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In the paper of c¢ne of the authors [1] it was shown
that at a certain choice of the exchanged integrals the
Model Hamiltonian of the Ising interaction system with

2H  spins (X< ©0) can take the form:

X " ox
H*) =g, - hMS-N) Gus™ s-j‘-;-gf S5
nrf J’

Thermodynamics and correlation effects in systems modelled
by (I) were studied in [‘1] by means of majorizing method
developed by N,.N,Bogolubov (Jr.) [2]. They succeeded in
getting the estimation for density difference of free ener—
gles calculated with the approximative hamiltonian

X 20- X
H,eX)=gi- (k) 20gC j,{/;-jn/%? 2 )"

and alongside (1); The estimation has the following form:
0< Je (h8)-4,(4,9)< 22 »
N

Thus the parameter (¢ in H.,(C.){) is obtained from
equation

C=thBlh+p 2ng.0" ), “
n=d
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which gives good possibilities of using the approximatien
method (2) in different physical problems, espectally in
magnetism,

In this connection we should mention the method of
N.N.Bogolubov (Jr.) originally developed for studying BCS
nodel then successfully used in magnaet systems, and quite
recently it was applied in studying the problems in which
Bose-operators are of great sigrnificance (unlimited in
nerm ). The cluster interaction of a general type (1) was
also successfully investigated in paper [1] by the method
mentioned in [2]. Sometimes in cases of great physical sig-
nificance like K=1{, H=2 | the improvement of estima—
tion (3) is possible if the saddle-point method is applied,
In tbls paper we shall consider g,t;O only, - it will

allow to use a simple Laplas formulation [3:’ for the saddle-

point method taking into corsideration the faet that it is

possible to follew the asymptotic J{‘v(h'x 9) at phase
transition for .7{=i "

I, Let us consider the model Hamiltonian as a part of
{1) with 31; :g‘: correspondingly: o

£ ,
H(P)zgf*hﬂj‘ﬂfgisz- ()
=g

It is easy to show that

I éﬁH@ e-?s’)f‘ﬁ%)%ﬁ{ 2‘/9'0' ;,/ iy e—ﬂf(ﬁi,..-,j?,,) (6)
where
3(/?1,---,ﬁp)=é§ﬁf— €nchgﬁfa 200,
T =(F4: +2ﬁ;d’c:-u)f/f £=4,2..... ,p-1,
AN D (A

The function ?(ﬁi,...,ﬂp) is analytical tin {/?‘)2 and
we suppose that the minimum of the function is simple. The
corresponding quadratic form is positively determined and

A= fDet”a’g:gﬁJ //>0. The minimum will be defined from the

set of the equations

4 = @aﬁ%ﬁ% (Phr2A ), j=d,np. o
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In this case as it is known Ej,la the asymptotic

expansion is valid:

- G -NEGY & Hd 4
T~E FH@’._. 2”{1_?_/) ze ol N+ A N + 054/ 2(9)

where .



d,, -1’.7{%&_{/2', o}r{j):;‘(j;:j:l: ' “’j-;)'

Then with the help of (9) it is easy to write the asympto-~
tic expansion for the free energy Gensity at fixed J\/})i H

-pHp)
S 2enTee’ =~ 0802+ 73 Be-88

(1)

Taking into account (8) and by definition of the specific
magnetization = - Ei/ we get the egquation for
G oh g

3 ()
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tdoy
G=thplh+} 9.2
{4
which is a detailed transformation of (4) in our case; The

expansion (10) can and may be modified at A =0 which

first of all may occur when h=0 and ﬁ:ﬁ ,{ﬂ;g@_}}:

= .

