


1. Introduction. v ,

It 1s known that the S-wave cross section of the fusion reac-
tion X(a,b)Y i1s described near the threshold e£»0 of the channel
a+X by the formula /1/

in o A ' o
07(e) ={d (R=0)|% v A =const , ’ (1)

where R 1s the distance between the fragments a and X , ¢.(R) 1s
the wave function of relatlve motion of a and X , and V =/2-¢/H is
the relative velocitiy of their motion.The formula can be made more
accurate by taking into consideration the coupling of the channels
a+X and b+Y 1in the factor A (see, for example,/2/). For an
arbitrary partial wave J it 1s convenient to write the reaction
cross sectlon through the Jost function ISe)=IISe)I-e'1GJ of the
system a+X /2,3/:

5 A
oje) =lty(e)1% (1.8)
determined from the relatlon
kJ-|1J(e)1'1-RJ<—— $1(R) —> Sin(kR-J-L2+0(e)) AR (2)

and coincident with |¢J(R—0)| e'iGJ as J=0 .
If the Coulomb 1nteraction ( 1/R ) occurs between the fragments a
and X, formula (1) -1s reduced to the known Gamov formula

A
) =c§(e)-; | (3)

(where cg(e) =IIO(8)|—1= z-i/V/(ezx/v -1) 1s the Gamov factor),

which well describes a great amount of experimental data on fusion
reactlon cross sections of the type X(a,b)Y in the range 20-100
keV of the colliding energy € and is used for the extrapolation of
oi(e) 1n the limit >0 /1,4/.

Here we 1nvestigate deviation from the Gamov formula due to
an 1interaction additional to the Coulomb one (it 1is not
necessarily a short-range interaction) in the entrance channel and
discuss manifestations of the effect.
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2.Screening effects in fusion reactions of the type D(d,p)T
near the threshold of the channel d+D

Recently, the problem how to improve the Gamov formula (3)
has arisen in describing the screening effects in fusion reactions
X(a,b)Y for slow collisions between nuclei (a) and atomlc (or
molecular) targets (X). Really, the latest experiments /5,6/ have
shown the cross section of fusion reaction D(d,p)T to deviate
noticeably from formula (3) at low colliding energles ( & < 5keV).
It has been established 1in papers /6-9/ that it 1s necessary to
take into account an electron screening in the channel d+D. At the
energy =~ 1keV this effect makes the reaction cross section =~40%
larger than the cross section for the reaction d(d,p)T on bare
nuclel d, and this ratio grows exponentlally 1f the energy
decreases /8,9/. Let us investigate the electron shielding for d+D
fusion in the 1limit &£»0. To calculate the searched-for Jost
function ~IJ(E) (2) of relative motion of d and. D , We use the
adiabatic representation 710,11/ , successfully applied to the
analysis of three-body systems such as d+D /9/.

In the approach , the system of three Coulomb particles d+D i1s

described by a system of an infinite number of ordinary
differential equations /10,11/

) ZyZy J(341)
G15R) + 2M(e~E, (R)~ 2 S )¢1§R) 2 u1g (B spR)=0
(4)
Z2 J(Jd+1)

¢1U(R) + 2M(E-E1&R)— “SHR™ )¢1£R) 121U1u,sn)¢J£R)=0
D—E,u

with the boundary conditions /9/

1R = 1151710,

R>0 =
, (4.a)
¢1£R) =0; 1=2,..-,0 3 p=g,u

s

1/VE-(¢1§R)+¢1&R)) g—* J(kR)-t,(€) -ngkR)
1/V?-(¢1£R)-¢1&R)) — _tb£5)'n$kR) (4.Db)

b1fR) — 0 5 1=2,...,@ 5 p=g,u

where wi R) are the wave functions of relative motion of the
nuclei d, (ip) is the set of quantum numbers of the two-center
problem ( an electron in the fileld of two Coulomb centers Z1and Z2
at fixed R ) and p=(g,u) characterizes the parity of the
two-center-problem wave functions relative to the rearrangement of
nuclei /127, EiﬁR) are the eigenvalues of this problpm k—VEMTF:E-)
is the momentum of a channel , E, =E, m)—E1&®)— P (gﬁ, are
the effective potentialq of the three body problam /10/, d 1s the
angular momentum of the system d+D, tagg) ,tbég) are the elements
of the real symmetric reaction matrix, M is the reduced mass of
the system d+d. For the "symmetric" system d+D (with the identical
nuclei) there is no couplihg of the states with different parity
p=(g,w (U, ﬁﬂ) =0 ) =0 /10/ ), which allows us to  golve the
problem (4) for the functions ¢ éR) and ¢ &R) separately.

