


1t:Introduction,-w,m

: In th1s paper we develop a new adlabatlc app oach repor—7
«ted in [1-3]to the solutlon of the three-body scatterlng prob-
5 ‘lem for an approprlate class of pa1r short—range potentlals.;'

5It is based on the global adlabatlc representatlon of the three— ‘l

f body wave functlon 'l.}/ P conslstlng of the sum of Faddeev s

components F& (d. 1 2 3) 1n the conflguratlon space of _th“e‘
T eme relatlve motlu {X y }E_ RG\ {O} locally 1somor—'*

"t~“ph1c to the manlfold M . {X X]'E R{XM deflned BS RL

2 A i 2
,5 XS X3 or iR X SBXS . In the present approach the

correct boundary cond1t10ns correspondlng to all pos51ble scat—yi

terlng processes, lncludlng both the break—up and rearrangement

o ones, automatlcally follow from Faddeev‘s 1ntegral equatlons.

' "Thus, 1t is also a certaln generallzatlon of [4'1 where the

ad1abat1c set~up has been used for a correct formulatlon of

‘the scatterlng theory 1n the three—body charged system below
'the threshold of break-up. L A A
k The ad1abat1c descrlptlon of quantum systems! leads to a :
s modern geometrlcal treatment of the scatterlng prloblem.' ‘l‘he o -
 use of . the hyperradlus X (XR' L*y ) as .an 1nyariant ad1a—kr'4

| 'ﬁk"ba‘blc varlable ‘in M and decomposltlon of the totah Hamlltonlan
' 1nto the - slow and fast parts H HSQX)"‘ Hf(X X) enable V
;fus to 1ntroduce the global adiabatic basls (D Q’J(X X) 1n
'l’:the framework of a Hllbert flbre bundle .7{(8 9J| c/-//) _‘ . Here"‘;;,j |
B [R* BX is the base,' unlversal for all Faddee[r 's compo-v
nents FL , J’x 1s the typlcal flbre 1somorph1c tt L (M dM)

‘ w1th approprlate measure dM and 1nner scaflar, products

4 | 7 Each flbre is spanned over the orthogona? and complete
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get {[D } of the real analytlc elgenfunctlons of the -fast
Hamlltonlan tlF‘ , while gr jf'—"ES
into the correspondlng p01nt X'Gif5

in ]‘f a natural connection Al A(J(X)— 14‘*’ 19 \c%7and a

parallel transport operator %J(X’ X) related with it and

1s the progectlon H

. Moreover, there exist

acting from ~}° to -} . When the corresponding to A

curvature S A vanlshes and the proaectlon ﬂ is a trivial

one, the basis set {Cp }

Based on the above global ad1abat1c representatlon and -

is globally defined [2]

correct boundary condltlons we have cons1stently formulated the
three-body scatterlng problem by reduclng 1t to the multl-
channel one for the"slow“ rad1al system of the gauge type and
Vthe parametrlc qua91angular one 1n the fibre 9;' descrlblng B
the fast motlon. We 1nvest1gate also propertles and give the:
complete class1f1catlon of the states jt> of the global
ad1abat1c basls QQ} by 1ntroduc1ng the spec1al block struc—‘
ture of the parallel transport operator ?1 , which deflnes 1‘
a direct- decomposltlon of the Hllbert f1bres .C;L;( g;, @J .
The 1ntroduced decomposltlon of the complete set {QD } of *
the basis states 1n the form q:) m+®(p_ corresponds to o
,dlfferent asymptotlc behav1ours of the elgenvalues e;l(>() of
&,K=0)>0 ana é (X—>c0)< () .
CS (c0) and ("5, (c0) reé-.

produce all threshold pecullarltles of the three—body system

the fast Hamlltonlan tl

,The potentlal curves (or terms)

1nclud1ng the break—up and cluster ones, respectlvely. Thus,

the basls functlons ® are respons1ble for two d1fferent

4 types (+) of channels. Cth correspond to the break-up suriace

functlons and (FL. correspond to the cluster surface functlons.

‘From tne phyalcal p01nt of v1ew, the ex1stence of the unlque
basis :CD

' that all stat1c pa1r 1nteractlons ‘/

‘fslnce we are worklng w1th the tr1V1al proaectlon ﬂ

fa rule
‘gf”llke ql

rgabsent Thls feellng occurs, because usually one uxmlders only e

1f the number 1

.

and (U

b CODSlStlnL of Cp+ is due to the fact

‘;constltutlng the three-body system are contalned completely
gsis and the compat1b111ty condltlons of the physlcal asympto*,j

‘bdary condltlons for the Faddeev components, we can formulate

‘the, three—body scatterlng problem taklnL 1nto account all

posslble processes, 1nclud1ng not only the rearranLement ones:

””:but also break—up processes.‘It 1s worth notlng that 1n the

xcate uchrodlnger p1cture,‘the questlon about the orthogonallty

s“

‘and completeness relatlons for these sets remalns open. In :

our approach the above relatlons are sat1sf1ed automat1cally,

Hllbert flbre bundle YJT .

The above assertlons 51ve us a more clear knowledge of avﬂ‘
more subtle 51tuatlon w1th the Coulomb potentlal 1n the ordl-ﬂ 3

nary ad1abatlc approaches 1n1t1ated in [8]. Actually thereln as h~

‘ one deals only w1th cluster Coulomb surface functlona

and a mlsty v1ew appears that states llke q1+ re

3

of d1fferent fragmenta ,
Ln the fast Hamlltonlan Hf \4‘+21\f . Ow1ng to the unlque ba=

“tic solutlons of the SchrodlnLer equatlon w1th the known boun—

e alternatlve approaches [5-7] - deallnL w1th d1ffercnt sets S

‘nof thc local ad1abat1c surface functlons in the more compll-“cﬁ

fof:the o

jan asymptotlcs of the surface functlons w1th a flxed number (R
fjn the 11m1t of X tendlng to 1nf1n1ty. Whlle 1t ‘ig’ obv1ously‘:‘
lthat the denslty oi the baSLs states becomes suff1c1ently hlgh];

_ Eoes to 1ni1n1«y nltn:the same'veloclty{aS')(.,



As a result we 1mmed1ately get such bas1s states, whlch cor-k
: respond to the break-up surface Coulomb functlons llke q1r .

For an approprlate class of pa1r short-range potent1als the'i ;

",above 11m1t transformatlon practlcally colncldes with the

famous conVerslon of Jacob1 polynomlals 1nto Bessel functlons:
v‘[9] This fact 1s taken for granted also 1n our geometrlcal
constructlon of the conslstency condltlons for the connectlon"
coefflclents diag /\1 ’ wh1ch prov1de the manlfestatlon of
geometrlcal phases of the rad1al solutlons ) la Berry phase
[2] For the Coulomb case the s1tuatlon remalns in pr1nclple”
the same but 1t needs obv1ously a more careful conslderatlon.,
It should be noted that the parametrlc problem for bas1sa

“quaslangular functlons 1s related w1th the multlchannel prob-‘

lem for the radlal coeff1c1ents of the adlabatlc expanslon of

the three—body functlon. The un1tary bllocal operator ?J(X X)v‘
’.act1ng from \}° to }X prov1des a parallel transport of the 5

emov1ng frame ICD(X X)> from some flxed p01nt X to an ar—\f

’v bitrary p01nt )({ of the base ES and at the same t1me it 'is
'stralghtforwardly llnked w1th the connectlon A e The connec-'
" tion operator /\ represents an effectlve gauge f1eld in the "
J"slow"‘system of radlal equatlons and reallzes the coupllng

'between channels in contrast w1th the ord1nary coupled channel

' method The solutlons of the slow"system and thelr asymptotlcsv

'and /\

the latter be1ng essentlal for stlcklng the asymptotlcs of the

are analysed w1th the use of the above operators ?1

physlcal three-body wave functlon w1th those of the Faddeev
components. Thus, 1n the framework of the ad1abat1c approach

»uslng the above geometrlcal and spectral arguments we have ela-

borated selfconslstent solutlon of the three—body scatterlng

.

