~: :,:·~, 

Relativistically the.kinetic term reads · 

< .~ .. 

oo::• •• 

:u· . ·- . .:._{16) 
l ~~- •'- •• 

~~ f~~ ;:-

·-- . 

'T~-~JP'2 +mi'+I./P'2 +'1n~T:.. (17) 
~ J "~--~- '\ 

Performing the same steps as above and noticing th~ expansion 
\ . ' ~ .• . "· -. 

;J, 

1 . . -2-
--'P-2•+ m2 ~ \jp-_2 + m2-. p . . 1 A 
'2 ·· .' . . · ,;-2+· 2 n A . . _ p m 

•. ~ ~ 1 

(1~) 

' 
(19) 

which in the nonrelativistiecase reduces, of course; to (16). 
... -With the help of the relativistic vir:!al theorem {19) we find for the 
relativistic,energy eigenvah~es - . · 

,.,E,~(H} ~ (x~ ~;)~}?j;i-_(~~-mi .-
2
+·J·-m~. 

2
) ••. (20) 

. , . - . p2+ml p2+m:' 

For the funnel p()tential(3),_h0\:;ever, l'V' + Y = fal:. Despite the presence 
of the Coulomb term in the potential it drOIJS out in· the expression for 
the energy! Nonrelativistically, 'the energy is given by 

" ~! -t • -,r/:·-~·- .·.· ':. ,l. (:. • ~-:,~·~,. -- ·· :,: • .: 

. . ' ... 1 ,. . ' ,. . ' ' . 
' · ·' E=_ -(rV1(1·)} + {V(1·)}' · 

; . < .. ; 2 .. -:;' ··~.: ' . ' '· -.l 

';'(21) 

In contrast to the relativistic ca.Se, d\1e.to thefactor ~-in front of {1V'} 
inithe above rel<iiion, tlie cancellation of the Coulomb:part. is incomplete 
in the nonrelativistic version·.; Consequently, to the extend that the third 
term onthe,right-hand side.ofEq. (20) may be neglected, the expectation 
v:ilue. of the nonrei~tivis'ti2 Hamiltonian with a· purely linear potential 
v = ar is of formal resemBlance to the exp.ectation value of the relativistic 
Hamiltonian with the funnel potential (3).,The.corresponding eigenstates 
are, of coi1rse, different. Neveitheless, the' above siniilarity may lead one _ 
astray to treat bound states of light_ constituents nonrelativistically, by · 
employing only a linear pot.ential. , ; · . . 

There are some further, but less rigorous,- hints why the description ~f 
bound states by the noiirel~ti~istic Schrodinger form~lism might not be 
complete nonsense. 

5 
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First of all,accordingto 1(0)1·:::; J(02) V<}lid for any hermitian opera
tor 0, the relativistic kirieticenergy.satisfie~·(J.P2 + m2):::; J(if2) + m2. 
From thisone finds for the expectation value ofH . , . . 

• _.- ---::, • ~J ! •• .... ·- ;'"; -- r • ~ · < ~ L:-. :: · · · , .. 

(H) = ·2. ( /P:tm2)+ {Y),:::; 2V(P2),+,m2+ (V). 

(P2) + m2 . ·: . ·( jp + m2 . .\ 
=- 2 . ·-: _ + {V) ~ 2J(P_2) +.m2+V/ · (22) 

Conseque~tl~, the relati~istic energy eige~vahieE ={H) is bounded from 
aboveby .· . · · · 

,;(·., ft2·+m2 <l ) .• 
;.~-:::; 2;/(fj2) + m2+Y . (23) 

The operator on theright:..hand side of thi~ inequality i.s forn{~Uy of the 
same structure as the n~hrelati~i~tic Schr6dinger H'ami!toni~~~· 

-,': _.. -~ t ' '' . --2' 
HNit = 2~·+PA; +vNR. ,. ·· 

m ,, .. ,,: ... -.·. 
t.' ,;J __ 

~ -' .. ''(24) 

with,, however, an effective massm =: !v'<P~) + m2 ~nd the no~.relativistic 
potential ' · f · · · ' · · · · · 

VNR::: _.2m
2 

- J(P2) +m2 + V ~2m- w:2) + V_' . (25) 
l.' ·v'{iJ2)+m2 .· .: >.::,. ·: · .m .... .:: ·· 

The effective mass~ as w~ll ~the co~~t~nri~ ~he pot~ntL{tvNR d~pend 
on the average momentum (P2) and:w!ll t~us vary fro{n level to level. The 
expectation value of the kinetic energyjsrelated by the nonrelativistic 
virial theorem (16) to ·(r;f;:V(r.)). !The latter is ·a .. constant only· for:the 
exceptional case of.a logarithmiC poU~ntial cx:ln(r/ro) (11]. Only;in this 
case (P2) is independent of the level of excitation. , : :; 

Secondly,: there exists a. certain ·kind, of. duality. between an ultra
relativistic Hamiltonian with harmonic-oscillator ;potential and a no·n
relativistic Hamiltonian with linear potential [12]: The ultra-relativistic 
Hamiltonian HuR = 2y'j)'2' + ~~:r2 •is ~converted· into the nonrelativistiC 
Hamiltonian HNRC= p2 Jm + ar by means of the duality transformation 

lftl ~ ar/2, r ~ 2I.Pifa,provided.the parameters~~:, a~ and m'are related 
by 11: = a2 J ( 4m). The eigenfunctions in the corresponding wave equations, 
HuR¢(x) = B¢(x) and HNii.t/J(Y) = Etf;(Y), respectively, are then con
nected by the Fonder transformation ¢(x) = f d3

Y exp( i~x · ii) tf;(Y): 
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3 Relativistic De~cription' .;r Fermion-"-Antifermion 
BoundSt'a,tes.: ~- · ... 

1 
·· · • ;, : ' · · 

3.1 . Th~ Effe~tive Ha~ilt~~ian 
., 

' #''~ J .J. • ,,, 't·'" 

Our aim is to describe bound states of a fermion~~ntiferbion pair b)/ 
an. effective Hamiltonian [13] which incorporates the·relati~istically cor
rect kinetic term Ho(ft) = ,jp2 + m2 as well as the ·compl~te relativistic 
corrections tb . the static p'otential .. This. 'pot'e~tial should; 'of course, . be 
derived fro:in the underlying quantum· field theory. In order to do this, we' 
take advantage of the fa~t that in scattering theory the po

1
tential acting 

' ~ ' .- " ~~~ : ( t- ~ : c • ;- ~ ' ~ 1 • ' , ' t 

between two particles is.nothiiig else' but the 'Fourier transform of the 
first .Born. approximatiori':Tf; to the· transition amplitude for the elastic 
scattering of the involved p~rticles [14;2]:. 

V( -.). · jd3k -ik-iTB· x "' e . . fi '. (26) 
:,;;. '•, . !"' 

where k ==iff.:..:. ij denotes the relevant. momentUm transfer', p and ij being 
the 'rela1ive:momenta: in initial kid final state,' resp'ectively.; . 

