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f u n c t i o n s  chou:L be c h o ~ e n  i n  a  d i f f e r e n t  way f o r  d e ~ c r i b l n g  t h e  

e x p e r i n e n t a l  data. 

la a l t e r n a t i v e  f i e l d - t h e o r e t i c a l  approach t o  the lovi-enerO 

Z K  - s c a t t e r i n g  is based on Low-type equations12-20). The poten-  

t i a l  torm of t h e s e  equa t ions  is c o n s t r u c t e d  o u i  o f  the  v e r t e x  free- 

t i o n s  w i t h  two p a r t i c l e s  on n a s s  s h e l l .  Such v e r t e x  f u n c t i o n s  ha7e 
9 o f t e n  been used i n  t h e  c u r r e n t  a l g e b r a  approach ), and the  co lcu-  

l a t i o n  of  these  v e r t i c e s  w i t h i n  v a r i o u s  quark m d e l s  seems t o  3e 

much l e s s  compl ica ted  than the  ones w i t h  a l l  p e r t i c l e s  being o f f -  

- she l l .  However, t h e  Low-type e q u a t i o n s  a r e  n o n l i n e a r  and,  t h e  

d r i v i n g  term of  these  e q u a t i o n s  is nonhermit ian due t o  the  

presence of  i n t e r n e d i a t e  p a r t i c l e  propagators .  I n  t h e  p r e s e n t  

work t h e  l i n e a r i z a t i o n  procedure f o r  Low-type equa t ions  is sugges-  

t ed .  With t h e  use of the above l i n e a r i z a t i o n  p r o c e d ~ r e  the Lo.?;- 

type e q u a t i o n s  a r e  reduced t o  the  Lippmann-Schwinger e q c a t l o n  w i t h  

a  p o t e n t i a l  ob ta ined  w i t h i n  t h e  framework of f i e l d  theory.  T h i s  

enera -dependent  p o t e n t i a l  is expressed  v i a  t h e  same mesori-nucleon 

v e r t e x  f u n c t i o n s  a s  tbe d r i v i n g  term o f  the  Lon e q u a t i o n  and 

c o n t a i n s ,  i n  a d d i t i o n ,  a  c r o s s i n g  term dependen; on t h e  7iN - s c a t -  

t e r i n g  t -matr ix of i n t e r e s t .  T h i s  n o n l i n e a r  term i n  Th ' - in te -  

r a c t i o n  p o t e n t i a l  can be taken i n t o  account wi th  t h e  h e l p  of a  

s p e c i a l  i t e r a t i c n  procedure. 

1. THE LO\'/-TYPE EQUATIOKS 

I n  t h i s  s e c t i o n  r e  s h a l l  p r e s e n t  the d e r i v a t i o n  of  Lon-type 

e q u a t i o n s  s l i ~ h t l y  d i f f e r e n t  from t h e  convent ioca l  ones. We f o l l c c  

t h e  m e t r i c  and convent ions  of r e ~ . ~ l ) . I n  p a r t i c l l l a r ,  ps, 7; anL 

plSi, q'c' ( p'z, p2, bf', $'-'; q 2 =  p 2  ) denote t h e  lour-rnoolcnta ar.6 

the s p i n  and i s o s p i n  l a b e l s  f o r  incoming and ou tgo ing  nucleons 

and p ions ,  r e s p e c t i v e l y  ( f i g .  1  1. According t o  the  Lehnann-Syman- 

zic-Zimmermann c o n t r a c t i o n  ru les2 '  ) t h e  n N S-matrix St, = 

+,,+,., =<oui,ps,qc /ps,qi,in) can be r e l a t e d  t o  the s c a t t e r i n g  7 -matrix 

i n  t h e  f o l l o w i n g  manner: 

5,; = hj; * (2n) &(Po+ q ' O -  pO- q0 ) 4' (1.1) 

q; = <T~ ' I  i;g~i~(o)~j2,~i,in>, (1.2). 

where a'$,i, (so) = d Q$'t,(ro1 is  expressed v i a  the  pi-meson 
dx" 

f i e l d  o p e r a t o r  $,I*) and i ts  d e r i v a t i v e  tl(*) = q ' ( k )  

Fig. 1. Graphical  r e p r e s e n t a t i o n  f o r  
nf i l  + Nfp$l+ nl(q';')+ N'( 3 ) s c a t t e -  

N 
r i n g P l m a f r i x ,  where i gL,otes t h e r -  

N' meson i s o s p i n  and S - t h e  nucleon spin.  

