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1,The probability theory of the quantum mechanics differs essenti
ally from the classical probability theory,first of all by its rule 
of addition of probabilities111 • The next difference is demonstrated 
by the remarkable result of Be1112 •31 : the hypothesis that the corre
lator of projections of two spins' 1 ,in the singlet state can be writ
ten according to the classical probability theo'ry as an integral with 
respect to some hidden variables).. does, contradict 
mechanics·, 

quantum 

At the same time, in quantum mechanic~,_ translated into phase 
spase representations .(PSR's), we can also.obtain similar expressions 
for the correlator, however, either with probability densities, which 
are not positive definite, or with positive probability densities ac
companied by some additional numerical factors/ 12/ • Variables a 
of the phase space s2 (i,e,, s2:1) enter instead of}>., The correspon
ding analogs of the Bell inequality are of course uncontradictory. 

For one-spin J states (or states of mi;ny spins, noninteracting· 
with each other, unlike in the singlet state) some quantities (expec
tation values, equations of motion) can be reduced in PSR's to their 
classical counterparts, 

In PSR's for higher spins a relationship with Ghe classics is some
, what more complex, Here, we transform the spin f theory in the !,'SR, 
which is based directly on coherent states, and in other PSR's. 

2,General properties of spin matrices •. First of all.the spin mat
rices 5m (m = 1,2,3) for any spin s are subjected to 

" " ) s..,s.., = s(.s+1 11. , (1) 

(2) 

Further, since the spectrum of any spin projection _matrix is lmown, we 
can easily form the minimal annihilating polynomial TI.,,('i) 

~&:~~ :, •• ][(Xf:)' -X'(s-i)'] ... { ~!~l'~;,,~;:s;r • 
for half-integers 

lbltlf.li'¢'\iii1tS \:14t'nttJl ' 
t'!Ili!:ftn~ Fk::itJ101au&I 

~tSlt'AOTEK~ - -- ~ 

= o, 

(3) 



where 1 is an arbitrary unnormalized 3-vector. Differentiating 
eq.(3) 2s + 1 ,times, one obtains the spin algebra relations 

spin½ 

2.. ::L_ [1x:f:)~-x2.r_.t )9.} = O 
'l))(.~ ~"' i \.: \:2.. ' . ' 

,.. .. ,. " -\ ' 
S• 5• + .S, $• = - l> •, il.• 

,. .) J ,. ~ "l 
( $. = J...6". \ 

,. 2. 1. J 1 
('1-) 

spin 1 

2. l. 2- [(x'.'~)2.-x~)(x'g-,)=O 
o><· o>C.·ox.,, ' t. l ,._ 

t ,. " .. \ ~ ,. c- ,.. c-- " 
5-5·$,. =io•1.$· +io.•,1c..S·+9..o,·•S, .. 

l l ... ' ) ... t. ' t. l 1.j ... (5) 

Using eq. (2), one can reduce eq. (5) to the Duf:fin-Ke~er alc;ebra 
A ,"\ .A "'- A /\ C'° A' I\ -1 

s~~.isk +S1c.5j5i 7"' o,j s"-+'o;1£,$;_. (5,a) 

opin.2. ,2 

2- 1- 1- 1..... [<;~)'l._-;:2.f'!,)2.}rrx~)2..-x2.(.L)2.]=0 
--a>1.. o)(, ."v ~x \:2.. l\: 'l. , 

' \. l Ol'k u (. • . 

:\$iS.i.s13,i1 = 5' bi~{_$k$t~ + Sb;x\.sj se\+ S~-a. tsjsk.1+ 
+sh;\(.. g, ~e.\ + S'b~t -lsi $1<.\ + 5 tH {s3,:i1-

- i (s-ii&"-e, +b;_kbjt +'i>a b_;1c.)1\. (6) 

................................................................ 
Here and in what ·follows { • • •} 
without division by n{ ~ 

AA\ ,-I\ l'I\ 
{ S·S• = S·S· +s·S• ' l ... .) l ,._ 

means ti1e total sy=etrization 

(7) 

{
A I\ I\ 1 (~ A A A \ ;\ A r:- I\. ;\ A :\ "- r.. A. i\ A ,\ 

s.;sj s 1d =,sisi +s1s;_ 1s"-+s)c..~.;_s.1+si5-i.J+si s.1<.s i +sl sk.s.;_ (s) 

Let us give some useful formulae 

,.. " " t. ) 1"' sl<.s....,sk. = &(~+'\ -1 s.,., , (9) 

Sl(.s.,.,s11$\(, ~ [s(.s+1):-2.]sM5n -s.,s"" + s(_s+1) b.,..,i 7 . (10) 

s k. {s..,s.,3sk. = [5(s+1)- ~1{s.,J, 1.J + 2.s(s +1) b """ 1l.. c11) 

2, 
'\, / 

j 
I 

-I 
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T1:ace:; of any power of the spin projecti_on: ma~rix Cl~) is obvious 

tr(x'g>)=lxltr-(~t)=lxl L_m. =0, 
-s, ... ,s 

. tr (x?:)'i. = x2- I:: \'l'\. 'l. 