The proposed procedure. consists ther~fore of 'two,mai'u_ ~teps [13]: I' 

L;, .,, \ ·, ,; 

'l:. Comjmte the effective interactio~potentiru V ( x) from the und~rlying 
· quantum field theory' via the' scattering amplitude. for elastic two-

particle scattering.. ; · · .; ' 
.u~ ;-;. 

2. Construct tii.J•effective Hamiltonian · 
'.·:1' :.:-j 

.. H = Ho(P) + Ho( -p) + V(x) (27) 

in order to determine the energy eigeriv~lu~s and r~spective state vec
tors of the bound state under consideration from the 6orresponding 
multi-particle Schrodinger equation. · 

~ ;' . . . . . , -

The energy in the rest system of the bound state i~, of course, nothing else 
but' the mass of the composite particle.: Obviously, the proposed ineth~d 
may: be regarded as the· relati'vistic generalization of ·the description of 
'bound states by nonrelativistic potentia(inodels. i ·• .· ; 

7 



3.2 ·,The· Scattering Amplitude.:,· ' 

In order to calculate the scattering amplitude required' for the;·d~riva
tion of the effective interaction potential, it is sufficient to consider the 
elastic scattering of the involved fermim.i-=.antifermion pair in thei;· center~ 
of-momentum system: 

· f(ff) + !C-:P)--,.+ !Cii)t H-ii) 
' . ~ ·• - . ' ~ : 

'(28) 
. . ..: 

Expressed,in terms of_the.usual Dirac sphlgrs u(p) and v(p), ~h.e gen-
eral form of the scattering amplitude corresponding to this process reads 

' ·~ • • • • .• '-'· • ,._ . •'.- " . • --- .-" c' /. • ·.,~ > •• ., • ' • - ' ·'""' 

·· i ~'t(ii) :rrutff).v( ~P")r;J v(~ch K · · ,;: (29)' 
-·· .. ,'.-:~;}! :L'~7 L :~ -~~--:' .. :.\_ ,:: .... ~·d;_I\<J: >-:~ ')L· \.' s .'' 

where r;,'i = 1,2,·represents'some.Dirac matrix, r; =·l,':f'5i/p,/p/s·,a;.;/ 
]( is the interaction integral kernel, which has to be determined from the 
underlying quantum field theory. The Fourier transf~rm of just. this ker
nel yields the static interaction potential. As far as the spin structure of 
the above scattering amplitude is concerned, we shall only be interested 
in vect.or r1 ® r2· =::'YP 18) If ~co~resp()n<;ling .to a (~aybe only, effective) 
exchange of a ':ector boson~andscalarrl:®r2;=) ®1 ;-;:c.orrespollding 
to a (maybe pnly.effective) exchange.ofa.scalar ,boson~, which appear 
to be the clo~inant ~n~s for the 'qua;k~a~tiqu~rk i~t~r~~ti~~ ~·rigiriating 
from quantum chromo dynamics. {For a very recent review .()n th~. phe: 
nomenol()gical aspects of the f()rces acting within bound sta~,es of quarks 
see;·e.g., Ref. [2].) ' ' 
. In order to obtain the dependence of thescattering·amplitude on the 

momentap and ij, we insert an explicitrepresentatio11 o{tq~ Diracspinors, 
for instance, the Dirac representation . · 

~(!>) ~ ( a;;; J x , 

( a·ffl . 
v(p) rv . ~i x~>. 

'~:-··; 

. : '(30) 

i ==. -za2'x* 
~ - ~ • .<. • ' ' \ •• ''' • ' -."". • ' -- • 

where a are the.three Paul~ .matrices, x;is the two-component. ~ipi11or 
corresponding to a given spin,.polarizatio11, .and we introduced for ,the 
denominators in Dirac spinors th~~horthand no!ation S =4fj2 + m2+rrt. 

- ~ • • • -~"' ·-- •• - • • • ' >- • : • 

8 
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1 

; 
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Up to an overall-normalization factor, the general form. of the scatteri~g 
amplitudes. is then given for vectorial spin structure by [13,15] 

·, 'l ~ ,; ; . . ' " -. •' • ' ; •' r • • ~ ' 

~1 

·····~v:~ { 1 
. '·j ·, ..... · ..... - . -~:.·_, ..... ·' - ,',, ,·~-. 

+· -(p · q- z p.x q · al) > 
s1s3 . . , _ .-. 

+ - 1
-(p·ij-ipx,ii·a2) 

s2s4 ·-. 

+ SIS, lft; (1- ih · a2) ~ .(p ~ a1)(p· a2)] 
1 2 . . 

,·f 

. '~" 

1 -2 c • - t -. '. ~-- _:; '; ~· -

+ s3s4 [ q _(1- 171' ~2)+ (q. 171)(q. a2)]. 

1 -'- < -- - • 

~~ · S1S4 [_p: ~ ,(1 +.(~\··a2 ) ~· ·: ., l' f t:_)_L'~ -:~~ 

-:i ffx ii·a+:.:... (tl· a1)(p· a2)] 
~-' ' \. 1 'i .• ~· ' ·, \! ;, .', : "' .. ; ~ 

+ .. s2s3lP'.:;~P§~~<-~;)_ _ _ _ . 
, ; ~qJ ~ q :,,17:;t;c:-.(P · 17!)(q · 172)] 

1 [(- -)2 '(- -)(- - - ) + ro ro,.,,., p·q ·;-;-lz P,,·_q ]J )( q;a+ : 
i ~.J ..._ ~ _. • • J • • .. _,'- ". ; > .. 

- (p~ij/ai)(pxij·~2)]}Kv. (31) 

and for scalar spin structur~:by:(13,15] \ ); ~ ..... 

' 1 .. · 
·-

88
(ff·ii-'ipx:ij:a1Y 

'j: ,.··.: : \.3. ~: -' . ~ ~,~-~-· <. ... . 
.~.. -·-(p·q-zpx·q'172)··•: :·,._., .. , ·>···-··•• 
:, . '·' s2s\ _, ~ _\ ... :~ . _ . _: . :' _ . ... ,., 

+ S1S2S3S4 [(p. q) - z(p. q )(p X q. a+) ,,, .. ;;·u: 'W 

~ :; ~ ·: ~ , ) i '( 
Ts ':'.~ { 1 

• f ~ ' 

·,:;.·,· 

- (P x ii::.ad(ffix..tJ., a2)]} I\s :..:L'(32). _ 

'1,1~- • _,.- "'<r:r··- "' :,-, ~n.·; .r: . . ,1: ,.. ·,·: ~t,., -~~, ·:;~r n;~- -~·-·]>· . .-~:. ~-: 

'.:'h~r~a~ ~s ~~~rf~,o-~tto.'ic~ oilparticle .. {•. ~~~·:2'_,~~~1 f:tJ~;th~.~un~ ,?.~:•: 
171.an 172•.C!+,.= 0.1.+.a2: .. ,", . , .. , .,. .. ·-· . ,. . . , ,_ 

