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l1BaHOB8 C.n. H Jlp. E4 - 9070 

l13y'leHHe 8HI'apMOHH'IHOCTH BH6paUHOHHbiX COCTOl!HHll 

c K" = 2+, 0-, 1-, 2- B 'leTHo-'leTHhiX l!llpax c 228::; A::; 240 

!1ay'leHO BnHl!HHe B38HMO)lellCTBHl! KB83H'18CTHU C ¢oHOH8MH Ha 

8HeprHIO H crpyKTypy cocrol!HHll c K 17 = 2+, 0-, 1-, 2- )lnl! l!llep B o6-

nacTH 228~ A~ 240. noKa3aHo, 'ITO rrepBbie cocTOl!HHll l!Bnl!IOTCll, B oc­

HOBHOM, 0JlH0¢0HOHHbiMH, a MHOI'He BTOpbie COCTOl!HHll HMeiOT CnOJKHyiO 

CTpyKTypy. EcnH ¢HKCHpOB8Tb 3H8'1eHHll KOHCTBHT K(A) MynbTHIIOnb-MYlhTH­

IIOnbHbiX B3aHMOJlellcTBHll c A = 2 H 3 H3 ycnoBHl! orrHcaHHl! 8KcrrepHMeHTanb­

HbiX llBHHbiX )ln5l rrepBbiX cocTOl!HHll c yKaaaHHbiMH K 17
, To y'leT aHrapMOHH'I­

HOCTH IlpiiBO)lHT K IIOCTOl!HCTBY K(A) BHyTpH 30Hbl IIO A . 

Pa6oTa BbiiiOnHeHa B na6opaTOpHH reopeTH'IeCKOll ¢H3HKH Ol1.Hl1. 

fipenpKHT 06'beJlKHeHHOrO KHCTMTY'fa JIJlepHbiX KCCJieJlOBaHKlf 

,ll,y6Ha 1975 
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On the Anharmonicity of Vibrational States 
with K17 = 2 +, 0 -, l--and 2- in Doubly Even 
Deformed Nuclei 228::;A::; 240 

The influence of the quasiparticle-phonon interaction 
on the energy and the structure of states withK"=2+,o-,cz­
for nuclei in the region 228sA::; 240 is studied. It is 
shown that the first states are mainly one-phonon, and 
r~tost of the second states have complex structure. If the 
values of the constants K(A) of the multipole-multipole 
interaction with A= 2,3 are fixed so as to reproduce the 
experimental data on the energies of the first K17 vibra­
tional states, the consideration of the anharmonicity 
leads to stabilization of K (Al inside the zone in A 
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I. Introduction 

The lowest vibrational states in the doubly-even deformed 

nuclei are calculate~, as a rule, in the framework of the ideal 

vibrator model/1 •21. This is mainly due to the fact that the ex­

perimental data on the anharmonicity* of vibrational states ana 

on the "two-phonon" states in deformed nuclei are very scarce/3/. 

The "two-phonon" states exist among a large number of two­

quasiparticle, rotational and one-phonon excitations, and this 

"masking" makes it difficult to separate them experimentally. Ne­

vertheless, the information on the two-phonon and second one-pho­

non states is being accumulated, though very slowly. 

The theoretical investigations of the anharmonic effects in 

even deformed nuclei have been attempted long ago/41. Different 

terms, which are anharmonic with respect to the phonon operators, 

naturally appear in the Hamiltonian of the superfluid nuclear mo­

del. Thus, the above mentioned effects have been consistently des­

cribed in the framework of the model taking into account the qua­

siparticle-phonon interaction. 

The first calculations by the model have been performed in 

ref./5/ with wave functions containing one- and two-phonon terms. 

It has been found that admixtures of the two-phonon compo~ 

nents in the first vibrational states of strongly deformed nuclei 

are small but they are increasing for the nuclei of transitional 
~I 

regions. These calculations have been recently repeated making use 

of the Saxon-Woods pot8ntial instead of the Nilson one and with a 

*In the present paper by "anharmonicity of vibrational states" 
we mean the deviation from harmonicity generated by the quasipar­

ticle-phonon interaction. 
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somewhat complicated wave function as compared with that in ref(5/ 

By the example of nuclei from the !SO< A< i90 re-

gion, it has been shown that the first vibrational states with 

K7.f ~ o+ are practically one-phonon, The structure of the second 

states is, as a rule complicated and this is due to the quasi­

particle-phonon interaction, 

The aim of the present paper is to investigate the anharmo­

nicity of the vibrational states with ~=2+,0-,I-,2- in doubly 

even nuclei in the region 228~ A~ 240, The states with K!Ji. =0+ 

will be considered separately. 

