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Dem~nds on the high-accuracy calculations revive (dfter more than 

20 ye~rs. of. intense attention to the pure computer cal~ulations) inte

rest in analytical or semianalytical methods .in quantum ,mechanics .• In 
I • 

particular, the· necessity of them arises in considerati~n of. the weakly 

bound systems where the traditional numerical approache~ meet serious 

difficulties 111• ! · 
Being based on the two earlier suggested ideas, namely, .the appli-

. . I . 121 
cation of the variable-phase approach to the hgperspherical one · . ~ ... . .· . . . . • I 
and .the solution of the Schroedinger equation by represe

1
nting the. wave-

-function. as series /3, 4 / factori~ed in energy and radius, we develop 
. I , 

here a method. for constructing a many-body Jost-matrix·semianalytical-
/ . ' ! . ' ~ . 

-expression with explicit analytical dependen.ce on _the !total energy. 
" ' , ~ ··. . ! ' 

This· dependence allows us to find easily the bound states as zeros of 
. 'i 

the Jost-matrix determinant in the complex:-energy plane.' 

In the framework of the hyperspherical approach /5 ~ the :·N-body 
·. . ' I 

bound:-state wave-function is a. ppro:dmated .. by. th.e finite \series 
· [L,ax] · .. · · · · · 1 "' 

r.d.- ~-311/~ ,. ct. / tvl v 'r' (r--)~ i . ·C·~ U[L](jJ,. /~£Ll' I (1) 

P · · [L]= fLm;~] . I , ' 
C( ') ; 

where the hyperradial functions U ln,·l"'; obey the system of 
' . [1. 7 (j- . . . :, 

equations. \• ··· .l 

·ra~._+p2_-J..tA+i)/r~'ua,. ·.rp,r) LVi7£t.'J(r)?£'i.~/f,r}_c2) 
. ,., .. ... . . . I·.·.' .[L.. . . r. 'I. LL .J· . l .ll. J . . . L£. . . 

Here ~~lti-index [L] .' inv~l~es the hype;mome~'l;um Lj .:.and .all; 

other. nonconserved quantum numbers allow.ed by .. the set{~} ·of the. well 

defined numbers; the. momentum ·P . . ·is conjugated ~to th:e hyperra~us 
r' and related to the total energy · £ by. p = J!f= ·; .A - .· . 

=L+3{N_--;-2)j£; and the element13,,~f .matrix 'lJ' are defi\led as hyper-. 

angle integrals 

liVi~ait'U. IiLill RHcriny! -~ 
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?iut1rrJ = 2Jdr0_~rP;vrr/Y;_.1 rfrJ (3) 

of the sum V . of the. 2-body potentials assuming each to be more 

rapidly decreasing at large rv and less singular at ~== 0 than 

the centrifugal one. 

To make all subsequent formulae more clear we omit some indices 

and arguments' and use the behaviour ~· 

/ ~-~ 
?r' Jr '] (r) "-" cLkl[L') r' . E > 0 (4) 
UUL£ r~o ' 

while all our results are valid in ·a more general case lim_ r<xlf(r}=O. 
· ; 61 r~o . 

Considering (2) as a matrix equation , we· see that it has as 

many independent regular (at rv =0) column-solutions as the.column 

, dimension. ·All. these· linear independent columns we combine in the . n-.,c:t 
square matrix~ • As one knows, the N-body scat~ering problem leads 

to the same hyperradial equation (2). Therefore, any physical solution 

may, in principle, be constructed as linear· combination of columns· of ' 

the f~ndamental mc!i_trix // </> ft]{L..'] // of regular s_olutions with the · 

coefficients A [L'] defined by appropriate physi~al boundary condi-

tions at rv~ 0 . In our bound-state problem, the condition 

u[£](p7oo)= 0 imposed on the function ~ 

UrL1ffJ,fY)=L. ¢£LUL'J(f?~"'JAr~J(f), <5) 
[L..'] ' . 

implies the homogeneou~ algebraic system · 

fu cf[L][L;} (p~ oo) A [i..'] (p) == 0· (6) 

defining the w,eight-coefficients /i [L'} with the exception of ~ . 

comtnon norm factor. The homogeneous system (6) has nontrivial solu-' 
tions if and only if 

cleid ¢>[LJ[Li] (p, ';o)}/ == Q • (7) 

