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1. Introduction 

The toroidal solenoid (TS) is an unique object exhibiting anum­

ber of interesting <properties. For example, the magnetic field \4 may 

vanish either inside .or outside the solenoid depending on the< current 

distribution on.the solenoid surfac~ /1-3/. The small value of magne­

tic flux leakages from the solenoid has<favoured its<applicatiori in 

controlled thermonuclear physics /4/. As an accumulatorjof electro-< 

magnetic energy, it is extensively used in an electromagnetic laun-. 

cher technology (see, e.g., special issues of IEEE <Transactions on 

Plasma Science /5/ and on Magneti~s /6/ devoted to this:subject). 
I . 

TS is an ideal device for both experimental 17/ and tl1eoretical /8/ 

investigations of the Aharonov - Bohm effect. According j to 'refs .'/9 ,·1.0/ 

the current flowing in the winding of TS is _characteri~ed by the new 

kind of multipole moments. (MM). We, mean so called toroidal '(or ·anapole) 

multipole..moments (TMM) They are now· an object of extensive theore'­

tical and' experimental studies .(see, e.g.·, refs./11-14/). Last (but 
' . . ' 

not. least) .TS with an electric charge attached· to it presents' an 
' 

example 'of a true three:..dimensional anycin /15/.· This gi,J;es a: chance 

to discover the 3-dimensional: Fractional· Quantum Hall Effect arid' 3:..di­

. mensional anyonic liigh'-t'emperature superconductivi t'y. Usually·,. the 

electromagnetic ifield (EMF) of TS is' obtained either th;r:ough numeri-
, •• , • • J ' ' 

cal integration of the Poisson• arid Helmholtz. Eqs./16/ ofthrough their 
! 

physical: simulation /17/. For the static case,,· clo'sed :expressions 

for the vecto~ potent'ial· (VP)' of. TS' were obtairled: in' ref. /18/ and. 

their properti'es· were discussed' in· ref·~ /3/.· Irt the same ref"·.,· the 
, . - I. .·· 

EMF of' TS with the time-dependent current was· cbnsi'dered.· Regretftill~/,· 

only' half a page _was devoted. to the most import'ant case of the perio-

dically varying current. Numerous discussions with radioengineers and 
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1., Introduction 

The majority of realistic problem~ do not allo~ exact solutions. The US';lal 

way of handling these probl~ms is to. resort to an iterative proced~re or 
. • - • t 

perturbation theory. The ~esulting sequence pf iterates {fk : k = 

0, 1, 2, ... } is very oft~n poody .c~nvergent or even divergent. If one 
~ 7-. ' ;, , ' -~-. _, 0 

' ·-:,. ·'· .)_ i.,. \:_;:·' .. :~,, 

could calculate many (k ~ 5) first terms of an iterative procedure, then 
,,. •• «c .- :,~: ••• -~--. :1,.-· , , . :-: ~;.-,_ .. -:,_·.'·'---? ~ .. ': ~- :-,:~(;-~;::I<·· ... :· .. :· 

one would be able to improve the convergence or find an effectiye limit of 

a divergent sequence by· invoki~~ r~summa~ion~echn~~~~s, ~~-~~ · ~. P~de 
approximation,· Borel transforril~tion, conformal mapping;; continue<J -·~ · 

fraction representation and so on 1. 
"\-'(;' 

L::.:.:;\:. ·"~···· :J_ . -~~ ·;,·:, 'c:; ~ :.~~~_!_!: .. 
For example, when solving the Schrodinger equ~tion\vith anharmonic 

~-}._~ .... ,_:~ }-,.·. --: ~""::--·"." ~-'-~---

potentials by iterating the Brillouin - Wh;g~{p'~rturbat-i6n. fo;ni~la;one . 

meets with the fact that the convergf:mce rate'decreases' markedly as 
whether· the coupling constant, anharmonicity power ~r the energy -·level·. 

' ..... v·,:ry··' f:· : . ' ~.·:~} •.· ~-- \">:· :.~.l ·"'"':'.''· ~ ~-;_ ; ~'-.-~:-·..,__._,"' ··.::"'~~ 

nu~b~r'i~~rea~es2 :'. 111 s.uch ~ ~~~' th~ ~dc~racy' ~a~· b~ i~proved by usirig 
..... ,_·,.~ ~ ....... .,.._:_. -~···--.·.·_.-."" .. ::·.~----,·····-~)-"_f;,, ., . 

the hypervi~i.ai' th~ore~· ~~d · P~de ~PP~~~i~atio~~3i4 

However,, to calculate many iter~tes is ofte~_ t~~hllically impos.sible . . ~ . . 
The standa~d situation is when one is abl~ to find only ~few first iterative 

t~;~s:;in this case,· the usual resum~atio~ techniq~es'fail.. 
:' . • :-~! ··, . ·~:: ·-: : ~ . ' ~"'>.·-,·;, .. ,· ',._; ~' ~----~~t·· .·.,: .. ~ 

The technical difficulties arising during an iteration process can be 
. t' . , .• , : • ·.: 

explained as follows. Generally, an iterative' ~perator. fk t~~n~formirig 
, .,, .·. 

the term fk into fk+I depends .on the iteration number k, 

. fkf.I ;, ]kfk;· ' ; \·· 
----. -~-----·· . --· ---

. IIAYLIHO-TEXHHtiECKA.sl 
T:;T~-7 ~·;1-~if t;7prr_ A 
D.:;..-'"- __ _p._. ......... .;i:..~-.:.. ~.--'.!.~~ 
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If the iterative operator is not simple enough, then the calculation of a 

·term· 

fk = jk-dk-1 = jk~tjk-dk-2 = ... = jk-tjk'-2 .. · iofo 

becomes a. rather co~piicated; if in principle possible, task. 

. This difficulty could be overcome if ~e wo~ld be able to rec~n~truct 

the sequen~e {/k} to un for which,th~ iterative operator would be 

indep~ndent ~fthe iteratio~ numb~r, i.e. . . 

!~+1·:= ]f~. 

· If, in addition, the iterative operat~r is simpl~ and contracting, the!! one 
,~ /'· 'l • ~~ A 

could ~asily fin? any iterate ' . 

• I Ak I 
fk"= I fo· 

Such. iteiat~d inaps can, be .tre~t~d as dynamicai syste~ss. The motion 
!" :., 

in discrete time is called a cascade. The iterative transformation beinga 

contracting m~e implies that the sequence {!~} converges to an attractor 

representing the sought solution. 

In this report we show that an arbitrary sequence of iterates can 

be approximated by a ca:scade whose attractor is the soughtlimit of 
' ; • • l < 

this sequence. The advantages of this r~sults are obvious: we need to 

know only a few initial terms in. orde~ to find an effective limit of a 

sequence, and the ~onv~rgence of the latter can be checked by consid­

ering the stability of motion for the cascade. The approach described 
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' ' ,. 

below has been developed6-8 at' fir~t by basing on the renom~-~1-;~a~!in ~ 
• • .... . . ~ ' . ! 

group ic!eas, although the analogy.~ith dyn£~ical sy~tems ~~ been al~o 
emp~asizedS• ? . Here we demonstrat~ -t-~at_ th~·:dynamiciti - the~ry .. la~- · 

·· , . ·guage makes the i11terpretation of the method_much simpler and permits 
, .\ -. ..,: v-.~··,~: ·~ ,#., . • _', 

I 

I 
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some important generaliza~ions . 

2. · Iterative Cascade 

Suppose we are interested in a function f(g) with the variable· ·g E· · 
' -

.. n. , which satisfies a very complicated '"quation :to be soived using an' , :- . .·--~ _.- '. ''. -~~;i~ .;·-~~~:: ·. :,~~---;.:~~---· _,-_; 
iterative procedure. The convergence of. the latter. is known :to depend 

. , .. :~, .. . ...}~- ;~ .. >.-~:';_.:. -< .. :~.~-~(_< ~·~:~ <, ··-:,:~,:~_-·,-~-.:~~~;-~~ .,._. _;· ••• '· ., 

on the choice of an initial approximation ~fo(9f>::r#~·p'roc~:diire can 
• • . . '~·-:.,.··',· • _ .... ~--~--!· (-;\ : r~_;_._".> ·,-:.,\~:~,.!~.-.... ~:~~·:~~:-.; .. "~" 

be contracting for some values of Jo(or and aiverg~nf'foC<f.tl1ers; All 
... '. .. ' . =·~ . . _ ... - -. ~ ---~. · . .,_~ ~!:-~-:-~:-~.".:-·~_:-:.~.:-~ 

'possible. iriitial, approximations_provid~ng. ~he uniform ron·vergeiire~form 
\ . . . . .• _.. "·li . _;i_-: ., . 

·an att_t:action;egion; p·, Jn 'this way, a s~quen~S'.:of iteratesjn~~rPr~ted 
.. ·-··: ·- --.<' • ': ,-: ;:',. : -~:-_· ....... '<.· '"': .. ~; -~ .,. ::.:: . ;, ~ '·._.-~ "'~~~~--:;> .·-:_·.·.· ·•• 1. 

as a _c~~de,_.Irioves .to· an at~ractor· pro~id~d .__tha~. f 0(g) 'E ~·C.':.. :.,The 

~~ve;gence. is fa8t~~ for tho~-~~~~nces,wll~~e z;~; ~;~r~ii~~tio~s ,are. 
. ~ ' . -"' - : :;· :. . . . ·; .";/~·,.._, . ·.· 

closer tothe attractor. !-· • ' -. ·• . . 

In, order that a~uen~~~fit~rate~ ~o·u-;d·~~1~;~~~£!~Ci~ity of an 
~r .• - ~ . ..:.,... . . 

· :~ at~ract~r,' this sequence should· be governed in.s~IJlec~ay. T,o this en~, . . . ...... .. ~- . . - . . ~ . 

by choosing a.ll'initial ai{pro~im~tio~._intr~cJ_uce hlio:it a ~et oftrial pa-
. _--. .. -- ..... "'" .::_- _·; :-=- ... : .. ;._ .: . ·,..... - . '_;~> 

rameters>z, so that f0(g):;;,;/0(g,'z).~:-.Thc;:ri; all.further it.era:tes also 
. ·. ;:::~'~ ~--· ~j; . . . :.;_i.-:· --~ ~-!'- ·.-. ·. . _ .... -- . ·.: :.. . . ' 

bec.omedepe.ndent on thesep.arameters:· J~r(g)'~ fk(iJ, z) . Define a set 
. . .... ,. ' - :-.:"~:.:: .. - ·--·~ . . 

of functions · z1:(9 L,~h_o~iL~~!cds to :govern the behaviour of the sequence 

;. 

3 
,.,. 



{fk(9)} formed of the terms 

fk(g) := fk(g; Zk(g)); . k = 0, 1, 2,. :. {1) 

so: as to keep these terms close to an at tractor. Because of their. role, t·l~e 

f~nctions, zk(g) are called6-9 the g~~~rni~~·function~, an~ the set. 
_.J 

Q := {zk(9): k = 0; 1, 2, ... ; g E R.} {2) 

can be named the government. By definition, the governi~g ·f~
1

~~tions 

guarantee that all terms , 

fo(g, zo(g)) ~!1 (g, zt(g)) ~ .. ~· =·f.(g, z~(g)) 
.. , 

are close to an at tractor and move to it as k increases; the at tractor . -.. . . ~. ~ . ' '; . " ··. 

representing the sought fu~ction f(g) , 
~ ' ... 

f~(g) = f~(g, z;,(g)) ~f(g). · • i (3) 
·: i.. 

· Ti1e~efo're; 'the gener~l d~flniti.on of the g~v~~ning:func;tib~~s can b~ given 

as the, relation 

_!'' 

fk+v(g,zk+p(g)) ~ fk(g;zk(g));- k,p ?:.0,,. ,(1) 

which is to be· understood in the' sense of the Cauchy criterion· of the 

uniform convergence ' I' 

lfk+p(g, Zk+p(g))- fk(g, Zk(g))l < t:, 

where k 2: s(t:),,p?:. 0, g E.n. The.'ielati~n-(4)Jollqws.fioma 

particulctr form of the Cauchy, criterion in which is(i) =:=.- 0 ,-and which ' 

ca~ be· cal1cd the fastest ·- convergence cri terion8. 