Because the small parameter 1/2M of the problem equals =2-10 -4
here , we can omit the terms U1 S . 1n the system of equatlons
(4) . For this case only the first equation for ¢1&R) with the
potential

U gR) = % E,4R) (5)

remains in the system (4) and the boundary conditions (4.b) are-~
reduced to ¢1§R) > JSkR)—tage)-nSR) /9/. It 1s Kknown that this
one-level approximation works well in the region of low energies
/10,11/, for the system d+D it 1s < 5-10keV /8,9/. This glves us a
possibllity of testing the screening effects in the range from
extremely low energles to the experimentally attained energles =
3-10keV. In the paper/9/ the calculations in the approach were
performed for the region 0.25-10keV , they are in good agreement
with  the semi-classical calculations based on the classical
traJectory Monte Carlo method/8/. Here we have performed the
calculations for 1low colliding energies e-0. In Fig.1 the
calculated function IIO(€)|_1of the gystem d+D is given ,where one
an clearly see oscillations of the function.
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Fig. 1.

The function ]16€)|_10f the system .d+D for the state J=0
calculated in the one-level approximation of the adiabatic

representation.

To understand the effect and to search for 1ts possible
stronger manifestations in other fusion reactions X(a,b)Y 1let us
conslder a simpler interaction than (5) in the entrance channel
a+X of the reaction.

3.Resonance amplification of the reaction X(a,b)Y near the
threshold of the channel a+X
Pirst, let us consider the simplest model when there 1is no
long-range Coulomb interaction in the entrance channel a+X, and
an additional interaction is given as a rectangular potential well

-V R, O
U(R)={ 0, "0
0, RO>
system a+X 1s found from the equations™’

*) The simple consideration 1is analogous to the problem of
overbarrier reflection of a quantum particle for a potential
barrier with spherical symmetry presented 1n book /13/.

4

. In this case the Jost function of the

§12(e) 17 s1n aR = sin(kR#5,) “
6
lro(a)l_!cos aR;

1]

cos(kR0+60)

where k2=2Me ’ q2=2M(s+V ) , 6y 1s the S-wave phase shift for

scattering on the potential U(R) . One obtalns

'/
-2 0
v, €+ V f =14
-2 0,.4..2 0 » “max €
[£5(e) I7°=1 +5>81n“(KRy+8) =——"p— — [ T (7
0 € -070 e+VCOBQR)) » Im%n =1

So, the S-wave cross sectlon of the reaction X(a,b)Y osclllates
according to (1.a) 1f the energy & changes.The maxima of the
osclllations are at the points

xg(1+2n)2 v (&)
£, = - - .
nC RS 0

where n= v,%M1,...; v 1s the number of bound states 1n the-
potential U(R). The amplitude of the oscillations 1s defined by
the depth V0 of the well and decreases with growing n. The first

maximum I;§x=1+— 1s more strongly marked.If 1t 1s close enough to
£ .

the threshold £-0, the reaction has the resonance behavior near

the energy €, The oscillation .period »

: xz(n+1)

E . «— E : (9)
n+1 n MR%

1s determined by the interaction range Ro , the redqced mass M of
the system a+X and increases 1f n grows.