The zeros 'of (?)' correspond to the bound state energies E = p'l./'lv:'· 
we are lookiilg for. Thu's, the above scheme reduces the initial prob-· 

lem, concerning with equation (2), to the construction of the basic 

functions . cfJ [L][IJ] (p, f"). 
Since, /"" = 0 is a singular point 161 of (2), we have to supply 

·the regularity condition </> ( p 
7 

0) = 0 · with an explicit beha-

vious of cfJ . with ~ ~ 0 . Since the investigations by Bartlett 
171 . . /8/ . . 

et al. . and Fock • such a behaviour is intensl. vely explored with-

_ ............ . 
fl{'f·J"i:! .. j (2 ~ l t. ·~~"H !t ~ 

I 
I 

\ 

i 
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in various approaches (see, for example, the ~eviews 19 •101 
and recent 

/11/ . . /12/ . . . 
works ) • As it is known . · , the potentials of the type (4) with 

integer E. cause the diagonal matrix elements of. // <f>rt.J[C] //.· 
near r= 0 behave like r:J.+:l while .the nondiagonal ones like 

Y" :l'+ 1 +c. . Formally, to define un'iquely the linear independent 

regular column-solution~ for the slightly singular ( /!:!J 1"'
2 lf(r}=O) 

pote'~tials it. is enough 11 3/ to put the boundary conditions · 

lim 
r~o 

cp[L..][Cj(P,~)/rA.'+t = b[L]f~). (8) 

But for practical 6alculations one also needs, at leait, the·leading 

terms .of all the matrix elements. We assume (8). and d~rive· 'these' terms 

below. 

To solve .the boundary problem (2), (8) we apply the. variable cons

tant method. 161 which is equivalent to a linear version of the vari

able phase approach 1141 • W\thin this method we look for <t> as 

cp[L ]{~}( p, f") jA rpr)~LJ[L'}{p, r')-}.\ tpr) ~ ][L'}(ftf{g) 
. ·, 1 , 

where JA and /fA. are the Rikkati-Bessel and Rikkati-Neumann 

functions 1151 being r~gurar ~nd irregular solutions of' (2) when {)-=: 0 
Then, instead of (2), we arriv_e at the followi!lg equations for the 

matrices c and :5 

. o,.,c = ~/JV'fjc-!f:3)1p, 

where j ~- !/jA. P!tlfl.'] // 

Or.~-:_ -jll(jc-y-?J)/fl,. (1oa) 

and y =ll !I~ g/L.][L.']/1 are 

the diagonal matrices. We can fulfil (8) with the conditions. 

lim j~ rprJclLJll'Jrp:>rJ/r-~'+1. = 
1"-'>-0 ' . ~[L}[L..'} ' 

(10b) 

I · o ,/ ~1 
ti»l !f:A (fr) O[l/[L.'} {p, 1")/ f" = 0 ·;7 

fV~O · · 
which therefore serve as.the boundary ones for (10a). Considering 

' . . . . . ~ 

(10a) near· 1"'=0 .. , we canr.eplace·f/A(prJrvzo;(pr)-, 
j~fpr)rv ~ (pr-P,+J. , 'lJfLJlL'] (!") and. {j.C-9-3) .· 
by their leading terms and.perform the integration explicitly. As a 

result, .we obtain. the leading terms of C and .--5 : . 
. . . . . . ~ s[LJ[L.'] 

C[L][L} fp_, 1"') r_.,.o ~ p:H-1 
.1; c/.[L}[L'} f" ~'-J..: f.. . · .. 

(A.'-J.+'i.)pA.+f· · · _, (11a) 

3 



~Ct.JCCJ (p, t") ;::_o 6'_i <;{.[L}[l.') p:;.f"A,+/.'+~ +f 

,A+.i+.1+f . :1 
(11&) 

which are to be used in practical calculations instead of+(10b). 
. . .· . /15/h(-} • + •y 

Further, applying the Rikkati-Hankel functions ~ =d-/,- lc:r .l 
qv(+J' • 0 . 

and' introducing the notation cT - = C ± t.:o , we rewrite (9) as 

rh ( r-l- -1 fll+) ~{+). h{-) ,.,.,!-) ·. .l 
l{I.}{L'} p, J-:llnAlflr}:lftJfih(Arj+ ~ {fl")ft_j[L'J{fi'fC 12 ) 

and by analogy ~i th the 2-body case 1161 call 1/ p (±) {p) IJ = 
- !}. I r;-(;f:} . II . . TfLJlL'] ' /J . 
- r'~~ 'I.TfLJft.'J (f,f"}q the Jost matrices. Then, taking into 

account the asymptotic behaviour 115/ 

h. (i:) ( iE) "--' + i ex,P [ :t i ( :t -:;. :Jt /2)} 
. .l 1~/-+00 .,? 