4 . 

. ·~ 
I 
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I 

't! I 

I 
! 

The idea of reconstructing a ,sequence of approximations.in .order 
' ' •••• J ·., .~· ':; • ' •• 1 >. ;_ ;~ .. •· ·.·,' > _ .... / __ ;,~': :;-~---· ! __ • 

that this sequence would be convergent has been advanced in Refs.IO,ll 
.4! ) ,r, 

by introducing additional functibns 'satisfying the fastest - convergence 

criterion. This is now widely known as renormalized, or modified, per-
-: ' l ~ -,._. • ' -~ ' ' • ~ ; • ' •• 

turbation theory. However;an,option of th.e governing functions zk(g) 
"" • f • ' • ' \. ~- • 

up to now has been heuristic, thus there has been no firm grounds to 
.... '-' . ' 'f'.. ''•'. .·_·· ~' -~ \ t . ~ _. . . ~ ' .. --

prefer one of sevei:a'l ku'oiin.~aiiants10-15 :· . 

Note that the introduction of the goyern~ng functions can be combined 
:- ' •• '+ - • -

with the use of integral transformations, like the Borel transformation or 

the Hubbard transfo~rnation ::.r 

1 . J+oo ., .. <(·· u2 . ) 
exp( -</) = 2~ exp - "4 ± iwp du 

·700 

In the dynamical approach .we follow here, different adoptions of the 
. . . ' ~ 'f' . -~ . 

governing functions can be classified and analysed, so. that • it becomes 

''pos.sibleto 'concl~d~ 1~~hich of the ;~fiants is g~ner~lly pref~rable. ;,, 
The interpretation of the sequence: 'l!k(g)} i 'as 'a' dy~arii'icar system 

assumes the necessity of defining a mappi~gt'ra~smuting a term fk(g) . 
' ,, ' ' "''. ,, ·-. 

into fk+t (g) , To find such a map, let us introduce some new notation. 
·. • . . • . . . ,. ' f . . . ' • ' . '. ' ~ . " . ' ' f " ( ' . . ' . . . 

Define the couplirl'g' function 'g(f) by the equation -. ' ' 
... ~ .. ., . ; .. : . ~'. ~ ; 

fo(g,zo(g)) = !; g= g(n., •·• (5) 
- . . 

. ··, .. -·. :. ' .. '" . i;.; r _"" ~ \ 
Introduce the function •'' " 

; : j__ ,. '. i!{ ;.:: '.' ~.. f. . ' 
Xk(j) := fk(g(j), Zk(g(j) )), (6) 

:•5 



whose limiti~g properties in accordance with' (5) and (3) are 
. ~ ·') 

xo(/) ==:f. (7) 

and, respectively, 

x.(f) =J.(g(f)). (8) 
·' 

· Defining the inverse function -f-1(g) by the equation. 

;, 9u-1) = g; 1-1 = r·l<fih 

we can return from (6) to (1) following the relation 
' ~ ·. ' 

xk{f-1(g)) = fk(g,zk(g)),= fk(g). 

The fastest - convergence condition ( 4) in terms of (6) reads 

x/.+f>{!) ~ xk(J). (9) 

Putting ~ere .k = 0 , we get . xv(f) = f substituting which into the 
' • ' . ' • • . ' 1 o I 

right- hand.sideof (9) we obtain_ 

Xk+;{f) '== Xk(Xp{f}) . . ' (10) 

This relation is oftel}.,calleq the property of functi<;mal.self: s~miladty. 
' ; • . • : • ~ ' '• ~ ·~ ; ' f ' 

This is why the method based on (10) has been called the method of self 

'-'similar approximations6-9. ' 

On the other hand, the functional property {10) characterizes, .as is 
"-' \ < ~ • '':' • ' • ' v" '''; • 

known5, a dynamical system in discrete time, that is a cascade .. The 

6 

l 
1
tl 

I 

ljl 

ordered sequence of ,terrris ( 6) starting at the point (7) is named an orbit, 

or trajectory, 
,. l 

,·7i ~'([,·i~u) .. x2{!), ... }. 

In this way, to any sequence {fk(g)} 'satisfying the fastest - conver­

gence criterion (4)'it 'is admissible' to put ihto ·~orre~~on'dence a sequence 

{xk(f)} with fhetn!Hitio~ (10) chimiCteristic of a cascade; 

3. Iterative Flow 

An additional information can be extracted if we pass from the ca.Scade 

to a flow. Introduce a continuous variable 

t E. n+· =: (0, +oo ), (if) 
'!, 

and make an analytical continuation of (6) to a function a.~(t, f) .. such 

that when t crosses a positive i~t~ger, .say t = k , then x(t,f) 

coincides with the correspondi~g 'value of xk(f) , . ~ : . ' ' : ' ·. . \ ~ 

x(k,f)=xk(f); k=0,1,2, .. ~· (12) 

The cascade property (10) for the function x(t,f) becomes that for 

the flow 

x(t + t',f) =. x(t,x(t',f)). {13) 

The initial condition (7) now is, 

:r(O, f)·.~· f. (f.i) 
;·~ ~.~ t' 

7 



.The existence of an attractor expressed in (3rand (8) reads 

. '·~· 

x(s.,!) =; J.(g(f)), ( 15) 
r • ; ~ , ', 

. where s. is a saturation numberS. •'·' 

' The self - similar relation (13) can be presented in the differential 
" . • ••• ,, ' ' i ' 

form. Differentiating {13) with. respect to· ,t /and .then putting· t -+ 
• ' • <.- "-' • ' . ' } • '~ - - ' ' 

0, t'-+ t , we get 
d 
dtx(t,f) = v(x(t,f)), (16) 

where .... ,· 

v(t) = lim.dd x(t,J). 
t-+0. t . 

(17) 

,T~e latter function is called the ,vector field, or.velocity. Equation (16) 
• ; i •• ' . 

is typical of an autonomous dynamical system, that is of a flow. The 

·trajectory· is 

7J = {x(t;'f)': t E [O,oo)}'. (18) 

Thus, we have shown· t~at an it~r~ti~~ sequence. 
. .. 

{fk(g)} carl' be 

.represented as a flow .with the equation of motio11 {16) describing the 

trajectory {18). Therefore, the sequence 
,I 

T..ep(g) := {fk(g): k = 0, 1, 2 ... } 

can be called the representation ~f trajectory (18). We have managed to 

obtain the equat~on of motion (16) by 'introducing the governing functions 

providing the property of self- similarity (13) .. It is possible to say that . 
' t f • • • ~ ; • 

the self- similar symmetry {13) is imposed by the governing functions. 

> 

·a 

. i 
.~ 
I 

,\ll i 

This fact principally distinguishes our ~pproach from continuous analogs 
' ;.,, :: .· ''. ' ,., 

of concrete iterative methods16, 17 as well as froOlth~ re~ormalizatioh -
·group method1.8 of, quantum- field thoory; based on' symmetry properties· . 

of particular equations· of motion . 
. ; ' ' ii 

Integrating Eq.(1?)Jrom ~. k .. -th approximation to the saturation· 

point · s. , we have · 
:r(&.,/)·;,:·, .. 

J dx . k 
.. -(.) = s •. -'- . . 
·VX 

:z:(k,J) 
. ,.. -. 

The substitution J-+ J-1(g) fo~· the lower and upper limits gives 

(19) 

x(k','f-1(g)) ='=fk(g),'·: x(s.,J-1(g)) = f.(g). ,· ,, . ! 

As a result, it follows from Eq.(19) that 
. ;,l ;: , . ·:. ~ J :,: ' .• ~ ~ ' 

/.(g) . 

J 
df, . . 

,;:v(f) = s.- k. 
fk{g) 

(20) 

This equation d~fin~~ t~e ~~ught ~~If:. siiT!ilar ~pJ;oxi,rriatiC>n 'J.(g) .. ... 

!•.-

!. ':4. Vector Field \: 

-To integrate:(20);.we, need to know the explicit form of: the.vector, field 

v(f) . ·In reality, all the information we have is related to the discrete 

. representation. Therefore, we are forced to,return to it wishing to write 
.),. I ' I' : 1 

an expression for the vector field. The .. discrete representation for , the 
:,, ', i . ·: •' ' , ''"'; I • ~-, ~~,.( :·: .: ' •.. : •. ~· ••. ~~.l·~.:- • ~ ,·-~- ··, < 'i::, 

latter can be written6-9 as 

. ,; · .. ·(.'!. ) ~,66~'(!) 
· V&k - k 

S-;-
(21) 

rr 9 



by using th~ fi~ite difference 
.•.• :-!-

\; ,, 

a 
. Do8 k{f) =Js(g, Zk) -fk(9,Zk) + (ziJ -·Zk)()zk fk(g,zk), ,, (22) 

in which 
:,_r,: 

9 = g(J), Zk ~ zHg(J)), · k < s. 

Then, integral (20) is to be replaced by 

J;k(g) 

J df ... · . 
. Vsk(J) .= s. - k, (23) 
ik(g) . 

the self- similar approximation J;k(g). being <;)ependent on the chosen 

velocity (21). 

Define the relative fixed ~ point. distance 

bsk := s.- k: 
s.:....k· 

With notation. (24} the integral (23) takes the form 

.J:k(g) 

J df 
Dosk(J) = bsk• 

!k(g) 

(24) 

(25) 

',A more elegant expression can be given for (25) by introducingthe func-

tion 

· 'Ysk(f) = {D.sk(f)o,.k}-1
• 

"Then~ .(25)can be written as the normalization law 

-'.\ 

J;k(g) 

·,f:Ysk(f)df = 1. 

fk(g) ' 

10 

(26) 

(27) 

v" ILweassume.that the attractors of the considered cascad~s and flows 

are fixed points but not limiting cycles or chaotic and strange at tractors, 

then we can readily derive the corresponding stabilit~ conditions19. To, 
. ' . 

'con~erge to a fixed point, the self~ similar mapping (10) has to be con-

tracting, which implies that _the corresponding mapping multipliers must 

. be smaller. than unity, th~se multipliers being defin€1d by · . , .. 

. ' • M:k(g) = Ii:Ui. l:lffp(g(J),zp(g(f_)))l·~ 
. 1""7/;k(g) . . • • . 

.(28) 

· In addition,' the equation of motion (16) C!l-n be analyzed with respect to 
·i 

the asymptotic Lyapunov stability19, which requires that the Lyapunov 

exponent 

Ask(g) :=; lim . . ddlfVsk(f) 
• '' . ' '1-+J;k(g) . 

'(29) 

has; to be neg~tive. Thus, the suffiCient conditions for .the fixed point 

:J;k(g) 'to be stable.are ,:! 
1!" 

·M:k(g) ~1, 
.. 

Ask(g) < 0. (30) 

These two conditions control the choice of governing fu1,1ctions and of the 

vector field. 

5. Ergodic Sequence 
-' -. ' :.'f 

It may happen that the dynamical system desc'ribed by Eq.(16) may 

have an attractor which is not a fixed point (stable node or stable fo-
t . ! . ; '. ~- . :. . ' . ~ ~ " - : 1 . • . . ), 

cus) but which, e.g., is a stable limit cycle, stable torus, quasiattractor, 
. ., 

. chaotic attractor or strange at tractor. Then, the stability conditions (30) . . . . 