'In a D.onrelativistic. e~p~_~siori ~f th~ ali.~~~ 'l>ca.'tt.e~ing ~mpiitudes.ul>·.:, 
to order 1/c one recovers;·of course, the w~il-known Breit-Fermi inter-
action. : ' , , 
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3.3 __ The Massless_ Case 
·.J 

. , . • • : - ' -::. . • '' ~ ' . .- . - . - .. ( l ~ ~ ,• - . ~.-

The case _of massless-and • thus · ultia~relativistkally moving~b6und- -
state constituents, i.e., m~ ~ 0, entails a considerable simplification. of 
the scattering amplit1ldes, since under these circumstances the T:-mat~ix 
elements only depend on the u'uit vect~rs - ' 

p" 
fi:= ypx 

as well as on their difference 

q= _j_ 
-~ --: ...;qz 

k=[=p-q 

(33) 

(34) 

Explicitly, the scattering amplitu'des r~ad for vedori~ spin structure [13] 
•:• -~ -, 

[(3 + fi.: fJ)(l +fi: f:.:__ i fix fJ ·.a+) Tv .:q 

-+2 ··"·'' -- ··: ...... . -·~ 
k a1:;;2 + (k · at)(k ·a2) · 

(fi x q · ar)(fi x fJ: a2)] K v (35) 

and for scalar ~piri structurr[13]· 

- [lk-2(k-2- . • • - ) Ts "' - - · · + 2 z p x q · a+ 
4 - ' 

(p X q. at)(px q; a2)] Ks (36). 

In contrast to the general ease .. given in .. Subsection 3.2, this simplified 
form of the scattering amplitudes allows for an analytical treatment of 
the bourid states under consideration. Accordingly, for the applications 
of the developed formalism in Section 4, we shall assume the constituents 
to be massless particles. ---

3.4 · iThe Variational Method 

Inorder to get .an estimate for the energy eigenvalue E we employ a 
simple''vari<itiorl~l ;te~hriique, where we'comjnit~ 'the e~p~~t~tioil v~ilik 
of the Hamiltonan H with respecttosome suitably ehosen'·t~ial st~tes 
1~(>..)) depending'buavariatib~al i>ar~ineter-\, · · ., '' j;~--·" -, ' · 

E(>..) = {~(>..)!HI~(>..)} (37) -

10. 

-I 

.,,_ 
1 

~ 

..,.. 

j 

:.--

and minimize the resulting expression E()..) with resp_~c~to_ >..,, 

dE(>..) I· = 0 ~-~ ,•-Amin .·:; 
.• ,d~ 'j .\rriiri , .. , ,:~ ;;;,,_, 

··.: -· : ,,,_;- (38) ,._"'!' ,:·: ,. 
;'t '_!?;-

', ... ;·-.•,; --·-·-. , __ .. "~~ ~- _tf. :. . ~ -~, • ~-- ., ··_.. · .. 
The minimum· E(Xmi~) fourid in'this:\vaypiovides, 6f'dmise, only an 
upper b~un'd to the .proper ~nergy'eigenvahie E, :'·:·. ·-' . --~ -;;·, 

• • • ~ ' - ; ' \ ~ ' • • • _; ~ •• • ' - ' ' • { • '; < • ! • 

.. E s; E(>..~iri) . (39) 
~ --,_· ., . ; > i'tr:::·f:·· 

.. For. reasonable potentials,,however, it has been shown, that it yields a 
,Jairly good approximation to,the~xact energy.: , ,, , . _ 
: :; As our trial functions .w~:shall us~ G~ussian wave.functions, -, : 

'.: . • .. • *' • " ·• .. . . ~ --~ •. . . . ' •. • 

i.-,- _! ·, 

··:-~ ~l:·(~) ."' r£' exp (~-~;2} ~lm :, 

¢tm(ii) -~ Rt. exp (- :~2) Ytm 

as wen'a:s :HY-drogen-like w~v:ef~nctions; - - • 
.> l ~,: ::: ) ':~ !: ·. _,. f' ;· ' \ 

-- ~tm(x) "'.rt,~xp ( -~r), Yt~::,,:_ 

. 
--- - ;,: "'·: L., -,; ;e: 

" , ~tm (P) "' ( ~2 :).. 2)~+2 Ytm 
- .. 

;')j 

;it 

' ... 

: ~ ' 

J;/-.; 

_._., r 

._, 

(40) 

(41) 

.. i Hei-e, Ytm ( 8, ¢>) iu-e' _the spherical harintinics for angular momentum· e and 
projection m. : ,,;, -' 

.. ! >·1 

j 11 

,, .. 

'id ~·; 'r. f~ > 

,, 
; r 

~ ~ ~ 



4 Ap'plications ~· .. ' :1 '-~~[ 

Let us try to use the formalism developed i'u: th~:~~eceding section for the 
description ofme~ons as boundstates of a (co~s,titue~t) quark-antiquark 
pair .. It shollld be clear. from the previm1s discU:ssion .th~t . the form _of 
the reievant interaction potential is fixed by th.einteg~al k~rnels 'j( v, I( s, 
which have to be deternii~~d fr~m the uh:derlying'thebry: ' . ' 

As is well known, for the st~ong· inter~cti~ri the potential consists of a 
short-range and a)ong-:range part. . 

i'ne short:range 'part is of pe:rturbative1 origln-'--where,· since'we ·ire 
only interested _in the Bon:i approximation; we only have to deal with 
lowest order p'erturbation theory. ·In gauge· theories this contribution is 
generated by one-gauge-boson exchange <ma is consequeiltly of vectorial 
spin structure, with corresponding interaction-kernel 

Kv= '(p"-'-q)2 
K, 

(42) 

· The parameter K is given, for instance, in quantum electrodynamics from 
one-photon exchange by K, ~ Q,Qje2:·and i~ qua~t~rrichrom~dy~C1:rri.ics 
from one-gluon exchange between-colour-singlet states by"'= 1 g;. 

The long-range part is of rionperturbative origin and has to-rise to 
infinity for large inter-quark dist~ces. r in 'order to be able to describe 
confinement: Vnp{r) ---+ 00 for r ~· 00. Fr~rii lattice gauge theories 
th~rearehints ,that this rise)s a linear one and that thiscontributio1,1;is 

·of scalar spin structure: 

Vnp(r) =a r (43) 

· Under the above assumptions the expectation value of the Hamiltonian 
· (27) is given by [13) 

E 0 = j d
3
p I~CP'W [Ho,I(P) + Ho,2( -p)) 

(27r)3 j d3pd3q ~*(q) Tf;.~(p) 

+ j d3x l¢(xW Vnp(x) (44) 

In the following we will inve~tigate the question ~hether or not the 
above model is able to reproduce some simple features of the meson spec
trum. 

' "' A '12 

·~ 

',) 

-
.! 

l 

-~ ," .. 

4.1' · Singlet-Triplet ·Mass:Differences .· '· ., .. · 
.-:\i':: -·:.~:.··.,·: .~··; ..• i ·-- ··,.: ~ · ·:·,,.