we can reformulate (7) and (6), definin~ the bound-state ·energies 

Es ._ :-P//J!.. fA > o) and the weight-factors .~/L] as 

. del II ft~~L'] ( ifJI )/1 = 0 ~ ( 13) 

E 
[L'] 

f ;~.~~l'I { ift) A lt.'l ~ o . ( 14) 

We also note, if zero of the Jo.st-matrix determinant is placed 

under the real positive half-axis of the complex J> -plane, then it 
' ~- ,,<,: 

is possible· to find such weight...:factors A [I .. ] which ··retain in • the 

physical solution asymptotics only the outgoing hyperspherical waves. 
In some cases the last may be identified / 17/. with N.:..body .,resonance 

states. 

·Thus, explicitly extracting the Bessel functions in (9) or (12), 

we have reduced the problem (2), (8) to (10), (11) for C(p~t") and 

-5 (p, I") which are expected to be smoother functions of f" . But 

. they yet remain implicitly dependent on . p , while· to use ( 13) an 

explicit j> -dependence is more desirable. 

As we will show below, one can easily achieve the last under the 

conditions r~. lin«x , I pi I'J:,ax << :l by expanding c and :3 
in series. 

In this way, we ';PPlY the well known/15/ series representations 

of the Bessel and Neumann functions. Introducing an arbitrary hyper

radial parameter R. , and using the identity !!;.,:.. ( pr-/~} = 
- £rt (j4?../~) + & (I"'/ R.) , we can separate P 'and r' 

' / 

4 

A 
J,\ 

'·I· 
,\ ., 

:) 
\ '/ ., 
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l 

in the .only nonfactorized term of the Rikkati-Neumann function expan

sion arising for a half-intege'r )l .. This enables us to rewrite. the 

known 'spherical and cylindrical function representations in the uni-
form way: . · 

A ' 00 (.~) J-J. ( prv) = p:l.+;.~. .L p~n.f h- (r) 
. n.=o . . ' 

!/l.Jp'r) = P-A.£ P~n!I~A.>(r)+ hfp)J~ (?~J ·, . (15) 

n.=o , 
where h{p} := 0 for integer .:A and h(pF-}: fn(f'R/2). 
for half-integer A , -and :J ~~) in the last case g~ts the R -

' . ' 
d~pendence. 

The structure of (10a), (11) and (15) stimulates us to try the 
expansions (. ,1 ~ · . · I ·. · 

. - "A+~; ~ ~n. : 
C[LJlL'}(p,l"'}=f Eo {J Ch{L}{L'j(t-)+h(p)!J{L}{L')(p:lr) ~ 

. (16) 
~ coo :t 

31/L][J..'](f_,r') == P L P n !JitiL.Jll'l (r) 
ll<=·O 

'.· 

I 
Inserting (15), (16) into (10a) and comparing (16) withj (10b) and 

( 11)., we get the initial v'alue problem for 'the . matrix ele~ents of Cn_ 
and 3n. depending only' on Y" : . l 

{ 

' . 0.) . ( (~'') . (~") - \ 

01" Ctl.{L}{L'}: . ~frL''j fh .VftJ{L.''] -h . ,ci<~L .. 'J{L'} -J; ~.· :SK{l:y{l?J.. ) (17a) 

. ' . ' ( ).} . ' (). '') . '. ' !("' ·~ ' ·. 

01" -8n[t.}[L'J = -.~. ,,
1
lt. lliLJf!..'') ( -t CI<{L''J{l'/-i;: ·-!jKfL''J[L'}) ·, 

~KU I ' ~ . 

{

Cnlt..JCL'J ( ~" J _· ;::::0 . dJto { cr;.
1 ~t..;ll .. 'J - ~~.·..:.J + ci~; ~ft~lL'J JV').'-J.. +E}~ 

. C' , . -.{ ,J,A+J.'+f+E (17b) 
1nrt.llL'J(r'} :::--'· -otzo(A.+:X.+1+.E) a;_,x"lt..Jlt..'J i . · 

v r~O ! ~· 

where L' denotes sum over the indices cibeing .the pondition 

i+j.+K = n. . ·Thanks .t~ this condit-ion the systemi (17a) is of 

the recurrent type, i.e. the equations for Cf,' and f'c involve 

only their own matrix elements,· the equations. for c
1 

I and ~:f. .• in

volve the previous and the own ones, and so on. Therefore,· at every 

n-th recurrent step we have as unknown only the elements of the mat-

rices elL and -&n. . • i 
Exploring con~ergence of e:pansions (16) we have shown by the 