In this case the expansion J(J?_f,ﬁ“...,ﬂf) in the
neighbourhood of /L(ﬁ) may start with the terms of a high-
er degree (ﬁJ -./1,‘)”; (n >2) » a8 the first terms of
the expansion temnd o zero, Therefore we may have fﬂ../‘/
in expansion (10); Let us consider in detail for J.D:-'f .
Here Ehe asymptotic expansion (9) under the assumption that

>0 can be written in the following way:

R}

-PH(1) % NG <4 -k .
7}" € = 2-"’[%/) ze 3;./‘/;2 1J1/+ OK/V% (12)
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where the stationary point is determined by the equation
A=tth(ph+220).

We should note that the following terms of asymptotic in
(12) contributing OKJV-ﬂjare easily calculated and give
credit for 0/‘/\/’}1} [3]. However, we shall not put down

h=0 , ﬁ=ﬁc , at <& and §>8, , because we
shall consider this cese later.

The solutions of the equation of selfconsistency (13)
are well kmown., Here we want to point out 1.31e case when
h=0 resulting in nontrivial solution _/?,(T) when
2"C1> £, ana thus we observe the phenomenon of spontane—
ous magnetization, Let us note that the limited value of

spontaneous magnetization is usually calculated:

G:f/‘zﬁ(ﬁ_ +2<?_¢G)



and obtained by means of:

_ T ()7 Ao (D)
Go(f)=th 2R,(IT= = .

(14)

At first a trivial case is investigated (2t %<4} for whien
only ,ﬂ =0 is xnown. The function e_;tfﬁ) has a

simple absolute minimum at this points 3‘?932(1_231))0 .

The asymptotic expansion (12) is valid, where 3’;)}1 are
obtained from (42), when A =) correspondingly. The free

energy is expressed by

J(j(&:qztij)z- 9&;23}5}{2’1 g_”;‘ﬂ?m/dv'ﬁ (15)

The asymptotic expansion (12) ‘is also valid below the phase
transition poink (2t%> i) s where the choice of the
two simple absolute maxima depends on the slgn of /’2_. . Let
us assume that h >0  fixes the "right" maximum with a
further transition h =+0, average values are under-

stood as Bogolrbov!sg quasl-averages. Then we receive

£ (h- =0,2t% 4): €€n2+9{?~@‘3 b (1- GjL
{e Lz

(16)

using (12) and (14),

The asymptotic at the phase transition point 27% =1,
ﬂ (21: .{) O , requires a Particular consideration as a’;i

calculated by a Iout:ine method with a partial summing up

of the series over ._?'(‘—)' (Bee [5] and [5_] } and due to

3'}’[0):2(‘1 -,2{*‘2) O , and have a branch at a given point

(See {12))., f[ﬂ) at the point of /?,-‘:O has one dege-

nerated minimum, Thus for 2%%{ we have:
X F0):Fle0: I8 FIhy-0
oF %):~128
whence

4 ¢
F(A,20% 1) =LA —ﬁ:ﬁ : (17)

It allows us to get the asymptotlc expansion at the point
of phase transition

T H(x) y(d/}/z{f/{/ Jrﬂ+0(yéy (18)



with the valid coefficients

m=§3%p(:,ﬁ),3g=gz%f@2), (19

The expansion (18) results in the following asymptotic for
free energy at AT =4 ! .

o -y 4
Jg,?a;&zz-%--iﬂ/% é’zfz“ﬁgj\{”%ﬂﬁw(j

1
)' (20)

Coming back to the discussion when _P=.{ y it should
be mentioned that the saddle-point method, if made correctly,
gives the possibllity to obtain and to compare the asympto-
tics (over N1 ) in the phase transition. The fact of lo-
garithmical asymptotic at the very point of the phase transi- .
tion  2t'={  is of significance. Taking. into account E
that the asymptotic amendments for Qf‘,(}L-‘-Q 2?:"'—;& _{)

Z-‘f 2/nd 2
are the values of the order -f\_/" and 53‘/"; & ) for

2% {4  apa v .2.2‘2>,£ respectively, we see that at the
phase transition point 27%=7  the asymptotlc changes

sharply and takes the form: % .QJ’_‘?(A/:%E ,&_j_/_‘y (according

to (20)), The case 3(0 when X =4 1is not difficult 7
and results in the ssymptotic of A"{ type for any 7 .
Now in & peneral approach (5)-{11) it ia quite possible

to consider a "more realistic" cluster hamiltoniean:

H)- gia/zﬂ/.f-ﬂgxsi 259, : 20, 1)

which introduces a certain approximation for the systems
with weak spin-phonon interaction. The case when 3‘,‘ are
of different signs ig of interest and it requires another
investigation of the “full foni.m“ of the saddle-point method
[5]. The "Heuristicnuse of the equations (4}, (11) allews
us to consider the systems with Phase transition both the
first and the second kind and to follow the realization of
all pessibilities at various relations between 3‘: (See [1],

[e]>-

2. Let us consider shortly another possibility of in-
vestigation of the cluster interaction, to some extent, which
coordinates the approach mentioned above and powerful method
of the approximative Hamilionians by N.N.Bogolubov (Jr.).
The idea is to select the Hamiltonian H(P) of (5) type
as the approximative Hamiltonian for the cluster Hamilto-
nian H(J() of a general type given in [‘1]. Let us illu-
strate it for the system with the model Hamiltonian at JK=3

Hs) =g ANS-N(4,5% 9,54 9,59

(22)

which cannot be considered only by means of he saddle-

point method given in the first section. It can naturally
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be studied in the general method [’I]. Nevertheless, we
shall choose the following form for the approximetive Hamil-

tonian:

Hz) = g, +G-N(a,$% a,8%), (25)

0,=24s+ 857, Q= 9,4 95", G = N3’

The inequality developed by Bogolubov for the free emergies

density can be written as follows:

0% n('zi)n f [H(zj-f[H(sjsgjdsi<s>z)(s"-<s$>, )

where the averaging process in the right-hand side of the in-
equality 1s carried out with respect to H(S) « The esati-
mation of E(J/) will be received by method EZ], as usual,
Then we shall introduce the sources in H(Z) and H(3) :

9€5=H(£)+JV(V527¢(59, (c=23), @

Naturally, (24) is correct for C?fl and 06283 corresponding-
1y

12

Thus

.0 DYfee
En)=- g5 —-—-J,afa/; . o

Since ' ,aJ[ [MJ
oM
Let CYJ(,V = Tﬂ;nf[gé]—f[% , then it is evident,

¢ (4
that (0% &(%)gﬂ(z‘lg)i-ﬁff(‘%)a(l}. Assuming, at last
1T,

that V:/L(:O v U=0, we receive:

i
< i y then jg(wdl) sgjé@ .
J, |# N

t

0< f’?;'nf[f-[(zj -J[H(s)]é&é + 'ch;&

Y
Now we take Vi from the minimm of the right-hand part

of the above-mentioned inequality, We receive -4 9
. £(w)= 2.

, N N7
For J‘;[H(zﬂ we have as shown above:

S [HE) = f[HA)+ 854 o0xy.
S [HO)=-6n2 + g, 0% 6801, 3,),



FO )= A A% lneh (Ph+23,7,)

(27)

=4 fa, +2ﬂ(a )/% ___Qg,, ¢ _a:jt___
nt fI csfende Ao

The parameter ( and stationary points “21 y qu are
obtained from minimum condition ;;[}{(ZJ (See (8)):

A, = Gth(Ph+24,T,

A= -2 ?19 f/zt&ﬂﬂ‘) 9‘%’?‘*

@cﬁ (28)

Hence we finally get the equation for magnetization {com-
pare {4) and (11)).

G=i/‘1__j9(/1.+.2§1 +4’&Gi-6'g_,6'j_ (29)

Eviderntly, we described only general features of such an
approach. However, in cases where "more physical® approxi-
mation than that discussed in [;J 18 necessary, this appro-
ach is more useful, '

In conclusion the authors would like to acknowledge
Professor N.N.Bogolubov (Jr.) for valuable remarks and

nelpful discussions.
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