problem on the bas1s of a gauge 1nvar1ant formulatlon of the‘

multlcha"nel quantum Bcatterlng theOI‘.Y w1th1n the tradltlonalfr'&

e statement [10} and the nonstandard parametrlc problem in
q
: the flbre ‘}X . The Jost matr1ces and regular, physlcal Jost°‘

: matrlx solutlons are 1ntroduced for the slow”system of radlal

equatlons in wh1ch there appears a covarlant derlvatlve‘”

- (1®ax+A(X)) . The latter corresponds £ the matrlx of the po—f o

tent1als dependent on the veloc1ty [11] We have deriVed

‘ also expresslons for S-matrlx scatterlng 1n the global adlaba—‘M

tic basis and for 1nvar1ant partlal and total amplltudes compa-iy[

kt1ble w1th the reallstlc amplltudes for the three—body system. o

VL |
s The paper ig: organlzed ag: follows. ln sectlon 2 we:have

fn_ eﬂtabllﬂhed general relatlonshlps between ad1abat1c represen—",’*i“;*‘1

tat1on for: the Faddeev components and Schrodinger three-body;nrdij

”wave functlons. The geometrlcal 1nterpretation of the three—;'”
- body scatterlng ‘problem is glven ‘in the ‘new. global ad1abatlc}l“”“
frapproach In Sectlons 3-5 the above general statement of the,&: S

’problem is developed in detail for'the wide class of short-.s~ﬁ»‘7

s

range 1nterpart1cle potentlals. Section 3a-e ‘is: devoted tOs
the study of propert1es of the global ad1abatlc bas1s {QJJ

composed of the local bas1s Faddeev components ( } The clas-‘,,

~:51f1°ati°n of the total set of basls states conslstlng of two
vgtypes, the breaknup Cp+ and cluster Ql_ surfacelfunctlons 1sprhjﬁ
\Aglven. In Sectlon 3a we investlgated a- multichannel system of

' rad1a1 equatlons of the gauge type obtained via the above unlqueff‘

adlawatlc basls. In Sectlon 4 wé have introduced and studied‘ A
the Jost matrlx and regular, physlcal, Jost matrix solutlons for .

the slow system of radial equatlons in which there appears a f*”
: 5 :



: lltudes

P

covarlant der1vat1ve. In’ Sectlon 5 We have der1ved relatlon-‘
shlps between the 1nvar1ant part1al S-matrlx, the matrlx ampl1-
tudes 1n the global adlahatlc basls and reallstlc physlcal amp-
follow1ng from the Faddeev 1ntegral equatlons as X-‘*OO .
Thus, 1n Sectlons 3-5 we have developed a gauge-lnvarlant treat- :
| ment of the multlchannel quantum scatterlng theory as applled

to the three-body problem. In Sectlon 6 we hrlefly dlscuss the
posslble appllcatlons of the present approach to a new formu-»

“latlon of the three-body 1nverse scatterlng problem.

| 2; Statementzof the Problem e

The d1fferent1al formulatlon of the: mod1f1ed Faddeev equa—_.:

‘~‘tions ig- a su1table tool for a, correct 1nvest1gatlon of scat- ’

“terlng processes in’ the system of three nonrelat1v1st1c par=-

: ticles [12] In ‘the conflguratlon space of the, relatlve par-,t~
t1cle'motlon {X X+, }6 [R {D) where d =1,2 ,3 denotes.

,the number of a: pa1r of partlcles w1th Jacob1 coordlnates x‘_ ,'
the equatlons for the partlal Paddeev. components sF; .

:are of the form

s AX+V—+ZV E}F VEL o o
R .
where the functlons \G_ and \Qi_are the short-and long-range :
: parts of the pa1r potentlals VY = V(,&_) V E Pyt "P,L .

corresponds to X {Xu}h.}.

{kg;nL) -

. The correct asymptotlc boundary condltlons,.contalnlng 1nfor—

is the c.m.s.yenergy,
,

. matlon ahout all posslble scattering processes in- the three—
p‘ part1cle system, result from the compact 1ntegral equatlons
and,they allow one‘to:flnd out a unlque solutlon for the sys-,,

6

problem (2) on the sphere M8 (X)

PO

tem (1). The correspondlng Schrodinger wave function, satls- , |
fying o

(H‘EYW’O; H=5A£+§\a . . rkakﬂh

. . ‘
is s1mp1y expressed as a sum of 1ts Faddeev components.

2{ e
Yx)= F (X (X)) L (3)

: ‘1) Let us choose now the coord1nate representatlon in M-
)(elR xS, (x)m which Xe€B= Ri
the trace of the inertia tensor XZ*X:'+¥¢,2' deflnes the hy— 2
perradlus of the sphere »S( O() g ixgtx S" or  8§%x 53-.,

ii) we 1ntroduce for the components fi the follouiné"

being the square root of -

local ad1abat1c expanslon.

Xy )=z Faj (6 Xy X0 . RN e

-

) where the components of the basis- ﬁ;JLX Xﬁ) are'defined‘as’

solutlons of the spectral problem for the system (1) on P4
a leEd value of XE B :

{5X'1A‘;<&+\7¢‘+z em} (GR) = vz, F;,,(x, ks;f[['

Here. AX
é (X) -

labelllng ‘the- spectrum b(H‘(X X)) of the three-partlcle Hamll-f‘

tonian- operator

HFR) -

is the angular part of the Laplace operatoI'ZSX on }1

is the spectral’ parameter- é being the set of 1nd1ces

; ‘,X‘AS"(*%V‘(X;)&) o 6
with domain @(H {(X))'C g;( “and range (R, (Hg(X))CL(Sy()?))
depending on X' parametrlcally. Solutlons of the Schrodlnber .

viilh the Hamiltonian ope=
7



» rator (6)

{HfoxR)- é{,(x }mékx %)=0

coincides up to. renormallzatlon with fun

(7)

ctions of the adiabatic

baels, composed from the components { k dike (3)

mé(x X) = é(x x X)) (8)

‘thus 1nher1t1ng th
at X—"?‘CO . Define the scalar product £+ \- 7in J'X

= (p4 d P1g) . with 0(5)-1nvar1ant measure O P1y“

= Q?(jg o ( 9 being the constant 3/2). Then the follow1ng

orthonormal1zat1on and completeness relatlons hold: 7
G- [AMIRRXR=0G L en

”’z cos(x x)m (X:Xy=0(X - X)

'111) The use of the above deflnltlons allows. us to const-

: ruct the Hllbel‘t fibre bundle.’j‘f7 with base B R 15X .
Lg_(M dM ) where the real—analytlck e

q3 (-)X)} of the operator F\ ( X)

ctions defining a local basis "in .a given

Uc b

typlcal fivre .}
elgenfunctlons

congidered:-as se
The induced connection form /Q

[13_]), defined as~(<m~]ax\m> R |
“of the vectors]ﬂQ? along

" neighbourhood
in thls bundle: (see el

' generates the parallel transport u

- the base B. In the case when the corresponding to A curvature

'kform SA vanishes the basls get {Cpé (X X)} - is globally

E defined and therefore the following generallzed global adia-

‘batic expansionpls valid:

e approprlate asymptotlc condltions for (q%} L

(9b)

3 : | : _(10)
W(g) %{-M(x'xm x (X)= qu,(x X)x i)g/(x) °

Thls ‘is’'a new generalization of the known hyperspherlcal adia-

: bat1c expanslon like -thoge 'given: 1n [6-8] ow1ng to the uge:
.- in (2)=(10)) of the ‘asymptotic- boundary condltlons follow1ng -d*

" from the compact. 1ntegral equatlons and moreover]the decompo-‘

51tlon (8) for the def1n1t10n of the new global Adlabat1c ba-

"31s ﬂD } whlch 1s constructed 1n our approach w[th the help
‘ fof the local basls components‘{ L(} belng the solutlons of
\the elgenvalue problem for the Faddeev equatlons (5) for any
‘ leed value )(6565 ‘o A 31mple example of the numérlcal solu—
! t10n to the problem for the poaltronlum 1on Fb has been glven'
recently in [14] Also thereln it 'is shown that the obtalned '

,solutlon may be used as a good 1n1t1al approxxmatlon for the‘b'”

I

‘ stralghtforward numerlcal solutlon of the orlglnal elgenvalue
kproblem for Faddeev equatlons (1) Substltutlon of (10) into

- (2) results in the system of ordlnary d1fferent1él equatlons7h

of second order for the coeff1c1ents X X (X ?)