In Fig.2 the dependence of the function IIO(s)l'zon the
parameters V, and R; of Iinteraction T(R) 1s demonstrated.The
dotted -curve has the resonance bhehavior as &»0, since here the
maximum of the first osclllation 1s at ao=0.23. A similar
conslderation is possible for the high waves J#0 too. But the
resonance amplification of the cross section as £»0 1s compensated
for by the centrifugal barrier for the case.J#0.
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The functions |£4e)|™® for potential wells with Vo=M=1. The
dotted curve corresponds to the well with the radius RO=1, where
there are no bound states, and the maxima of the first and second
oscillations are at points €9=0.23 and €4=10.1, respectively. A
sufficlently deep level appears in the well 1f 1its radius 1is
Increased to R0=2.5 » and the maxima of the first three

oscillations are at points 81=0.78 R €2=3.93 and 83=8.66. The
so0lid curve corresponds to this case.

Let us apply this simple consideration to the above-analyzed
reaction D(d,p)T . Using the model suggested 1n vpaper /7/ , we
define the interaction in the channel d+D as

2,2,
U(R)={ R~ Vor RRy (10)
0, BR,

where Vo =-E1f0) + Eyf=) =-E(HE) + E\(D) ~ 40eV , Z,=Z,=+1 and Ry

6

b;

1s of the order of the effective radius of the ground state of the
D-atom™)

This rough model ig very close to the one considered above ;
nevertheless, such simplification ylelds sufficiently good results

for the reaction D(d,p)T at low energies 1f compare with
the numerical calculations /8,9/.

Using the above approach for the rectangular potential well one
can get the Jost function for the potential (10) (see also/7/)

cg(q)-(e+VO)
= Too
s+(VO-R01+%-(€+VOTIRO ) -cos=B

|2ge) 1 7%= (11)

M . M
where B =qRy- 6'1"2qR0 + arg P(1+1§ ), q= VEM(&+VO) , M 1s the

2%

reduced mass of the system d+D, cg(q)= “‘?"2%77“')’ vq=V2(s+VO)7ﬂ.
v-(e q-1
q

The value €, 0of the oscillating function IIO(s)I‘gmaximum
‘v ‘
-2 _ a2y, Yo
Imax" Co(qﬁ (1+ g, ) ) (12)
can be found from the equation
M M 1
anO - ﬁﬁln 2an0 + arg P(1+ian) = (2 + n)-x

having the solutlons close to (8), where n = VyV+1,...5 v 1S the
number of bound states in the well (10).

Let us estimate the Period- and the amplitude of the
osclllations as e»0. Since 30 bound states (v =30) are located 1in
the well describing the vibrations of the ion DE (here we
approximated the well by the potential (10)),one can estimate the
perlod of the oscillations as

xg(v+1) xgao 276V = 0. eV
€ 4~E = ~ :27eV = 0.4e
L MRg 2.10310

*) For the present we cannot strictly fix the value of RO , but

even this simple model 1s useful for a qualltative analysis of the
reaction.



and the amplitude of the oscillating function lIéen)l'Zat n=v can
reach the value of the order of

-2 " 40eV
Ty = Cp@) -(1+ £, )

The estlmations are in a good agreement with the numerical result
presented in the previous sectlon (see Fig.1).

The oscillations manifest themselves for the system d+D only
at low energles, that 1s in the region not reached experimentally.
However, 1t 1s interesting to estimate the possibility of
revealing oscillations caused by the electron shielding for other
fuuion reactions Recently, the experimental data for reactions
>+ He (D+ H@) at low energles =5keV have been obtained /14/,where
the still unclear deviation of the function

Ate) = olfe) -v-c5ta)

from the constant value by the factor of the order of =5-10_2 has
been found /7/. Such growth of the function could be explained by
the correction Vo/eO ,estimated for the reaction to be /7/
2
VO 10 1

~

€n 5.108 50

n
and the perlod of the oscilllations

22 (v+1)
€ ,4— E >
n+1 n MREO

exceeds here the period for the system d+D because of an essential
increase in the number v (the number of bound states in the well
describing the system D+ He ) and a decrease in the quantity RO
(RO—+R0/Z ZZ) The final answer to the questlon could .be obtained
from a numerical calculation of the reactlon analogous to that
presented 1n Sect.2 (see also /9/).