From t h e  d e f i n i t i o n  of nN - s c a t t e r i n g  7 -matr ix q; (1.2) and 

(1.3b) we o b t a i n :  . 

qi = (~n)'i6"'f$+~~~-~)<bi~/~,.,~o)/~s,~~,in>;~~)~~6~'@~4~$-?)f (1  - 4 )  

On t h e  b a s i s  of  the  c o n t r a c t i o n  r u l e s  f o r  qi we have 

The equal-time commutator i n  the  r e l a t i o n  (1.5) can be expressed  

i n  t h e  f o l l o w i n g  way: 

Y =  <psll idi;, [ O ) , Q ~ ~ ( O ) I  IPS> = i t~)'6"'($'+?'- p'-q)%; (1.Sa) 



F u r t h e r  we i n s e r t  t h e  complete s e t  o f  phys ica l  s t a t e s  2 ln,rn)(t,.,n]: f 

between t h e  o p e r a t o r s  cia., and d$ i n  t h e  secondn t e n  o f  tne 

r ight-hand s i d e  of  eq.(1.5) and make use of  t h e  t r a n s l a t i o n a l  

i n v a r i a n c e  o f  the  theory .  The c a n c e l l a t i o n  of  6 - f u n c t i o n s ,  cor-  

responding  t o  t h e  c o n s e r v a t i o n  of t h e  t o t a l  3-momentum o f  a  X N  

system f rom t h e  both s i d e s  of  eq.(1.5) l e a d s  t o  t h e  fo l lowing  

e x p r e s s i o n  : 

- 1  , . . a  - ( m 3  < p s  I~;(~)Irt,in) '"@-f - El < ~ n , n \ ~ ~ ( o ) l p r >  . 
a qO.- p i  

Here P,, = (P:, P, s t a n d s  f o r  t h e  t o t a l  four-mementum o f  the i n t e r -  

mediate s ' t a t e  In,in> . 
The well-known Low equa t ion12)  can be d e r i v e d  from r e l a t i o n  

(1.7) i f  t h e  c o n t r i b u t i o n s  of  a l l  i n t e r m e d i a t e  s t a t e a  excep t  h= 

N , r N  a r e  o m i t t e d  i n  t h e  r ight-hand s i d e .  Trunca t ion  o f  mul t ipar -  

t i c l e  s t a t e a  is necessary  f o r  o b t a i n i n g  a  c l o s e d  s e t  o f  i n t e g r a l  

equa t ions .  T h i s  t r u n c a t i o n  is  widely u$ed i n  f i e l d - t h e o r e t i c a l  

f o r m u l a t i o n s  of  t h e  e q u a t i o n s  f o r  t r a n a i t i o n  m a t r i c e s  i n  low- and 

i n t e r m e d i a t e  energy reg ion .  The Chew-Low equa t ion l3)  'is o b t a i n e d  

from (1.7) i f  one n e g l e c t s  t h e  equa l - t ine  commutator Yji and 

u s e s  t h e  s t a t i c  approximation f o r  t h e  nucleon. However, an impor- 

t a n t  r o l e  o f  t h e  nucleon r e c o i l  i n  the  low-energy pi-nucleon s c a t -  

t e r i n g  hae been d i s c u s s e d  In  ref.15,20). In p a r t i c u l a r ,  i t  h a s  

been demonstrated15) t h a t  i n  t h e  c a s e  of  a  n o n s t a t i c  nucleon t h e  

resonance i n  t h e  PJs channe l  can be reproduced provided the 

c o n t r i b u t i o n s  from t h e  a n t i n u c l e o n  s t a t e s  a r e  taken i n t o  account .  