2, Formulation of the model 

As is kno~n, the Hamiltonian of the superfluid nuclear model 

includes the average field, the interactions, leading to super­

conducting pairing correlations, and the separable quadrupole­

quadrupole and octupole-octupole interactions, 

H=Hav+Hpair+HfJ . ( 1 ) 

After carrying out the Bogolubov transformations and introducing 

the phonon operators, the main part of the Hamiltonian (!),taking 

into account the solutions of the secular equation for the one­

phonon states, is of the form: 

H=flv+Hv9 = 
f{J)~Il909-~ ~[r9(wj~:to.t :!:6r~.~·c, x 

(2) 

4 

x fQ§ +Q9)-rh.c]"~-f) {k[I.V~Uvv· x 
.7' w 

~ooLt-d d.:6 ~ d;'6.d.V'6'+h.c.]r · 
G c5' 

The following notations are usedz ( V6 J, 6=tf is a set of quan­

tum numbers characterizing the single-particle states; 

(j~ is the coupling constant for the neutron or 

proton systems respectively. 

Uv-;' =Uv Vy, +Uv•V: 11y.,, =UvUv' -Vv Vv~· a;, 09 
are the creation and annihilation 

moment and projection 9 = AJ.1 

where 

1 9(VJJ') 
r~·N·J== zv Y9 

operators the phonon g with 

, number i , and frequency!Jlg; 

Vv~', 

tP ('n') is the single-particle matrix element of 

the multipole operator 9 
racteristic (see ref,/1/), 

)'Sl is phonon cha-

The second and third terms in (2) describe the quasiparticle-

phonon interaction, and they originate from /IQ and flpalr 
respectively, In the Hamiltonian (2) not only the collective but 

also the one-particLe degrees of freedom are taken into account 

explicitly. Correspondingly their coupling is taken into account 

in the wave function too: 
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r;ln(J<rt) [f. Ct i09:i+ 2: .!:1~' (o0 n}()tflt}loo> 
t:f 1° v,g

2 
u ;r 1" ~, ' 

Here h. is the number of the excited state, OgJilo =0 • 
The coefficients C' and ~ obey the nonnalization 

conditi~!(ffot )2-t-2 ~ [11j; (9on} ]2= /' 
l=f J.9;. (4) 

In the wave function (3) the three-phonon and eo on admixtures are 

not included, and this limite the range of applicability of the 

model. Obviously, the wave function of the type (3) will not be 

valid in the case of high excitation energies. 

Under these assumptions the model permits an exact analytical 

solution. 

The energies of the excited states are found from the secu­

lar equation: 

detl/{&9oi-'ln)dii'-KLd9on)// =0, 
V:~) 

where 

Ki.i'(9on)= j_ L ue~ (fJoiJU/: ( 9t I) 
2 g,gz ltltj, + !JJ92-'2 n 

Here U/;(1)
0

) is the matrix element J-lv9 between one-

phonon and two-phonon f.A0p.io);(il,p.,i,;il.2fl2i2 ) states, and 

its explicit form is given in ref,/81. The expressions for 

c ~ i and t1J~ ( 9 0 n ) are the following: 

n Mi Hi 
c9oi = t/f11i12+f E (t llf. {9.LJMLJ2' N 

t $gz i-1 Wv, +Uft;z.-'l· 

(6) 

6 

. . L J U f; ( p. i J Hi 
Lll.f9.n)=2N ~ lilp,+-Wp,-'1• 

where J1i. 
(7) 

is the i-th minor of the matrix ( 5) ( i =I, 2,3 ) . 

If U/: { 9o} = 0, then 11t (1J0 n}=O , 
'Jn==!JJ9on, Cioi =Oin , i.e., the harmonic model 

is obtained. 

3. Parameters of the model 

The considered mass region has been divided into 2 zones of 

nuclei according to the chosen single- particle scheme: 

a> 22eTh, 2JoTh. 232Th 2.J2u 
b) 

231fy 236'U 236U 2J8n 21fon 
, • , l"'l.l ' tJ/.1 . 