1
1 .. ~r. ·~ .. ~ -~i -:- :_~·. '-t~~_: 

Empirically, the differences of the sqi.mred masses of corresponding spin~; 
singlet and spin-triplet partners which contain at least one light quark· 
( u, d, s) are constant~ , , ' · . 

~-. . . . . ' ' 

Table i: Differences of the. squared masses of spin-si~glet and spin~ triplet ·part~ers {16), 
.. , ' ,.. . -. ','' ' ., 

•; Spin· triplet .. Spin singlet 

1r 
K 
D 

Ds . . ::13 
-.I •• ' 

···.!:'1,,);, 

r -· ~-

;,_. M§=l .-:· M§;,0 [Ge V2
] i 

_,:, Froni' Table ~1 ~ne finds' fm'· theiaverage: of all pairs: of mesons:·· ·~ :)· .. 

,, 

L ' .. j tL!: . . • ' 2. ' i: 2 ': ..• " . i . ~ ! • . : 2 .. ; i ' " .. ' .. 

Ms=I-:- Ms=o ~ (0:56 ± 0.01) GeV. . ' (45) 
..,, · .. ,,.~ ·5\ .~ .';J.·:.-c· · .. --. i~ :~~:. ··."'-! • 

• The Fourier trans~orm ofpxqis the .relative o!·IJit~l;~ngular ~~.wmemu!n. 
of the-two bound-'state constituents. Accordingly; a!Lt~rms wl~.i~l~,i~yolye, 
this expn;ssion do not contribute. to ground.s.tates (with{'.~ 0).: :, , ., .. 

'Consequently, the bound-state energy ( 44) js _given. by [13} . . , . , 

Eo = 2 J d3p ~~(v)l2 P . )f i ;""; ~ :~ 

I
= 12 . 1 K, - ': ••.• 2 .·;. . -'. :::. . 

--- jdp p ~'(P) ·[n2 .:..'-(47r)2(ai: a2)]· ~-
( 21r )3 4 ' ' : ' 3 . 
. ,.. . o , • . r. ·. • . , · 

+ ajd3x 11/.1.(1·)1 2 1:.·. , , , • ··" ' ·' . 
. • ' • ., '·' I 

l;, 

,(4Gx 
with . t ) < ~ •• "' .,.,. "f" 1 

!12 = jdn1_,dnq 2 (3 + .P. t])(1 + 15. t]) '(4;) 
·k2 ' . :.· . 

The spin expectation value (iJ1 :.ih) depends on the total spinS ,of the 
two-'fernii~n.st<ite': ,;,_ · ·' · · ., ·· ' '· : ·.· ' ' > :: •· ':, <:i 

. ' _; ~' { -3 ~·.;for ·~plii'siu:glcts, s:~ 0 ~ ; 
(a1 · a2) = . 

+1 :for spin triplets, S = 1 
. (48) 

t:i 



Applying the variational technique of Subsection.3.4 to the ab<>Ve ex
pression for the energy yields for the mass7squared difference we are look:: 
irig.f6r[I3]' · . . Jr·· ~· <· ·: ' . .' •.• · · ··z,'., ·· 

. . ~:· 32
3 

1w . .. for Gaussian trial functions' 
M2_ ._ M2_ ~ ~?I" 
· '. ~-t ' s~o _ ' ' ·~~ ~a' · for 'iiy~r<?gen~like t~ial functio~s 

,J 

t i 

(49) 

These expressions have to be compared with the result· [2] obtained'in the 
nonrelativistic case on the grounds of the instantaneous-limit approxima-
tion to th~ interaction kernel ( 42), . ·. . ' · . 

i 

2 . 2 2 
... Ms:t - Ms:,o ~ 37r Ka (50) 

Obviously, all predictions for the mass~squared differences are indepen
dent of the mass ofthe particles which c~nstitute the bound state. How
ever' i1l the' nonrelativistic case this" mais independencefollows from th~ 
neglect of terms of higher order in the inverse mas~es 9f th~ ~omp<rqe_nt~ 
[17] and the assumption that light constituents will be mainly aif~cted 
by the linear part of the potentiaL In coritra:s't to that, in the. ultrarel
ativistic ca.Se this 'mas'~· independence' is 'enforced:by the ·assumption of 
vanishing masses of the bound-state constituents. Since in this case there 
is no other dirilen~ional parameter than the slope a of the linear potential; 
any quantity of dimensimi ma.Ss-squared hasttwbe proportional to, this 
slope. 

4.2. Line~r,Regge.Trajectories 

It ,is a well-known experimental fa~t that ha&ons populate linear Regge 
trajectories, that is, the square of the mass of a state with orbital angular 
momentum e is proportional to £: 

i: 

!J2(£) = f3 e +const (51) 
~,-,I , ·~ ·:.. _. . c ••• • 

~ith,th~· san'te slope f3 ~ ·1:2 GeV2 .for ;ui trajectories. ,This feature of the 
hadron.spect~um.is nicely illustrated in Fig .. 2. ." ·; : •: .. 

, ~ ,. ,I ' • ' 'i, i 
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' > .;• <I} '.~-. ., - ~. 

~L, 

.i.i ,'; 

3 

2 
' 

1 
'J. i; 

7fL-----~----~-L-------L------~--~~L---~~-

1 2 3 4 5 6 
Spin 

-rf'.; 

, _;.. r.; 1. r:; ~-: · · -·-: ~ 

Figure 2: Lowest-lying experimental Regge trajectories for non-strange mesons [16] 

4.3 Nonrelativistic Approach to Regge Trajectories 

We now ask ourselves whether or not it is possibleto.firid in the framework 
of nonrelativistic potential models a potential which reprodilces th~ lin~ar· 
behaviour of Regge trajectories mentioned\in the preceding subsection. 
As we will see below, the\answer i~ yes. . ·- '. ::c. " , • ' 

.. : ; 15 



For large angular ~omenta one may expect that the botind states ,~ill 
only feel the confining p~~t of the potential~ We thus assume:th~t it is 
justified,t~ ignore the Coulomb part. We start from the scaled Schr§dinger 
equation and compute with' the help of an approximation proced~re the 
eigenvalue E [18,19] (see also Ref. [10]). For the inter~quark potential we 
assume a power-law behaviour, V(r) = b1·". In terms of a dimen~ionles~ 
radial coordinate p the scaled Schrodiriger equation· then reads 

.J 

' ( ....:.6_ + p")¢ = €1/J (52) 

We now insert 'the reduced radial wave function y(p) into this equation. 
Defining the effective potential in' the· s~aled radial Schrodinger equation 

W(p) = £(£ 4-.1) . n 
. p2 +p .. ·~ ' 

we find for the radial wave equation; 

y" = [£(£ ~ 1) .+p"- Ejy = [~(p)- :jy' 
p . " 

From the first derivative 

£(£ + 1) 
W'(p) = -2 3 + npn-1 . 

p 

we' determine the minimum of w' 

1 

-·[2£(£+1)]2+n Pm-
. n . 