.11 



are not valid. Hmv is it possible then to define a correct self - similar 

approximation of the sought function?-

When an attractor is not'a.fixed point,·then the analysis of the Lya­

punov stability should be .replaced by that of the Poisson stability2Q, 

although for a limit cycle and torus !Jle Lyapunov analysis can be .ap­

plied. A function; x(t,f) , real and continuous; given:for .t E ·R+ ·is called 

stable ala Poisson, or Poisson stable, i(for each t > 0 and any t E R+ 
. • ' : , ,1;. ' 

'ane can define an infinite sequence { tP · ~' tp( t, t) : p = 0, 1, 2, ... } for 

which' tp-.:. 00 as p :..:.t 00 , such that 

'-t . 
lx(t + tp, f)- x(t;J)I < t; p = 0, 1, 2 .... (31) 

:Aperiodic motion. corresponding to a limit'cycle is, as is obvious, Pois­

son ·stable. Then; one may put 'ip = pT· ,. where T is a period. A 

quasiperiodic motion corresponds to the motion on a torus .. Alm()st a 

periodic motion i~ related to qua.siattractor. Both the latter motions are 
i 

Poisson stable20. The motion on a chaotic at tractor is mixing. A strange 

attractor is particular kind of the chaotic attractor with' a dimensionality 

lower than a manifold into which it is embedded. The mixing motion is 

also Poisson stable. 

All kinds of attractors are metrically transiti~~>' Ther~fo~e, \~e can 

~efine.the ergodi<; ayeretge -.,,_ 

T. , -· ·, 

' 
;erg(/)·~· lim .!_·1·· ,x(t,J)dt:· 

. r-+oo T, , . . r. :: · 
,(32) 

0 

12 

which must be independentof an initial point, 

Xerg(/) = ~erg· (33) .. 

. ) 
The discrete analog of {32) is 

. . ' . 1 p 

ferg(g) = lim - 'I:J;k(g), 
" . P~.':'!-P k-1 (. 

' . . ~; ", -~ : .. .:.., ,- .. ,';-;. ·._ ' 

(34) 

'· ... 
where s = s(k) > k and the initial term corresponding to k = 0 is 

omitted in accordance ~ith d3). Tne erg~dic'average (34) i~·~h~ lir~it 

lim J;{g) ;; ferg(g) 
p->00 

of the sequence U;(g) p = 1, 2 ... } composed of the qua:siergodic 

terms 
1 p 

J;(g}= p Lf;k(g);_ . s = s(k). 
k=1 

(35) 

Therefore, we may call. the sequence .{f;(g)} the ergodic sequence. 
~ •• • < ' ; '' ; - • ' . • '· ' • -. 

The definition of the ergodic sequence gives us a practical tool for 

. constnicting higher orders'cif self- 'similar appfoxifuat.ions .• '• ' \ ,. 
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. 1.. 

( Sl=l<'l- w t) i: li' R 3 . ) . The argum~nt. of the .Bessel func-: 

tions in. (2. 7) ~s K~ts;h 9 . The nonvanish~ng field strengths are 

H.g ;:t~F~-i~;,- i)~i~il + K'l~~-n-1 J ,_-\- ~~~ \,.hflsi~ e ·,~o, 
(2.8) 

Ee = 1,\-<'l.. w)il-t ~,- KcA ~\" 8 ~:h)- JL~ s;hQ{dsihll('J/~'t)-hl\JJ 
2. '1. • 4_1 . '.1 

E __ J\. ~cAeosG< s i~-~n -\<'lqJ~.fl) ·J_o __ ·+. j\_ 1\J t..si\., I.J coJGl ~w~fLt h1~;._n)J 
-'L- l '1.~ ' . . l. 'l.." .. . ' . I 

·In. the' wave zone l \{'1. "7'7 _i) . . 
0 

. • ' ' ' . 

E = \-f· :: _A_·~ L ~;~.a.~ I e . . . 'J. . J.. '"L . .. > 
~,_ = ~~~ wJ e ·~s-f2 · jo . (2 .9) 

The r;;_dial ccimpone~t 'of the Poy~ting vec.t'o'r is ·' 

( : J. te·~ ·~·-l~>(_i\<.~~~~-il)\;[Jt(Ko\Si~G)}~ 
(:)1 4iiC ~ 4nc.. :l.'l , ·• 

(, ' '· . . ;, . '• :·· 

(2.10) 

\The integral energy flow (averaged over the period) is 

'~r~t- c_s·. ~- r. >= _L '(lK~.\'L.r L~,{l<dSil..e)J\:~B dg ' '\ J J I '1, ;J 4 C ~ O > ,: . ( 2 : 11 ) 

0 
Being !-'elated to the square of the total cur'rerit<(:: 1\l I)· ·this 

gives the so-called r'adiati.oq r~~istance !/23/ . . 
:fi~IL4 R4 ~'11 ( \':l- . ''. '. ,, ' 

"'_:...-- .. -~.t·. s,~-.Gd e .. 4(> 0 .. , ·. 

•i 

·' 
(_2112) 

The integral occurring here can.be. taken in. a closed fo;m for small 

;;.nd lar.ge .vai~es of i'd ,· .: . 
. ''~" " . ',-! }•: ; 2../'l'' ... ~· \ ~ ~ ),_ ,,:,~ xe 0 t ll::\~l ~ 

0 . .. . 

Experimental investigations of TS·with alt~rnate 

for 

for 

:\~(,\ LL.. .L . 
v .. ~'>'>i 

i 
c',\. 

current ,were per-, 

formed almost half a centuz:y ago .. Their, description may be found in 

an excellent book /24/, published r'~gretfully·: only' in. Russian. 
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§3. The EMF multipole expansion for the 

toroidal solenoid ::.- ., 

3.1. ·The spherical function expansion. In what follows we shall 
. I -

' ·., \. 
use the curr~nt.given by 

. ~. -:-" 
~ ~ j ::. J6 . Q )( p (- i w t) ( 3 ·. 1 ) . 

(where dv .. as before is giv~n,by Eq.{2.f4)). As_all comp~n~;ts ?f 

the VP and EMF. strengths c_oqtain the s:ame factor Q~rc:·\·W-, ), ; it will 
\" .. 

'be.omitted in all-intermediatory calculations. In the, final expres-
, ,_;... . ~ ~ • ' . ' • ' i .: .. ' '~ . . : 

sions this fa9tor. should
1
be restored,;~u1d ,the .real. par~ from ;them 

should be taken. We intr~duce,now the VP ?omponents'having the defi­

nite projection of orbital angular momentum 

.A~: Ji t:' ) Jf~ J =. ¢::~ l R:K ~·i Jt~) 
·Th~ir'd~~eloprrient o~er ~tate~ with ~efinit~:or~iial·mo~e~tum'has 

,thE) for~ . •.:..:. 0 1f .~ ' 
•"/ , S1 0 '::_- i L U ~ \{ ~ 2 -"\[Q . bQ_ •.) : '.~ ; .. 

-· ... . .. . ' . (' ... -.- ' . ' (3 . 2). , . L. :.t. .. • .· ~- . 

f1 i = - .ld c113 1i. R:Q0(~c~~) ). ~ ;' \="i· _-; .n:.:,: ~JH1 J 
-' ·.L~l- . . • ' . . . • .. • . \ 

-H:re·:J;~\d\~1_).\)~tc~SV) :,'·hQ: is the spherical Hankel 
----. · dl · · ) nrn. ·· . . · 

function ( \~ lX):: \-\ Q~ 1/Lbt) /[i. , \~Q_ is the adjoint £e~~ndre~ func-

tion. The ~oefficients; F' are determined by the' cur.rent distribution'', 

F~ 1 ~- S ~ \jr~.-v\~ ~-Q_: P/ : _ t:=Q\):: ~~'Vtb~ v ~Q_: P~.) (3.3) 

_ , In this Eq. £]£ is the,: sph~ri~al. Be~sel -~unc-t~o~ ( ~Q. 0:) =: _ .YL. 

=~H~?·-) /fi-) . ~f the a~g~ment K.P\J):~ ~-~- :t' ~- +:ltl~~sr) J; 
the r._egendre polynomials in < 3. 3) haye R ~ '-" '\jJ t:P . as an ·argument. 

The ~-ylindrical c~~pon~rits of. •VP .ar.e. easil
1

y obtained from (3.2) 
. :~ ,~ .. \ ..-
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.lh= 5\0' S'l J "- h L fi !( ~ IZ 2 y~LF~ )JJ ~A' 
It follows at once from (3.3) that only those coefficients 