Fo l lowing  r e f  . I5)  we p ick  o u t  t h e  d i sconnec ted  p a r t s  o f  t r a n s i t i o n  

m a t r i c e s  i n  o r d e r  t o  f i n d  t h i s  c o n t r i b u t i o n .  The r e s u l t i n g  eqca-  

t i o n  is w r i t t e n  i n  t h e  f o l l o w i n g  form: 

- 1  I -D -. -,,-,., + - -, , +, , 
C p S  I~[,(o)Ips,q~,cn),= < P S , ~ L  I YIPS,$> + <pS,qi IVI,&,$~>+ 

where t h e  s u b s c r i p t  c denotes  a  connected matr ix element ,  a r i  

V c o n t a i n s  one-nucleon exchange i n  t h e  S - and  u -channels  
- 

(f ig .  2a,b)  and one-ant inucleon exchange i n  the  3 - and U -chan- 

n e l s  ( f i g .  2 c , d ) ,  the  l a t t e r  being r e f e r r e d  t o  a s  2 -graphs. 

- I  , + I .  <ps ,q LI I V  I;s,$ bi ( ~ I I ) ' ~ ~ ~ < ~ S ' I ~ , ,  (O)I~,S,> ~("(b:-F-3 )<d , io)lpi) + 
P,o - P O -  9O H h J (  

4 

Ijir (o)lPs>-( 1 .9)  
p," - p 1 0 + q 0  

- -+I .. 
&'3'fpi+p-q) * 

cp, SF ,Tsllj. (O)IO> 
p; + p'" 9" 1 

Pig .  2. 

a )  S -channel one-nucleon exchange graph;  b )  u -channel one- 

nucleon exchange graph;  c )  6 -channel 2 -graph; d )  3 -channel 

2 -graph. 

The connected c o n t r i b u t i o n s  t o  t h e  d r i v i n g  term (1.9) f rom TnN , 
N H ~  and o t h e r  h i g h e r  mass i n t e r m e d i a t e  s t a t e s  a r e  n e g l e c t e d .  

Equat ion (1.6) is  t h e  Low equa t ion  f o r  the  aN - s c a t t e r i n &  t -mat- 



r i x  f o r  t h e  f i r s t  t i n e  ob ta ined  i n  ref.15). The n o n l i n e a r  th ree-  

-dimensional i n t e g r a l  equa t ion  (1.8) c o n t a i n s  tne 5 -channel ( f i g .  

3 a )  and u -channel ( f i g .  3 b )  terms,  t h e  l a t t e r  being r e f e r r e d  

h e r e a f t e r  t o  a s  t h e  c r o s s i n g  term and obeys t h e  crossing-symmetry 

r e l a t i o n s .  It should be po in ted  o u t  t h a t  w i t h i n  v a r i o u s  c l i i r a l  

models t h e  Weinberg-Tomozawa formulae f o r  t h e  e-wave ~ h '  - 
s c a t t e r i n g  leng ths  can be reproduced from eq.(1.8) i n  tk t r e e  

approximation provided the equal- t ime conmutator  Y,; and Z - 
graph c o n t r i b u t i o n  a r e  r e t a i n e d  i n  t h e  d r i v i n g  term (1.9) i n d i c a -  

t i n g  t h e  importance of these  c o n t r i b u t i o n s  be ing  omi t ted  i n  t h e  

Chew-Low theory. 

'z \ ,Tif a.. 0 0 71 ' 
'\ /' 

. 0 . f 0  
- 0  .. 

N 4 -  -- N N - hZ0--N 

a) e 1 
Fig. 3. 

a )  S -channel g raph ,  cor responding  t o  j ' ~ ~ f +  term i n  eq. (1.12). 

b )  u -channel graph,  cor responding  t o  ( f G o f i )  term i n  eq. (1.12). 