(A=229) 

(A=239) 

The parameters of the Saxon-Woods potential and the constants 

{j~ have been taken from ref./81. The constants of the mul-

tipole-multipole interaction aq (A) are the only varying 

parameters in the calculations. They are chosen so that the first 

roots of the secular equation (5) describe correctl:t the experi­

mental energies of the first vibrational states.(The experimental 

data on the energies of the low-lying vibrational states are eys•e 

tematized in reviews/9/),For each of the considered nuclei it was 

possible to find a set of constants { }!(i\)a,ha.rm.janowing us to 

describe the energies of all the first vibrational etates.The va­

lues of the constant ~(,l)Clr! hQ.rm. are plotted in figs .1-8 versus A4 

They are compared with the values of the constants of the multipo­

le-multipole interaction Of ~~/.n. for which the energies of the 
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first vibrational states, calculated in the haQmonic approxima­

tion, coincide with the experimental ones. The isotopes belonging 

by the same single-particle scheme are given on the horizontal 

axis of each figure, and the vertical axis represents the values 

~ (il.} 
of ~ harm. (connected by dashed line) and of 

~(it) an'harm. 
that the values 

(connected by 

{ i£ ~hharm.} 
more I (A) } smoothly than (£harm. 

solid line). It should be noted 

as a function of J1 behave 

" A tendency" of straighten'-

ing" the solid broken line is clearly seen on figs.1,2 and 6. 

{ 
f.d) J 

It means that in the model by one set of constants a? an/Jarm. 
a group of nuclei is described. 

The effect of stabilization of constants { 
(.tl 1 

~ a;;harm 
may be interpreted in the following way: the Hamiltonian (2) is 

more close to the "true" one than Hv = '2:. lJJ 9 Oj fl 9- • and thus 
9 

the coupling constants are determined better from the Hamiltonian 

( 2). 

IV. The results and discussion 

The calculation results for the energies and wave functions 

J( fi 2"'"0_1_2_ 
of the vibrational nuclear states with = , , , 

in the region 228~A' 240 are given in Tables 1-9. In 

the column "structure" each line represents the one- and two-

phonon components ( loKO, ( .A,p,L,;./l2Ji2 l2 ) 
and their contributions (C'J:Ki} 2, 4{111'!j;,t {iloKnJ}2 ii 
(see eqs.(6) and (7)) to the state 'f'n(K1l} ( ft=(-J} 

0 

). 

It is seen from the Tables that except for the first 

8 

l(fi =2+ in ZfDJ?u all the first states are practically 

one-phonon ones,the total contribution of admixtures does not 

exceed 10%, i.e.,the situation is the saae as in the region 

J50<A<J90 • As to the second Tibrational states, it 

should be noted that just in their structure the anharmonic ef­

fects become eTident. In .ast cases, the structure of the second 

states is very complicated some different coaponents give a con­

siderable contribution to the waTe function. Por instance, in2~ 
the second J<7t =0- state has the contribution of 8?.' of the 

component (201,301), 9% of (302), ~of (301) and 1% of (303). 

The quasiparticle-phonon interaction distorts essentially the 

picture of harmonic nuclear vibrations mixing the collective de­

grees of freedom with the non-collective and two-phonon ones. 
2SZT.'L 

Such a mixing is observed, e.g., in '' (Table 3): the 

J(:li 2+ u1f-o-s~cond = , the second n - . the second 

J(H = 2- states. 

In a nUlllber of cases the mode1 predicts almost pure two-pho­

non structure of the second vibrational states. For instance, in 
2287'l 1nthe component (201,301) gives 98% contribution to the 

second state. 

It is difficult to compare the calculation results of the 

energies and the structure of the second vibrational states with 

the experiment due to scanty experimental data. When the energies 

are experimentally measured the theoretical energy values agree 

with them. 

The authors are grateful to A.I.Vdovin, R.V.Jolos, L.A.Malov, 

and v.o.Nesterenko for fruitful discussions and for the help in 

calculations. One of the authors (G.K.) is very indebted to 

I.N.Mikhailov. 

9 



fP(~f(J3 
[Mev .fni." K=z+ 

;el2l 
~ harm 

t~'-- ___ ........ __ _...-- . 