D {5 (x) (00) mmx-l 5“}5‘..] )(J

. } : e m>~fﬂ

- ( ; = E E§ oxo) | 93 duy; )

Here y(?*f))< 2. .is the nonvanlshing centrlfugAI potentlal
' )7."‘3/2, D is the covarlant derivative: lj,‘ 8% ax+ AJ : ,‘ L
:5and the: operator /45 <o ig the above~mentloned connectlon ope- ~

erator on eﬁﬁ

L<m 1% \(p > .f(v1"1‘a)'_”

}



‘f3;tProperties of the 6lobal AdiabatiC'Representation

' Let us congider in detail the scattering problem in a
given system of .three spinless particles with pairvreal-analy~

o) .
-t1c potentlals \CL V’ satisfying the conditions

0
j dx l J.(X,J|< o0 | |

S dx A (X.L)lx <oO

and respectlng the L-representatlon of the total momentum.

" L ?L + . L. Where !' tX/\aXL and A.L—,—l,z[_/\a 'areﬁ

the orb1tal momenta of the pa1r and th1rd partlcle respectlvely.:_

In what folloWs we shall om1t 1n our notatlon the get. of exact
. quantum numbers L {14 P1 %} of the momentum, 1ts proaectlon
:and total parlty 3‘- (-i) (J.'”‘& s

a. Transport operator and system of radlal equatlons

[

For deflnlteness let us choose the pa1r potentlals ‘VL and

J,Neumann boundary condltlons for the problem (7) g0 that the
spectrum GD(H;) - of the. operators fff(x X) is a purely dlsc-

rete and analytlc for XEE(O 03)
6Uéa

termsé (X) é‘(x""’o)>0and [ (X—’Poo)<0 . Consequently for :

and conslsts of two parts

" the real analytlc basis functlons one has: @= UO ® Cp
defines a d1rect—sum decomposltlon of the, Hllbert flbres

cn/ ", ¥
. r{v @ tﬁ R The functlons QL_ correspond to the break-up
- ‘surface states, QD_

Uslng the relatlons of completeness and orthogonallty (9) we:
“'define a flxed frameREO(D“4¢Kxxw7p1ck1ng some flxed polnt
:.X‘XGB in, the base of ‘the bundle ]/(39/7) where the pro-

>3ectlon ¢7 is a tr1v1al one. Now for every pair of points.

10

correspondlng to dlfferent asymptotlc behav1our of the {f

‘that
-}—:

-»correspond to the cluster surface statesp

5( and X in B we
operator U(X X)

can 1ntroduce the unltary bllocal

acting from n%? X ¢

100> = x 32 ecyy UK, R) (12a)
o eftabllshlng 8 parallel transport of the frame o

X \(D(X, 5‘()> from
" to arbltrary polnt X' L

?A(X,X)=JexpiJA(y)dy. SR s
v % , . S ,(12b)
: The direct sum- structure on ‘the f1bres J

ral pro;]ectlons Q+ Z ,m ><¢’ |

VIWhole bundle Jf‘ Pl

| 9-(( ﬂ:)=Qt' )
where" [l = i/ '(éltiéhh{éﬁ,&i

. 1nduced by a spect-' /

extends naturally on the

“are ‘Pauli matricesg.

| | According-”
ly for the transport‘operator"one gets t
\u++ u+— :
T ~(12¢)

Let us rewrite the expansion (10) for the partlal wave -

functi v
ion 1P' explicitly separatlng the break-up states qf
“from the cluster states 'UQ“ ‘ (

W’ Hf ZQOXXJ-ZCPXXy (0a)
Here the radial functlon X = {)(jl()< rbz}
sented in the block form
X,
Xt

is also repre~

K-

)( =
i 7<-—

11



. coupled differential equatlons (11).

L m{-x

‘in the bundle X

‘to_the £ibre Jx

we have

n s 3 > N
and -the dlagonal momentum matrlx J ig given in the same

form
(5 0 VEef-& w0 |
, x -
= | |
TTlo =Y 0 VE®4-&©9) .
Here 91. is the diagonal matrix of the momentum of. threev

free particles. Substitution of (10a) into the Schrddinger

equation ‘(2) leads to a block decomposltlon of the system of

'56 )(56 +H¥(X X E} (1 *ﬂ L )\\V7L (S dSly}
o (31b)
{Dx(x)q@%)x 4 V(X) - P }X(X P)= O
Here we adopted the notation D)= 1@0 *A(X) for the cova-
rlant derlvatlve, A=- =-|( La U*?x )15 the connectlon operator
U belng the unitary operator (12) iene-.k
ratlng a parallel transport of the basls from the fiber J-)? .
VIX)= é(X) c‘g(oO) ig the effective poten—

tial energy operator, ﬂ being unit operator. Taklng into’

consideration the block structure (12c) of the operator ‘M

‘D:; V 9)3' - "axA*-,‘A-t-ax-AA X-H- X*— -0 (110)
PRIV P S

G‘oing back to the properties of the adiabatic basis {ml}
we nave to note that (at each polnt XEB of the base) it
can be specified by a get of three exact quantum numbers L

ILM3Y

and three approx1mate A '{‘&:"L» 3} ones

12 | | .

whose meaning is established in the vicinities ‘of the- origin
{X= OJ’ and 1nf1n1te point {X 00} . The rule of corres-—
pondence between both sets of quantum numbers t(O) " and tteo)
(so called correlatlon dlagram) could be expressed in terms

of the transport operator ’L{(D 00) c : T

b. Classification of the basis states in the limit X—~0-
In the limit of small X in eq.(7) the efﬁ‘ectlve poten—‘ H
Ctial % V can be, consuiered ag t}'xe perturbatlon Then the 4

/\GK

basls functlons (D(X‘*O X) = gm(D X) ‘are- delzfined by: a
linear combination
) S ((0)
;= “Y & —2: fa‘k Y, R

of free hyPGrSpherlcal functions \_( €, (Sé(X)) }at a fixea

eigenvalue EK of the square of hypermomentum)j(a' :

HEY (%) =B Y, (X) =X (K+Y) -
-—72" ’ ' : :
Here ~ K equals the angular part of the Laplace opera-,c,‘,
tor on the sphere 5 (X)

z:”’a

.o a 2!1 o Q.Aa’[

-cosU = L +cosu e

The five angles X ={u)'§,}"} are given by ihe usual -spherical . ¢
angles 32',.9 '

of the Jacobi vectors.’)S , and ¥ , and the
doubled hyperangle U=2V, where V ia’the ‘steréographic pro--
jection v = arclg (X/¥) B 0S V= 979, 5],

13

angle



. ~ Note the doubled hyperangle/like the above one was introduced

Ctum A

*g‘h,

‘fined by orbital momentum -

*‘~“sph<§r1ca1 basis in L (SRX)@S"(V))

-in the. framework of the three—bod_y hyperspherical parametri-

“‘”zatlon by V.A.Fock [16] and red1scovered by A.Kuppermann h7l.

The get of hyperspherlcal quantum numbers K= {:K?— A} is de-
of the pair & , orbital momen-
of the third particle and hypermomentum K=2W+l+A,
Here /V- equals the number of nodes (with respect to the vari-
able U ) of the free hyperspherlcal function:

e+, )\H/z) -
sty Y %,9)

(X)— C sin Lup - cosMup: P
where (jK is the normalization constant and{?J(A} is the bi-
Tasl. The coefficients
bfA in the linear comblnat1on (13a) are determ1ned simultane-
ously w1th the second order correctlon to the energy

' MJ
éi(o)(x‘)':_’ E X é((0)

X == O

(13b)

obtained from the secular equatdon

i)
Z ALKz v VALK - SN.SM.a,m,}a}A?:
A€ K

'.fhus, in the vicinity U(X->0) the set \ of asymptotic‘
‘quantum numbers equals 1) = {0 X, V= u(e,k)} , Where V . de=
notes roots of the secular equation with increasing ‘&m) at
fixed X, L . The degeneracy number Vpax  equals [(f({-}_)/zf
*i] L+1) and U‘( (L.%)/Sl*i) L for the basis states with

the fixed parity &= ;(‘1) equal +1 and -1, respectlvely [19]

i MRx

Note that the total inversion operator I :

14

e e

e S el e e 8

e N N

2 A P R ’ ‘ . ) SR
,5‘(u)x5 (X)x 5()airrers from the total parity operator-
@;=8'P9 ‘on the four-dimensional torus Sg(;()x$2’(§)
1 = Lu F%&\Iu : 1uPR PQIu !