W'(Pm) = 0 , 

(53) 

' (54) 

(55) 

'•; 

(56) 
,,-' 

and. approximate TV:· near this minimum Pm by a parabola. Tl1e second 
derivative of·W is .· . . . . , .. , .: 

W"(p) = 6£(£ + 1) +n(n:-= iYp".:.2 
p4 . . .' ,,., . 

. ',. 
,(57) 

,16 

Consequently; the.Taylorseries expansion ofW!at Pm reads• 
. 1 . . . . ~ 

W(p) =. W(pni) +"2W"(p;,.)(p .!_Pm)2 + O((p- Pm)3
) 

·· ;,n:~ +B(p ~ :p-;;;)2 + b((/~ }1;,.)3) ·, 

: ~--

~ ~ -~ 

(58) 
• - " ~ •• - J ,..,_' ' ' 

where the constants A and Bare defined according to.' . ····· ·c 

; A - T }. ~{C + 'i). , n ' ": . 

= H,(Pm _.= .','Lp2" + Pm 
m ..... 

- '{ 

. (59) 

. . 1 1[·£(£+1) "·... 2] 
B -~ 2W"(pm)_~~2j ~.:. ;1n +n(n '- 1)p~-: 

. i / 

Inserting p;-,. we find explicitly fot {L. . . . . 
. .' • \ .• 2" . ' . : . »· 

(60) . 

. (1 ; =' e~ e,+, -~) [2£( Cn+ 1 ).F ~+2 + [ 2£( £77 1} r-~~: . 
' •· [2£.(£ ~ l).] n~ .. •. 2· .•• { ' • [2£{£ + 1 )] :~ ... ·. ;} = C(£•+1) · · '+ l • 

n · n . 

. , [2f(f + 1)] :~~ .(i ;·;~)· .. 
'n' · · + 2 (61) 

and forB 

1 { 1 . } 1/2 
VB = ~;,--:. 21 [~£(£+ 1} + n(n ::- 1)p~+2] • · 

1 .1 . . • ' . . ,1/2 - -y{2[6£((+1)+(n-1)2l'(f+1)J} ·· · 
Pn~·:. , . .. . , .. . . · / ;· . . , 

11 
[' · '( n)] 1

/
2 1 2£(£+1)(1+!!). .-2££1 1'- -. 2 P'!n ; ( +) . +:2 ' - P~. [£(£"+'1)(7! +2)]112 

.• .•·. . . ·. 2 .• : ..... ; . . . ;, 

= [2£(£ -f- 1}]-n+2 2£((+ 1) (1 + ~) . . . , " ... 

. n [C(£+1)(n+2)]I/2 
• ~'::· ~~. 71 ._ " ' 

·=· [2£(£ +:1)] n+2\[2£(C,+l}]-
1 

U(C + 1) (l+.¥) 
n · n [£(£+1)(n+2)]112 

· 1··.: - · ·. :~ ' ' .~ ·:--: , ':.. n · , 

...•. =- [2e(en+ i)r+2 [ece ;gc:r;)p!2 ·\. . , . 
n. 

= A. [£( £+'1 )(n+ 2)]1/2 ·, ·,I (62) 

. { 17 
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Abbreviating E = E ~.A our- differential equation tlius takes the form. 

,_ Y11 =:= [B(p ""7- Pm)2 ::-_e]y , , ! 
c '· I' -. . ' • 

-(63) 

, _This is obviously a one-dimensional harm2nic.oscillator. The correspond-
. ing eigenvalue is - · ., ' · · · : · ,,. ' · ; ' · · · · · ' : : · · · 

-·, i_;:, 2rE (IYi- ~) _ :·. -- · '· . : -;·-,(64)-

Hence the eigenvalue of the scaled Schi:odinger' eqJ.~tion is. given by 
'.J. ' . 

E = etA=A-t2VB(N·+~); 

{ 
n(2N+ 1) ·., }~-

= A 1 + [C(C+ 1)(n +2)]1/2 ·;- .. 
,:_ -·__!!_.. ;',1.,.·-~' -

= [2C(C.f:1)]n+2·(1 ~);{1-~..: n(2N+1) '} (65) 
n - +2 • +[C(C+1)(n+2)]1/2 

! 
···t 

Scaling back we obtainforthe e_nergy . _ 
• ; , ' I l 

' ' l ' 
. ( b2 ) 2+n '· 

E = '(2 )n. - ... ; E_ ' • 
. J-L • . ' -

(66) 

and for the mass of the bound state 

M=m1+m2 + 
i -~ . 

'·' 

E 
l .. · ; 1 n .. 

(
__!!___) 2+n [2£( C +''1 )] n+2 (1 + ~)-
(2J-L)n n ! 2 

x { 1 + [f(C :(~~n-i-~1~;]-;/~.f . (67) 

= m1 +m2 + 

We now deteiinine_ that value of n which yields linear ~egge trajectories. 
To this end we consider (67) for large e. Th~ le~ding term is the one 
containing £2. Hence · · · 

· _ ( b2 ) 2~n ( n) ·(2) n~2 .1!!... 
_c_M ~ -( -)- 1 +- - ·: (C)n+2+:const . (68) 
.·. 2J-L n 2 n · - - -

•. ' ' • ~ • ' • -· . t ' 

In o~der to get M ex Vi, ,n has to satisfy ,;;~ ~j -~~d is thus fixed to 
n = 3. Consequently, we find for large C · -- -: 

l!i' .... j 

~'"' 16~ b' . 1_+-const .. o· (69) 
. 54J-L . ' 
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In other words, a confining potentialof.the form V(r).·=: br213 leads to 
the well-known relation 

M 2 = f3C + const · , (70) 

where 

----~---· 
f3 = 16~54; - '{71) 

is the so-called Regge slope. Adding a Coulomb~ like part to the potential 
. one obtains indeed ratli~~ good predictions for the spectrum~ We conclude 
that, when treated.nonrelativistically, alinear potential V(r):= ar does . . -
not lead to linear Regge trajectories. . · •; · .• 

{ ~ t .l 

4.4 Regge Trajectories in aii Ultra.: Relativistic 'r:freatment 'of 
Fermion-Antifermion Bound States 

Let us now look at the: ~es~n s'pectruni 'from the ~pposite, that is, the 
l1ltra-relativistic, point of view [20]. For simplicity, we qnly consider spin
~inglet mesons, that is, the total spin of the bound-state constituents is 
·~qual to ~ero, S = 0. In this .case the expectation valU:~ of the vectorial 
scatte~ing amplitude, taken with'respect to(S,;,;O) statesreduces to [20] 

: {Tv)s=o....; 2 Kv · (72) 

Nevertheless, it is'not possibleto'give an analytic expression for the 
resulting energy speCtrum. Howev~r, ·with the help of the asymptotic 
expansion of the spherical harmonics .Ytm( (}, ¢ )f!Jr large values of. ( [21], . . . . •, :.· :: ' .. ' . .. . . \·:'· :. -~~ \-; 

' :. ~~ .;e Jqc:...:m+1)r(£+m'+l): 
~ --;- . ··. T(C + £) 

cos[(t +!)·o-f+ T] eim¢> for c -too 
X ,v'SiflO , (73) 

Ytm(O, ¢) 

it can be shown that in the limit C-+ oo,the perturbative contribution 
to the energy vanishes pr~portional to £.:_2 for 'ca~ssia~ 'trial functi-ons or 
proportional to c-512 for hydrogen-like trial functions [20]. The:reasoning 
for this is as follows. Both our,, trial functions are of the form ¢tm(P) = 
f (p) Ytm ( 0, ¢), differing only by the function' f (p) of the radial variable. 