· /13/ ·. · I method of contracting mappings that. these series asymptotically 

(I pi~"'--'>- o ) converge to c ( P~ J'V J · and! 8 rp~ r) in 

I 
5 



the vicinity of the origin of complex p -plane, when Y"E [0;; ~"'max] 
~d / Pf':nCJ<x I<< 1 . Therefore> using (16) we can write g-,(±)[ ;1 - ~]~ 
as _ 

(7'- (1:) -(/,+1>;- {11-J:) ( .i/.11+:1- I l 
f{LJ{L'} (p;;t")= p ] (}_/L}fL']{p_,r) + 0 /flr'/ ) J _ 

. - . . ~ (18) 

' 1'1 
(1'11:) - ~ 'lll - v.+t h. + ·; ll 

a[LJ[L'](f>r)==;/;;
0

p {Cn[L]ltilrv)~p { {f)-l J3n[L}[L']{r)f 

that / P ~"'I« 1 . As in the ~tandard 
lf(r}~o for r :?- f':...ax, 

and therefore j:-c±) are inva

with any /'1 < 00 provided 
variable-phase approach_/14 /, if 

then according to ( 1 Oa) our -C;; -3 
riable beyond /"';na_x • Hence, if the matrix 'l)(r} is cut off at 

large enough r =. t;;.ax (as it . is usually done' in practice)' 

owing to (18) equations ~j3), (14) are reduced to 

detff Q~~Z{ijJc,~Rx)+O(fht;,axl 211+'-) = o , 

then 

( 19) . 

I {aiM][~;(~' ~a)()+ o( lpBt;ax /211+~} Art/iflB):::: 0.(20) 

[CJ . 
One sees, the bound-state ener~y 

accuraci on a sufficiently small 
ft Q(M-)( ·n ) 

of ae •' 'ro ' ~ax ' 

may finally be found with any given 

interval PK E [o, flmotx]as a zero 
which is an explicit po'lynomial func-

tion of , {J and h ( p} ' with the ·numerical coefficients 

Cn[LJ[L'} { t;;.,~X) and :Bn[LJh'J (fVmax) defined by (17). In 
every concrete N-body problem these }1 -independent equations are to 

be solved only once. Then, for ~ach zero fJ = i'p8 of (19) and for 

all f" ~ fmax , M < oo , provided that Pe ~ Pmax - and 

I Pmaxr/nax/«1• we can, by using (5), (9), (15) and (16), express 
(1) semianalytically: 

[l.h1t:U) A r/1, - - 2-3#/.£ ' - . ~P (r-J~ r .L "%_1fr) {LJ'cJ(p_,r)ArL'J{p) c21) 
{L},{L'}= {Lhlilf J . L' L' L' . J 

..-h . . M :tJt r~ M wiZ /J.I1+2 
i{t.][L'] (p,r)=[;;

0
p. i~J-l rr'l~[t.J[I.o/~-$_· rrJj1ll/L'J(rjr0(/flrt : )C22) 

We should like to note one undoubted virtue of the developed re

?ipe. In fact, solving (17) we obtain much more than desired initially. 
Along with the bound-state function (21) for the discrete values of 

6 

p we simU:l taneously construct, the fundamental matrix_. of regular 

solutions (22) for any_ complex p of the circle / p/ 4 Pm«x In prin'
ciple, this matrix may be considered as a full solution of the N-body 

problem within the above constraints, for any physical wave function is 
a superposition of columns of the fundamental matrix. 

Expressions (21) ~nd (22) may be useful in- various quantum medha

nical problem ranging from quantum chemistry to nuclear astrophysics 
where typical energies are of small absolute values. 

In conclusion, we stress the following: first, L ~ L ~n~x and 

r ~ rmO(x are standard re~t~ictions of practical calcula-
tions within the hyperspherical approach; second,-an important question 

(+) . . . 
about. the behaviour of ,g:-- - (p_, r) with p~ 0 and ,...__,_ 00 . 

remains still open; and at last, the above suggested method seems to be 
·perspective for weakly bound systems. Some ideas relate'd to ad~pt.ation 
of the 'method to the systems with the Coulomb forces and to the scat
tering problems .were sketched in our previous publications/18/. 
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