-s, ... ,s 
= 1-. s(.s+1)(_2..s+1)x2. 3 ,_ 

t.Y (x'g,)" = IX I" ~ ""'.!, = 0 1 -5, ... ,s 
tr lx~)1 = lx'l" L m4 

-5, ... ,s 
= fs s(s+1)(2.s+1)(3sq_+~s-~ Ix\~ 

tr(x~}k = \x\k L. tn.k 
. -s, ... ,s. =Z:~ for odd k 

for even k 

· -· · -(12) 

Differentiating with respect to x k times, we get 

tr 5i. =0, 

fr{s,sd,= 2.u-•(5;~;)= 9..b.;,lL. mt. 
. -.s, ... ,s 

= \ s(?+1)(2.s+1)£i'i1 , 

tr 5·5·5 =0 t" A "iJ 
' l 7 

tr{s.;,s.,;~\L.st'.J= S('S-ijbk.e.+~;_k~jt+hii~j\c.J Z:, wt
4 

. -!:,, ... ,s 

= !s s(_s. +1)(is+1)(:?>s9..+ 3;,-1)U\b1d.+Si.ko;e_+'l>i~~ik) 

= 9..·41 (S,:iS1c.f.+S;_k.S~e.+~;_~bi0 . for s = ¾ 
............... , .............................. - .... .. (13) 

The trace of the symmetrized product of an odd number of spin matrices 
equals zero, and of an even number of spin matrices is multiple of the 
sum of all possible product~ of the Kronecker symbols i> ij . 

, .flA A/\. '°'"A 
Completeness relations. ':l'he matrices A,5.;, ,l5;_s;1,{.sisp,lc.}, ... 

up to the symmetrized products of 2s factors for the spin s form 
the total basis of (2s + 1)x(2s + 1) matrices. For , · spin'! the to-

,11 " " ,.. I" " " 1. tal basis consists of the 4:x4 matrices JL' &i., {S.i,5j\, and 'l.!:.;_S~Slc-5 
and they satisfy the completeness relation 

3 



- -
1

l- 11. I®\\ 11.1 - ~:\ \sd ®I\Sd\ + 4,- \{_sJ,1U0 ll{s,_ SJ· }I\+ 
~~ 2. .?) ~ •:> ' 

+ ~. ?,4 \{_si s.ls,J\@H_sJ,;s~\I\ = l 1L II~ U1LL (14) 

1---1 and U-·-1\ · denote matrices. In terl!lS of indices, e,c;., 
l&.;.\&U5;_U means (Si_)c1.v,(s\ho • Then 111.1\@\\11..l means 

('ll.).i.,; (11. )'6r, = Sc1-s S11 f>. . 
In the course of .. calculations we shall often use the spin matrices si 

in the canonical representation. Simple productE and sy=etrized 
ones in this represent;ation are given explicitly in Appendix A. 

3,The density matrices of interest _r(.s,m..,ct) 
_. ~ I\ -;. I\ ➔ .... ~ . J\ _, 

(ct..s. )~(5 1m..1a..)= s>l5,m..,a..)(CL$ )= m.s>ls,m.,a..) (15) 

( a:2. = 1 ) for any spin s can be constructed out irwnediately as the 
Lagrange-Silvester polynomials which are obvious and can be expressed 
via the minimal annihilating polynomial 

~ (5 1WLon cl):; § (.& 
1 

WL 7Cl.) = \5 1 m. ,cl> <s 1 tvt.. 1Q \ = 

= N TTs(tj.) 
lj - WL \ ~:::: ci~ 

(._ctll =-\} (1G) 

where n = N(s,m) are the normalization factors which ensure the 
condition 

I\ 

tr S' = 1 (17) 

In the case of spin f we have 

~s~ , ct)= ! [(ocg,)+ i 1 ][(ct~)2. - (~ )'i 1] 

~l½, ct) ::: -1 [Ots)').-(;_)9.11.)[Ca:s) + ~ 11.1 . (13) 

The density matrices for negative m are obtained from these by 
simply replacing Cl by - ci . Note that 

2: f c.~,tt) =1. (19) 

m=-s, ... ,s 
.The completeness relation.in terms of the density matrices ~(mJit) 

(as -basis ones) can be written as follows:· · 

4 
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i 
,\ 

~ 
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i 
·' 

''1 
( 

I 

' 
( 
I 

~Jrc.;)L_ ~tr\,\~(.m 1s)\@\r9(.m,s)Q=\1l.\@\\1LI\+ \'ll\\@~1\.\ c20) 

m..::::i.. ~ 
!t 1 'l. 

wheJ?e J"(.s') ::::,_j_ S(.s2._,{\ d~.$ 
J 2."ll' lJ is the measure on 2 S, and 

C..1..=3·S, C~=5. (21) 
,. !l. 