are different from zero which correspond. to .even vatues of e. · . As 

~n example we present {=~ and Ft1 . for..~= 0,2- (for f.{L.cd ): 

~~~rrft[£A~,~i- tf~ot~o:..~~jj 
. ~t=.~- ~J1[ ~~~J,- b (~o-:lJ·l)~l-- ~~-L-~o)J J · 

1-i:: 15""r.t:[a(~·+~1..)- ~ lM.+I-1:. ){~ w..J·~t.JsJ+ .. isi"'d) 
r 1. . l.. . L . (} l · 0 .· b J '· \1 ~ b l- .· ··. L <:{ 

. __ ·- ' . ., -· -

(3.4) 

+ ~1...(~ -~ )·(SSt\.\.~_ !.~i~-.~- ~ Co<:.~j-J 
t ~ Jo '-' \..1 ~ 'l,.. L ~. . _ 

. ' 

l t-:- R I cA) . 
In this Eq. spherical Bessel,functions and,those with integer ,_,..- ... . .. . . ' . ' '. ' .. ' . ' 

indices depend on the arguments .8= \{ tA and KR ' resp. When 

\\_:. Q the following asymptotic beha~iour ~,f Fn a:nd Ehis ;;IJ:li~ L, 

(for· Ra-'d ) : \'\ . : ln . . · 
r 1\ t-i) (1~)~4 A .E S. ·· ll ~-'+' c2.) · 
·r lh..::::: • . \'1h·H · \~ l'l.. · 'IJ )~ • ""- 4--;,+') u J . ; 1'-'h·\-\ I\. h+ 11. ' . ' . 

! .. rt {. i'n f (~~ ll4hi-1)l~"-t-l\J\f li~\ 'lt- ~v_·l. ?.5) r z_- II - ) 0 . . , I l _,II 1.. 4k~~) 
r lt-- . 'I ~.t." t •t:~.. , .. ( 1 :i \ . '"' . . h . k . ,. . , . . 

L. • \-\t l.. -
. J. t.. '1 '1.. n 2- . . • 

Eqs~ _(3.2) describing VP of TS lj>-"' \ +t: = f\ ... are ,valid outside 

the sphere of the radius ."t;:: .c\ +R . F()~ '1. ( ii\- R. one should• use 

Eq~.(3~2) in which the role• of 9Q_ and \--e.. is interchange~. I~ a 

static case, Eqs. (3 .2) are .transformed into . 
' . ~ ' . ' 

Si~ = ~ ~R~ I ~~-t1 , ~H, RlCAJs e) ~~) 
0-::'1.. . tP .· ' . ' i ·" f 

. . .. 2- ' \. ·. p (c.n\GJ (' ~ 
Jl-t=-1 ~RQ!X.~li~), 'l~""' 'lQ-\-\ Q. 3 

~ . Q~'l. 

(3.6) 

6 

I 

! 

1 

Here -18 :JdlfleosWJ~- q_l Rsi~'lf) 
.· . . , ·. .f. I 

~~ ::~c\W·~ih~_pe. Pl(Rs~h\Jf) (3.7) 

l~t,= c\_~+ R2-+.'L~\t~sl!f) . . 
\ ,., '' - . ' ' ' - '0 '::1: . ' 

For th~ thin ~olenoid "'c'RLL ct ') f€ I ~re obtained in jthe closed 
' .•. bO ' ''. ' 

form _ 'l. \ . l'-:\\"1 'l. c\'lnt\ () 
Jio:: \\~ \Z~ ~0 ~~-\.'/1. ~·· a;. t "h~ nl..-+~. \":z_~~2_(tod} )J·. 

. " '1 t--+ . l, . -
\:;Q •• ' • . • . .• ' . . . . . ' (3.8) 

n _ "' ht. . \ ~ . J 'L~+~ ·t~t\v;. it_~}- _ctu't'- n1;c1.0s8). 
-\i{- -11~\\.~'ll~l,~)L 1.1-n-t'!./L. tMIH4n-t~l - ~ ~· . 1u.;t'!. l'lHt 

~o-:.o · · . , · . : , .· ... I . . 
For the sake of completeness we consider here the·<1ase when the 
. • . • '· . . :. • ' . I' ' t 

curre~t in the solenoid winding exponentially grows or jfalls ! -

ti= A0Q_')(~l!..W ,t) ) ... The n~nvant~hin~ cylin~rical c~mponents of 
• . ... •· '· . ··• I - , . . 

~ ;~ ·.~.~ ~~~{tJt)2_\{•+l(~'l)'Pi (c.i~) ~ :~01t, 1 tJyJQ ( ~ ~"".·. f( 
'4 '1, . 1- .. . Vj ... 2. .I . ·. ; 'J 

.At~- ~#•<1?\ !W \)2_ ~ •• ~\~l) R~~<>I\I)~IJ' Ie,il~J.~ P.( ~'~t.>.folf' 
Here K \J -and l\) are mo.difie~ Bessel ·~unc~io~s •. u~d;ci~ ~he i~~eg-; . 

ral sign·~;(R?..+~LT1._~{l.i-&~\:\h~se,E_gs; ~re valid.fo~~7d-t~ .· 

For 'll. ·cr- \Z the rol~- of \-\. and l· should be in~erch~~~~d: 
' t 1·· . •.,; 

' · .... , . 'I 
3.2. The vector harmonics expansion. Sometimes it is more~ con-

. • . . I 
I 

venient to represent. VP and field strengths by. means df so called 

vector spherical' harmonics. ·In 'what follows, we· shall 1'\dhere nota-

tion- used in book /21 I. This expansion or" VP looks as f9llows: 
-:;. 1... _.,. 

.A= l~l¥- 1 B~t'c~il) ~a'rtt.\ (3.9) 

. Q'ro\'C. 
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The indices e.- and ~ mean here the total angular momentum and 

its projection onto th_e · 1; . ' . """"" 
axis (see Appendix.2). Index ~ defi-

nes the kind' of the multipole radiati-~n. The values of 'L= 0 M 
and L· correspond to the electric,. magnetic. an4 long-itudinal 

. ~ 

multipoles (EM, MM and LM for short). The vectors Be. are given by 

-t lv\ ' - l -9 h Y~- ~~-~-I h ... v "\ ) .rT~ ; y 1>. ' ·Be (L\-\( '1 
Q e.- :.LQ.-d Q:t' te,et\ 4 ~1(_-t- 1 \,Q_,. e,e-1 

. ' •. ' ._...t.. \ ; ·' 

__,. . __.. '\(~"'- I .y·~"' 
n~ {M}-=- l ~ L· \Q ::- hQ. -fil 
n e Q. \~tl~'\. 

6.10) 

B 1~( E\'= - l \ ---;-- Q ><l ,1: )( ~) ~I(_ 'Yt' J 
Q · ; '' ~ UH \ \ . • .- ': ·,i· 

. ' ' -~- ~ ' . ~~ -v ~ 
'· t. ; . (, . ' t:-t \ ·-·· ' ' 

:. - { ~Q-1-1 lo. t{l T -,- hQ-\ \' Q.,Q.~I 
· 1Hi .. :. - . ', . :te-tl. 

~ ~ 

L i~ the orbital ang,'ilar momentum l L-:- L t_Y. V ) Here 
' .... \v\ 

the-vector functions \/Q. (see Appendix 2) as well as the .vectors 
--? \-\-\' ·_· • ' ' I I A ' ' •' ' . \3 Q.,l L \'' are eigenfuncti~ns of! the tot.al ·angular momentum sqt:are 

and its t projectio~~ Th~ coefficients occurring in'(3.9) are 

dete~~ined b/the current _d~ns~, ·· _ ,•. .. 

C\rtt) = S ~t'~l'tj tt'l do<ilJO\V 
~ 

'-~ 

The vecto_r_qu~ntities uqQ. are def,i~E!d,·by ~ql'!~. simila~ .-to'(3,10) 

in which t~e Hankel sp~eri~al functions he. .· are replaced by, the 

Bessel .ones ~~ •.. ~he coeffi~ient~ n ~ ( ~) , ~re ref~rred. 'to as 

field amplitudes /19-21 I or· form factors· /10/. ···The values '(:: £, M 
and' L. · corre-spond to electrical; ·magnetic' and longi tudin.al form· 

f~ciors (EFF; M~F and'LFF, r~sp~). For complertetess we give here 

the explicit· expressions for C\ ~ ( '(.) 

8 

' 

I 
j 

I 
I 
I 

j 

I 
I ., 

"" ' 11\Y\ 
Ctt~.lM\ -=- ~a11.. ) 

""lL ""{Q.-~:' ·: 'Jw-- -+ ~ f--1 ""- · UQ., ) : 't..H\' Q,Q.-k\ fii--t-1 JQ,t~l I 

~ . ' IT~ jV>\ ' '~ t-1 M 

UQ t E)=-~ tQ.::t\ ____ Q,Q.+\ + -~ U-+\ JQ.,~-~ 
• i · .• -f.~. ~! ; ' 

\ J ~A~ ~ -~kl\<'L) y~~ ~n G\ v ) .. 

: ., ~ 

'l 

p.11) 

I, 

... " 
;.·!: 

.··. ' . w.· . . · 
VP presented in the form. (3. 9) wH~ :_{A, Q l 'C) given by _(3 .11) . sa-

tisfies gauge condiiion )20/ 
. --f. '. 

~ ,· J .A ~ { ~ ~ ~ =· 0 
., 

,,':. 

Here ~ is the scalar potential 
. . ' ........ I I) .1 

-_ ,_.·. ).SQ;x.rl\lq'1-::-1. _p;ti=i')d\V· 
~ - QJ<.f, twt - _ _. \ 1: -·'1.' \ , ~ _ . ..i _ 

(It is suggested therefo-re that. cllarg; den'si ty• p; ·._:h~r~o_n,ic~lly chan:..· 

ges with ti~; jJ ::_ •J 1.:> •. ~xp \ ~i ~·t). ) : Ir;t ~~e abs~nc~. of, charge 

densityl_~0~Q} VP ~ee;~s gauge, condition diy-~ ::0 . In this. case 

LFF ar'e equal to zero. To check th:i.s we. apply to (3.9) the. div opera-, 
. . ... ' .... \\.\ . .. ...• ~ ' . 

tor. It f~lows ,at onc,e frc;>m (3.10) that_ J•tfiB.Q,(~)= GhJ B~(f\:-0 
and Jiu B;lL}=it{h~YQ.~: "' .~Th~L . .., ., . . ' 

"rAitf ~::- ~ ~i~<~J. hiL Yt 0 ~-( L) ,·'>" (3.12) 
·:"' , .. 

As the particular terms of this sum' k.r~ :line'ar. independent !:•so 

C{~(~\.:.0 if 0\\J ~.:0 . This may beals? pro~e~ in a ~or~ ~;traight­
forward way b: ~er:fo~~inid ln1:egr(l·L_on · ip :i ._C\~ lL):: .'(.se\Ap~e~di;c' J).> 

From the Eq. ~Q ~L\::. 0 it follows at once (see Eq.(3.11)) 1 that 

~ \'v\ - fit.,, j'J~~~ .. 
~J Q.,~-1 -.- ~- y· ~ Q,Q4-1 

. ; ~ 
,,, 

) ,1 )~ ·. ;ji -r 
.. :.(3.1))' .' 

,·: .. ~·· ~ > .. ... ;"' 

Substituting th~'s' into C\~ {E) one gets 

9 
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r 

'M(C) ~1.<1.-tl MM ~Q L =- T ~ Q.,H\ 

It turns out that for the peloidal current 

(3.14) 

(2.4) C\t p'v1 \__:0 and· 
h\ . 

C\QlE)::: bn--,oCAelE) . Integrating in. (3 .14) wrt I{ and ~ 

one arrives at 

Q -~E)::- ~R -~ ~H~~ l~\ \=Q.0.~r 1 -~~-tl Fi-t,) 
fl '1..~ l.(\ ~ Q. l,.Q.-\- J (3.15) 

ro,\ .. 
( ~ were defined above (see Eq.(3.3)). For ~~0 we find the 

foll~wing asymptotic behaviour of G\ e.l f ) (see Appendix 4): 

(A lf)-:.-l. \\t.t'R~ _I __ \_. j lHt .fo 
e. .{it f'.(~-t ~.) l~t'L ~) l.Q~'): Q+\ 

(3.16) 

( f~ are given by Eq. (3. 7)) . 

Substituting ·this .into (3.9) we get' in the static limit 

~ ~ \ \ \J.~o 

F=R~flrr:~\ ~llQ-T\)lU-t-t,) 1HL:fe-t.' \,t+l 
(3.17) 

It is easy to check that particular cim;ponents of (3.17) ~oincide 

with (3.6)'. From (3.9) (bearing in :mind the omitted fact'~r Q.x~(...:\wi) 
one obtains for the EMF strengths 

. _... _,. . . '.-t .' . . ...... 

l~~-iyJ:a~lt) BQ(M), E~C\\lc'~lf).Bo.(E) 

Or in.the.epherical components 
I 1· I - 1 . ·· 

· · l1'J:: ·.{lfl· ~ 2 ~Q_ ~Q a.Q_tE \J 

t0 =- -·: ~ ·j i~*\ llh!) l~-~- o_ ~~-'c\J H.i G\Q. \ '£' 
\1\1. . . ') 

c L¥- -2 l'l.::. .·.{1ft' 
lliQ_~\l t h~-t\+ h~~l \ PQ_. C\Q .(E) 

t~-\ i . 

10 

(3.18) 

(3~19)· 

J 

'<i 

f' -/' 

!" 
The Poynting vector averaged over the· time period and: ~ntegrated oyer· 

the sphere of sufficiently large radius is 

\ \ . 'c E II .jf I t I - 2.;( . 2. 4i\C.) -8 · r1~ 0\ ~ ·= 4 rr1..c. 2 iAe E) o.2o) 

The factor .1/2 in the LHS of (3.21) takes -into accou~t the difference 

in time dependences of Eqs:(2.3) and (J.1). 

I 
! . -

3.3. The toroidal ·form factors (TFF) and toroidallmultipole 

moments (TMM)'. In refs. /10/ we·r~ i-ntroduced do called\TFF ~nd TMM .. ' ' i .. ~ 'I 

It is interesting to know how they are looking for the 
1

·particular case 

under the consideration (that is in the absence of chafge ~ensity and 

for the current density defined oy'Eq.(3~1)). But at:ftrst we consider 