JcF 



The radial integrations in the perturbative contribution to the energy 
give for. Gaussian trial functions 

[

00 • ]
2 

(l' )2 [ dp P J(P) = 2l+l r _2_ + :_ >. 

and for Hydrogen-like trial functions 

[

oo ' ]2, 24t+5.r(~+1)4 
:', "'. [ dp P f(p) =_---;;:- r\~c +' 3)_ .x_ 

{74) 

' ' ' ' 

c-(75) 

The angular integrations cannot be performed-·analytically. With the 
above asymptotic expansion, however, one may estimate: the behaviour 
of the angular integral for large C. It is easy to convince oneself by partial 
integration that an integral "of the forlll. .·, ~ 

:II' <·,- __ [('. '·· ~ 1) ,~_ ; ... ] .•,·;·:.·,, 
. J.dx cos C + 2 x ~ a f ( x) 

0' '' . . ··,. •• 

is of the order F 1: 
' " l d~ c~s [( C+ ~}x· +a] f(~) 

= C ~ !{( -1)1 cos a f(1r)-:;- sin a J(O) 
2 

·,, 

-l dx sin [(c + ~) x: a] d;/(x)} 

'J:' 

1-. 

(76) 

provided the first derivative of the 'other~ise arbit~ary, £-independent 
function f(x) exists. We thus find that the angular integral behaves like 

' . __ , ', ·, 

f r(£- m + 1) r(£ + m + 1) X Q (e-2) 
r( e +. ~ )2 • c .. 1 

Consequently, with the help of Stirling's fonriula 

.; · r(x)!Y ~·~-'-x x"'-~ for x----. oo 
,, ·1 ~,:: : t'' ?,·•. ' ,J ·-

' (77) 

the announced result follows: 

t~oof~3[Jfiq ;j;•(/n Tf;' ;j;(p) = ·o . (78} 

20 l .-.-

Upofi,vanishing of the perturbative contribution, the.b~und-state en
ergy Et· corresponding· to large or hi tal angular, momentum C is given by 

·: )£e = 2}l3
p 1Jc~{~)l 2 /+a j d3x lo/e.~(x)lz 1: · ... , '(79) 

Applying; as before, the variational techniqueof Subsection 3.4 yields for, 
the large-£ dependence of the energy [20] (for both types of trial f~nctions) 

' ~ i ..' ~ ' ' 

Et ~ 2ffa r(l' +2) 
-·- q, 

- :.\ .~I. 

(80) 

Rdcalling agairi. Stirling's formttla .(77)' in'orderto expres's the above 
gainln:a'functions for hirge e, {ve obtain fi:on'-t the ratio ' 

", .,, , . . . .. . r~(~J l l"' .;x . , (81 l 

indeed linear Regge trajectories, with slope f] = 8a [20]: 
- ., r 

Ej ~ 8al' for . f.----. oo ( 8~) 

Herein, the way in which the ei1ergy Ee depends on a is no great surpi·ise. 
Because of the lack of any. dimensional parameter .other than the slope 
a of the linear potential, any qttant,ity of dimension mass-squared has 
to be proportional to a;··From· (82) the-nun1eriCal value of'a is''about 

. 2 . ' .·. a=0.15GeV.: '·· 
The result (82) is the same as the one obtained either in the WI(B ap

proximation to a relativistic potential model based on the Klein-Gordon 
equation [22]; or as a lower bound to, the asymptotic ground-state en- .· 
ergyin a matheinatically,rigorous discussion for .a purely linear potential 
[23], ,or witl;tin the p~t.h~·integral formalism when assuming tlu• ~symptqtic 
largc~~rea law for the Wilsoi1loop [24] (sec also Rd. [2]). 

In summary, we invel)tigated bound ~~~tc~.of fcrmi()n~antifermion pairs 
by oureffecti'(e-Hamiltonian m,ct.hod. [13];.-iyhi<;h descril>~s th~ iflte!a~tion· 
of the bound~state constituents by au effective potential but incorporates 
relativistic; kinema't.ics, Tr~ating the. constit~1ents ultra-rel~~ivistically, 'Y.e 
have 'shown that the behaviour of. the :bound-state masses. for large an
gular moment~ is exclti~i;~ly d~termin~d. by th~ non-perturbativ~ contri
bution to the interaction potential [20]. For ·a, linear dse ~f this part of 
the potential wit~l increasing inter-quark'distauce one obtains an (asymp
totically) linear dep~Iidence ofthc squared 'masses. on the correspoiiding 
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orbital angular momentum [20]. This result is a ~onsequence of:the rel
ativistic kinematics incorporated in 'this approach. In co~trasty to that, 
in the nonrelativistic approximation linear Regge trajectories require a 
confining potential rising like the inter-quark distance to the power ~. as 
has been demonstrated in Subsection 4.3: · · · · · 

f' 

4.5 Nonrelativistic Versus Ultra-Relativistic Description of 
Regge Trajectories. ..Jr.·. 

In Subsection 4.3 we learned that within a nonrelativistic consideration 
one is able 'to obtain linear Regge trajecto~iesfo~ ~ po.tentiaLwlii~h· b~~ 
haves lik~ V(r) "'r213: We f~u-nd that the nonrelativistic Ha:rn'iltoni~~· ' 

. ~2: 

HNR = m1 + m2 + L + br213 
. . 2J.L ' {83) 

where J.L = mlm2/(ml + m2) is the reduced mass of the two-particle 
system, leads to linear Regge trajectories -\yith slope . 

.. . fJNR = ~1;:~3 . . .. 
, ; :rt.t- ~ ,. , . ._· - , 

(84) 

In. contrast ·to that, we showed in Subsection. 4.4 that in the ultra
relativistic case a linear confining potential gives linear Regge trajectories 
with slope 

fiuR = 8a · .. {85) 

· We shall now demonstrate that, despite of. the· apparently different 
fofms of.the involved Hamiltonians, the resulting energy eigenvalues are 
almost identical, that is, not only iil their ~lopes but· also in their absolrlte 
values [25]. ' 

To this end, let us compare the binding energies c = E - m1 - m:i' for 
no~relativistic and ultrarelativistic limit, cNR arid cUR• respectively. We 
demand equality of the Regge'slopes, fJN.R = fJUR• since, if reasonable at 
all, they should describe orie ru't'd the same physics. With the help of our 
variational procedure (with Gaussian trial functions)we then find for the 
ratio of these binding energies [25] 

.cNR _ [r(f+~)P{f+¥)3] 114 
cuR-::-· · .: r(e + 2) 

for . e--+ 00 (86) -;-+ 1 
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As indi~ated, fore--+ ~:this ratio· approaches unity.·< 
From its derivative with respect to e, the behaviour of this ratio. for 

fiiiiiiriis COntrolled by'the;CXpfeSSiOll ; C)! • ; ; . ,· • !: .; \ £: . '' C' 

... .~ :/ ; '··.'-~; , :I; , . ,,. 