Eq. (20) follows from 

~ d r_<_?) Y(i ,s) © ~ n. ,s) = :~(~~ 1L@1\. + ti\ Si_ @st,+ 
9 AA AA '\ AA,/\ f,/\AAL\ 

+ 'l.,'.!,.4 ,5 t5.;_5i\®t5i5j~+ ~-S·b·t- {_s.;_SjS1c.\@"lS-tSjSk5), (22) 

(' I ➔ "(~ .,.,) '°'(:j_" -4) ,j ( 2, 11._ .fl 5,1',; A ,\ )Clt'lS)f "'§:7S @S, 9..1$ =7t ~i 011.- 3·t-·S 5{0S'\,+ 

1 ... 'A l f ~ ... l 1 S":'- /\. " l S" A A J\ t\ 
+ 4.5 ." {_s.;_ s:i 3 ©"'t'=-i s) s + ~-s. b·1- 1.s.;_ s3 s"-S ®1. s.;_ s_; s1c.SJ (23) 

and the completeness relation (14). 
The states Is I WL, CL> , mentioned in eq. (16), cau be treated as 

coherent states/7-91. 'i'he completeness relations for them can 
be written as follows: 

(2.s+ 1) \A ~·(oc)?, (s ,m. ,a:)= 11. (24) 

for any spin s· and any value m, 
' " ➔ Expectation values of spin projections in the states~ (? 1 m,a.) 

for any spin s .equal 

<,s 11-ti ,a: I (f ~)\s I m. ,ct>= t.v-[(.e.°'~) ~ ~ 1m1cl)] =: m (.i'tl). (25) 

To prove this relation let us decompose the vector b into two com-_. 
ponents parallel and orthogonal to a. 

r. cc?.t)ct +Ci'- la:t)~1 =(a:f)a:+~. 
The second component gives zero 

tr [ lt'~) f (_s 1VV1 1 ci')} = 0, (26) 

since 

tYL(c:,g,)(.dt)k} =0 for aey k- (27) 

Indeed the latter trace can be written as a trace of the symmetrized 
product 

5 



a. r:""' " ,... " "'1 a.Mn .. " a.In,. C. WI. t Y" 1_$,n Sm •.. $11'\ S, ;,_, } 
~ ... l<.+1 1 !!. IC. ... "-+1 

Uthe number of matrices k+1 is odd, the trace equals zero. If k+1 
ia ·even, tlie trace. is multiple of the swn 01· all possible products o.f 
the Kronecker b,.. . .,. .. Therefore, each terL1 of the sum contains the 

~ I 
factor (_occ:) = 0 • Thus, eqs. (27) and (26) are valid. ·rhen 

tr [(B;') ~(.s,m,O:)] = (ctf)tr [(cl;')~(s,m,<(.)) = (ocf)m. 

by definition (15), and eq.(25) is proved. From eq.(25) it fol-
lows that 

fr [5.j ~(_& 1VVL 1~)]=1'Vl.CX.j· (28) 

The probability of finding the spin projection n alongb in the 
state with the projection m along c£ is given by 

.... ➔ .,,. (~ ~ A. ,1 ~ (?, n.,B; m. ,q,) = f (5,non~; men cl)=tr s>ls,n.)) f (s,m,a)J (29) 

It is difficult to calculate t.hese traces directly since the traces -A k .. e · 
_tr[lSs') (els')] for k>1, 1>1 are not ones of symmetri-
zed products, and decoraposition into symrnetrized products is co1:iplex. 
Another way is to choose the special :frame of re:foroncc with tho axiG 
Oz along b and to use the. canonical representation of the spin ;,iat-
rices (Appendix A). For spin f th~ probabilities ~ (n. J; m.,O:) 
are calculated in Appendix B and are Given in Table 1. Of course, 

L V(tt,f; m,cl) = :[ r(n,t; m.,cl) = 1 
n=-s, ... ,c; m:-s, ... ,$ 

(30) 

1~.The singlet state of" two spins+, can bo written as 

. I sinite.t"> = ~ ( u.~(-½)@ IA.Q,(- l)- u.q,( ½ )11HL'(-½) + 

. + u.q,(-½)® u..e(~) - tia.(-½)@J(:~» 7 (31) 

( ~: + s!) \ si. tt'l £e.t > = o , ("' "'"", !!,:, ) 
(32) 

~ !,~\'l,ee.t = \si.n<1,ee.t><.st11.~fetl, 
(33) 

(s~ + s~) ~ si.":1ee.t = r ~~\'l')fet (s.~ + s~) = 0. (34) 

In eq. (31) aey axis o:f quantization can be adopted since,in fact,the 
state \singlet) is independentof the choice of th~ axis. The density 
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matrix can be written to be manifestly independent of this axis, 

e.g., ij-[1"-®11.e - 6~0cS!] for spin½ 1121 and ~[-1"-011.' +(s~©si)2·] 
for spin 1. However, it is the density matrix in the form (33) , which 
is convenient for calculations in the special frame of reference with 
0111?. 