. . i .. 

a general cas? wheri both the charge and,''curren~.densit4e.s t~f7er fro-~ 
zero. The VP is still given by.Eq.(3.9) .but ~Q lL\t0; · ; . now.' 

. • ' l 

Exactly (see Appendix 3) 

q~ :· ~ Q~ lL): I ··o:21) 
I 

'I 
• . I 

(for the charge density harmonically changing with timi'). The VP now 
. -f 

meets the Lorentz condition diiJ (\ ;.1 'Q';Y .:.0 . Some pecularities con-. . ·· Jl c.. afl ·· , ·' · · ·· 
cerning Eq.(3.21) should be mentioned here. We wright ~ut explicitly . 

' . , ' ' . I, .. . 

qu~n');it~e,s entering there . \ .. 

n\v\ s (A Y\'1-\·*o jv I ' ~\Q. = -d Q. Q .r o 0\ ' I ; 
• 1 (3.22) 

CI~\LI~\~~1 J::,;;+jfu, ~:.l-1 ·l ~~.= 13, y~·.tc~\/) 
. ·, . '· . . : . •'. . • . . . ..•. 1· . . . 

By· developing'Bessel functions entering into both stdes of.Eq.(3.21: 

we ~rs_~~ve that this~ equatii)n •. cann~t ·.be i s~t~sfied (fo~ l t~e\ :onvanis~­
ing charge density) in any·order·of \(·.The reason ir thaif>0 and 'dO 
entering i~to Eq: (J; 2?,f~r'e' hot\ i~aeperidEmt.,,: ' I' The' con-

tinuity. e~~ation c\1\f Jo::: C:w Jo confirm~, this. Thu~ we ca~sid.~r: 
I 
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lv\ 
Eq.(3.21) as the definition ofqe .-Its dependence of ~ is carried 

out by the Bessel functions in the RHS of- Eq.(3.21). For the vanish­

ing -charge density we may develop the,RHS of Eq,C3,21) in_powers of 
- . . . ' ·c:. ,; .t'-1-\-:t.~' . -

I< • The disappearance of coefficient 'at n leads to -
- ---'IM-lf '7 · • ----. 7 · - c <1.-1-t--2.~y 1 "V r::---.r l-Ht~y~~~- -, w JQ: ~Qth-t-t_) :/t Q,t...:l -~ov._ .:)~t-tj ~1. . Q.,t~l doc-

Forh ;1 we obtain useful identity 
- __ __.,-.,_, -.. ''--f 

e ~+I v w. >J i 1\) .. r.:- f. e.t-1 "" · 
~ lQ-t~ j L I ~.FI '~ 0 Ct\ - ~l+\ ~ 1. y ~.t-t-1 

--;<" 

~o c\V (3 .23) 

We present _now Eq.(3.9) in a slightly extended form 

-R ::_ ir~~~c,z("a~fM) h~ y·Q_~ *-
. ~. - . ...:.:, . ---:'" II<\ . r---. -; ""' -• 

+ C\ I L) /. ~I- I'. \1 -\-I t I ~" ) + 
_- Q.\ \_~m\_hQ.-tllt,t-H·-~U--tl h~-~ .,_,l-1 -

(3.24) 

.. \\\ t l\-tl . ··: 
-- ...... ~ r-- -- -.IV.. J 

+UQ.·lE) \- tQ-tl ~HI Yv.,~+l -\-~U-ti hQ-1 ~Q,{_;;\ )_ 

It is easy to check' that the terms relating to EFF and LFF (2-nd 

and 3~d-lines iri Eq.(3.24)) taken separ~tely diverge in the long~wave-
_· .. . . ~ . ~ 

length limiti<~D. In fact (see Eqs.(3.11)),C\Q (E) and'f,tli.lf.,J 
- "" ~; -- ' • 1-'' 
fall like \<,~-I as K40 while Bk (f} ~and Be (L). ·(see 

Eqs.(3.10)) ·· grow like 1-\-Q.-'l. in the _same limit. With the account 
., . ' '· • ' . !- ·~ • ; - ' 

of the overall K . facto~ in Eq-.(3.24) this -~ives 1<:2-' di~~rgen~~ ·. 

eith-er for electrical or longitudinal mul tipole terms. This drawback ,_ . , . ·-" . . .. , . . -:r-.. 

is lacking ·for the vanishing, charge_ density; In this_ case (see p.ppen-_ 
-· .. M --·· - --.. ····-- .... , .. -. ··- 'M · .. 

dix 3) C\e_ (L\:::Q. This ~onditio,n ch.~nges 1;he behavi?ur ofC\Q._ ( f} 
fo; small 'values-of K (see Eqs.(3.14)-(3.16) and. App~ndix 4). As y,.. . . • . . ' - . .: ..•. - . ·. ,., •.. 
lAe. (E) hlls __ now like y,U 1_ for K--tO ; the .~ez:ms of Eq. (3.9) 

i i 
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I 

(or (3.24)) corresponding to the particular;multipoles are well-beha-

ved. Turning again to the general case we observe that there': ~~e' no 

divergences in Eq·s~(3.2) from which Eq.(3.9) (or (3.24)) easily-fol­

lows. Substit~ting Q~ \E) and C\ t { L \ into Eq. (3. 24) w~ ari-i ve 

at the 'equation .. in which the divergent terms entering into_ :EFF. and 

LFF compensate each each other: _ .. ·.. --# ._ 

--" 'l. "'l.. • I(- c· V WI lv. I VI"' 'i ~~\ V IV\ Jl\.\ J Jl= "c. l 2 ~Q \o.t · 'Jr;_(_ + h~+' 1~,l+; u~,t-t1 + ht-1 1 e..,t-\ t,t..:., 

The other way /10/ to deal with singularities in. Eq.(3.9) (or 

(3.24)) is to separate explicitly-their contribution to EFF. Combi­

ning Eqs.(3.11) and (3.21) one gets 

1'\'\ \~ ~,-.-

CI\.dt)-=-it lt+l(/"_ !U--ti ·'il"'. 
~ Q. v\l. ~ ' c J Q,(. + \ 

(3.25) 

Now we present this Eq. 'in the form ol 

1"' · · -\-\-\· ~- \ t-+ r a\ h\ l'') 
.(3.26) Clc \E)= C\Q_ u:, T)- \t~ T ~. v .. 

Here ' ' iV\ · . , . _ - ~ .. h _' •. ,: _,_ L ~ ~ :-_\ .; 
n~ lC)=-Lk qc_lV-\'--C::--,,c-'IL 
~~ VdO J.-

~H) S'L"c' Y:./,t ,,v 
and 

I"' - "' ) - • \ t+ I rq. ""- r,i.;.'l '\).J ~Tl~ ~ ~-C\Q u:\ \ --l-l T L Q_ v\l \_; '--~ T tlQ_,lt\ 
(3.27)-

The second term in the RHS of (3.26)~being -iserted into (3.24) exactly 

compensates .,the singularity of Ll<F. The .,ratio 

Ttl \l.. \ = C\ ~ ~ f ·, i' ) / I\ e.+ 1 · (3. 2fl) . 

is referred to,is,TFF /10/. Using,Eqs.(3.21) and (3.22) we develop 

q
~- 1M... . 
t< and :JQ.~ 

1 
entering into.Eq.(3.27) in powers of K. It follows-

... ,+ . r.-olh 
from this that.in the long-wavelength limit li<.,...O) IQ ((() tends 
. . 
to the finite value 

13 



I 
I 

.. -. -, \l-t- \ 
Te.~to)=- ftQ4)- m' 

_L-
'J}-+">}2.. 

. ~-~ 

I \ ()_ --L,; s tt_ H\ v:~:, 1o' o\ v + ~1t+'l Yr.~lft-1, Io v\\)} (3.

29

) ,_ 
\_ Q.+\ Q_.t2. . I . ' "-I"- . . ~ . . . q~ 0 This quantity is called TMM /10/. On th-e other hand putting e:_':: 

in Eqs.(3.25) and (3.26) we obtain for the case of vanishing charge 

density . ~ . 

""-· - \M - . . - rl I H~ qe lt\=C\.e. lE/T)=- t+. uo,~-t\ (3. 30) 

Thus. T t' { \<):: u~ (E. )/ I\ e-t I 
(3. 31) 

For. \) 4 0 it tends to the finite value , 

rr""t ·)- (t~-+1 _I _-__ 
IQ 0 -- T· \lhf\ i"'lj 1i .. Y~;" I~v~v (3.32) 

Using Eqs. (3.15) and (3;16) we may simplify these expression~;~: 

T~~\<) =- ( . ~ _\ ·-1 ~H+' /~co _lr:"':" r-' /\ 
Q. • • oo,v.- ?-~ \<H\ AI \ H-T':> \~h\ 1-Q-H ~~-tL q+,l. 

Q Q) -- v.-,v {(r Cl~+t) lH'L \ tlt-+\\ 1.l4-'.!l j Q-t I 
't~l - ~ . _I &L" __ \ ' L ~£4\ rV ' 

Eqs. (3.29) and (3.32) were, obtained in two' difr~rent ways. In fact, "--- . . ' ' ' ' - . . . "" 
Eq.(3.32) follows directly fro~ Eqs.(3.25)-(3.28) by putting qQ =l) 
in them. On the other hand ·the derivation of Eq. (3 :_32) ·uses the' 

expansion of qr in P?wers of \Z as an -intermediatory step. 

Evidently these equations should coincide when the_charge densit:f­

disappears. But the condition for this is just Eq.(3.23). The lat-

t~r ~eing·taken intd account proves identiiy of Eqs~C3!29) a~d -(~~32). . r~ . . . 
Thus, \Q. lO) (for the vanishing charge density) may be presented:. 

in three different albeit' equivalent forms. They are given by Eqs. 

(3.29), (3.32) and by ·.r 

14 

') 

• I 

1 

1, 

l 
I 

t'J 

( 

'/' '. ~ .. - . . ' l 

r:to \=-'~~~_.\\ \~h~). ~··''' ~'1'*' Yt,.~J.;o\V (3.33) 

As an illustrative example, consider the toroidal' dipo,le moment 

lQ-::.1.1. . Its. cartesian co_mponents_ are_ usually prese':lt,ed in the 

form /10/: 

Tt.: -1~ s [ JlL l t{_ ~J- 111.1. Jl] d v 
l' 

(3.34) 

We prove now that this equation reduces (up to nonessential factor) · 

to Eq.(3.33) for ~:: \ .• Fo; thi:" we use the identity1 (forj)
0 

=P).' 
~ ' 

cl i lS l Jtl J( I<'.)(~ ~ } :: :'( ¥. J( Q. ~ i. +XL XQ. ~ 1<- + X OC K 'j 4 · 
Integrating this equation over the 3-dimensional volume, and then 

contracting wrt \( 1 Q_ indices we get 

~ L ~ 1. ~ ~ -\- i X~ l tt 5 \] v\ V : 0 
Substituting this into Eq.(3.34) we obtain, 

'C :: - ~ .S 1.~. :L: ~ V 
This expression is completely eq~ivalent (for'~::: i 

(3.35)­

) to E~.(3:33), 
, I 

and as a consequence, to EMM given by Eq.(3.30). We conplude: for 
I 

the peloidal current (2.4).and the vanishing charge density the to-
. I 

roidal multipole moments and form factors are proportional to the 

electrical ones. 

§4. The interaction of toroidal solenoid with an external 

electromaghetic field . -;;, 
L 

'!' 

d with_ the ext~rnal magne-

I" 
The interaction of the c'urre~t _, ' ' . 

tic field \--\~~ is given b~ 
i 

(4~ 1) i - i 

I -field \-\ Q'llt t ~ {,0 I. J/ ) 
U::- t ~ 1 ~ cAV 

--... 
Here .H is the VP of the magnetic 

IS 



. Let the distance between the magnetic field source and.the cons­
~· 

tant current d ci flowing in the TS winding be much larger _than · 

solenoid's dimensions. Then, in the neighb,ourhood or' TS the VP may 

be presented in the form . 

n . Cii}:: (\. (t\) + 'df\L lo\ :x. +J. 'd:J:\L~~\ 
\l1 l. .JH. (\ :\C. 1'- L. 'X " -:1-a. J( 1<. 'J (Q. 

' \~ ~ . '_.) d 1'-<l 
(4.2) 

(It is suggested therefore that 
~ 

.R varies rather slowly in the sole-

noid's vicinity). Here C\ is scme fixed point near the solenoid 
. ~ . 

and~ defines the position of a particular current element wrt 

this point. Inserting e;pansion (4.2) int~ Eq.(4.1) we obtain (for 

the peloidal current (2.4)) 
~ ~ ' . I..:... II 'U .:. - P' ~ o.x.«= - ~f.-h. · '1o{ n «. X.t 

--f' 

_, (4.3) 
-'t 

}-\, : -Here~ 1 is the dipole magnetic moment: S M o\V 
-;- --? -~ jv 
u ::.S'lxMV\. 

--'> r· '~-- . -'lr I -. . -;-
and M is the magnetic moment density IV\::.%(~;< J}. 