·¢{f:+.~)+:3.tjJ(£+¥).:..4tjl(£+2) ' ? :< ::{87) 
·~ ... -._ ... - --..: -.~;~L--.,-'" . ' •.. - ~ -.. ·. ~ ·• -. . -· :~; 

where¢( X) = r' (x) /P( a;)' denotes the logarithmic derivative ofthe gamma 
.functic;m,_the_so~called.'.'digaillina function" [21]. Becaus~-~(the concavity 
of7jl(~),; ., · :~ .. . .. : .. ,; ,, '> . . . .. . . . .. .:,, ·r 

.. , f;·J·•.;' . :'•oo. ·:; 1 .. :.'' ·. ·.·•· 
¢"(x).~;-2: L(. ·+·n)3'< 0 :' . . . ·. . n=O X . 

x:.;p_o,:::1,,...2;:.:·: •:,_ (8S) 
,· .- . ' : . • ' .• ~ ~ t 

.this ex.pression is ahvays negative.,Any:fu~ction J(d:) with J"(x)',=·~-:~ 
satisfies;'th~ conc"a'vity c~ndition,, .,·,'. ·· .. : .. ·'' .. '. . . ·. 

f '' ~' ' • ' ·• ; # • r' J .,__,.:, • • o > i • ' ' , ., 0. < ~ 

.. pj(x)+ (1 ~ p) f(y)~ f(px
1+ (1- p)y) (89) 

' ' .. ·· ~ ~ i' •· ;,: 1,::"~,;~: ~' .' }"! ;t •\ < > \ . .'·· ··-· : 
In our case x ~ '{+ ~. y~ :ef¥, and p=;: i· The ratio cNR/cuR is 
therefore a stri~tly rrionotonid decreasing'fundion ~ith increasing e atid 
lieilce bouride!d 'fro~ ~boye by.' its vairi~ f~r e ·= o, whith is ali out '1.025, 
and, of course, bminded :from below by tiiiity; . . . ' " . ., ' 

· .. ' ' . . .. '' ., l ~- . ,. .. \'. ~ . _.· '.' 

1 :::; ENR :::; cNR(£ = 0) ~ 1.025 :;' ' ; · . (90) 
cuR· , cuR~-- . · · . 

•• •• ~ < • ,·. •• ,'\1 '. ~- ;. '.; . ~'~t t -~ 
Summarizing, we compared the spectra of energy eigenvalues predicted 

by two different ways of describing hadrons as bound states ofquarh [2]: 
the two approaches inight be regarded as opposite extremes as far as 
the extent of incorporation; of relativistic kinematics 'is ·concerned; the 
respective confining inter-quark potential; however ,• is determined by the 
requirementthat both model~ should yield-linear Regge trajectories in 
the limit of large angular momenta. By use ofa simplevariatiomil.tech-

.; ' . . , I . 

nique; we :found that the binding energies obtained within' rionrelativistic 
. and ultra~relativistic treatment agree with an error ()f less:tl{an three per

cent [25].· These· findings hitve also been confirmed by:expli~itu~~erical 
computa:tion'of the niesonic mass spectrum."" · · · ~- ' ' · ' 
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5 The Bethe-Salpeter Formalism ~,I 

As a final topic we would lik~· to clarify the relation between ou'; effe~iive
Hamiltonian approach to bound st~tes and the B~th~Saipet~r f~~~li;~. 
We shall ~h~w below that th~ eigenvalue ~-q~ation' in~olving ~ur effective 
Hamiltonian corresponds to a well-defined approximation of the Bethe-: 
·salpeterequation. :·, · · : ·.' :; ' · · ·. ·' ;-. ' · 

Within the framework of the Bethe-:.S.alpeter form~lism a b~~nd state 
is represented by the Bethe-:Salpeter amplitude, which (in mo~entum 
space) is defined as the Fourier .transform of the time~ordered product of 
the respective field operators of the particles constitllting the h6l1iid state, 
taken between .the state vector of the bo'und state and the vacuum, after 
factorizing off the motion of the ·cet~ter-of-momenti1m: Accordingly, ig~or-

. ing all normalization factors, the BS airiplittide' for1 ferinion-a~tifer~ion' 
bound states reads . . 

. . ·. w(p) ~·eiP: }J4x ~ipx (OII:(1f(xl),~(x2))1P). , .. (91) 

wh~reX denot~sthe cent~r-of~mo~en1u~ co'ordi~at~, ex ~ X! - X2 the 
relativ~ coordi~ate, p = Pl +P2 the tot'ai ~~me~t~m; ~1ld P. th·~~re.lative 

> • ' - ' , ' ~ ' f. • . . '< . 7 ' f '' J ' \- ' _. ~ ' : • t ! ' . - . ""' - -. . . . 

momentum of the two bound-state constituents. 
The BS amplitude w(p).sati~fies th~ Bethe-Salp.ete~ eq~ation{26f(in 

. momentum space) . . l • 
1 . . 

. ~:··. I (Jh- m,1)w(~) CzJn- ~2) ,:,_ J d4
q K(p,q) 'IfUI) 1::, . (92) 

in )Vhich the interaction between the, particles formi~g the. bound state 
enters via the Bethe-Salpeter kernel K(p, q), which is defined (only per
turbatively!) as .the sum .of all BS-irreducible Feynman graphs for two
pitrticle into two-particle scattering: (In the above form of the BS equa.tion 
the inverse propagators on the left-hand side have been approximated by 
their free counterparts.) . . 

In principle;:the BS equation repres~nts the appropriate tool for the 
· des~ription of bound states withiri"quantum field theory. In practice, how-. 
ever~ there are two fundamental drawbacks. Ori the one hand, the BS ker
nel cannot be computed beyond. the tight limits .of·p~rturbation theory. 
On the other hand, even with the BS kernel at one's disposal, it is
except for a few simple cases-not possible to find the general solution 
of the BS equation. 
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... Assuming for the BS kern~l the static approximatio~ 
' .. -~ ;·' . - ,. . ' . . ··. . . . . ··' .. ,.,. , ... · . . . . 

K(p, q) = K(p, ij) . '(93) 

which corresponds to the assumption :of ari instantaneous inteni.ction be~ 
tween the bound:.state constituents, and defining the equal-time wave 
function ~: . .-.:·--~:·,•.:: _,.: < •••• ·- . " 

<I>(p) =;jdpo'l!(f,Po}. , . 

le~4s.tothe S~lp~te;,equ,ati~~ (?7] .. : . . - .. 