The correlator of projections of two spins in the sinfilct state 

c.(~,t') = t; y [(cii-'"-)lt't"')~SLrt.'>-fe.t1= 

= (oc~""),1.r.1. (f g,e) I ~ ~ .. ~let 
ff>}clf>1J!t!-' (35) 

Let us choose the frame of reference with O;;. II b . If Ora is assu
med to be the axis of quantization in eq. (31), and if the canonical 
representation of the spin~ matrices (see Appendix A) is adopted, 
we have 

LL({)= ll], LL(½J== [1], LL(-\)= fiJ,, LL(-½)=[!]· (36) 

Then,with the density matrix (33) we obtain 

c,,(.ci'.'.jl)= , 

= t l1 o oo)(~~CL) U] ® (.o 001) s~l; ]+ ¼ (o ~ o o)tct~"-)lll® (.o 01 o)s~[! l 
+ ~ (o 01 o)tii: f;a.)[1]@(01 oo)g,~ l\]+ ¼(ooo 1)(.0:g"-){j]s 0 ooo)s~ l i] (37) 

( ) "-b , Eq. 37 contains only the diagonal elementn of s
3 

• Other 12 terms, 
which the direct product I singlet>< sine;let I gives, vanish because 
~hey contain all 12 nondiagonal elements of the matrix ;~ but 
s3 is purely diagonal. Eq. (37) contains only the diagonal elements 

-""~a..) • "'ct. A A, of (a, s too, in fact of a.:!.$:!> , since s
1 

and s2 have zeros 
on their diagonals. Hence, 

C (a'. f) - _:!_ CX. [.1. (_ -1) + i_ ,f_ .i) - i. j_ _}_, ~1:: _ .[_ CX. 
' - 4 ~ 2-C 2. 2. \ 'l ~ 2. 2. 2.. 4 .; 

and in the general frame of reference 

c<..a".,"!)==-r c.a:l). 

This calculation is obviously applicable for any spin s. Only 
dimensions of matrices and columns (rows) are different 
((2s + 1)x(2s + 1) and 2s + 1, respectively), Thus, we obtain 

8 

(38) 

(39) 

l 
') 

t 

I\ I 

11 

,I 

, c.(CL. 1-g')=_j__
1 

a..5 -(:-1)-L m9. = -1 s(s+1)a.:; 
~5+ ,. , -s, .. 1"' 

(40) 

and in an arbit;rary frame of reference 

c.(.a:,t) = - ~ s(s+1)(ocl') (41) 

l!'or another derivat;ion see ret.161. 
The probability to find definite projections of two spins in the 

sinGlet state equals 
_. ..,. ;'\ (;\ «: _. J\ g ~ A SLl'\~eet.) 

f(111., 1a..;n.,~ \si_vt.'3-tHJ =-t; t[ 'f (.rn, 1ct,,,) 5' (VL,b )\' = 
"Cl. """") A i F A s~ntee,t = S',1.•a,.(_m,CL ~f,1(!,-(_n,,,,ti)fc1...r-,,~\!'1 = 

=-~- s> (1\1 ,<t;-l'L,f).:: ~ O(l'Yl., CL '7 n..,-'f)= is+t - · !ls+, l 

=-1-1 ~(.-m,ci;vt.,f) = _1_1 ~(m.,-~·,n.,f) 
~s+ ~s+ 

(42) 

for any spin s. Eq. (42) m.eans that the probabilities of interest e.re 
7. 

reduced to one-spin probabilities (~uch as in Table 1 for spin~). 
Indeed, if we measure first a projection of one of the spins, say of a, 1 

along CL , we can find any possible value m with the probability 2~+1 · 
Then, spin b will have the projection - m along ct. with the proba
bility 1 (due to the angular momentum conservation), and hence, the 
projection n along b with the probability ff, (- in. 7 cL ; n.; ! ") . 
Thus, eq. (42) is proved. This can be confirmed by the direct calcula
tion (see Appendix C). 

The probabilities . , 

are given in Table 2. 
It is clear that 

LL 

r (m.,a.". ; n.,'f I si'..r11-ee.t) 

, , -

~ (.tn. ,~; n.,l'\si."itt~ = i. 

for 3 spin 2 

(43) 
- ..... ,n =- s,'. . . -,s 

5.A phase space representation can be defined as follows. Each ope
rator F of the spin-¾ theory can be represented by '.--the pair of 

functions A · "' 

f F(½: ,5), Fli, s') 1 ={ h{§(½: ,?:)F), tr(~(i ,~')F) 3 (44) 
. The trace of F is expressed via any of its PSR - components 

trF = (.?s+1)SJt'(~)F(m.,s') (45) 

This follows from eq, (24). 
In particular, representatives of the density matrices are 

\ s{t, $; -l ,ct), S'~i ,s; t ,a:)1={ ~ (Hiis)~-3cts)CZ., ¾C1+its)'2-(1-its)} 
{_s{i ,;; ; ;_ ,cl), 9(i- ,s\t,n:)\=H 0+a-s)'l.<.1-a.s)~ ½ (1+<l~i1 (46) 
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The normal:j,zation condition (17) is written as follows: 

ti' ~(in 1 0:) = (9..S+1) ~J.~&)s>(l't- 1 ~j-tvl.)~)=1- (47) 

Restoration theorem. The completeness relation (20) guarantees 
that any operator can be restored via its representative 

f = -11.-trF + L c..l>t. r J.rC.s') ~(.irt.,s)FC.tn.,s). 
1>1.=1.. 1 j 

'l.' ~ 
" where tr F is given by eq. (45). 