. . . _,. . 
current (2,4) the nonvanishing components of M are: 

M :'!(_:. ~ M S\\o. .g ) M '1-=. {'v\ ~~~ ) 

M. _ ~: c("" _n). R±·ti\t.os'V,... 
- ~ 0 R ,, d (J U!:> 1J &« . + '"" .. .. -4-

(4.4) 

For the peloidal 

(4.5) 

This means that only the ~ component of tv\ · · differs from zero 
. ) ~ (M.g-:.\'t\ . It follows from Eqs.(4.5) that }A 1 =.Q .·, i.e. the 'mag-

netic dipole moment equals zero for TS. For the pploidal current 
~ 

(2.4) the sin.gle nonvanishing componen't ·c.r }A1- · is 

.AA1..'t:. = ~· \'X.\\.1\-.;-':i M~c.) rAV::: ~ rr~o\RQ.._. 
. . 4 ·,, ' . 

(4:6) 

For the' arbitrary orientation of TS' symmetry axis all three ·.com-. 
........... """" ' ". '' 

ponents of }J.l. differ from zero. Writing out the t~iple vector 

product i'n.Eq.(4.4) we get 

~ '.' .. 

' 

i 
' 
f 

':~ 
I 

)' 

.• 

JAl.~=fr..~ l:1L~li ~)-t.l.'~LJ~v ::.- 4~ ~'1.1.~( &V (4.7) 

Comparing Eq.(4.6) with Eqs. (3.29), (3.32), (3.33) ~nd (3.35) we . . ~ 

recover the coincidence of ,lh.l. .. with either EMM or TMM. Since )Ar 

disappears for TS .. the interaction ( 4.1) may be presented in thf! form 

·11 I-. ~ -f' -y) 
V\ =- ~ .,L\1.- l..v~ H~')(ll'L :::.c. ~ ~ . (4.8) 

. . . . . _,. - I d El21l" ~ ii' . ' ·.. . 
Using the Max:-·mll equation \.ot l-\ li.'lC.t - (.. ;j t + c d Q.Kf and 

taking into account that, expansion (4.2) is valid at sufficiently 

large distances. from the external field source (where JCi~~ .::.0 
may rewrite Eq.(4.8) as 

.• 

one 

I U=-: Le. 
~ ~ 
t ·)-h. (4~9) 

It follows from this that TS interacts with the external EMF if the 

electric field·has a nonvanishing and changing: with time component 
' . ' 

along the symmetry axis-of the solenoid.· This assertion grounds'es-

sentially on the fact that. dimensions of. the sol~noid are· small 

enough (wrt distance from the.EMF s~urce). The interaction with sta-

tic magnetic field is possible if this condition fails. To see this 
:t . ' ' .-!> 

we introduce instead of the 
-t- ~ 

current ~ 0 the magnetiz~ti~n;U' : 

c .'lot. ,U:: Jo ~ 
-'t 

The magnetization }\,\ corresponding to .d G is given by 

-'t _, 
JA )A·V\-g 

.) 

.·£4 
}.,>,. = 4 (\ 

8 (R- R \ 
o\+ RC..O\~ ;~ ~ 

(4.10) 

(4.11) 

As the current and magnetization formalisms are entir~e!y equivalent 

/20,25/' one m;,y fo~get about solenoid ;s cu~rent and treat solenoid 

as a magneti·z~d rlng with magneti.zat.ion defined by Eq: ( 4. 11). Its 

physical· realization. '/7 I is a ha.rd ferromagnetic ring having mag-
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'-.....: 

netization (4.11) that is independent of applied fields. Now we sub­

stitute Eq.(4.10) into (4.1): 
....,. .., 

U =- S R 'Lo~ JV. o\V 
Integrating this equation by parts one gets 

-t -f' 

lA = S \-l <lXt · } .. \ c\ \L· (4.12) 

It follows from this that TS interacts with the external magnetic field 

the~ component of which has non-zero o~erlapping with TS'magnetiza-. 

tion. As an example, conside~ the toroidal mag~etized ririg and the 

linear current. It turns out that interaction energy (4.12) differs 

from zero only if the linear current passes thr?ugh the torus hole. 

Consider two TS with constant currents in their windings. Do 

.these solenoids interact? (This question was posed by J.A.Smorodinsky 

/26/). iheir interaction is given by _ 
7" -t ..., _,.· 7 

-1 r <L('t,)· J1(rt1.Jc\V \'1 ::1 ~S\l..li.) ·.\ li} c\V, 
' J.C.".l., j -r - I I c \i l... H.. Ul I 't,- 'h . .._, -i' 

U_sing ~he.- relati-on '.1
1 

::(_ 1ot;V., ·and integrating by parts one gets 

i ~ ~t~ lii:). J~\. (rt) c). v 
From this it ·follows .that there is no interaction between the non-

overlapping solenoids_ (as the magnetic strengths-and magnetizations 

are confinedinside the solenoids). 

0-~~ may wonder what is the profit to present VP of TS in three 

di~ferent ways (Eqs.(2.7), (3.2) and (3.9))? There are certain reasons 

for it. As Eq.(2.7) contains all multipoles in a closed form, it is 

easier to operate with it in practice. Since each pari(icular term of 

the sum o.ceur-r.i.ng in (J .• 2) tends to -~ finite value in the long-wave­

length limit V:~Q (see Eqs.-(3.6) and ("3:7)), on-e should expect 

the same for the development of (3.9). We ·have ~een in §3.3 that in::a 

18 
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f 
' 

I 
general case when both the charge and current densities-are present, 

> i 

the separate contributions of EFF and LFF diverge .as \<:-70 .. Only 
i 

their sum remains to be finite. Thus, expansion (3.2) may serve as a 
. . : 

guiding point. 

I 
5. current 

I 
Consider· torus (2 .1). In what follows we shall ext~nsively us·e 

' I 

the toroidal c~o-rdinates . '" . 8 I 
"""- c.. ~1-JH.,oS~ . - 0. Si.y s~~~ ') - 0. S'"- el . 
• 1.. - 1 '1- > c - d . _ ~s 

<J.J.I-e.os\3 c.,t..JA-eo~0 _ _ Y. I . (5.1) 

(()L_}ALiXl) -~L(l,L \() QL\gL~(I) . . . 

For }A. _ fixed t'he points P ('"X,-,, t) . 'fill the. surface of .\the torus with 

the parameters v{: £A.dLy· and R=-ll/.Yf.)-1 ··. ·Let.J:I=JMo corres-

( }A Lj{!) ) the!. point P ('X>':?,"l:) 
I ,..._, 

(where :ll,"'J 1'L are given by (5:1)) lies inside (outside) lo • The 
. ·- . ·. _. . . I 

inf_ ini tesimal volume ·element bei. ng expressed in· torida_ljcoordina.tes 
' ' c.'>.st.,uJJ.\JQ~'9 . ' . . j: 

,is d\\}: > . The current density ~·00 · isj given by: 
lCI--JA-C.OSXJ) _· ... , . ~ -t 

.t .:..-: ~ 1.. hlJ.A-J.I.,, ttliyo-wse) I'\) 
.:..; .co 4 (fa !:. \..}-lo · · . 
\(\ . ~ < § ) .. . I . d Here 1 q~ is the same as 1 1 ~ se~: 2 but being exprisse in toro-

~:1: (oto~::;~:-n~ s1 ~~) s l>A~'~ ~) + n~ {t~~(;to~0)}u~;-c.?s. o f 1 

1:.1 "' I 
., •••• ~ --,. ' ..... ;. • < I ,' • • ' ·.' ' 

For the constant ,c,u~rent \-\: h~ ~ /.P in~ ide the solfnoid and 

A: 0 outside it. The_ :VP has two nonvanishing 'c;li~dripal· components 
. y ( Jl_p and J1 1_ ) • At large distances they fall as rr_- i · 

(\ . . ,.. ~'\ cA..Jlo l+.~tot'l.Gs. 
1 

.A z ~'ii~Q'!> cA.:}'\) -' Sin tQs 
n~- :.& ... ~~..~~ 0 -~ -~,-. J. 8. ·sl.">_Mo 11'!. 

po,nd to the torus;~ •· Then, for .,U ~)Av 

(5.2) 

c e~- .. is the spherical ·po.la~ angle).· ·1 
I 
i 
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'Their ex:. licit expressions are given· in ref ;/18/-; No·w we try to 

simulate the solenoid current as a relative motion .of··iine of charged' 

layers, out of which the surface charge distribution is composed. 

We require the following conditions to be fulfilled: 1) the total 

charge should be equal zero; 2) the electrostatic potential should va­

nish both inside and'outside the~olenoid; 3) the_rotation of the ele­

ments composing the particular charged layer in the~= ~onst· plane 

(each element rotates in that ';P::. canst plane in which. it-lies) should 

reproduce the current distribution (5.2) and as a consequence the VP 

of'the toroidal solenoid. 

We seek the charge distribution in the form 

~= f{i, ~(.}1-)J,) +(),__.~~;~}h.)+ G"'o £(}1-}ID) (5.3) 

For. the definiteness _we· choose }J. 1 '7 }h. '7 }I u . The charge distribution 

consists of three charged toroidal .. shells encomp'!-ssing_eac;h other 

(it is impossible to meet _all condi~ions 1 )-3) using_ the charge distri­

bution ... · consisting of two layers). ,The :layers corresponding to .fA :)A v 
,, 

and }A1=. J..A. 1 are. external and inter.nal ones (fig. 1). •Let each ele-

ment of the external ,layer (}A: }10 ) rotate in the 'J: corist' plane with 

angular velo'ci ty\)..) I •

3 
We ·6hoose & d so as to reproduce '·the' current 

density (5.2). This ,gives · , 1... 

. tjC. (Ch,M 0 -C.0)0) 
G'owR~-41t~~ S~JAo. (5.4) 

Here \{::. 0..{ Sl)J. v is the radius of the external shell. Or in a 

slightly different form 
: . . ,,_ 

Ot _ ( Ck).lo- ~S G) ( 1. :- _ ~C. ~h}lo' )' 
s . 4f(C.1.tJ' o-f ~~_}\CJ: 

·' We give only the final 

both inside l 'i:fJ ~.M '7 jJ. 1) 

(5.5) 

answer. The electrostatic potential vanishing 

and outside ( OLJ-1t:.}lo) TS equals 

20 

\./ 

<P = gff L o."". ( c.~J-1 - wse\ YL-.'j_ t-c Qh-l ( o) ·eo~\\ 0 
. ...) . . . -'<- ov.o . . l- ·. 

·LR-!.lO)·QV'_!_- \)\-\ ,.Q~-1(0)] . 
l- .1- -;:. l.._ 

between "O" and "2" charge'd shells t JIJ L }\ Lj\,_) and 

(\): -t,,sitc.~ tC.lj.\·-i.osO)IfL)- -1 
- · QVI_;.l0~. "LntO,'L) .u;sv-8 

') , . l-t-,£v, I) ).. '1m( 1,2..) · 

~ R-~ Vi). Qh-~ - P~,,_~ Q VI--'. (1)] 
~ }. ' ' J- '.L·,, 

~ ·-: 

betwe~n ;11,1 11 and 11 2 11 charged · ;h~lls tJil. L t\,L _}..\I ) 

P~ ti.\: \J0 tc.~}l<)) · Q~.l c) ::,Q'~ lth)A; ~ 
'LVIlL,~):: R,_ 1 l~) Oh-l l 1)- R-ll ~)·l~\·.J. (~) •. ··Fro~ n~w we. do 

, l. ~ . l... . . ,_ . : • I 
not indicate tfie argument of the Legendre functions if it equals ~,M 

. · Here we put . 

(L.: 0
1 

{
1 
J) 

The discontinuity ofc~qJ at Ji'::)f, and)1::){2.. 