4.Fusion reactions for light nuclei of the type t(d,n)4He
It 1s surprising that clear formulae (8),(9) also describe
some characterlstics of 5He mucleus. So, for the resonance seriles
g in 5He R £v=16.75MeV ’ €y 1—19 8MevV and €, 2-24 25MeV
(the resonance energles referred to the ground state of He) R
determining the cross section of the reaction t(d,n)4He near the

threshold d+t /15/,we have
8

= "a%

= 1.4-1.7 . ‘ (13)
Epet — &y

€ -
nexp = [ V2 v+1]
Since the first resonance, & —16 7T5MeV, above the threshold of the
channel d+t is considered to be the first excited state of He/15/
( the radial part of the wave function of the state is
characterized by the 2S-state of a harmonic oscillator /16/), the
number v equals 1 and, according to the formula (9), the parameter
by is
th _ 2 3
KOS

which 1s in agreement with the experimental value (13).

Formula (9) also gives the realistic estimation for the

channel radius of the 5He ~nucleus in the channel d+t:

/1
RO=I'—m~_e—v)214Im.

Epre

The simple formulae could be useful 1n analyzing of energy
spectra of other 1light nucleil.

5."In flight" fusion reactions in mesic atomic physics
The nuclear synthesis reaction , "in flight" fusion, in mesic
atomic physics of the type

tyu+d —+4He +n+yu (14.a)
pu+p—>d+et +p (14.1)

formally differs from the reaction D(d,p)T considered above only
in the length and energy scale:

-8 1
o = 0.529-10 cm—»au—ae/mu—26 .10~ ¢
(e) 27 eV — el e(e) = 5600 eV -

Since there are maximum two bound states 1n the potential well (5)
(they are bound states of the mesic molecules dty and ppu /10/)
and its depth 1s estimated as ‘



Vo =E(H8) + E,(pu,ty) = 3.6 =~ g key

one can assume the following estimation for a typical period and an
amplitude of the cross section oscillations:

(1) 10-3

£ -E,; ™ =
[OLIR ™Y 10-10

-5-103 = 102-103ey

3
2 _ 42 L 0200y.70 o200y 8710
Imax = Imin = Co(q)-gv = co(q)"E;‘ .

The strongest manifestation of the effect 1s to be expected in the
system put+p- where the depth of the effective Potential well 1is
such that only one bound state can be located in the well (the
ground state of the mesic molecule ppy) and even 1ts Insignificant
deepening leads to a new bound state here 710,11/, 1In Fl1g.3 the
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Fig.3-
The function [fge)| "of the system putp for the state J=0.

results of the calculation of the function IIée)l“1for the system
bu+p are presented. The calculation has been performed in the
so-called "simple approach" of the adiabatic representation /17/:
problem (4) for the first two states ¢1£R) and ¢(R) of the
adlabatic expansion with the reduced mass

mﬁ(ﬂp+mu)'ﬂp/(2Mp+mu)/ma ’

10

instead-of M =%-up/ma , has been solved. The simplification
ylelds accurate recults as compared to multilevel approximations
of the adiabatic approach for describlng slow collisions in the
system "meslc atom + nucleus" for the case ‘0of equal masses of
nuclel /18/. For different masses, the "simple approach” ylelds
less accurate results /19/. We have to note .that the curve in
Fig.3 really corresponds to the case of a resonance near the
threshold demonstrated in Fig.1 (the dotted curve). .

Let us estimate a possibility for the experimental study of
the effect of oscillations in mesic atomic colllsions. As 1s known
(see, for example,/20,4/ ), the constant A3t of the nuclear
reaction d+t— “He+n determined by formula (3) 1s at least two
orders of magnitude as large as the constants of all other fusion
reactions in hydrogen-isotope mixtures. As a result, the rate of
reaction (14.a) 1s maximal as compared to other "in flight" fusion
reactions.The rate of the reactlon reduced to the liquld hydrogen
density NO as >0 1s estimated as /7/