The trace of the product of two operators is written as 

(48) 

tr(f G- )=-trF -trG + ~ ~ ... Jdr(s)f(.llt,s')G(m,s). (49) 

Wl="i: l~ A 

In particular, the expectation value of F is 

tr(-r~)=-trf+ ,L_ c.,..~dr(s)F(.m/:)~(_m,s'). (50) 
m=i.. z.. 

. ~}~ -· 
Expectation values of the spin projection (g$') can be represented as 

tr ((f ~) §lm,ct))== L. Cn, ~ Ar($')tr~f~Hll'l-,s»-tr{s(tt.,5) ~(m,ct»= 
1 2,. 

n.="i '~ ' 

= 1s r A~ls') (f$) ~ S' (. 11.,s; m,ct) (51) 
9. ) ' M -i.. J. 

••-2, l 'l_ 

The singlet state is represented by four functions 

r (m.,ii."; l'l-1-rlsi.11.<;\JH) tn.,n...= ~, "i. (52) 

The normalization condition of the singlet state is expressed via any 
of these fu.~ctions 

(_2.s + 1) 2. ~ J f(cl) ~ J ~C.f) S'(m,?:; n., f I si.VL1le.t}:::1 . (53) 

The.correlator of projections of two spins in the singlet state 
can be represented 

(. (.a\°e.") = t1 t{ (c.a?~ .... )lfi;~) y s~"-1e.:.t) = 

= L ~ :,t..,.c.n ~Jr(s"-)~clrC.S3)tr~a".~)~(.m.,~q_) tv~l~)~(l't-,s'~-
m.. n.=-,-

1 2, 2, -, --,.e,\ • fl t) • ~ (!rt.,s.._; n.,s sLtt-'}-l.e. = 

,= \Ar<.s"-)~ Jresi)(.CLs""')(gt~) L ~ ?,t.,..C..._tnt\. 9C!n,s"; n.,s3\si.n~t)= 
m,n=~1~ 

=(':)'1-~a~(.s"-)~ctf~e)(.O:s4 )(t$11
) I° ~:, s>lm,s"-;"-,silst"1-~t). C54) 
l'Wl7"-="i 1,: 

IO 

i 
I 

l 
I 

\( 
Ii~ 

l 

,t 
-l 

This expression for the correlator is similar to that proposed by Bell 
with the reference to the classical probability theory (for two spins 
½ ) . Following his derivation12 ,4 , 5/ we obtain for the correlator (54) 
the inequality 

lc.(o.\f)-c.(ci:J')I+ 1c.c.ct',l1) + c.(cV,e')I~ !l-(~)~ (55) 

which, of course, is noncontradictory. 
6. Other PSR's can be obtained, if we represent the completeness 

relation in the forms 

Li~!tls') \ ~U. ,s)l®llYts)U =\1l®U1\, 

Li \Jr-l~) I§ (1: ,s)I ~ R i<.tH = l1\. \I® U 1l, 
A /. 

4)dfl&')IXW)I ®1IX.C.s')U=l1Utoft1\. 

(56) 

(57) 

(58) 

Being considered as equations in Y, Zand X they 
to obtain 

can be solved x) 

Yor) :cclt +r,c..c.eg) +"l'c.a:t)'l. + ~ (clgi (59) 

with ..:. :u _ s~-11 s s-s.1, 
c1.. - - 1b ? f> - - 2.:!, • 3 ' )' ::::: ~ ' - !!_. ~ , (59.a) 

i (il) = J. 1\. + r, (Clg) + '6 (clt)'l. + <o (CL~)=- (60) 

· th , 2. 9 ti. s. +9 v 5 ~ S · 1- (60 · ) 
Wl. c,..= -1,, r = ~, o =-1., a = - --'l., .a 

. 0 i . :!, "1 2.• 3 

X, let) = J.. j\_ + ~ (_~g) + ~ l <L ~ ) 1 + b (.ct g:):. (61) 

I -5'l(+i -\ [ _r:;-;::] ~ + i5 ~ -+.fis 
with "'-= 4 1 ~ =- -41'b ±2y\S' , '6-- 4 , 0 -- 6 · 

iO .. (61.a) 
Any combinations of signs are acceptable (the conditiontrX(ct)=4~+S1=i 
excludes the minus in J. ) • 

It is clear, that the completeness relations (56)-(58) permit to 
. " introduce one-component representatives. Arbitrary.operator F can be 

represented by any of the following functions 

F~ (s) = tr l~(; ,s) F] 
1 

F1, ls)= -1:r [~(-~, s)F], 
F 'l. (s') = tr (Xl~) F 11 F3 ls')=tr lYl~) F), ~ (s:')=tr [ils)'F] 

(62) 

xJNote that for the integer spins the equations, similar to eq. (56) 
(or (57)) form= O cannot be solved. It is clear from eq. (25). 

