


Bound states of mesic molecules of hydrogen isotopes with
abnormal spatial parity and total angutar momentum J = 1 have been
a goal of intensive studying in the last few years [1-3]. This
works were initiated by an earller work by Carter [4], in which he
pointed out the existence of states of that kind but made a number
of methodological mistakes. A more thorough investigation has shown
that the phenomenology of bound states with abnormal spatial parity
is not exhausted with P-states. In this paper, we present
calculations of the binding energy levels of mesic molecules of
hydrogen isotopes with a total orbital momentum J = 2. A detailed
analysis of the computations shows that the obtained 10 bound
states of the mesic molecules completely describe the discrete
spectrum of the states with abnormal spatial parity of this
considered three-particle systems.

1. A hydrogen meslc molecule consists of two heavy nuclei (a,b =
p, d or t) and a negative-charged muon u. We shall describe their
interaction, with the nonrelativistic Schrédinger equation for a
three-particle system with Coulomb interaction which is in the
Jacoby coordinates ( R = Rb-Ra, r = r“—(MaRa+MbRb)/(Ma+Mb] ) of

the following form (e=h=m“=1h
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where Hyy and Hy are reduced masses of particles: “12 = Ma + Mb ,
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The Hamiltonlan operator in (1) commutes with the operator of
the total orbital momentum J2. its projection on the Z axis of the

fixed frame Jz and with the operator of spatial parity PA: (R, )



— ( -R, -r ). This operators define quantum numbers of the state
.
of the system J, M and A respectively.

The state wave function can be represented in the form:
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where o, B, 7 are Euler angles of a moving frame connected with the
three-particle system so that nuclei of the molecule form the Z
axis and the X axis lies in the plane of the three particles in the
direction of the muon. The functions D;g(a.ﬁ,r] are symmetrized

Wigner D-functions,
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with given quantum numbers J, M and spatial parity a
States with parities a = (—1)J and A = —(—1)J differ to

each other in their propeties to a great extent. We will call this
states the states with normal and abnormal parity, respectively
The dissociation energy of the molecule In a state with normal
parity is determined by the ground-state energy of an atom with a
heavier nucleus, whereas the molecule in a state with parity a =
-[—1)J decays into a system of an atom and a particle with the atom
having a nonzero orbital momentum, therefore the dissociation limit
of the molecule is defined by the energy level of a heavy atom with
the principal quantum number n=2 :Ea = ~ Ry m / 8, where m_ is the
reduced mass of the atom. Thus, the bound states of the molecule
with abnormal parity are sinked into the continuous spectrum of the
states with normal spatial parity

Another peculliarity ls the behaviour of the wave function of the



solution when R — 0. For the states with abnormal parity the wave
function has the asymptotics O(1) in the vicinity of the coalecence
point, whereas the wave function of parity A = (—1)J in the
vicinity of that point becomes constant [5].

2. We make numerical study of equation (1) by the variational
method based on a trial function of a molecular type. We used that
method successfully in studies of the energy levels of hydrogen -
isotope molecules in the states with normal parity [6] and in
precision computations of weakly bound states of wesic molecules
ddp and dtp [7], accurate analysis of which is a quite complicated
computational problem. To determine components of the wave function
(2) of a state with abnormal parity, we employ the following

expansion of the test function1

FAmem = R e a-t™
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and in E jn .
The factor in front of the sum describes the asymptotic behaviour
of the wave function F;A ~ pm, when p - 0, where p = g x
[(Ez—l)(l—nzllllz is the distance between a third particle and the
axls formed by nuclel.

Substitution of the finite sums of expansions (2) - (3) into the
functional (¥, H¥)/(¥, ¥) reduces solution of the initlial equation
(1) to a generallzed algebraic eigenvalue problem

AX = ABx, (4)
where the matrix A is composed of elements of the Hamiltonian

(Wl. H¢J), and B is the overlap matrix (Wl. WJ). Matricles A and B

are symmetric.

lThe coordinates § = (ra+rb)/R and n = (rb-ra]/R are spheroidal

coordinates of a light particle,



The problem (4) will be solved by the inverse iteration method.
As is known, the sensitivity of eigenvalues to roundoff errors
rapidly grows with increasing number of the basis functions. The
inverse iteration method is the most stable procedure in solving
that problem. Besides, it allows us to take into account quite
easely the symmetric structure of the problem and to construct on
this way an effective procedure of the computation of energy
levels.