U=

_ﬁ"_

(14)
where 1 U is the reflection operator on the sphere’”
S*(uv), U= Ugy = UKS) {5 The eigenvalues | "and '}-
of the op(.rators 1 and P,\are different though formally the1r

'_act1on coincides on the free hy perspherical functions. \{K

T=b ) avrten

o T_Yk g 1Y,

and

Fas Y w tei)m

Ce Classification in the limit X——->-oo

We obtaln the leadlnL terms of the as_ymptotlc expanslon
of the basis functions CD(X X)N "9[")@0)() exp101t1ng the
decomposltlon (8) in the l1m1tX——>o<). Thus, we reduce the '

e1genvalue problem (5) for the local basis components @ El.t

as follows

fhosX) - 1@6 <><>}{ea F,Ll(x X)}=0.

(1“5«51) -

Here h(X,X) = 14'@ hd(X,Xd_) is ‘the op'erator/‘ in" the' 'left"
hand s‘ide of the equations (5), while h, (X X) 1s the pair

‘Hamiltonian on the sphere 5 (X )
h Cxex, )= - X FAg + V(G ud) | |
The gpectrum 6&( h&(X)) of the,.operat‘or v --th is' a purely disc-
. < .  ‘> : ! N -+ : -
rete and real-analyt‘lc and congists of two pavrus a’oL U bd‘

15



 « The local

L,
with él

- basis components E;pi ’ Ei

(X =e0)>0  and _é_(—xl—>00)< 0

- have different asymptofics :
on the sphere 555(39) . The first one corresponds to the o -
X—>c0 W)

pair "scattering® states Vie* with the

energy 5 2’20'
o =pair bound—state Q;e;en,(x—»oo W, ) with the energy
: 5°L ="th2'_~.<,0 Fdig\)(—*oo, X.;.) the fol-

. lowing representation holds:

while the second one is related to the

« For these components

ﬁ\e(xfrw,ﬁ&)i%~‘?¥éx (X_,ooum g?a), (15¢)

{.La ery a
<Y, (x)\y" &, >>e_Lz<5?<9ﬁ3

where the set L°F equals

L -
(y,) =
?d, ImA >

'Here { @J (X )} is the known blspherlcal basis for the
parametrlzatlon of M Six S XSQ’ [18] , Or is the rota—
tlon blpolar basls for the alternatlve parametrlzatlon of
M & °x S’J [19X The coefflclents ('Pol,e, Qm()(—-VOO LD ),where

| LD e g U x Sz(xd), in the limit X —0O correspond : to

Lp (X )= \A7'\&kem>and VA >=

|d_n fynj?of the pair Hamlltonlan in. the Jacobi parametrlza-

tion X =3 Ri(X)XS (XJ_)

-A +Vi(x,)- & 7LPA(X.L) 0
~Vdescr1b1ng both the very scatterlng states (with energy {3
) of the pair dohube;ng

the pair wave functlons

(15d)

and the bound states (the energy CS

[“]

the prlnclpal quantum number

16

;‘:g

.z‘“‘ff‘\ e R

i=> = @y-

'With the.free hyperspherical functionsr\("
‘numbers of the hypermomentum ,7{>_7( X

Among the "scattering" states F;if with‘poeitive.energy
éﬁ:(x"’°°)? 0 the zero ‘energy states F(o’ﬁPcorresponding‘to c
zero pair energy (é%f= 0) play a special: role.[These stateshk
will represent "truly-break-up" states on the sphere S ()()
They correspond to the free hyperspherical functlens distorted
V, (X, U,) '

by the pair potentials and therefore afe characteri->*

' zed like (13a) by'the get of quantum numbers i°= { K VU’A»

Thus we have three sorts of states’ {](*7 CD+ ll 7= (p(e}'
L, (§° (X))
vely three gets of asymptotlc quantum numbers

°= {0V}

{(c0)

,1andfrespectlev
{ L+={J.kH} )
{&,h PX) . They exhaust the total

belonglng to

and
asymptotic set that is necessary for labe}llng the

spectrum @:(Hf(x))."'f Ue: U‘I&KX))» of the Hamiltonian HKX) in
the vicinity of X'*'qo . Note that the "truly-break-up" eur-iuu
W\

face.components-Fl\+"

& >0

for the states
.. may be‘lntrodueeﬂnfoo.‘Those prectica}lyfcqincide;n;
with such duantumu
~ that the 11m1t1ng L
values of the centrifugal energy. 5 =E X-l‘_"'*\( >0 .
The. above. components Firr correspond to free eolutlons 9?
of,the‘equation (15d) with the fixed energy CQZ =lkL >0 .

1

“"regcattering". surface compo-

A7S ‘7&0

Thus, we obtain explicitly the

0
nents Afj+ =F;+-F{+  corresponding to ones A(PA

in the above Jacobi parametrlzatlon.

d. Consistency conditions for connection form
: i
coefficients diag A1

Now we :need to fit the asymptotic boundary conditions for
|
17

with the energy 1,"



. the. Faddeev components F& with the behaviour of the Schrodln-—

ger wave functlon W in its adiabatic representation (10a).":

This requirement imposes on the perturbative correction coef-

ficients '_‘+ ™% T 7 in the asymptotic behaviour of the

G(X) at X"""OO

terms (see (17)) the following

asymptotic relatlons:

‘ . ‘2.‘ > OVX =E.0 |
,:,'} b’(«?*i)‘— &m ocg X diag AL LX) \H=> A~ x} o
H):u yom)— hm {x Hiiag Ade 00| X< 1{47«} Eq
| KK
111) *Y(y*i) - le { rJl'd\dg AL (X) \ D& )
- X—»-oo | | | (16) |

o ' 0 ‘ N
Here the quantities E = A(At1) ‘are the eigenvalues of

Q
on the sphere S*®) and E = H(K+h)

A , Y
the operator A
v " the operator 'Kz" "Ax

‘are eigenvalues of _on the

sph"eir"e' 55(52) ‘
beha\}io'ur (13b) of &%X) ana & (X)
As a result, the diagonal matrlx elements of the connection ope-
rator A(X)
sion X (X)

energy terms ¢ (X) in the limit X—>Q . The asymptotic be-

haviour of ét(X)

. Moreover the latter defines the asyniptotio»

in the limit X—>0 ',

squared which change the phase of the wave func- .

, have a consistent 'asympltotios with thoge of the

is given by

. &} A RO o
8(X)X__’°o LR
s <ExD

-2
up to order O(X ) provided that conditions (16) are satisfied.

18
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e

g e
— &&.—fr oy,

hE-

% g

‘. and. the pair ‘d

e Asytnptotic gtates

The introduced classification of the states 11 and the

structure A= }ffi_ ® ;‘f_

expansion (10) in the limit X—> c© ( L fixed) the following'

allows one to get for the adiabatic '

"direct~sum" form .
_{.q’jiﬂ&}‘___ {'Llj‘* uy,} ® {rw}—as} - ({Wi«\ns} @{Ll);ons}} ® {wri-m}
VIR0 = {7 Ot KN )

'-\'Z (p'o‘ (00, k\)x( ! y)XJUL X)g))*
i | |
vz (0, X)x“)( (XD e
s- .

Here the first multi-index } of the radial function. _X Jcor= "

responds to the channel component, the second one i is label-
ling the initial state of tne system. The conslstency condl-
tions (16) and (17) lead to the fact that the asymptotlcsof oo

+i and}’l

" X—0ig determlned only by the centrifugal barrier E X

the radial aolutlons of the system (11c) as

(with respect to the relative motion of the thlrd particle

) In -this case the dependence on. ¥ dig="

appears except for. XOI ‘
oy f _ )y exp X )8, -exp RIS R} |
X:\S N Kb (~2’l) {eprt(X 01@))8 exp(((x ?’9))?1/1"115931/2}’
X~ 1/1 /2
5% } (19)

X—dl.s ~ ( 2“.