, ll 



In these terr.u; ·;1e can v;ri te the restorarion · theoreras: 

F =Li Vr c.s) Y<.s>)i\<.s) = Li JA rls) 2-ls)F\,(s)= 
= 1t \Ar<.s) x.<.s) F1';?. ("s) = 
= Li ~J rl?) § G: ,s)F:i. <.s) = 4 \Ar~)§(~ ,5')F'1(s), (63) 

the trace of the product of two operators 

tr ere.)= 1t ~Jrls)f\l?;)~:!,(_~) = ~ ~Jt'(s) B, (s')G-,,(s)= 

= 4 ~JrCs)fl~ l~)c.-2. o~), (64) 

the expecc;ation values· 

tv-(fi H½,ct)) =4\drls)F~(~)~1(s; t ,ct.)=4 ~J~(s)t~&)S\r(s;tii:)::c 

=A ~ A r-Ct) 1\.(s) ~ ';l ls; i ,cl)= 

/,"A 1 I\ 

= 4 ~J~c_s-) Fls>) ~-:,l~ 1 i ,a')=A ~Arcs) F1 (s)f~(s;-t,ct)= 
=4~~fls?)F1,(.s)9,,(s;l,ct), . . (65) 

tr\.r \' ~ict)1_ ~ 4 ~cl~(.s)f3 CsH1. <.s; ~ 1ct)= 4 ~J~(s)~C.s)g1;(s·,½:,«-)=-
= 4) J.r<.P)F\_(s) ~9..<P; l ,ct)= 

= 4 \J.~Cs) f1l~) f~~ ;f1a)== 
= 1t )d ~l.~) ~ 1' (~)~4(~·,t ,ct'r=A ~Ar(?')F.i, ls')?41c.s';½,cl),<66) 

The densities ent;erinc; are 0iven by 

g"(;;;½_,,r')= tr l~(-\,s') §({,~)]= 1 (1+s'oc)\ (67) 

~1, (~;¾,o.:)= tv-t ~ l½, ct)~ ll ,oc)1 = ; (14-~oc~(1-szt'), - (68) 

~~(§·,¼,a:)= tr lx (.?:) ~ l ;_ , ct)1 = . 
. . . =J.+¾\+ ({ y.,+ ~ ~lets)+ i'<(a:?)'l. + ¾ s (.ii'.s)\ (69) 

9:!>ls;-1,~) =tr ['£(5')~(\,~)1= ~ [-3-1sc~a:)+1s(~£.)4.+3swrf·J== 
= ~ [~ + ::,1\Cs'iL)+S P~(.s'O::)+ 1-P~(~<I.), · (70) 

0 1-,,,:, ..,) 1 c:::: .,.. """) -\ n. '\-,-~9.. 
) ..._1 ~::, ·, "9:, (1., =T u ti 2. (_s (l_ =,.- \..1..~ l.;; ..,) 2. 

:::, 7 ;:,=' ""11--:-t-1-'l"1_5a..+yt. 
= i [1 + L l'l...t+·()Pi (_5'0:)) 

, .t-=--1 , 
(71) 

~4 (s~ ;_,a)= tr i ics)~lt, <i'.)1= 1 t.1 + ~s<.!>'it)-,s (_s'cC)~-
3t (s't?_)~ J, 

. (72) 

12 
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~ 1ls;i,ct)=tr[§l½,?)§C½,ct)1= ~ <.1+sctl(1-°5ct)) (73) 

~ 1,(s;t_,a)= tr[§ <.½,s) §(t_ ,ct.)]':"~ u +5'ct)l1- ?>sa)\ C74) 

gi. ls'; ½,ci'.)= tr [X(s) §(\,ct)]= 

::: J.+ ¾"" + (1: t, + ~ b)<.s a'.) - t )((_s'O:)'l. -¾ t(s'O:)\ (75) 

?-/$ ,i ,ii.) =-tr ['t' (.s") ~l"i ,a))=~ [1 + s-1~Csci)-1s(.so.".)2--3•S•"f(sa':)'3], (76) 

~ti ls;½_ ,oc) = h-lZ.(s) § (1t ,a".)1= ~ [-3-1s(~ct)+1s(sct)q_+ ~s&a:)3]= 
= ¼ L 1 + 3 P1 l.s~) + 5P~~ct) + 1-P ~C.s" ct)1, (77) 

~Li' (s'·,½ ,a:-)= ~ 1i $9.. (s' ,n.), . (78) 

\'ihereJ. 11!','ll,b in cq:.;, (69) and (75) are given by eq, (61.a), P.f.(s'it) 
uro the Legendre polynomials, S!:,~(.s,oc.) is t;iie b -function on the 

sphere s
2 

(the .Poisson kernel), The densities (70) and (77) can be 

replaced by the 'b -function, All the densities are norIIlOlized 

according to eq, (47), Only the densities S'-1,S'
11 

,5'
3
,(s;-;:-,oc.) 

and 5>41~;1£_,a'.'.") are po~itive definite . .B'or expectation values of the 
spin pi•oject;ion (ts) we c;et . 