~·.J1 ..... ·· . . 

~~ ~nd ·~'V . . . 'lfl- :_ .. '1, l 0 l) 
. r:-.· ·tc.'u ,.,,..,\ ., 2. c.v~.~v Q· •·")-~. J 

r4--~~ h.f",-\.N>\J. -· h-I_\V 't.,tl,l) 
.ll 1 - • \1. ~ \...}\,. · \ -T 6v.u · 

fixes 

r-1 . . '.lii. .·tt.kpl.:.U!se)hlL\J)\\\? ·.lj ,~D) i"li,Ol). 
\). :.--;::;-! . . ; . '+ ., ,, -~ 11-i '1.., (1,.1.. 

l II !.\..}h.. ~1-1\) 
,·, 

,•j· 

The ·cons_tant ! determines, the value .of ,.the. charge, on each of, the 

layers ,0,1· and 2: . 

Q~::' SG'o &l9-JI v)' c\ ,_;':: ~ ~ 1.~ ~~~~~)Jo 1 

(2 ~ ·s~- ·:~("- 11 ) J v· -._ \'',·.~ 1 ~ ·_e_ r\·· lO\. rr) ~. tl \ 1. ... tv,-LI 
.. 1 1 . r r•1 Cl\ - o"' 3L It~: ~h-\. \\1"':...1 :l.J --. 

' ·, : . \ ,; "' ,\,.'. .. ;~ .,"."' :t... l. ~"'tt,l)) 
• )..!:.· • .' j • ,',. l:j ,;. 

Ql.·= ~~~ ·~'ty'-~;_) J.V --- \6u"' ~.\ -· t - Qn-i {O)·Q~"l t'L) ,'L., t 1., DJ 
. : . .·. , L \t..<ihv .1. 'l- "Lnli L) 

.;, .. ·• . ' '; '. ,; '. . '· 

It is easy, to check_ that 

.ei)+Q,+~'l.~o 
i.e. the treated charged distribution is electrically neutral. The 

uniform rotation of the elements composing "0" shell 'in the canst 
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plane with angular velocity uJ imitates the surface ...., . ' 

As a result, the VP }\ W satisfying the Poisson Eq·. 
' ~ -:-' 

'b. }\ ::- ~§ ~0 
u; C-

current 

is generated. The constant lj. entering into the definition of 

Csee Eq~C5.2)) may be expressed through Q0 
.,; ~ :: - W !2.o j·l(t. 

....., 

(5.2) . 

-;-" 

do 

This means that for J1 w we may use' explicit expressions of the VP 

obtained in /18/ with ~ defined by. the last equation. Thus obtained 

electrostatic potential q>' and surface densities ((i meet condi-

tions 1)-3) mentioned above. 

§6. The rotating toroidal solenoid 

6.1. General' considerations. The magnetic field of. a toroidal so-
,.• 

lenoid ~t rest difiers. i~om zero only inside it. The magnetic field 

appears outside the solenoid when it m,oves thro,ugh the medium (&JA f j ) 
. . . 

with a constant velocity /22/.: This fact seems strange, as using the 

Lorentz transformation one may always pass to a coordinate system 

'where a' solenoid is at rest. However,- in this system the medium is' in 

motion and this ·fact leads to the situation which is not equivalent 

to the initial one (when the sole'no,id was 
I 

at rest'relative to the 

medium)~· A-similar situation arises .when one considers the .uniform ro­

tation of a toroidal solenoid around its symmetry axis 1b . It seems 

first that the magnetic field remairis to be enclosed i~side the sole-

noid. In fact let a solenoid be first at. rest in the laboratory sys­

temS. Now we pss to the coordinate systemS' rotating around the so­

lenoid with angular velocityJl • Using the Lorentztrarisformati~ri one . ~ 

may evaluate in this noninertial system the electromagnetic strengths E 
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__,. 

and H (note th~t the. accel-erated motion of S' .relative to S does 

·not invaiidate the 'U.se o.f the ·Lorentz transformation (see, e.g;, /27/). .--. . '· 

·The fi~ld H is enclosed inside .the soie.noid i~ 's' so the same is 

valid inS' Now consider' two physical situations: 1) the soleno~d 

is at rest, the observer rotates ·and .2) ·the observer is at rest, the 

solenoid rotates. As the relative moti~n of the solenoid and.'obser-

ver is in both .the ·cases 'the same,. so one may erroneously· conclude 

that magnetic field strengths v~nish outside the•solenoid for the 

second situation too. The drawback of these considerations' is that 

the identity of relative mot~on.does not. guarantee the equivalenc~ 

of phy~ical situatio!-'u~. In fact an observer. is situated in the noninerc­

tial reference frame in the first case and in the inertial ~ne in the 
,_ , , ' ~ . ,I 

second case. For a rotating charged sphere this parado·x was. .irlVesti­

gated by L.Schiff /28/: The modern treatment of these questions may 

be· found e.g. in refs. /29/. As equivalimc~ .'.is 'lost·, one· should make 

concrete 'calculations :to evaluate the electromagnetic -~field of the'.";ro­

tating solenoid. 'One .prec~ution.'is needed. In ;what· 'f~llows. we' consi­

der'the rotation of TS .with current distribu,tion 'constr~ct~d in a 

previous section. The'charge density of'this solenoid differs from'zero 

(it consists of 3 charged shells). This means~hat EMF.generated.by the 

rotation of this solenoid does not coincide with EMF of the magne-

tized ring with magnetization defined by Eq .. (4 .1.1) (for which:: c_ha~ge. 

densit~ equals zero): 

6. 2. ·EMF calculations of the rotating toroidal solenoid. Let the 

solenoid rotate as· a whole around the·symmetry axis·]t· 

;elocityi)_ (fig. 2); Then in addit'ion 'tb the.poloidal 

there appears the current _..,. .. ~ . 
~) = ~~. Y\~ } <\ ~ = er. \.)'.g,~.)lJ c1 

• •• . !!" 
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:with' angular 

current '(5.2) 

( 6.~ 1) 



flowing in the latitude direction. Here~ is given by Eq. (5.3), 

j)- 0.. 5,\..jA is the distance between a particular, element of - C,\..}\-C.0~\:1 

the charge shell and the :C axis. The current ( 6.1) generates VP sa-

-~isfying the Poisson Eq.: ~l{n=- 4£' ·fog .. It turns out that 

has the single nonvanishing component(Jq~) . It equals 

n-;'; = [ Ll u- toS G) v.~-· ~ l_( (_ .!~ h \,u') . to5i' E) 
"a-. J \ -t o'-0 

The functions Jihl})} are defined in Appendix 5. At large distances ().n ~ '1- . 

(6.2) 

J1~ falls as 'L _ 
JL n ·~;z.. Ji ~ ., J. .lL ~ '" Vs 'Z - (6.3) 

Here 85 is the Polar a~gle .. The constant r:l__- is also given in Appen-

7. -:S 
lield decrease a~ · 

dix 5. The non-vanishing components of magnetic 

\-:.1-0:: 2. d 11. t<J s G.s 
• < 'l~ 

\4G J _fl5:i" G..s 
1~ 

The total VP of the rotating TS is 
-J;j ' --f: ' __,.. 

..... 
where .f-lw ..,q: .Jqwt J)JL 

is VP of the ~esting TS (18/ and 
-o_ < -''2. ....., < 

~1.,a_ :: .;i '3 .. Y\ :f. 
J: 

Let the_solenoid rotate as a_whole around its symmetry axis.with 

the velocity linearly growing with time: 1f := Jl f> C 
Then the 

total VP turns out to be equal 
~ _, .J1. 

J=l:: f.1w + t-t Ji'S 
to 

\ ._, < 

c:.S~)\1-9 (6.4) 
..... il 

.Here ;} \.V and S.l~ were defined above. 
The constant j?, . is given in 

Appendix 5. As a result, the constant 

and the linearly increasing-magnetic 

. I ')J2.) 
electric field ~ E lj::- Z:. J1 'f 

. _, L1. . ., 
field \-\:: t ·'let ( J~·; · \"1'5) 

arise outside the solenoid. At large distances one ·has 

r- ____ :l J.Jls;._QJ 11 "' Q.cl:.il-t eo .. Els H _ d.Jl-ts,·~,£5 
L'-5 ~ c. l.:Z- 'n1.~ 'l3 1 u ~ 

7
_.3 

The radial component of the 

~- --1-s ~0 :: t 
I 'l- lt i\t. 

Poynting vector is directed off the solenoid 
~PJP· h~o.'I.Gs 

L1 il c·l.t.:. 
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Now we surround . the _toroidal solenoid by the impenetrable (for 
. ·: . 

the observer, not fo~;the EMF) sphere S_(fig. 3). Is itipossible to . . . I - -
establish the existence of .the current in the solenoid ~J winding?; . . . I _--
As we have seen the magnetic field comes out of the· _solenoid (and 

' . ' i' . . 

the sphere) .if .the ~hole. construction .(the solenoid plu~ sphere) under-- . ... - .. . . .. "- - I . . -. 
goes the rotation. This may· be verified experimentaliy.l · 

The following considerations /26/ show .that a charJed par.ticl.es 

should exhibit nlass.tcal sc~~tering on -a~ impenetrable ~o;o;dal ~ole-
• , ., c •• _. • • • • • ~ •• • , 0 • • • I. . . ~ ~ 

noid. Due to the recoil effects the solenoid gets finite_ ac_celeration~ 
• < • l .. ,. :· -

As a result, the nonvan,ishin,g elec;tr:o~-~gnetic field ~t.~jngths.,appear 

outside the solenoid, thus distorting (due to the Lorentz force) the . ·- , _,_ -~. ,, ,. . , . -. -.. . . .-: -· :. . I - - , 
particle trajectory; There are two reasons for the recoil effects. 

The f~;st ~n~ is ,trivial>r:t is _due to :the :~~Hisi~n ,o~ lth~· 'in;id;nt 
L l_ ' 1 T .~ • I .. '. ~ . -.\,. .. -- • 

particles with the·· surface ~f a~ i~penetrable. torus (or ~i~periet~abl~ 
sphere s'urrotinding it). The second reason is rather sub-t;le /7,26/. It 

I . . . , 
is asso'~•iate_d with _th~' bet . :,hat 'i~side .~he' _so•~-eno,~d b1th elec~ric 
and magnetic field strengths differ from·· zero;· The 'electric one is 

that of .the incide~t char~ed partic'l~~whil~, the1 _~a:gf:ti1 itr,~n~tl:t, is 

that of the solenoid's internal·:·magnetic field. --As ·-a· reaul t ;· .. the mo-

menta s E\1:,t) ~ H t;r 1
\ c\ v·.· a~d torq.ue Si•;;:,er~ HY<i\V arise 

( : , • , , ·~ 1. f ~~: _i ,-; ~' -., r·-; · 

which tend to shift and .. ;;otate the';solenoid. Thir in trY. 1-=-~d~f,to the. 

appearance of magnetic field outside TS and to·the'scattering(of char-
- < i -