X—> 0

{exp (-iXP). 6‘ -exp((XJ

19



i

Thus, the asymptotic decomposition of Y allows one to sepa=-.

rate the W' of total break-up channel with energy E (P)= P%
=P¢1*6,L€ [0,00) from the states ¥~ of the clusteriza- -
tion channel E"'-EA(PA)= Pr+e, € ['XA,',OO) . Remind that P,
is the momentum of the relative motion of the third ‘particle
with respect to the pa1r d ., Moreover the extraction of the

"4/ (6 >0) from ‘Lp’,*

"truly-break-up“ states i
ing to the latter assertlon of subsection 3c makes possible.

accord-~
- to single out explicitly:the contributions of the known rescat-
tering processes, thus defining the threefpsrticle scattering

Sfmatrix only ‘on’ the physical states.

4.vRadial Solutions

To in?estigete the structuréﬁofvthe soiutions X we now

_turn to ‘the ‘'ordinary procedure explorlnz the Jost matrix solu-
X ¥e8" ‘for
the system of radial equatlons (11b) w1th ‘boundary condltlons

llm ‘ Xregﬁx ﬂ)x-(%*?*{)

X—0 .
This condition follows from the asymptotic behav1our forES LX"O)
(VIX) = K(K+DXY)  the regularity of AWX)and the derivative

/ (d/dX))((X,gb) “ as X'-?'O». The matrix.of reguiar solutions';oah

tions.’ First, we: 1ntroduce the' rebular solutlons

be represented in the form of a'linear combination of the Jost

solutlons.

XX P)=(-20) i{F(x 0)9*4;: P)-F, (X9 “) }

20

(20) -

i
3
i
{
h

that satisfy the system of equations (11b) and tde boundary -
B . | » T

oonditions !
F. (X, J Py —r exP{i'( P-15Y) -
- X-/—POO ’

Hereafter the signs plus and minus should correspond to outgoxng

and 1ncom1ng waves. The Jost matrlx functlon by definltlon is’
| -
equal to

F, (P) = W

Ll

K- B ox (PR X

E - .
Here the notation "~" means transposltlon, F (J‘) is related

with the asymptotics F} (X, /,) by

Fa(P) = 2U<+>>+m)& m “)Fi(xj)).1

Thus the regular solutlons have the asymptotlc bahav1our

Xreg (Q—l)i{ —\(Xn 17["3)/1)()1"_‘ (0)"
XP—eo i 17Ta>/z) ?’F (“)}

(20a)

The physical solutions ére expressed through the regular_ 
ones (20) in the wusual way "

P )(resF-i(ﬂ) (2() {F_(x P)- ﬂ(?(} )5(0)}_(,1’
| 2

{
o [ i xﬁl TP iXP- 1.‘,9/2) )
x'T’eoow('“)Lﬁe‘( 177 3( }
The Jost matrix functions define the S matrix

sm- PAE@E@ @)

1 :
: T
From the Wronskian definition %{Xreg, Xreg} T 0 - we have

the known relations .

21



Fﬂ 53;1Fi = Ei

From here one can introduce the symmetric

g-)‘_[F; ). g)'i,_: E'19)= I’:‘.i‘i?: '
gfg(fp) matrix

A O’/l— -”é g—g ‘ ’ )
S= P8P, =5, (23)
As‘a result, from the symmetric S-matrix via projection onto

the open channels, one gets the unitary scattering operator

N~

8*.§ = S S' =1, (24)

The relevant physical solutions are

Xph;_@.i)-i&fi(x 5)) F'_ (X (3) J 1/2}

w1th the asymptotics @ .
l

)(Ph '-(R )" 15 -i&J M“J’/Q) .()(9j 1}«)/2)n-yz“5 f/z} | (258)

The imposing of boundary condltlons (25a) leads to the

congservation of the radial current
‘ . Ph
3 JI=0; J=-iwp 4X”, X ™) (26)

i.e. it guarantees the conservation of the .probability flow we
neeavfor calculation of the cross sections. It is worth to note
‘ he:‘e that th‘e‘arbitrarine-ss of unitary gauge: X—Ux=x"
lea#es (26) invariant, or in other words @<J’=0 is also a

gauge invariant equality. Moreover, the gauge freedom allows

one to reduce the system (11b) to a standard form

(a3 uvut - 1. 30 X9 x'=0 21

and to use the known procedure for proving the orthogonality

, : 1A
~and completeness relations for the .solutions )( "

22

(25)

h .
"The physical wave -function 1V—P (10) with )f

{ xl#Ph( X()) leh(x O)dx S(J
¥Ph ,
alﬁrj)(""’(x P) X"Ph (X, 9) g P +ZX X)X, ’(XJ 18(X- x)(zs).

Index v labels for a discrete spectrum &y (H )of ‘the
three partlcle Hamlltonlan H . 7
Por the parametrlzatlon of S-matrix it 1s more convenlent
to pass to the so- -called eigen-phase-shifts representation 8
imd =0 :
:is'

3.8-pe? F+ )= "25

OJhRe(F(fD +@)

where EJ is an orthogonal matrlx B

elgen-phase—shlft representatlon

YPhe Ly - iyt (R PR F K P)Be 2.3}
- xi8
—7 Qi) X‘(;O(xx)fl -1 (X9 ﬂT}’/UB (X9 4;:)’/1)86 \}

X7 ,
contalns 1ncom1ng waves 1n all channels and the coefficients

B play the role of m1x1ng parameters. via the Cayley transfor-

mation = (f*lK) (1‘lK) -1

one can go to the real '

symmetrlc K-matrix 1nstead of S-watrix: KB = BfgS

Note that the solution of (11b) with asymptotlcs (25a) in

the form’

x“ - iyt fexp ORIV ) B -exp {(XR-4TH4)9) snn"%}

(

s -air {exp(-(Xﬂ) 199/2) 8. i -expilR- 173l P, )u)

23



allows one to getA the partial unitary S-matrix (23), (24) for
the three particle gystem ih the presence of break-up (+) and
Arearrangement (=) channels. According to (22) and (21) for

both break-up and rearrangement channels the S-matrix is de-
fined uniquely by the amplitude of the incoming wave F:- pro-
pagating from |in) state to the vicinity of the triple colli-
“sion point (X =0) where the states are mixed and by the amp-

litude ‘ofbou‘tg;o;ihg wave F_ propagatihg to the jout)> states.

5. Scattering Amplitude

The total wave function vph describing all the possible

. P : Lo ~
three—body‘ scattering processes in M= R 1 X M has the form

T WP}.(X p) ( )ﬂl $XX)X ix D)a% (oo P) ~iy

?ll& §d Qi? )
where ? k.L for the "scattermg" states Cpkda and
’f "L for the cluster states Cpnﬁ@ - in accordance with-

~ the complete classification of the basis states {[19 }éj_, M)
1ntroduced in Section 3. Uslng the asymptotlc behav1our of
the physical solutlnns (25a ,b) we may rewrlte (29) as XJF —>c0

tends to 1nf1n1ty in the form
xp"’h(x B% @r )P hx W x, P )+

% (30
gy s o e o Y
2 XD exp (ORI fon & @)@ 3

Here we explicitly extract the incoming wave in M

24

DRy (O

e R B 6 B g

( )/&Z CDL (o, R)x~ 19

o |

and accordingly give the relationship between the transition
amplitude ’[S" (X P\?) to the state:
}"' . of the three—body gystem and partlals amplitudes

[ @ | | |
¥'aka . o

from the state 3:

2 DR
%@) W2, Pyar e _>{m

The invariant unltary partial amplitudes

A ‘ . A~ ‘ -{ o K :
;h- @)'fslf@)—ﬂ@I} ‘ (21 1R € )
\;ak . . _ a'y 1 S
are defined by matru: elements (23), (24) of the unltary scat-,
_tering operatorS‘S 1 .where I ia the total 1nvers10n ope- o
rator (14) actlng on the L (M) and ‘the S-matrix acts as’ an
integral operator on the L (M) , .
The. physlcal wave function W ( ’ ,v:j) describing. -
the 3—-»3 and 3 —r2 procesgses w1th the three free partlcles in-
the initial state q%a,*f:k&‘:,o’, B
of the mcmentum B in M  has the form