tr [Lfg,) §l"', oc)1= 4 c..,}l~Ls') t"fs) ~;__(.s'; "',ct'.), (79) 
where tvt.::::½,~; t.-=1,1',~,;,?:,',4.,41

1 

c. _s c.-15' ,._+-\.q;=r:- c.-c.,-~ c:.-c.-j_ 
1 -~ ' 1 1 

- 2.. ' '-'3.- - °i" I:> ' '.!, - 3 - 'i. , , - 4' - 2.. • (80) 

'rhe f'uc tore c. i follow from 

tr { (f?) [ x_(_c;); Y(s); l.ls)]} == [ ± i't\5 ; ~ ; \: ] (ls). (81) 

'.rlw singlet state of two spins ~ is represented by :my of the functions 

~'1 (ct.,r l»Ll"-jee-t) = S'(\,ZL; t J t1s~~41ee.t) = i1. (1- it"&')\ (82) 

~1• (~,t' \si.~~e,t) = ~(~~a!; t, g[ s.:tt--a,l~t) = i2. C.1-ci: f) (1+3ci:f)~ (83) 

5'~ (CL1-e;'\s.'.."°1fe.t") = t,[ t[ [ x_~(_~)X.~(_~) ~ ~L"1W:]"" 

=~c. [1.-:iP1(.ci?t')+SP9.C..a.t')-1'-P3 (a:~)], (84) 

~'l.' (ci\f\s.:~let)= ~6 '5~q_(.a:,-~\ (85) 

9 !, l.cl,~\<;,.:~tu,)= \r-t.r [Y''{a:)Yi(t) ~ s~ ... ,.tctJ = 
= 11. [- ~~ + 5!1..4.~(_ctl') + is (cc.W)~- 5!... 1- 2. l.oc tr?], (86) 

S' '-l (cl, f \ !>~~le.t):::: t,r t{ [ 2."'-(CL) 11\_f) r ~~n1-iet] = 

= i9.. [-i~ .- 'l.J tel~)+ 1-s <_ctis')9. - ( 5~1t locff•J. ca7) 

Ia 



All the densities are normalized according to eq. (53). The den:,ity ~2. 

can be replaced by ~9..1 • Only the d_ensities 9
1

, f?
1

, and '59..1 arc 
positive definite. In terms of the above densities the correlator of. 

projections of two spins¾ in the Ginglet Gtate takes the form 

c.cii,f) ~ 4 2.. ct\ J.rc-g"'") ~ Jt'c.s8) loc sA-)( r5g) ~ -i U>'~ sils;.~~t~tt (88) 

where i = 1, 1: 2, 2; 3, 4, the conGtantG c. are given by eq. (80), 

c 2 =· c 2 ~= ± 1 ,[is . Th?se expression:, fo/· c.(.a'.,~) with the 
positive S, lead to t_he following inequalities 

{
l;l ,.-=1 

I c. loc, ?)- c.(oc,"«')l+ I c.(oc~ «') + c. (ct! ,l)l ~2.- c.t = i· (1~)9- i:=1' (89) 

. 15' i..=1' 
Among all the estimations (55) and (89) the laGt is the ~st. It can 

be easily obtained fo;r• any :,pin s as follows. Indeed, according to 
eq. (41) 

c..C.2,?)=-1 s(s+1)lcil) = 
. = S(.s+1)~cl~(s~)\olrG')(ocs"'-)(.fsi)&59.($a..,-sg). (90) 

'rhis expression leads to the inequality 

I c,(a\t) -c.(oc1 "f1)\+ \c.loc', -g,) + c.(a', fy\ ~ i· s(s+1) (91) 

for any spins. From eq. (91) it follows 

1a?-a:?1 1+ \cl1lf1+ ci!l\~i-?:i (92) 

with no dependence on the Gpin. Note that S52.(s'\-sl?.) may be treated as 

a classical counterpart of. the singlet state, being the density 

1>si(S'\ s~<osi(58, -so) :for two "spins", integrated over all the ini-

tial directions 50 b5'l.l_s"'-,-Se) = \cl~(So)S54.(5'\ So) b.54.(sg,-sa}. 
However the quantwn correlator c(it,f)• contains the superfluous factor 

A7~endix A. Canonical representation of spin~ matrices (see 
ref. 37 ). 
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1 

-1 
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i.1-

A!, 1 
s =--
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1 

-1 
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. ~ . 1 
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-1S 
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• 1~~ • 
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' -b~ · -19 

· b~ · -i1 

-1 

1 
{s1 s'l. s 3!= a~?> '\.. 

k. I 1 

-1 
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Appendix B. Calculation of traces (29). If the special frame of re

ference with Oz II b is chosen anu ii:: the canonical representation of 

the spin matrices is adopted (see Appendix A), the density matri-

ces take obviously the for;;:i 

J H¾,f)=[: ~ u- , ?) = [: ; : : l ) 2. . • . • ' .... 

~{-!. f) =: [: • : :] 
} 2.1 ··1·' . . . 