Adt) = L1y 1266)T%-AqgNy = C3(q) -AgyN, =

_ (15)
8.5-1021.3-10144.25.102 g1 = ¢.5.1055~"

which 1s 1in agreement with the numerical results Aidt) =1.2-1055“1
/3/ and Aia) =1.15-1055'1/21/. Flg.4 shows the function
|Iée)|_1for the system tu+d calculated in the "simple approach”.
Here one can see the resonance (the first oscillation) at point
g=g = T6eV (v=2), where |138)]‘?C§(q) increases to ~ 30 , and the
rate of tu+d "in flight" fusion (14.a) at the point 1s equal to

A9t (e=T6ev) = 2.106 5~ (16)

and 1s nearly an order of Magnitude as large as the rate of the
muon decay 2;=0.45-10%"! However, 1t 1s quite difficult to
distinguish the resonance from other mesic atomic processes
accompanying the reaction (14.a) at these energies.For example,
the rate of slowing down of ty atoms at the energy range 1is
estimated as /22/

Aer= 0%L-v-Ny = 1071%910%. 2510221~ 1011571,

11
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'We have to note that the result (16) obtained in the "simple
approach" for an "asymmetric" system tu+d may be essentlally
different from that of multilevel calculations /19/. It 1s also
necessary to take 1nto consideration the molecular effects/23/
(that 1s, the influence of the change tu+d by tu+D2(DT) in the
entrance channel of reaction (14.a)) near the thresholds of the
charnels tp+d and dp+t and the resonances for 1mproving the
accuracy of calculatlons of the rate of reactlon- (14.a). The
estimation uslng an effective potentlal of electron screening 1in
the entrance channel of reactlon (14.a) 724,25/ shows that the
correctlon for the electron screening is negligible.

The effect of increasing the quantity IIésv)I' /C qv) is the
strongest for the system pu+p (see Fi1g.3):

I24e) 172/ 65(@) = 70 (17)
as e=g,> 0 , and what's more , {Céqpp)/06th)}2= 36 (see Fig.3 and
4 ). So, the summary coefficient of amplification of the function
|Iée=0)l_2 for the system pu+p may be equal to the factor 2.5-10

-2 2 o
as compared with the same function |168=0)| o co(nge—O)) for

12

the system tufd. But the constant App of nuclear reaction p+p -»-
d+et+v 1s 25 orders as small as the ggnstant Adt of reaction d+t
~4He+n , and the rate AIpp=|Iéev)|-ApﬁNo of nuclear reaction
(14.b) even at the maximum 1s negligible as compared with the muon
decay rate Agp« Ag- A

Nevertheless , the effect may 1influence the rate of weak
processes /26/

L —n+v (18)

in hyQ;ogen. Really, the strong growth of the function
IIés)I"‘for the system pu + p as € »0 Increases the muon cloud
denslty near the proton 1n the pu-atom at slow collisions pu + p
and, 1n principle, 1t-may vislibly change the effective rate of
yu—capture (18) 1n dense mixtures due to an additional contribution
of the channel put+p — p+n+v. It 1s interesting to study the
possibility more carefully in view of planned experiments on
measurement of the p-capture rate 1in a mixture of hydrogen
1sotopes.

6.Conclusion

We have shown that the cross section of the nuclear reaction -
X(a,b)Y has an oscillating structure at low energles. If the
maximum of the first oscillation 18 close to the threshold of the
channel a+X ,the cross sectlon has a resonance behaviour.To analyse
the effect the clear formulas (7)-(9) have been derived.

Two Interesting manifestatlons of the effect found in mesic
atomlic physics , the resonance amplification of the rate of
tu+d»4He+n+u "in flight" fusion and the growth of the muon cloud
density near the nucleus 1in a pu-atom at slow collisions putp ,
demand , 1n our opinion , further careful consideratlion in view of
planned experiments on muon catalyzed fusion and on measurement of
the p-capture rate. ;

The presented formulas would also be useful for a qualitative
ahalysis of other threshold reactions of the type X(a,b)Y 1n
quantum physics.
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‘ Menemnx B e s R 54'91';33“h

Qi .-Pe3oHaHcHoe ycunexwe naepnou peanuuu X(a b)Y
‘»:i;aﬁnwsw nopora KaHana a+X ~‘55 S e