/2-3 i
yrsR) = @I R R
Xf}z—-roo . l

R -ﬁih)g},'*f@f & F?,)J’ R+

at the fixed @1rectron Q e

(34)
25 :



3 e (UG, - Mg RL (X p)0"
P : :

. (X0 w )Xo OB “TW2) gsle o 5y
12 hy K WX te N, T S PR

‘Here the inconing wave (31) corresponds to the plane six-dimen-

alonal wave 1n M

(2 _3/2 SX (9

X” (%) i x4 ¢ (:u) 1,
J? =700

{ —«(XJ '-M’/Q)S(X*p) ezm R 2/1)8(2_3)} -4y

taklng into account the completeness relation (9b), FBO(YF' po)

is the 3 —-2 transltlon amplltude of the outg01ng clugter wave

'1n M

(PP 0B

héx, 04 -

(%) r

i Y g
R ‘ﬁ»f) Wz 2 (35)

~accord1ng to the deflnltlon (15c) The transition amplltudea

{;o(x F)) and’ ; b(X P) F are used for describing. the’ scat;

.terlng processes (3 -—r-3) w1th 6 0 and 6* >O respec—
lk/tlvely ; .

I &P 4‘/72 Bt o] (DO (e0,-pR
_.{xo ) ud (a'Oa_ L%

~In the adlabatlc scattering picture the 1nformatlon about the
three~body 1nteract10n is contained not only. in eigenphases S
»and Ttxing«parameters E> or in the unitary scattering opera- .
tor S=5-1 , but also in the asymptotlc quaslangular adlaba-
tic baais functions, which form it's matrix elements (32).

One may explicitly pick out the contribution of the known

rescattering processes if one will exploite the represen-

26

L

tation of the wtrully-break-up" surface fundtions.in accor- '
dance with Section 3c-e. The amplltude f;d(x ) corresponda -
the "trully-break—up" scattering. A atralghtforward approach '
compatible with the conaervatlon of the radial current (26)
congigts in a 31mp1e extractlon of the,"truly-break-up" ampll—
tude

[ -6z, @ Dy (o x>;“, @O (B

k 0

from the, 3 =3, tranaltlon one [k (X >) and 1mp11c1t1y

deflnltlon of the reacatterlng amplltude
0

af, &= [ KB [) RR).

~

It 1a worth noting that the expllclt reacatterlng plcture cor= .
esponding to above one is obtalned as, usual via slmple 1tera-H;‘
tions of the Faddeev equatlons taklng into account the conala- t
tency conditions (16) and the asymptotlc radial aolutlon (19).
- The: physlcal n;te function WHA (X' Fk) descrlblng the
processes. 2 —>2 and 2-‘73 in the configuratlon gpace M w1th a-
is obtained in: the 11-’3

cluster & in the initial state. JA7Z

mit ng —¥ O from (29) via averaging on the angles (od_

in the aaymptotlc state |A>
quP“(x PA)’ de w""(x, P54 (00) . (36

Taklng into conalderatlon both (150), (25a) and (30) (33) one

getav
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Ph - J e s L
:\\; o~y =3 : .

: SRS XD - A
u;_ “l’b(x—ooou) yxte (T, ﬁy/z’g;:"p (5, 009"
) L

DT V) vz‘ pray S
*ﬁ'x 93 Fk (X P) } . (37)

Here the incoming c‘lu"st‘e‘r wave
; //2_
_ 2
@ KX, m) = )",
. J —-rOO

-~ //)’/z) l(X./ ﬁ%)ﬂé“? (.aﬁnyl%
s A ldema s

L B

(x—oqu)) (-2iX) ™

2 e _
| o (38)

a
ppeara in' M after the projection of (31) on 1AV state, { (

P ) is the 22 tranaltlon amplltude of the outgoing clue— .

, ter apherlcal wave

i oy

, v, tm b (y ) (9
'F ( 5) ) }\ 7\ (Pmlep | "pep)\ﬁ n“( A‘L?Qm '\ ( PA) ]'AA (39)
Fk 'A:(X)QPA) ‘is the 2 —3 -tranaition amplitude of the outgoinlg ;

aj.x-dimena ional 'spherical wave

ka()?,PA>'l‘rZ (kaa,(oox)f ' l- (PA)I .
kg ~ : Kadl '1(;(.7‘4. ,‘,‘)"--» A ‘ '(40)
The latter tranaltlon amplitudea are defined v1a the 1nvar1ant

un1tary partlal ones (33) and the matrix elements of the inver-
‘slon operator££14) acting on the subspace L (Sa(w)) spanned
over the get of functions (15¢c). The incoming cluster wave (38)

corresponds to the usual one in the Jacobi mapping Ré\ 60}
28 '

-

if the quantlty Yy gets equal to 2€Tr0. Actually eqe (38)'
can ‘be rewntten in the suitable form o
r’ -3 72 i
(27) XA(?,.,B)xn (&) 72y (X —re0, w)ex,x)
(XD -T2) 8By Pt
l(X 2 >‘9(31 -8 ,)} jn;

i-x(X\‘)’" ng?’)S(ny)IM
‘ . .(38a)

taking into consideration the completeness relations

%xﬁfbmakg*)éu 'A(PA) S(y ) 8’"""'

The consistency condltlons (16) lead to the fact,that the above
dependence on y dlsappears and the stlklng of the solutiona
XPh (25b) and X__ (19) in the vicinity of XP >0 can be S
uged . to. establlsh a relatlonshlp S

: A - 4 "le A(X)dX

S_‘fs = S__e .f,p =. S.'_ e gj (41)

Thus, we have the manifestation of. the . geometrical phase of the
Berry type [20'\ in the three-body acattering problem becauae
the factor —lllP is produced by the nonzero curvature of. the non-'

part: A(X) 14&9\6 \q37 of the connection’ A(X)

In our case the curvature 1s—defined ag one-half of the integral’

41. Im § L Pl P> dx = Imgp ba dx--m?‘

trivial diagonal

along the cloee clrcle C around the triple collleion polnt in
the complex plane of the slow variable X . From the physlcal
polnt of v1ew the above d1fference betwaen 5 and S in the

22 gector of the three-body S-matrix is connected with the'

: 29



:elastic scattering on the addltional centrlfugal barrler
;Y (9*{)}( in the. v1cin1ty of the trlple colllslon point
| which is obviously absent in the usual two-body scattering.
As & result we have an asymptotic wave function ’\.}f as'(x PA

whose behav1our is adjusted to the asymptotic boundary condi-
tions for the Faddeev components F;bA( )

W‘“(x 5 Sl

P—7oo

= (a) % ‘P(A(y’ ) % P)"

'\"Z_ gp (\X_)’cou))x elXJ,, 93/1« dS( )j N:L

X, (3=0X, PA)+z F“s(X PA)

o Z

[ ) o P

1«)’ ((XJ,( ~n)’/.z)p i/lf as (;‘(fﬂA)JQI/;_ 5 o (42)

A

. Here the- transltion ‘ ‘ 5 be
| amplitudes ¥ A and {k , have to be

s constructed by means of (39) and (40) respectlvely via the: sub-

o stltution of 53 in eqs. (33) instead of S .

Solv1ng the system of radial“equations~(11c) with asympto=
.#lc conditlons (19). for 7( (and (25a) for X:Ph) and exploit_
.Tbing" the conslstency condltions (16) like: (41), one can calcu~-
'late (say numerically) the matrix elements S _ g
-=

: e! 4= forfthe
‘ 2-—»-2 23 processes and S

‘ ,‘5‘4 for the 3-—3,"3—2 ones
- and the corresponding transition amplitudes (39), (40) and (32)

(35), " respectlvely. ’l‘he asymptotic solutlons X Sa O(X—Z) nehv ’
cessary for this purpose follow from consitency conditions for |
the nondlagonal elements A (X‘?w) [21} Then the flux conser-

v
atlon law for the wave functlon (37) and (34), in terns of the

generallzed Wronsklan (26), allows one to obtain the usual exp—

~ 30

ressions for the:differential’cross”section of 22, 2,—~§'and';

3-——j,l5-—»2 processes in- the three-body system.