I n  t h e  fo rmula t ion  of  Low-type e q u a t i o n s  cons idered  above 

nucleons alwaya remain on-mass-shell i n  in -  o r  o u t - s t a t e s .  In  r e f s .  

18*19)  the  Low-type equa t ions  have been sugges ted  where both pions 

and nucleons a r e  al lowed t o  go of f -nass -she l l .  The d r i v i n g  term of 

t h e s e  equa t ions ,  i n  a d d i t i o n  t o  8- and u - c h s n n e l  terms,  i n c l u d e s  

t -channel  exchange terms wi th  6, p, 2% i n t e r m e d i a t e  e t a t e s  ( f i g .  4 ) .  

Equat ion (1.8) seems t o  be more s imple  and convenient  f o r  o u r  Pur- 

pose though the formalism given below can be g e n e r a l i z e d  f o r  t h e  

equa t ions  suzges ted  i n  refs.18*19). 

Note t h a t  t h e  d r i v i n g  term V (1.9) is nonhermit ian due t o  

t h e  presence of  i n t e r m e d i a t e  nucleon and a n t i n u c l e o n  

p r o p a g a t o r s ,  Moreover, i f  the  nN- i n t e r a c t i o n  Lagrangian depends 

on t h e  d e r i v a t i v e  of t h e  pion f i e l d ,  then  t h e  equal-time cornnutator 

Fig. 4. 6 -  and (S-exchange graphs i n  
X U - s c a t t e r i n g t - c h a n n e l .  

3'' (1.6b) is nonhermit ian too.  This  is easy  t o  observe i f  Y (1.66) 

is w r i t t e n  i n  the f o l l o w i n g  manner: 

'{ = ;:T~'I { r i i p ( ~ ) ,  o$,(o))- [aq'<(~), i r $ , ( ~ j ~ }  I ~ s > +  

+i Qs1id0{  [ q ; ~ ~ 9 ~ a f ; ( r ) l j / ~ . ~ ~  / i s >  , (1.10) 
dz 

I f  the  l a s t  term i n  (1.10) is omi t ted ,  then Yj, is h'ermitian 

and can be w r i t t e n  i n  the  f o l l o w i n &  manner 

However, the  l a s t  term i n  (1.10) van ishes  provided t h e  n K  - in te -  

r a c t i o n  Lagrangian does  n o t  depend on Pi(r). I n  Appendix A a 

s l i g h t l y  d i f f e r e n t  fo rmula t ion  of  Low-type e q u a t i o n s  is p r e s e n t e d  

where the  h e m i t i a n  equal-time commutators s l n i l a r  t o  (1.11) appear  

from t h e  beginning i n  the  case  of d e r i v a t i v e  c o u p l i n g  too. 

The Low-type equa t ion  (1.8) f o r  the  TN - s c a t t e r i n g  t -mat- 

r i x  f (1.4) can s c h e m a t i c a l l y  be w r i t t e n  i n  the  fo l lowing  form: 

j = w + f ~ ~ f +  , L V =  Y + V + ( f G o f 4 1 c r *  (1.12) 

t 
Here Y and v a r e  given by (1.6b) and (1.9).G0= p o + q ~ , E - P L q ~ o  

is t h e  Oreen f u n c t i o n  f o r  a  n o n i n t e r a c t i n g  nN -system, and (.. ),, 

d e n o t e s  t h e  c r o s s i n g  of i n i t i a l  and f i n a l  pi-mesons i n  t h e  expres-  

s i o n  i n  b r a c ~ e t s ,  i .e .  the  change q,i + - (p+q-$),i' and v i c e  

versa .  

The s o l u t i o n  of  the  n o n l i n e a r  i n t e g r a l  e q u a t i o n s  (1.12) can 

be found on t h e  b a s i s  of the  f o l l o w i n g  i t e r a t i o n  procedure 

j ( l * l l = W I T ) t  fll+l)~ol(r*l)t , w"' :  ~ + v +  ( f " ' ~ , ~ " ' ~ ) ~ , ,  1=0 , \ , ?  . (1.13) 






