(94) 

··-: .. ' -~-·· · 3-'·· .. ·[Af1o'k(ff,ijf<t>(ij)l'oAt_c· 
<I>(p) ,.,_ jd.q. E R(-) R(-) 

' ,- 0 PI - 0 P2 . 
. A!J'o K(p,ij) <I>(ij) /'o A2c] 
-. . E + Ho(fii) +Ho(ji2) · .· :'?:;;. , ,;(9,5) 

where Ar are the energy, p~oject.ion:operators 'corresponding to positive 
or negative energy of the particle i, i =:= 1, 2. 

'Negl~-~ti~Ji 6r ,ti~e second te;nl"oit 'ti~e rigl~t-it~!id side of the. Sal peter 
equation-which corresponds to particle-antiparticle annihilation. and 
subsequent cr~atiort and tht;s lt~s no Clear interpretation iii terms of a 
potential.:.,._on the grounds of..the reasonable asstimption that' the den om-' 
inator in the first term is'much: srnaller than, that in the second term, 

.·. ' ,: l· ·.' • . :.· ' /· ; ., ·:c.;·,, . ' . ' ....... ' -';'". '. ' 

B-::: f!o(ift) -)Io(P2) .i:..E ~Ho(PI) .+ Ho(P2) 
• ",< <-

(96} 

leads to the so-called reduced Salpeter equation' , ··, ... · ·' 

·' (97) 
TheBS amplitude<I>(p) is a ( 4x 4) matrix. Very similarly as any Dirac 

spi~or may'be <i'e~~~posed into ~ ~·iarg~'J 'and a:· "smail" .. component, the 
BS amplitude <l>(p) consists of "large-large", "large;-small", and "small
sm.;_ll" corripiment~'. In the latte~· crise, 11ow'ever, tli~~e cornponents are 
related by the energy projection operat~I:s 'J...f. Using these relations in 
order to express everything in tern1s of the "large~ large" 'comp'onent J;(j)) 
one ends up with an equation of motion, 

J ; ' '" ' '. • ~ • 

" (E -'Ho(pi) :::.:Ho(P2)]J;(p)' ;.vjd3qTf; J;(q) (98) 
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which is formally identiCal to the Schrodinger equation ~vith our effective 
Hamiltonian (27). -~• 

1 

•, 

Acknowledgement 

We would like to thank W. Kallies' for' uiide.rt~ing any efforts to make 
our visit at the Joint Institute for N~learResearch in Dubna, where this 
paper has been prepcixed; an extraordinarily pleasant stay and_UtaBrus 
for providing a particularly stimulating atmosphere. . . . 

; ' ~ 

References 
~,.'·t 

-[1) F. Schober), Nuovo Cim. 94 A (1986) 79, 'i 

[2) W. Lucha, F. F. Schobe'ri; and D: Gromes, Phys. R~ports 200 (199I) 
. 127. ' ; . . _,' . ' 

[3] S. Godfrey and N. lsgur, Phys.;Rev. D 32 (i985) 189. 
: ' : - .. ' ' ~ ' ~ . ; . ., . . ' ; . -:;__· . :. . ' - ; ', ' . . . ) .. ; '~ ... • < • 

[4] D. B. Lichtenberg, hit. J. Mod.Phys. Al2 (1987) 1669;' • 
:_ . ~-.. ~- . . , '"·-·_._. !~·, ·- .,·. '· .. _, . . ,.::.:;.~ .·t,_~ r: , 

. [5] W. Lucha and F. F. Schoberl; Phys: Rev. Lett. 64 (1990r2733 .. 

[6] w.'Luchaand F: f': Si:hoberl,Mo<!: Phys.'Lett. 'A 5 (1990) 2473. 

[7) E. Eichten, K. Gottfried, T: Kinoshita;J. Kogut; K. D. Lane, and TI-M; 
Y<tn, Phys. Rev. Lett. 34 (1975) 369. 

[8] E. Eichten, K~ G~itfried, T. Kinoshita, K. n: ia:~e: 'and T.-M. Yan, 
Phys. Rev. D 17 (1978) 3090; D 21 (1980)31'3 (err!l-tu~j: . ' 

[9]'E. Eichten, K.' Gottfried, T. Ki~oshita, K.'·D. Laii~:iand T.~M.'Yan, 
Phys.' Rev.D 21 (1980) 203: · · · - If,·· ::·. - " 

[10) W. Lucha 'and F~ F. Schob~rl, ,Die st~~ke W~~hselwir~.~n~"- (B.I.-
Wissenschaftsverlag,' Mannheim, 1989}: · ·· · · 

i! - ,_ ' ' '• ·-·: 
. [11) _C. Quigg,and J. L. Rosner, Phys. Reports 56 (1979) 167 •. 

[12] B. Rosenstein, Phys. Rev. D 33 (1986) 813. 
:,, 

[13) W. Lucha, H. Rupprecht, and F. F. Schober!, Phys. Rev D 44 (1991) 
. 242. . . . 

26 

r·_ 

[14] D: Gromes; Nucl. Phys. B 131 (1977) 80. 

[15] ·w. Lucha, H. Rupprecht; and F. F. Schober!, Phys. Rev. D (in print) . 

. (16] Particle DataGroup, J, J. Hermindez eta!., Phys. Lett. B 239 (1990) 
. i. . 

[17] K. lgi and S. Ono, Phys .. Rev.'D 32 (1985) 232. 
• • • ~. • ' i' : 

[18] D. Flamm and F._ Schoberl,!ntroduction to the Quark Model of Ele-
menlm1J Particles (Go~dori. ~nd Breach, New York, .1!'182) .. · · 

[19] M. Fabre de Ia Ripelle; Phys. Lett. B 205 (1988) 97. 

[20] W. Lucha, H.R~pJ)fecht, ~nd F. F.Schoberl, Phys. Lett. B 261 ( 1991) 
504.· ' . ·. --- . •.-' .. . ' . :. -

. [21] IVL Abramowitz and I. A:St.egun, eds:,llandbook of Mathematical Hmc-; 
lions (Dover, New York; 1964)., · · · · 

[22]· J. S. Kang ~n'd H; J. Schnitzer, Phys. Rev. D 12 (1975) 841. 

[23] A. Martin, i. Phy~. 'c 32 (1986) 359. 

(24] Yu. A. ~imonov; Phys. Lett: B226 (1989), 151. 

(25] W. Lucha and F. F. Schoberl,'Vie~na prep;·int HEPHY;P_DB 553/91 
(1991),:Z. Phys. C (in print). · 

(26] E._E. Salpeterand' H. A. B~the, Phys. Rev. 84 (1951) 1232. 
.. ~ .. ,: ' . ~ .. 

[27] E. E. S~lpeter, Phys. Rev. 87 (1952) 328. 

,·,,. 

·' ' 

" ··' 

Received by Publishing Department 
on November 15,'_1991. 

27 
. , ~ ~:.- ; 

.. ;" 

··.·:; 