"'"1------·- _..., / 
t6 

(lJ r:Juo,./71. 

epf2JJo"J 

{/1t>Vjni"} 
18 

t7 

18 

15 

Lit 

// 

232Th 232lj Ax 
Fi~. 1. 

1C 
K=2+ 

,......_ / 
.,.,...,.,.. -.. / 

/ -..._/ 

// ~:rm. 
(2) 

E£ dflkJnn. 

t3 ~- - - J - - z'sau bepil al<6p}'5( 
Fi~. 2, 

10 

f 
1 

1 
1 

;e(1JtJ5 
[Ht!vfm""~; 

17. 

18 

K=o-

.......... -------- ;elzfu.nz . 

ieb~ 

2J0Tfl 232'f'h 232[J . llx 
Fi~. J , 

I<! o-
_ __...._ ____ ~ -- ~~:~,.,. 

fP ~3J.wu.m. 

. 2~Gu 239v ~38Pu 2~04 ~~x 

Fi~. 4, 

II 



fJ/ .~ 
~tJU 

[H:Y.Jm 
J<l J-

--- crL.. 
Zll -~ . -: ~~ 2~MU = ~'l'h. Mzy "'j( 

~t3Jxtf!S 
-t 

[fk~fm 

18 

1'1&. '. 

I{~ J-

{J) 
.~.::--------- Cliila/M v «, I {J} 

'' I ~llivYJ. 

1;6!f. ·u ''P. • A" 
23"-l/ i?JBlj 238 238 · u 24DPu X 

...... 

Fi&• 6. 

12 

• I 

~ 

'il1~f0~ 
[ 1'/t'Y. /ni 

2.2 

}(' 2-

cefd/Yl/. 
2.1 r--------- r.a; f£ anltarm. 

Z.D+I--~~--~--~----~ 
228rh 2Jorn 232rh 232 u Ax 

F1&• 7. 