~ l- ~ t) = [: : : :] · J ,.. , • • • • 

• . . 1 
(B.1) 

Now the. calculation of the trace· (29) · is reduced to finding of some 
A . ,._ 

diagonal element of the matrix '?(m.,a..) . Since o(m.,iiL) consists 
' ..., ~) Ir.. ) . 

of the products (.a.. !:. , we first calculate the traces 

tr [Hm ,i,°') (~?i)lc.] ( k ·= 1,2,3 ) for Oz I( ii. Let us decom::. 

pose (cf. ~)'i. and (.irg.)3 into the syrniaetrized products as follows 

'cx:~)2. - a.2.s2.+ a..'1.52.+a.2s2.+ \. -11 2.2. !,'!, 

+ a.1a.2.{;1~2..\ + 0..9..a.:!,~ s2..s:!,3 + a.:!,CL1{_s:!,s1\, 

..... ~)?, :!, A:?, . :!, "'?, . ?, "'..!, . {" "- "- t 
(a..s = CL1 $1 +0.:2.$2., +a.::i,$:!> + Cl-10..9.Cl.~ S1S2.,S'.:!>5 + 

2.. I-:' "2. . " 2. "- " ,.. " ) 2. (" I\ CZ. "2. A . "' ,.. A \ +a.1 oc9. \.,51 S2., +S2.. s1 +52.S1S2. + a.1 a:!> S 1S:!>+S:;S1 +S:;S1S2,/+ 
'if:'" "'l. "'l,." A· A "'\ 'if:' "£ "q_ A A ."- J\ \ ' + a.:2. a.1 \S~ s1 + s1 s!l. +s1 «o2.s.i, + a.!l e1:;\..S9. s:!, +s:!, s~+ s.;s2.s~,+ 
2./f\ A'!_ "-2, J\ A A A\ 2_ (" A2,_ "2_A A " "'\ + Cl:!,~ \..S:!.51 + S1 5~ + $1 Ss S1J + a.2, Cl.9.. S:; s2. +s'i. s:!,+?2.. S3,S2_/ .(B.2) 

Using the table of the syr,l'lmetrized products of Appendix A, we obtain 

t V' [ ? (-½_ 1?) 1l 1 = 1 , 

[ "(_::, 7i')' =";,.)1-3 ''. tr Y (_~', b (o..5 -"§:°'::!> 1 

[
"{ "!, f) (-'~)2.J '3 ' 2. + 2, 4.+•9 2. 1, 'b 2. 

ty ~ \..'9:' u.S -::- 7i: a.1 Li"' (i.'l. ~ d:1, =4 +Ta::;' 
t.v- [f({ ,f) (cf?)~] - ~1 a.:1, + ~ «J; (B.}) 

tr[y l\ 1?) 11.] =11 

[ " (i. ?(?) .... ~)· ]- -{ :y S' 2. l ~ (a..5 .. - _2. ¾ , 

tr [ ~(~, f)(oc~)'l·] = ¼ -i a.~ , 

tr [ ~( ~ ,f)(_ci:;"Y,] = ~CL:; - i a.\ 
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(B.4) 

Then we get the traces desired 

~(t,1\\ ,oc)=h{?C::l,f) s{t,ct))= 1 (.1+a..2,)3, 

s>l t,t\ l ,cf)=t.r (§l~ /f)~(;_ ,ct'))=~ (1+~2.Yt1-e1~), 

~(~ J; t ,-a, =tr(§(\ ,f)~ (:t, ct))=-~ u+ o..3)(1-3a.:,)~ (B.5) 

In the c;eneral l'rame of reference a.3 converts into (iLf) . The 

list of these probabilities is c;iven in Table 1 on p. i. 
Appendix C. The direct derivation of eq. (42). In the special fr~

me of reference with Oz \l ti we have 

S' (m,0:; n.. 1 f (s~n~le.t:) = 

= ~- (1 ooo) ~(l(1rt,a) (i] 0 (0001)~g(~,?)· U]+ 
+ ~ (01 o o) ~~(m)t) [f] ~ (o o 1 o) ~g(~,l) u )+ 
+ { (0010) ~'\m 1a~ [jl~ (01 o'o) ~\11..,1): [i]+ 

-j I\Ol ➔ [01 ,At, -:> [
11 + 1(0001) S' (m.1<t.) ~ ©(10.00) f (11,,f,:) ~ 1 (C.1) 

where the matrices ~g("-,f) are ·~~ve~ b;y: ~~re1.rnions (B.1).0ther 
12 terms of this sum equal zero sine? S'~(11..,(s ). are purely diago
nal. For a fixed n only one term remains in the expression (C.1) 

since only ~ne matrix element ( )~t\C."-, l) ( ·1 of four dif-

fers .from zero. rlw matrix clements . c·· ) ~Cl.(m.,a:)l J .· 
are given by eqs, (J3.5) of, Appendix' J3 · or by Table 1 in tho general .. 

frame of reference (of course, wlth lll--m, or' 1I--a, or n--n, - - . . or b - -b ) • . . . . . · _ 
It is clear that the same calculation.is applicable for any spin 

s. Then i is replaced by Ts+'1 . Tliere · reumin 2s+1 te~ms in the sum 
· similar to (C.1), and only one of them is nonzero for a given n •. 
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