\.

6.‘Inverse Problem

. The three-body inverse scattermg problem 1s the reconstruc-— .
tion of the interaction potential from the known scattering
amplitude: [3, 23, 24] : ;
Con51der now ‘the reconstruction problem of ‘some unknown A
short-range three—particle potentials \115()() in TP1— from'
the scattering data. Let us add to the Faddeev (1) and Schro-

dinger (2) equatlons some real regular bounded potentials ),

_satisfying conditions

J [ Nkl dd <0, =01, “_““”;

suppose the central pa1r potentials \/ " to be: known -and obey
analogous condition' (see Section 3). We assume their relevant -
three-body amplltudes f (X B and: ‘(()( B) “$0 be known‘:
as'well. In our case the inverse: problem reduces to ‘the deter—f
mination of the S—matr1X~v1a,thetamplltude 4T(X p)(32), (33)’3
and finding afterwords'the'effective;matrix potential LT()(),V.‘«
solution - )( of the gystem  (11b). and flnally the: 1nteractlon g
potentlal \423(X) The functions of the hyperspherlcal adla—ri‘
batic basis iq:) (X )()} are obtained as eigenfunctions of o
Eq.(7) on: ~P4,3 - with the. known . Hamiltonlan Fl¥(>< X') (6)
w1thout the potentlal (XAX) Slmultaneously we flnd also
elgenvalues éj (X) whlch give the effective potent1al U(X) v
With the Known 5qo } we, get matrix elements of the connectionv

operator /&(X') from (11a) and accordlnb to (12v) we can flnd

St



the bilocal. transport operator

UX) = U, X) + The uni-
tary operator IJ(X) allows us to pass from ‘the system (11b)
with the potentlal matrlx ‘

U(x) U(X) +< DO X)] Vi, (X, X)ICD(X X

U(x)— &ix)- é( ))8 SRR (7D

to the standard system of coupled equatlons (27) for the"coef;

‘ f1c1ents ,; - S -
| x.',(x, P) - mx). X X9 |
. ~ ‘ﬁw,&« ety : . c o (45)
'Aﬂ;uwrth the ‘new effectlve potentral 1nciudrng | |
oUW —U'+ Ul = UUUE= b b i
 =<elHXR- B(ENey ¢ Lely, m<x xne e

;AQ
Jin the fixed frame \e;> representatlon, that 1n our. case 1s
conveniently chosen as X“’°(>tThus, Wwe. can; apply methods of
the multlchannel anerse scatterlng theory because completeness

: relatlons (28) are valid for the physical. (25) and regular . (20)

o solutlons of: the system of. eqs.(27) ‘Basic generalized equatlons

.. of the multlchannel inverse. scatterlng pProblem correspondlng to

;(27) are’ the following [22 25]

K(xx') Q(XX)*[ K(X{)Q({X’)d{ 0

X(D)- (47)

«x) (%) + v’l_,,(X) U’(x)J,‘,lng(XX) <48> 
xga) R'(x )| K(XX')X (xn)dX' |
xm) 49

32

The integration limits in (47), (49) and the signs in (48) de-<ﬁ
pend on the specific statement of the inverse problem. In par-

ticular, the limits of 1ntegrat10n from "X" to oo (from "0" to

)()(47) (49) and the sign "-" (sign "+") in (48) correspond to.

the Marchenko (Gel'fand - Lev1tan) method. In the R-matrlx ver-— I

gion of the inverse problem [22] the limits of 1ntegration are

from "X" to "a" and gign "+" is in (48). For the: known kernel 2
CIQX'X{) determined. by scattering or spectral data the multl- KN
channel ‘system of Egs. (47) 'is solved with. respect “to 'the ker-
nel K(GX') L then, K(X,X') defines’the three-body poten—
tial matrix Uy, (X)" (46) from (48) and the relevant_wavef.:
.functlons )(aa (49) of the system (27) ; 'Vv'l"“‘~"‘ R

In the generallzed Marchenko approach [25] the integral ..
kernel Q(X X') is given by ‘

anx> Zz,,vj F(x, m)(sw’) S(“))F(x‘ﬁ“)d, B

*}‘_F (X,'(Xn)Mn Foxin,) - :

'(Xln)qu X X) (50)

:N§

Here, the Jost solutions X 93) of Eqs.(27) w1thout \625

“are related w1th ‘the Jost solutlons F(X-)) of the system (11b)

by the unitary operator - Qi ~(12) as’(45) |

r*(x P)= UK, oo)Fi(XJ) ‘-(4‘5a)“

and they satisfy the boundary conditions

im  Fe (X, D) flm Fi(X) le I(X%-
X—o0
as follows from the:

9:2)@

deflnltlon (12a) L‘(X x)‘* { Owing to the

unitary arbitrarlness in’ gauglng the radial functlons (45), the .

33
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S-matrlx corresponding to the, system (27)

55 (;}) P 1ch*’( )Eﬁ‘( %) Pl ‘

~

Y c01ncldes w1th the S-matrlx (23) for eqs (11)

F®-3®. s

It is valid for the normalizing matrix of discrete states (24]

With taklng 1nto account. (51a),the scattering matrices ES CJ‘)
and 53 (J ), unltary on.the .open channels, are defined by. the
- known amplltudes {(X FO

e to the system of Egs.(27) with and without the three—partlcle

potentlal \425 s respectlvely, The sets {[in
and ﬁ E. 1’ ﬁ% }’
rlces of the dlscrete states with and w1thout \415 o Getting s

23 and F

_7:- y:) H'l} .

“are energies and normalizing mat-

from (47) (49) 1n the flxed irame \8;7-represen-
tatlon and g01ng back to the. |q°7-representatlon one obtains.
for the potentlal matrlx kasand Jost solutlons of the system |
(11b) the follow1ng relatlons
lzgx) V- U= -zu 1(XoO){ K(X,X)]LI(X,OO),_” N
‘ - (52)
h(x@) u‘(xoom(xo) i

It is worth remarking that the matrix elements of U in (456)‘

and (52) are the same provided they ‘are’ deflned by the same ~
basls functlons {‘*)} . F1nally, -the physlcal solutlons of

(110) with 1EL5 can be obtalned as a linear comblnatlon of the

‘Jost solutions (25).

faf

In the‘generaliZed‘Gel'fand - Levitan“formalism’the.integ-

34

and. . { (X P) on (33) and correspond é

ral kernel (l(X’X')is”defined hyhthe gpectral matrices 9'

and é
Qux)= [ XX, 9) d(q'.-é') K09
0. :

for the system (27) Withfand without Vs, respectively

(53)
do 2\7'@)* 50
dEC 1= S(E EN RPN
Hereffvh are’ nornallzatlon matrlces of the regular solutlohs.,.jl

Getting'the kernels K' from’ (47) on known EL (53) and applylng
the approprlate multlchannel Uel fand—Lev1tan -formulae - (48) and:
(49), one obta1ns the potentlal matrlx 1;

tions }(

are found by the 1nverse unltary transformat1on.

and regular solu—
of the system (27). Then, lf' and }( for Eqs.(11b)
: ‘Note, the Bargmann-type potentlal VCZJ “ig‘obtained for
the degenerated kernels - Q (X X’) W1th a factorlsed dependenceih'l
on the variable X X' and channel indices [?2]

Let us consider the next generallzatlon 1nverse scatterlng.d
when both the three- and two-body potentlals are unknown. It
reduces to the determlnatlon of effective potentlals \/()() _
Zf \/ and three—body potentlals \4130<)1n ﬁ4 LTt s solvedi‘

at several stages. i) flndlng of the S-matrlx via ‘the" amplltude E

(X»I?) in' M- “y i)’ reconstructlon of thc scalar potentlal
1~

matrix 'II(X) the matrix of the ‘gauge. vector potentlal /4()()
‘and matrlx solutions of the system equatlons (11), 1i) Obtalnln57,&

" of the basis functlons (D‘CX X) and flnally the effectlve inte-f¥

(X x)and V. (Xx)and total solutlon 'VI(X}

.pot l
ractlon potentials: '13

0
o



; __Here, as well as in the previous‘case;itwo sets;of'scattering -
‘ .g ) o I 7 LR Y & S .
data (8, {E, ML) LB @), | E. M.

corresponding  to the  system = (27)  with and

‘without the potential 'V, , , are used. Starting from the second

_set of data one reconstructs the effective potent1al matrlx

: U (X) U(X)[é()()°é(°°):)U(X)and f1nds the solutlons of (27) usmg
, the ord1nary mult1channel Gel'fand-Lev1tan—Marchenko formulae
~of the type (47)- (49). |

Now in. order to f1nd the un1tary transport operator LI(X)

and energy terms e;i()() 1t is. necessary to golve the algehralc \.1'1

elgenvalue prohlem

U (X)U(X) ‘u(x) [eoo é(oO)J

s The matrrx ])'Ex)was reconstructed llke (48) while in the pre—‘h

v1ous case. we solved the d1rect e1genvalue prohlem for: the frame

;Eq.(7) Furthermore, the. knowledge of 2JCX) perm1ts one. to.