3. Calculated energy levels of the hydrogen-isotope mesic
molecules are presented in Table 1. The number in parentheses under
each value is the number of baris functions used 1in that
calculation. Accurate solutions have been obtained with the use of
two groups of nonlinear parameters (al.Bll and (az,le that
adequately describe the wave function behaviour at small and large
distances of R, respectively. The values of the parameters are
collected in Table 2. The following physical constants were used in
our calculations: Md=3670.481me, Mt=5496.918me, mu=206.7686me,
Ry=13. 6058041eV.

A complete set of the abnormal parity bound states and mean
sizes of mesic molecules in units e=h=mu=l are presented in Tables
3 and 4. The results show that the mean distances between particles
in the molecule are about 3-4 times as large us those in molecules
with normal parity. For comparison, the mean distances of the
ground state of the meslc molecule dtu equal: rdt=2'648' rdu=2.041,
rtu=1'951 [8l].

The existence of other bound states was also investigated. The
operator H-e E,where €, isthe dissociation emergy level of a mole~

cule,has as many negative eigenvalues as bound states of the mesic



molecule have. Therefore, inserting a trial function of a quite
large dimension into the operator we have a right to expect that a
finite-dimensional matrix (A—c_B) reproduces exactly the number of
negative eigenvalues of the initlal operator and, thus, determines
the amount of bound states of a molecular system. Such estimates
were made for all the systems indicated In Table 3 and for the
mesic molecule ttu with total orbital momentum J = 4. This analysis
shows that there are no other bound states with abnormal parity for
hydrogen-isotope mesic molecules.

There exists another more visual {(but less rigorous) foundation
of that statement. The shift of energy level due to the rotational
motion of a molecule depends on the masses of particles
approximately as m#/M [9] where M is the reduced mass of heavy
particles. This approximate rule 1is confirmed by the analysis of
the Table of the energy levels of hydrogen-isotope mesic molecules
in the normal parity states given in [10). Using this rule, we may
easely extrapolate the energy levels to higher values of J in the
given Table. All the extrapolated values lie in the continuous
spectrum what signifies the absence of the correponding bound

states of mesic molecules.




Table 1. Binding energles of hydrogen-isotope mesic molecules

with abnormal spatial parity (J =z 2).

ddu(20) ttp(20) dtu(20) ttu(30)
9.81342 17.75434 7.88333 5.39083
(100) (100) (144) (100)
9.81934 17. 77000 7.89812 5.41454
(144) (144) (196) (152)
9. 82027 17.77125 7.89904 5.41872
(206) (206) (258) (214)

Table 2. Nonlinear parameters for the wave functions (J = 2).
ddu(20) ttu(20) dtu(20) ttu(30)
@y 0.6 1.2 1.0 1.0
Bl 0.32 0.32 0.32 0.32
a, 0.2 0.4 0.4 0.3
BZ 0.32 0.32 0.32 0.32
Table 3. Binding energies of mesic molecules €1 {in eV).
J|v ppu ddp ttp pdu ptu dtp
S
1| O} 13.540 | 22.594 | 27.412 3.685 1.579 | 19.125 ’
g
210 -- 9.820 | 17.771 -- -- 7.899
3{0 -- - S.419 - -- -




Table 4. Mean sizes of mesic molecules {in units e=h=m“=1L

J energy R r r R r r

Ppu 1 13.540 12,33 || 8.755  8.755 167.3 || 99.80 || 99.80

ddp 1 22.595 10.55 | 7.749 || 7.749 119.2 | 74.93 §| 74.93

ttu 1 27.413 || 9.908 | 7.380 || 7.380 103.8 | 66.91 66, 91

pdu 1 3.685 12.54 10.82 | 6.814 177.2 181.0 § 59.32

ptu 1 1.579 13.05 11.75 || 6.372 195.7 178.2 || 51.53

dtp 1 19.125 10.27 7.969 | 7.203 112.5 78.37 64.50

ddu 2 9.820 11.69 | 8.353 | 8.353 | 147.4 | 89.44 | 89.44

ttp || 2 17.771 10.54 | 7.720 || 7.720 117.8 || 74.11 74. 11

dtp 2 7.899 11,19 8.651 7.499 134.2 94.00 71.25

ttu | 3 5.419 11.75 | 8.345 || 8.345 146.5 | 88.96 || 88.96

2.
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