ged particles.on this field . 

; i. ' . l I /i J: ··: ,j~ ? i .t'. ;. ,· .:,I ~ ('~; 

l 

j 

with 

•• '"'""' ..... ~~~~~; '7" ·~~ "::~"·! ;~~~·~··· ... ·[ . 
1) ·The electromagnetic'radiati'on'field• of/the)toro~da~- solenoid 

alternate current in its winding is obtained. The properties of 

I 
' .. ;(,:-: this fie].~ ~re ,investigat~_(: 

I 
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2) The multip'ole expansion of this field is obtained. Its rela­

tion to the torciidai multipole momenti is'established. 

3) It .is shown how-the toroidal solenoid interac'ts 'with an ex-

ternal electromagnetic field. 

4) The explicit realization of -th'e current flowing in a solenoid's 

winding is derived. ..,! 

5) 'It 'is shown 'that 'rotation of the toroidal solenoid leads to 

the appe,;_rance- of the· electromagnetic fie1d outside 'that solen-oid. 
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Appendix 1 

,There are two spherical components of VP which are different 

from zero .. _ .. , '\' .. - • . . . , , . .. 

Jt,_)~<A~eo.seS~ cA_:'f·cos'\if co~li<Ro,-wO; 
. '-:-\11 ·.' ' (L Ol_, ' ' 
,, --,.- / ' ~ ' f. : ~- ,,:: (. . ' . - .. : 

f-\ ' ; R ~ 1: I' r cA \J( tA IJ ~s ~ c~s'f ('\)~ l\< Ro1_;; w ~) 
_e q~ ..J.J c\Ro1, , 

(A1.1) 

_{ ~o~=\)'1.-~\{~t{)S'\f, r,_='l'L+cl'l-ltAJ~S~> 1"::I~CoS':f-d)\'tL 

--
For the thin solenoid l R LL. cl) 

1\i= ~~~wsl) (~ut ~l=ol~* Si•~hX.G\1'1'); 

,\1 G: ~ ~,_ ( <.sw t ~ f= c.:.g~'\' ~ s, • .., t S G-eos'14 ~)- il G- _q.,_ 

these Eqs. are simplified 
:~ 

(A1.2) 
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Here \- R tQc,!(t'l -lli - "-\.) +'1- Sii.. v:'n; "i _. 
1-,f'?> r ,.Jc dL ~'\ , y qJ,J 
.. R .. · . ·. 

G:: 9~ s\"1¥-?·tJ_c-~k)-.ic, \.c\~f ''j I (A1.3), 

The Bessel functions· entering into (A1. 3) depend on 'JC[= I< Ref /f . 
rrKRu.i , then 

Jt1.: ~ R\.\~-u:s8 ( ~~w-t ~cA~-f + s,V\w-t~ct'.l'. ~u J i 
(A1.4) 

.Re-= ~R0~'t·\w511J-t -~J~.tcs~J +-Si\-lwt\J~.eosf-~)--t~e-.f-h. -

I .f.._ ~~v.(J+ ~ Si~~o C\:: Sih\(\)- ¥. Co)¥v:>.) 
\ _\ - {)"> , {>'l- I ) q \') '', (-> 'l.. \ 

From this one easily obtains Eq. (2. 7) if additional co~ditioris cALL 7., . 

anci\'-.cP·L£.'1,.- are imposed. 

Appendix 2 

__,. __, ___... ..... i . -9' Th. e_ total an_ gular· momentum. -is defined /21/- as a_g~om.etrical sum_

5
. 

of orbltal and spin'momenta~-=L+Sc, • Here L=-L_'t"-_17·,_ ·and- . 

is the vectorcmatrix with the _components. 

I 0 0 0 J . .( 0 0 
S~=. 0 ? -L ) ·. S~= o. 0 

; V L Q ·. .· -L 0 

l. \ }o - ~ o :) 
~ J 1 s, \~ . ~. ~ . . 

The vector harmonics 
\(h. 
I Q.A are vectorially coupled cj_uaO:titie~ -~f 

the spherical harmonics and unity spheric~l-vectors 
._. h-1 - ( . . . v""'+.A -.-
YQ.A = 2.. ,U)..A..)Q.~..:.fi)""+JI).\1\ ,Y\-:-)-i 

- }-1 . .: ... •· i c. • . 
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~h\ ~ :l. --r 1.. 

·yv are eigenfunctions of~ L ·. and ~ 0 
' .. ) . ,. ' . .· __, ,· 

-7 WI ·-" 1-v- -v l. ._, ~'" . -.. ~ ; ..:.., i -7'·~, ' ~ 
~0-Y Q.l\ := wXQ_I\ · 'j \'Q." :: ll th 1)'( ~I\ L Y Q.l\ :: A lA-t I) Y £." 

. . ' ) } 

The vector harmonics form an orthonormal set 

. -'j· . . -'i 1\.\ I s 'Y:: ~ "( Q.'}' cA Jl 
_.; 

~QQ 1 ~AA: ~~"~'-"' 

Appendix 3 

We start ~ith the definition of U.~ ( l.) , .. 
--.- ' - 1 -·-'j 

C\~lL)= Sn;lf(L([)jov\V:o.~ ~~~~~YtK) ~o ~v 
Integrate this Eq. by parts . ._, . 

C\~t L)-= ~ ~ Jiu{ ~Q Y~"'~~~) cA V-
-4 . 

1~ ~ ~Q Yt:f< oUu jo -d V 
(A3.1) 

The first ·term in (A3.1) disappears ·if the current density occupies 
. . .. I. -;-" fl.P 

·the finite':·pcirtion of space. Bearing in __ mind that CMJJ-=: ()t · 

we find for the charge density periodically_changing.with-time. 

l o-= Jo .Q'X?l-\wt)) , . . . · , 
J __, \'\-\ ·. . . "M 

chtf Jo -::_ Lw Jv .•, :. C\Q l L \::_,c. F\e. c!J. 2)) 

·"" 'c • '\.!\"~~"" \V where qQ.::.) ~t I Q. ·_p0 0 j\/ is the charg~ de~sity). 

Substitution of (A3.2) into.C3.12) leads to .. 
, ....... A+l e-J_) 

C111f. ,c_·a_\.-l (A3.3) 

Here~ 
. •I · _ i J, ,, • rj ·: 

is the scalar potential'.·· ~· . k. \\,, 

~~ O..f\ 1 l~ Q-xx>t-rw~) 2 hc.Y12 c\Q. 
.' 

From (A3.1) it follows that C\r(L\:: 0 
charge density. 

for the vanishing 
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Appendix 4 

From. the fact that for \'(-'> 0 
fv

1
1 .·_1-<-e .. _.· ... , .... _o, 1 

-Q_ ::::: f'{€~) 1~-t 'IL-j[ 

~ - ' 
'<>_ 

(A4.1)· 

it. follows that in this limit Eq.(3 .. 15) reduces to 

C\c ~C)~:_ fJk --~ ~ 1~;~\ .• ,~;;~: s·11J, 't~~>tl-, 
· (A4.2) 

-- G 
<·;' \~l+i -h~, -~ t+L !~+,;\. 

The disappearance of LFF leads to· the ·following .. relation' between-FQ... 

~- - \.) ,-. - r' • 
'1( \-' ,-\-.~l-1 \-:Q-1 = t-\ ... ' . ' 

( 
W· iC.-1 )'y2'. ·.- -o ,_-· .- r I ) ' 

l :tC+) ·lil+l \-L~,-~L+:L,rt-t' ;_ 

(A4.3) 

~rom'(A4.1) it_ seems that RHS and LHS of (A4.3) behave diffe-

rently for smali l( ;• S~bstitu'te (A4.1) int', (M:3) a:nd divide both 

H 
its sides b>: \-\ 
·l · ·-ru .· .- r_' \ ~Ll-l(,l ~(.;:.,.+·.,l-\ 1ft-\ ,-::._. 

2.. ~· ~-. •. -~~.-,,; 
- I< \ . t.-t- I \ • t L c . . . t ) 
-;l.l+) 'U-1-1 \ ll+'l, -.,+I ) l+l-:-;\ll+L :Y'-H . 

' \" / 

(A4.4) 

The· LHS of this Eq. does not de~end on K ., while the RHS~end to zero 
't- .. ' .. · ... ; : ' ... 

as 1<.. • This means that LHS of (A4.4) 'should\ vanish ,identically 

.- tl) r-- I 

,<t.. 1 ~-1"' ~Q.-l \l<-1: ~ 
t I l '\.i 

, ·r~,_,-=- -:-.. \1.:-l :1- ~-' 
; . 

or 

.; ~' ~ 

.Substituting this into (A4.2) we a~ri~e;;;t Eq.(3.16): 

··1 t<h' C\ ~ u: \ ~ -.. :-' . -~ _ · w rn+ l) 
\\iii·., I .·~~-\-I •U 

1H1 .. Jw;\J .· Th~' Y;V+I .. 
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Appendix 5 

Fu~ctions fih I}A) entering into Eq.(6.2) are defined as follows. 

They are' equal. 
! . . . ! . . . ! .. ' i 

. .Ah-=- J" [ lo~·Q"_~(O)+Ch Q.,_t(~tC.l_~·Q~,-~ l1)J Pl-1-l 
~ ' :l-

outside the solenoid l 0 L)J.. L }\v ) ;' . · · · • '·' i (A5 .1) 

..Q'"': d" [Co~·?~~ (O)+Cn· R1
--1_ ld.)+L1"'. p;i(~)J Q!.-l_ . ... 

inside it · \ .M., L:}ll L r::P ) ; Further. 

s r . ,, l l 1 f)1 n' ( ) Q i 7_ 
S-1t-:: dhl L Cn'\'Wh-~ (i)tll~ Qh-ll't)j r~-t-l T-lOI\ t-'1'\~-t 0 . 1'\-·'· J 

· l.. L L ·. . ;;I.-

between · shells "0" and ''2" and 

Jb1".{[ C~, p:, tt) -rlo" R\IOJN\-tC,, Q~~,w P.\} ... , 
. 2 ' 

between shells "2" and "1". .( 
· · r - '3[2: j.u\.JL · . C · . . 
Here G\n- . The .coefficients · depend only on 

. . ' . c. li'\'~--'{Li) . . 
the charge distribution parameters: . 

C 0"~1·Q~_t{O)=-J 1~~~ 0 Qm-I_tO)·i~~l{)) 
. . . ' ....... · ... ;.. .· ' ) 

C =\-L · £\ ... ,(o)/?.""~o)t' r .. a) 
II' L ht"-~~i) ~ h-.-i l.,_ l \I l.) J~h 

C . - 2 j_ Q ·-dO' 1-"--t \) O) c_ . l'L) 
'Lh - \ t 'M.- '/ , ) 'J MI-. · -to\--o : . ·l-. · · ·· 1.~--. t \ ,l. 

( 5n-n ll) = Q~~ t~Jli' l .;"'+~) 1~ e:xp(_;.. JA\ \ ~~''9J 
. . 

~·= 011,1-) 

The constant·~ occurring in Eq.(6.3) equals. 
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>-,'/ 

ct =I liz !r.),~ ... [Co.: Q~::toJ-rC._o:~~tiJ-tC,,Q,'\~<·'·'> 
. -·~ _ . L · L w 

Eqs. (A5.1) and (A5.2) ·are sim;l~fied for small thickness of the 

charge distribution .l }A.:-= )~o + ~·;· J Ji.2-=. )-lo+ CJ;; ll, L91o, !Jl_LL.JI~) 
. ' ~ . ' . '' . . . ~ 

In this case .. , , .. . . . , , 
. ·. . . • ... - ... · . i . . . . J. . . 

JlJy) = d~.cJ~ Jl\ 11 _1 L\,~:.Kd. [ Q"_1 lo\]~-. P"'-i 
': "< . . •. ' _" ,; . ' ·;· ~ . - .. 

outside the solenoid and 

JJ- o J,. dl}lo (!l, ~ b,) · \)~,[ (()) Q!:1 lOJ Q,.~y'-c 
inside it. Further 

d..= :3. (. L ~k)l o [ {l, +, fi>) (i +:tel t \ J Xo : ~~~(tjlo) -i 

Finally, constantj?> appearing'in Eq:(6.4) is: 

- . 4 (\ L- ._i . )_- _I . 1\ i . li '(\ l 0\ '1'"' ( O,t) -+ 
_0- ~1- fC\ ~L '!,~\ 1-\.~hO \V\-\-1: ) lYV\-t ) llv, (\,<l/ . 

I -+- . ) 
~ I..Jit. L \+J...,o 

{ . . ' .. ' :·.:-' ' 

Q n-' \1) O~o~-l \0\ l"l_'-' l 11 O) -' . 
1 1 ') 1.~lll1) 

\ ~ \ . 

Sh}l..l 2 I+<S1-\) 

I'\ i . . ... ) .... ~-~ .. . CO']· . . 
\\' \...~). .(0 \Y\.:--L . ) . ! 

l. 

· .. ' .(,-
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/ ' 

Fig. 1. 

The model' of the TS current. The, .charg~ distribution consists of three 

charged shelis (0,1 and 2). The e~e.ctrostatic potential differs from 

zero only between shells 0 and 2 •. The rotation of the external shell 

with the anguiar velocityW simulates the TS current. 

1 
Q 

Fig. 2. 

The rotation· of TS around its', symmety axis leads to the appearance 

of the magnetic field outside TS. 

Fig. 3. 

The TS is imbedded into the impenetrable sphere. Th~ electric field 

of the incoming charged particles, being combined with the magnetic 

field inside TS, leads to the nonzero torque which tends_to rotate TS. 

As a result the magnetic field arises outside TS which in turn affects 

on the incoming charged particles. 
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