5]reconstruct the matrlx elements of the external gauge; f1eldAA

(X) —-t(u(X)d u i(x) yx“)

"frespons1hle for the veloclty—dependent potential A(X) G%Ij(
jjappearlng in- Eqs. (11) : e
Note, we ‘cannot yet f1nd the effective potential. VTX X)_;y

(X X) qO X X)'Z)';J (X). C‘O*(X X) by the ord1nary method“
hecause we: d% not . know basis; functlons qO (X X) defined
ghy the same. potentlal \/(X X? (7) —hat each fixed: "glow"
"varlahle 'EX" Proceedlng from the ohtalned spectral characte~~‘
‘r1st1cs {é (X) 9) (X)}whlch are parametr1c functions of: X

~ We can formulate the parametric inverse Sturm-Liouville problem

36

i

for the restoratlon of the effectlve potentlal \/(X) Zi-\éL
and tha correspondlng solutlons CP (X X) [23 24] g

Flnally, us1ng the afore-descrlhed scheme (47) (52) We
reconstruct the three-body potent1al Lﬂzs “and relevant solu—‘:“
tlons )C from {S(n) {En, Mn}) | ‘, and (S(@)
{E P\} i DA e k
o It is clear that ‘the ex1stence of the “glohal" adiahatlc
basls and the pos51h111ty of reconstructlng effective gauge po;.”~
tent1als U(X) @ (X) ’d A(X) from the three-—par- e
t1cle scatter1ng data are due to the fact that the 1nformat10n J
concern1ng of fragment 1nteract10ns 1s conta1ned hoth 1n theis

rad1al solutlons and basis “quas1angular" functlons {q%}

" While in other: approaches such’ as P(-harmonlcs method clustere‘c

functlon expanslon, etc. th1s is m1ss1ng in has1s functlons.'

‘ That is why “in‘our case with the restoration: procedure of’ (47)—

-(52) we' can formulate -the complete 3—hody 1nverse proh1em in®

the presence of 2- and 3-body’ 1nteract1ons

Te Concluslons

" As far as we know, we, are the f1rst [1—3'1 to formulate\‘
a three-partlcle dlrect and 1nverse scatterlng problem 1nvolv1ng ;g
hoth the processes W1th rearrangement and hreak—uT on the hasls
of the suggested approach.‘In part1cular, we have;establlshed :
the ad1ahat1c limit for the Faddeev equatlons w1th1n the total
‘set of surface functlons correspondlng to two types, break—up and
cluster states.‘The glohal adiabatlc representatlon of the three- 1

-hody wave functlon 1s 1nvest1gated in terms of the local adia- o

bat1c representatlon of the Faddeev components. Wlthln the uni- .;;
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e
"‘

A que adiabatlc b881s the three-body multlchannel scatterlng prob—

1em 1s 1nvestlgated by uslng the un1tary gauge transformatlon.'
Thus, We glve a new formulatlon of the three-body scatterlng

problem on the basls of the élobal adlabatlc representatlon and

; correct boundary condltlons by taklng account of break—up and

rearrangement processes in contrast w1th ord1nary hyperspherl-"
cal and ad1abat1c approaches [22} Owlng to th1s obstacle in’

[1,31 we have stated and in [24] have formulated the inverse

: g scatterlng problem and also suggested the . method of construc-"

tlon of three-body Bargmann type potentlals. Further 1nvest1— hv

h5g gatlons of exactly solvable three—body and multldlmenSLonal '

i models wlll be consldered elsewhere.
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Mapiosckn 6.7., Cysbko A.A. , BUHUUKMIA C. 1.
HoBoe aaMaGaTquCKoe npeACTaanenme Tpexqachquu
3apauv paccenHMn

£4~91-379 .

MccnenyeTca Hoaoe aaMaGaTuqecxoe npeacTasneHue Tpexuactquou BONHOBOWA
yHKUMA, nonyueHHoe 4epes NOKanbHule aanabaTuveckue pasnoweHus ans dasdeesc-
KUX KOMNOHEHT. B peaynbTaTe: Msl KOHCTpyupyeMm yHWBepCanbHuidi aauabaTudeckuit
6a3nc, ONUCHIBAKWWA BCEBO3IMOMHBIE KAHANLl TPEXHACTUUHONM . CUCTEMbl, BKNKWYAR non-
HbIi - pa3san cucTeMs ' fepepacnpepenere ee ¢parMeHtos. bGonee Toro, mu aaeM

« NONHYI0 KNACCUPUKALMO COCTOAHUA. §a3UCa U COOTBETCTYIWMX NOBEPXHOCTHBIX HyHK~
UmiA. Wcnonb3oBaHWe reoMeTpUMECKQro MOAXOAA W CrEKTPanbLHoW Teopuu NO3BONWNO
'HaMm pa3paboTaTe. rnobankHui aavabaTvueckuil- NoAX0A K Tpex4acTVHHOA 3agave
paccesHua. Ha ocHOBe. yHWBepcanbHOCTW NOCTPOEHHOro §a3uca WU yyeta ¢u3M4ecKux
FPaHUYHLIX: YCNOBWIA, aBTOMAaTUYECKN CNEAYIOWMX U3 UHTerpanbHuiX ypasHeHwidh ®asae-
eBa, Mol GOPMYNMPYEM TPEXUACTUMHYIO NPAMYI0 M- 06PaTHYI0 3aAaun PACCEAHWA € KO-
POTKOAGRCTBYIOUMMU ' NOTEHUMANAMA ;' NOCNEA0BATEeNbHO CBOAA MX K MHOMOKaHaNbHOW .
paaunansHon u napaMETpMHECKOM Kaaauyrnoaow :

PaGoTa eunonHeHa 8 ﬂaﬁopaTopuu TeopeTMMecxow ¢M3MKM OMHM

o

 Coobluenie ObLeaNHERHOro MHCTHTYTa AAEPHBIX HCCnenoBanuil. Hy6ua 1991

S WA

* Markovski B.L., Suzko'A.A., Vinitsky S.I.~ . £4-91-379
New Adiabatic: Representatlon for Three Body": B : e
Scatter1ng Problem - ; ‘ ‘

‘ﬂ A new adlabat1c representat1on of the three body wave functlon obtalned
in terms: of ‘the local adiabatic ‘expansions of the Faddeev components is '
investigated. As a result, we ‘construct-a ‘unique adiabatic basis describing.
all possible channels, of the three- body system-with inclusion of break-up
and rearrangement ones. Moreover; we give a complete classification of the
‘basis.states and the correspond1ng surface ;functions. The implementation.
of .simple- geometr1ca1 and spectral arguments allows us: to work out a-global
adiabatic. approach to’ the three-body'scattering problem for the class of
palr ‘short-range - potentials. Therein'we formulate the three- body scatte-
ring problem by.consistently reducing it to the multichannel, radial and
parametrlc quasiangular ones, ‘including’ the:correct boundary, conditions

. with: account of ‘break-up~and rearrangement processes We also, state the
1nverse three- body problem. e

The 1nvest1gat1on has been performed at the Laboratory of Theoretica]

Phys1cs JINR
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