K!/( 2-

E£11um. 
J?C/.rm. 

~~~[f 23&(J 23a!J 23spu 2Jopu .RX 

F1&· a. 

13 



T a b 1 e 1. 
T a b 1 e 3. 

Lowlyine vibrational levels in 22~~ 232 
Lowlying vibrational levels in Th 

K'~' ~ner~ 1 MeV S t r u c t u r e, ~ 
IV exp. calc. 

1111" I!.'nergy, MeV % S t r u c t u r e, 2+ 0,97? I,O (22I)95(30I,321)2 ""' exp. calc. l 
2+ I,620 I,6 (3II, 3II) 98 2 ... 0.785 0.8 (22I)94(20I.22I)4(30I,32I)I 2 I or 0,328 0,4 (301) 9? (201, 301) I 2 ... 2.0 (222)67(30I,32I)29(20I,22I)1 

I 2 o- I,? (20I • 30I ) 99 o- 0,713 0.8 (30I)94(20I,30I)4(202,30I)I 2 
I I 

Ir 0,7 (311) 9? (201, 31I) 2 
02 2.0 (22I,32I)95(303)2(302)2 

I I2 I,8 (312) 90 (20I, 311) 9 c 1.0-I.I 1.0 (3II)96(20I,3II)2(22I,3II)I I I 2- I.l23 1.2 (321) 90 (221, 301) 10 I I2 1.9 (3I2)94(20I,3I1) 4 I 

l 22 I,5 (22I, 30I) 90 (32I) IO 2- I.O (32I)95(22I,30I)3(20I,32I)2 I 
I 2- 1.8 (22I,30I)95(32I)3(322)I(323)I 

I 
2 

~ a b 1 e 2. l 
· · 1 t t . 2J0Th Lowlying v1brat1ona B a ee 1n I T a b 1 e 4. 

232 
Energy, lleV Lowlying vibrational states in u K-'11' S t r u c t u r e, % .... exp. calc. 

(22I) 97 (30I, 32I) I K'T( 
Energy, 'MeV 

% 
2+ 0.782 0.9 S t r u c t u r e, I .... exp • calc. 2+ 1.9 (30I, 32I) 98 (22I) I 2 

(22I)98 (20I,22I)I 2+ 0.868 I.O or 0,508 0.6 (30I) 96 (20I, 30I) 3 I 
2+ 2.0 (222)98 (201,22I)I o- 1.9 (20I, 30I) 87 (302) 9(30I)3(303)I 2 2 

II 0.954 0.9 (3II) 96 (20I, 3I1) 2 OI 0.564 0.8 (30I)98 (20I,30I)I 

I2 1.8 (3I2) 97 (20I, 3I2) I o-2 2.0 (302)95 (20I,30I)I 

c 1.3 (3II) 99 2- I. I (32I) 94 (22I, 30I) 5 I I 
I2 I.B (3I2) 99 2- 1.6 (22I, 30I) 95 (32I) 5 i 2 
2- {1.019) I.3 (32I)98 (22I,30I) 2 I 
22 1.9 (22I,30I)98 (32I) 2 

14 

15 



T a b 1 e 7. 

Ta4lle s. Lowlying vibrational states in 238u 

Lowlying vibrational states in 234u Energy, MeV 
K'IT' S t r u c t u r e, % 
~ 

K1'1" 
Energy, MeV I exp. calc. 

S t r u c t u r e, % 
"' exp. calc. I 2+ I.06I I. I (22I)84(20I,22I)9(222)4(20I,222)I I 

2+ 
I 0.927 0.9 (22I)96 (30I,32I)2 (202,22I) I I 2+ 2 1.4 (222)93 (22I)6 

2+ 2 I.? (222)85(223)8(30I,32!)4(20I,222)2(20I,223)I o-
I 0.680 0.8 (30I)97 (20!,30I) 2 

o-
I 0.785 0.8 (30I)95(20I,30I)I(22I,32I)I 02 I.? (302)94 (20I,30I) 2 

o-2 1.7 (302)9!(202,30I)3(20I,302)2(20I,30I)2 c I 0.93I 0.9 (3II)97 (20I,3II) 2 

Ir ( 1.436) !.2 (3II )97 (201,3!3) 2 I2 1.7 (3I2)87 (20I,3II)I0(20I,3I2) 2 

I2 1.6 (3I2) 98 2-
I I. I (32I)97 (20I,32I) I 

2-
I 0.989 I.O (32I)96 (22!,301) 3 2-

2 1.8 (322)97 (20I,32I) 2 

2-
2 I.? (322)62 (22I,30I)37 (32!)! 

I T a b 1 e 8. 
T a b 1 e 6. 

Lowlying vibrational etatee in 236u Lowlying vibrational states in 238Pu 

K'"' Energy, MeV 
Kf!" 

Energy, MeV 
~ S t r u c t u r e, % ... S t r u c t u r e, % 

exp. calc. exp. calc. 

2+ 
I 0.959 0.9 (22I)90 (30!,32I)5 (20I,22I) 4 2+ 

I I.028 r.o (22I)93 (20!,22I)4 (30I,32I) 2 
2+ 1.4 (222) 98 2+ 1.4 (222) 99 2 2 
o- 0.685 0.7 (30I)96 (20I,30I)I (22I,32I)I Or 0.605 0.6 (301) 98 I 
o- 1.8 (302)82 (2I0,30I)I3 (202,301)I 

l 02 1.6 (302) 94 2 
Ir 0.970 0.8 (3II) 98 

Ir 0.963 I.O (3II) 99 I 

I2 I.6 (3I2)96 (20I,3II) 3 
I2 1.6 (3I2) 99 

2r 0.8 (32I)94(20I,32I)3 (22I,30I) 3 2- (I.3IO) 1.3 (32I)88 (22I,30I)9 (20I,32I) 2 
I 

2- 1.7 (322)64(22I,30I)24(323)4(20I,32I)3 2- 1.7 (22I,30I)6I (322)30 (32I)8 2 2 

17 
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T a b 1 e 9. . 
Lowlying vibrational states in 240Pu 

K11' 

"" 
Energy, 14eV 

S t r u c t u r e, % 

exp. calc. 

2+ 
I 0.938 I.O (22I)74(30I,32I)8(20I,22I)8(222)7(20I,222)2 

2+ 
2 I.559 1.4 (222)H8 (22I)IO (20I,222) I 

Or 0.597 0.6 (30I)96 (20I,30I) 2 

02 1.5- (302)8I (20I,30I) I8 

II I.O (3II)99 (20I,3II) I 

I2 I.7 (3I2) 98 

2-
I 0.959 0.9 (32I)92(20I,32I)4(22I,30I) 2 

2-
2 

I.9 (22I,30I)69(322)I4(323)I3(32I}I(20I,32I)I 
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