1 - npep”(a) c aToMamu (vnu Monekynamu) - muweHeii- (X), Takux ‘kak. 0(d,p)T npn -

S Mccneayercn OTKHOHeHMe ceyeHus nuepHou peaKuuu X(a b)Y ot ¢opMynu i
*ramosa 33 cuyeT A06aBOMHOIO- K KYMOHOBCKOMY B3aUMOAEACTBMA BO BXOAHOM KaHa- '
ne.-Moka3aHo, 4To cCeueHwe peakunu OCUMNANPYET NpU ManbiX 3HepPruaX CTONK-

' HOBEHWR .. PeaKuns 'HOCWT. pe3oHaHCHBNA. XapaKTep, ‘ecni’ MAKCUMYM . Nepeoil ocuvn- .

~ NAUMM’HAXOANTCA BEGNM3NU. Mopora KaHana a+X. /N KaueCTBeHHOro aHanu3a sddex-
. Ta: nony4eHol npocTsie COOTHOWEHHNA - -caaauaanmne nepuoa n-aMNNNTYAY OoCUMNNA~ ..
‘umit_C.napaMeTpaMu’ B3auMogeficTBMA. B 4acTHOCTW, OHM NpeACKasnBawT ocuMn-..
2 NAUMKM _CeueHUA peakumy cuHTesa X(a,b)Y.npu Manuix 3HePrvAX: CTONKHOBEHUR

- b}

"~ CTONKHOBEHWN Aaep. eeﬁfepun (d) ‘c aToMamn aeirtepus (D), v onucwiBawT: cepum

- pe3oHaHcor:3/2% & PHe,  onpeaensiowux- ceyerne’ peakuwn t(d, n)*He B6nnan’
-nopora_d+t.’ 3ta ocoGeHHocrb ceqeuuu NPUBOAUT K Pe30HaHCHOMY YCUeHuo cKo= -
- POCTV _AAEPHOIA peakuun "na nery" tu+d +AHe+n+y B npobneMe MOOHHOIO- KaTa-,
“nu3ainpn’e=76 3B u MoweT HOBHMRTb Ha CKOpOCTb u 3axsata’ ‘B nnornou CMe-
?:cu MaoTonoa Boaopoaa.-."“, :
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- f;f PaGoTa aunonHeHa B ﬂaﬁopaTopuu naepHux npoﬁneM OMHM
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gResonance AmplIfIcatIon of the Nuclear ReactIon X(a b)Y R T
Near the at+X- Channe] Threshold S dal

; ‘Deviatlon of the: cross sect1on for the nuc]ear reactjon X(a b)Y from
\¢the Gamov formula.due to an interaction additional. to the Coulomb:one
“oinithe” entrance’ channel has been- analyzed. 1t is shown that the reaction

- of the first oscillation is close to:the threshold of the channel atX,

it has:a resonance:behavior. To analyse the effect, simple:relations T
i between the period and the amplitude of the osc1llat1ons with parameters:

] of the .interaction have been derived. :Specifically, they predict the cross

,jsect10n oscillations of fusion reactions of the type X(a,b)Y for slow col-
““1isions _ between ~nuclei (a) and atomic (or molecular) targets-(X), as,
jffor example, the reaction D(d, p)T between deuterons: (d) and deuterium
“-atoms (D), .and describe the:known resonance series 3/2% in- SHe determin-
+7.ing ‘the cross section of. the reaction t(d;n)*He near_the threshold of

- the channel.d+t.: The peculiarity of the cross sections leads to the reso-
ﬁ;nance.amp11ficat1on of the rate for:/a muon catalyzed:fusion reaction::
~("in flight" = fusion) tu+d ~‘He+n+u at the energy =76 eV and may 1nf1u-
{ence the n= capture rate 1n a dense m1xture of hydrogen 1sotopes R

ik The investigat1on has been performed at the Laboratory of Nuclear
'fiProblems ~JINR. ,
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“cross section has.an oscillatIng structure at ‘low energies.. If the maximum |-




